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Abstract

A bootstrap percolation process on a graph with n vertices is an ‘infection’ process
evolving in rounds. Let » > 2 be fixed. Initially, there is a subset of infected vertices.
In each subsequent round, every uninfected vertex that has at least r infected neighbors
becomes infected as well and remains so forever.

We consider this process in the case where the underlying graph is an inhomogeneous
random graph whose kernel is of rank one. Assuming that initially every vertex is
infected independently with probability p € (0, 1], we provide a law of large numbers
for the size of the set of vertices that are infected by the end of the process. Moreover,
we investigate the case p = p(n) = o(1), and we focus on the important case of inho-
mogeneous random graphs exhibiting a power-law degree distribution with exponent
B € (2, 3). The first two authors have shown in this setting the existence of a critical
pe = o(1) such that, with high probability, if p = o(p.), then the process does not evolve
at all, whereas if p = w(p.), then the final set of infected vertices has size 2(n). In this
work we determine the asymptotic fraction of vertices that will eventually be infected
and show that it also satisfies a law of large numbers.
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1. Introduction

A bootstrap percolation process with activation threshold an integer r > 2 on a graph
G =G(V, E) is a deterministic process evolving in rounds. Every vertex has two states: it
is either infected or uninfected (sometimes also referred to as active or inactive, respectively).
Initially, there is a subset 4y C V that consists of infected vertices, whereas every other vertex
is uninfected. Subsequently, in each round, if an uninfected vertex has at least r of its neigh-
bors infected, then it also becomes infected and remains so forever. The process stops when no
more vertices become infected, and we denote the final infected set by .Af.
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The bootstrap percolation process was introduced by Chalupa, Leath and Reich [16] in 1979
in the context of magnetic disordered systems. This process (as well as numerous variations
of it) has been used as a model to describe several complex phenomena in diverse areas, from
jamming transitions [35] and magnetic systems [31] to neuronal activity [4, 34] and spread of
defaults in banking systems [5, 7]. Bootstrap percolation also has connections to the dynamics
of the Ising model at zero temperature [23, 29]. A short survey of applications can be found
in[1].

Several qualitative characteristics of bootstrap percolation, and in particular the dependence
of the initial set Ag on the final infected set Ay, have been studied on a variety of graphs,
such as trees [12, 22], grids [10, 15, 24], lattices on the hyperbolic plane [32], and hyper-
cubes [9], as well as on many models of random graphs [3, 13, 26]. In particular, consider the
case where r =2 and G is the two-dimensional grid with V = [n]2 ={1,..., n}2 (i.e., a vertex
becomes infected if at least two of its neighbors are already infected). Then, for Ay C V whose
elements are chosen independently at random, each with probability p = p(n), the following
sharp threshold was determined by Holroyd [24]. The probability /(n, p) that the entire square
is eventually infected satisfies I(n, p) — 1 if lim inf,,—, o p(n) logn > 712/18, and I(n, p) —> 0
if lim sup,,_, o, p(n) logn < 72/18. A generalization of this result to the higher-dimensional
case was proved by Balogh, Bollobas and Morris [11] (when G is the three-dimensional grid
on [n]? and r = 3) and by Balogh, Bollobds, Duminil-Copin and Morris [10] (in general).

In this paper we study the bootstrap percolation process on inhomogeneous random graphs.
Informally, these random graphs are defined through a sequence of weights that are assigned
to the vertices, which in turn determine the probability that two vertices are adjacent. More
specifically, we are interested in the case where this probability is proportional to the product
of the weights of these vertices. In particular, pairs of vertices such that at least one of them
has a high weight are more likely to appear as edges.

A special case of our setting is the G(n, p) model of random graphs, where every edge
on a set of n vertices is present independently with probability p. Here every vertex has the
same weight. Janson, Luczak, Turova and Vallier [26] presented a complete analysis of the
bootstrap percolation process for various ranges of p. We focus on their findings regarding
the range where p =d/n and d > 0 is fixed, as these are most relevant for the setting studied
in this paper. In [26] a law of large numbers for | A¢| was shown when the density of A is
positive, that is, when | Ag| = 6n, where 0 € (0, 1). It was further shown that when | Ag| = o(n),
typically no evolution occurs. In other words, the density of the initially infected vertices must
be positive in order for the density of the finally infected vertices to increase. This fact had
been pointed out earlier by Balogh and Bollobds; cf. [13]. A similar behavior was observed in
the case of random regular graphs [13], as well as in random graphs with given vertex degrees.
These were studied by the first author in [3], in the case where the sum of the squares of the
degrees scales linearly with n. As we shall see shortly, the random graph model we consider
here is essentially a random graph with given expected degrees. Finally, more recently the
bootstrap process was considered in another type of inhomogeneous random graph, namely
the stochastic block model [36].

The main result of this paper provides a law of large numbers for | A| given | Ag| for weight
sequences that satisfy fairly general and natural regularity conditions. We then consider weight
sequences that follow a power-law distribution, i.e., where the proportion of vertices with
weight w scales like w8 for some B > 2, with a particular focus on the case where g € (2, 3).
The parameter 8 is called the exponent of the power law. Note that although in this case the
weight sequence has a bounded average weight, its second moment grows with the number of
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vertices. Power laws emerge in several contexts, ranging from ecology and economics to social
networks (see e.g. the survey of Mitzenmacher [28]). Already in the late 19th century, Pareto
observed a power law in the distribution of wealth within populations [