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Abstract

We study the boundedness for multilinear fractional integrals on spaces as Morrey spaces and Lipschitz
spaces.
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1. Introduction

Let R” be the n-dimensional Euclidean space and (R")” =R"” x R" x - .. x R” be
the m-fold product space. The multilinear fractional integral is defined by

@®ryn (X = Y1, .00, X = Y)Y

where 0 < o« < mn, m € N.

Obviously, the multilinear fractional integral I, , is a natural generalization of
the classical fractional integral I,. Kenig and Stein [6] as well as Grafakos and
Kalton [3] considered the boundedness of a family of related fractional integrals. The
main purpose of this paper is to establish some endpoint estimates for the multilinear
fractional integral. Before stating our results, let us first introduce some notation.

We first recall the definition of the Morrey space [7]. For 1 <g < p < oo, the
Morrey space Mé’ (IR™) defined as the sets of functions f(x) € LI (R™) such that

loc

1 1/q
I f Wl pgP gy := sup sup ———- (/ lfF dy) <00,
Mg R") xpeR" r>0 rnfa=n/p B(xq,r)

where B(xg, r) denotes the ball in R” with center xy and radius r.
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REMARK. It is easy to see that the relation M(fl R" c Mgz (R™) holds with 1 <
g2 <q1 < p <00, and M},’(R”) = LP(R"™). In addition, we know that L?-*°(R") is
contained in Mé’ (R™) with 1 <g < p < o0 (see [5, Lemma 1.7]). More precisely,
“f”M;(Rn) < C|lfllLroo@ny With 1 < g < p < 00, here and in what follows, the letter
C will denote a constant, not necessarily the same in different occurrences, and let p’
satisfy 1/p + 1/p’ =1 with p > 1.

We say that f belongs to weak Morrey space WM&” Q)ifl <g<p<oo,

1 fllware = sup sup ——— sup(h?|{x € B(xo, 1) N 2: | f(x)| > A})'/4
WMq € x0€R? r>0 rn/q—n/p A>0
< OQ.

Let 0 <8 < 1/n, we say that f € Li,c(R") belongs to L£(B) if there exists some
constant C; such that for any ball B,

1
IBl—Hﬁ/B | f(x) —mp(f)|ldx < Cy,

where mp(f) = (1/|B)) [ g J(x) dx. The smallest constant C; will be denoted by

I fllzep)s see [7].

Let us observe that for 8 = 0, the space £() coincides with the version BM O (R")
space. Moreover, L£(8) coincides with Lip(8) (Lipschitz integral space) when 0 < 8
< 1/n; see [7].

Let us now formulate our results as follows.

THEOREM 1.1. Let meN,(m —Dn<a <mn, 1/p=1/p1+---+1/pn and

l/g=1/q1+ - -+ 1/gnwithl <g; <p; <oofori=1,...,m. If p=n/a, then
m
Hom(f1s - ) lBMO@®y < C l_[1 “fj“Mquj(Rn).
j:

THEOREM 1.2. Let meN, O<a<mn, 1/p=1/p1+---+1/pm and 1/q
=1/q1+---+1/gm with 1 <q; <p;j<oo fori=1,...,m. If n/a <p and
O<a—n/p <1, then

m

Ham(fi s fa)llLip@—n/p) < C J]j[l 17132 ey

In the endpoint case p = n/«, Strichartz [9] proved the exponential integrability of
Iy m when m = 1. The following result extends Strichartz’s result to the case m > 2.

THEOREM 1.3. Let meN, O<a<mn, 1/p=1/p1+---+1/pmw=a/n with
Il <pi<oofori=1,...,m. Let B beaball of radius R in R" and let f; € LPi(B)
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be supported in B. Then there exist constants ki, ky depending only on n, m, o, p
and the p; such that

Tam( yoor)" "
/ exp [ &1 (I a,mkfl’”"fm X |> dx <k R".
B ]—[jzl ||fj||L1’j(B)

THEOREM 1.4. Suppose that m e N, O <a <mn, 1/p=1/p1+---+1/py and

1/q
=1/q1+---+1/qgu with 1 <g; <p;i<oo for i=1,...,m. Assume that 1/s
=1/q —a/nand p <n/a.

(@) Ifeachq; > 1, then
m
MamCfis s Fa)llyprin—pe gy < € T 177132 gy
j=1
(®) If1<qgi<piands(l/q—1/p)>qi(1/qi —1/pi) fori =1, ..., m, then

m
e (1o Sl pgonsnped gy < € 1‘[] 1712 ey
]:

2. The proofs of Theorems 1.1 and 1.2

PROOF OF THEOREM 1.1. Given f: (f1s .-+, fm), for any ball B = B(xg, r), it
suffices to prove that the following inequality

1 . . m
Bl /B Ho,m (f)(x) —mpam(f))|dx <C 11:[1 ||fj||M;]j(R,,) 2.1
holds.
Define fJQ = fjx2p and f]9° =f- fJQ for j=1,...,m. Then
1 - -
e / |Ia,m(f)(x) - mB(Ia,m(f))| dx
|B| JB

1
=< Z EL|Ioz,m(frla'-'vfr:,m)(x)_mB(Ia,m(frls"-af,:lm)”dx-

Flyeens rm €{0,00}
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First we estimate the term of the set corresponding to r{ = - - - =, = 0. Then

1
E/BIIa,m(flo,...,fn‘z)(x)—mg(la,m(flo,...,fn‘g))|dx

C
5—/ Lam (£, - £)(0)] dx
|B| JB
<o [ —wemac [T [ inopiay
|B| Jp j=1J28B
m

= C LTl gy 2.2)
j=1 /

since 0 < mn — o < n.

Consider first the case where exactly [/ of the r; are co for some 1 </ <m. We
only give the arguments for one of these cases. The rest are similar and can easily be
obtained from the argument below by permuting the indices. We now estimate the term

L= o (F2° o 2 s oo fi) ()
— Lo (F% o I s FD O

In fact, leta=Z$:1 ajand O<oj<(mn+1)/l—n(1—-1/p;) fori=1,...,m.
For any x, y € B, then

m
|x — vyl
n=c ] /23 /5Ol dy; /@mz (X — Y1y s X =yt

j=l+1
!

X ol dyr - - - dy
k=1
m l
1/p: 673]
<cr [] 15 11 [ L iy
jg_l J qu.] (R") ]1:[1 2B |X _ yk|(mn+1)/l—olk
m
<C ]‘[l 103421 ey 2.3)
j=

It remains to estimate the last term

Il := |Ia,m(floov cee f’zo)(x) - Ioz,m(floo7 e fnio)(Y)l
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Leta =)/, o; witha; =n/p; fori =1, ..., m. Forany x, y € B, then

lx —yl =
1] 5/ £ dy - d
@y [(X = Y1, 0oy X = yp) et ]1:11 7
Lfi (i)l
<Cr / dy;
1_[ 2B |x — yj|(mn+1)/m—ai J

<cC ]‘[1 1 lpg2) oy (2.4)

]j=

Combining (2.2), (2.3) and (2.4), then (2.1) holds. Thus, Theorem 1.1 is proved.
From Theorem 1.1 and Remark , we have the following result.

COROLLARY 2.1. Leta, p, pj beasin Theorem 1.1, then

m
Mo (fr- - o fdllBmo@ny < C [T 1£5llLrio -
j=1

PROOF OF THEOREM 1.2. For any x, y € R", we only need to prove

o (oo f) ) = Taan(fr oy fd O] Cle =y T2 oy
j=1 K
(2.5)

Let B=B(x,r) with r=|x —y|. Define f}=fjxop and f*=f— f] for
j=1,...,m. Then

|Ia,m(fla---afm)(x)_la,m(flv-- fm)(y)|
< D HamU e ) = Lam (L £

1o €{0,00}

First we estimate the term of the set corresponding to r| = - - - = r;,;, = 0. Then
o (fPs oo fa) ) = Lam (P - f) O
LG - f ()]
®mym [(X = Y1500y X = ym)]
20D - fnGm)
®yn (V= Y1, oo s Y = Ym)]
=FE|1+ E;.

Since the proof of E| is similar to E3, we only give a proof of Ej. Leta =Y 1" | &
withn/p; <a; <nfori=1,...,m. Then
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E1<C1—[/ Hopl
2

= —a; 4Yj
i1 2B X =yl
m
<C 1—[ PO/ D] ||fj||Mp!.(R’1)
j=1 K
m
< cren/p l_ll I f; ||M:]/ ®Y’ (2.6)
]:

Consider first the case where exactly [ of the r; are oo for some 1 </ <m. We
give the arguments for one of these cases. The rest are similar. Similar to the proof
of I in Theorem 1.1, let « = Zle ajand O <oy < (mn+ 1)/l —n(1l —1/p;) for
i=1,...,m,then

e (F£00 oo £2°0 s oo D) = T (FR° ooy 1% e o OO

m
|x — ¥yl
e / If‘(y‘)ldy-/
[ ap T Sy 1 = iy, x = ) et

j=l+1

I
< [T1A° G0l dyr -+ dy
k=1

m /
. | fie )
<cr [] 7" VPP080 e / dyi
jﬂl J quj (Rm) 11:[1 "\2B |x — yk|(mn+l)/l*(¥i

m
< crenip H ”ff“M;'!' &)’ (2.7)
j=1 !

Now we estimate the last term. Let ¢ =) ;. o; and 0 <o; —n/p; < 1/n for
i=1,...,m. Then

|Ia,m(f]oo’ s fnio)(x) - Ioz,m(floov ) f,ﬁo)(Y)l

m
[fi ()l
<Cr / - dyj
11:[1 2B Ix — yj|(mn+1)/m—a, J

m
= Cr T2 (2.8)
j=1 /

Combining (2.6), (2.7) and (2.8), then (2.5) holds. Thus, Theorem 1.2 is proved.

We remark that when p = oo in Theorem 1.2, the conclusion also holds. Indeed,
the proof is similar to the case p < 0o, moreover the proof is simpler.

From Theorem 1.2 and Remark , we have the following result.
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COROLLARY 2.2. Leta, p, p; be same as Theorem 1.2, then

m
Mo Cfrs - fd)llLip@—nspy < C T ILFi 070 eny -
j=1

3. The proofs of Theorems 1.3 and 1.4

PROOF OF THEOREM 1.3. Let us first assume ”fj”LPj(B) =1,j=1,...,m, then
forany § > O and x € B,

o (f1s oy fm) ()]
LAAOD - fn(m)l

< dyp---dy
/l;xy|,...,xy,n)|<6 [((x = Y1, 0oy X — Yp) M0 "
+/ |fl(y1)"'fm(ym)’|nn_a - dym
[(X=Y11eeesX—Y)| =8 [(x = Y1, ooy X — Yl
=F 4+ F.

For F},let o = Z;":l oj witha; =n/p; fori =1, ..., m. Then

m . .

F=C Hf Ljn)—la-dyj
j=1 [x—yjl<d |x - yj| J
m
< c [ 84 M(fHw)
j=1
m
=18 [[ M. (3.1)
j=1
where M denotes the standard Hardy-Littlewood maximal function.
For F,if (y1, ..., ym) satisfies |x — yj |2 4+ 4 |x - yml2 > 82,thenf0rsomej,
say j =m,
Ix —yjl=1x = ym| = 8//m.
Thus,
/11 <+ fn(m)]
pe [l
8/ym=<lx—ynl<2R J®1yn=1 |(X = Y1, -0y X = ym)|

Define f}Q = fiXB(x.8)ym) and fj°° =f- f}Q for j=1,..., m. Then
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BR<C Y / / 'O - Sl )|
B 8/\/ﬁ§‘x7an|§2R (Rn)m71 |(x Vs oo X — ym)|mn7a

F1yeerm €{0,00}
xdyy - -dyp.
We first consider the case r; = - - - = r,;,—1 = 0. Then,
12D - £ Gm) fon )|
mn—o dyr---dym
8/ ym<lx—yml<2R J@Rmym=1 |(X = Y1, ..., X = ym)|
m—1
| fin (Ym)|
<cC ]‘[/ |fj<yj>|dyj/ e don
it J-yjl<s 8/ Jm<x—yn|<2R X = Yml
m—1
2 | fin (Ym)|
<C 5"/pf||f'|| pj / ——————dy
11:[1 S §/Jm<x—ym|<2R X = Y[ % "

m—1
=C 1_[ 8"7i I £l ei (B)‘Sa_mnﬂ/q'” | finllLom (B)
j=1

<C. (3.2)

Consider first the case where exactly [ of the r; are oo for some 1 </ <m. We
only give the argument for one of these cases. Let @ =) i~ o; with oy =n/p; for

i=1,...,m. Then
/ / £ -+ £ L Qi) -+ £ m)] dy1 - dy
Lo

8/ /m<|x—ym|<2R J(®rym=1 [((x —y1, ..y X — yp) |0 "

m—1 [
2 [ fimn (Vi)
<c TT 8""%lfillr / S dy
jﬂl SEE ;Dl 8/ /m=lx—y|<2R X — Yi|" 7%
/ |fm(ym)|
8/ M|t =i 2R X — Yy | 7O Ll ok
m—1 l 1/p;
2 2 /mR Pk
=C l_[ 5"/7i I fillLri(m) l_[ [log 5 } I ficll Lok By
j=I+1 k=1
x §Lm=Dn=Yi 1y ctn/ ] | fon |l Lom (B)
2 JmR Ik 3
k
<C [log ; ] 1‘[1 Lfill7s gy
j:
(mn—a)/n
2 /mR
<C [log { ] . 3.3)
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Now, we estimate the last term. Let o; as above, then

[0 - frX Om)l
_ o dyn
8/ ym<lx—ym|<2R J@mym=1 [(X = Y1, ...y X — ym) |7
m . .
<c l—[/ Ifj(y]n)_la‘ dy;
=1 Jo/mslv—yl<2r X — ¥ "
m 2 mR 7V
<C 1‘[1 [log 5 ] 1£illes gy
j:
(mn—a)/n
2./mR
=C [log \/f } . (3.4)
Combining (3.2), (3.3) and (3.4), we obtain
(mn—a)/n
2./mR
<G |:10g \/(;7_1 :| .
Thus, by (3.1) and the above, we obtain
m 2 /m (mn—a)/n
Lo (fi - S @] < C18% [ M(fH@) + G [log { } (3.5)

j=1

provided x € B and 0 < § < 2.,/mR. In particular, the choice of § = 2,/mR yields for

all x € B,
Hom (f1s o oo fm)(x)] < C18* l_[ M(fj)(x).
j=1
Hence, the election of
m 1/a
§=5(x) = e{ua,m(fl, Ll ] M(fj)(x)}
j=1

will satisfy § < 2./mR for all € < 1. Now, (3.5) implies

Hom (fts - ooy SO S € am(f1, - fn) ()]
) R nCn/a mooaCf nja (mn—a)/n
e [1 log (( VmR)"C TGy M(f) )] )} 66
n

En”a,m(fla ey fm)(x)ln/a
If we use the notation C3 = (1 — €%)"/ "= (3 6) is equivalent to

Cal[Ti=y M(f) )1 o
|Ia,m(f1, e, fm)(x)|n/a

kil Ly (fis -« oy f) @]~ < log (
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where k| = nC3/C?/(mn_a) and Cy4 = (2ﬂR)”e_"C?/a. By exponentiating (3.7),

we obtain
_ Cal[T7, M(f) )1
kil (fls - o ) ()| Omn=e) / . (38
exp(kil Lo (f1. - - -+ fu) ()] S TR AT
LetBi={xeB: |lyn(fi,..., fm)(x)|>1}and B, = B\ By. By (3.9),

m

nja
/mMMmmw”mmwM“%msa/( M%WO dx
By B \j=1

m njo
SC4OTHMUDhme

Jj=1
< CsR",

where Cs = C(24/m)"e ™" Cf/a. On the other hand,

/ exp(killam(f1s - - - » S @Y™ =9) dx < exp(k1)|Ba| < CsR".  (3.9)
B

Thus, adding the integrals above over B and B;,

/emwmﬂnuqmwwmﬁmws&m.
By
Let us now turn to the general f: (f1, .-+, fm)- If||fj||Lp,-(B) *1forj=1,...,m,
then we use the notation g; = f; /Il fjll.»; 5, and g=1(g1,...,&nm) Obviously,
o m
uM@=mMﬂ/rﬂﬁhmm (3.10)
j=1

Combining (3.9) and (3.10), we obtain

Lem(Hooy \" "
/ exp | k1 ( Z am{/)x ) dx <kaR",
B 1_[]-:1 ||fj||LPj(B)

which is our assertion. Thus, Theorem 1.3 is proved.

The proof of Theorem 1.4 is rather trivial. It is a simple consequence of Holder’s
inequality on weak L? spaces which is a standard fact. Hence, we omit the details here.
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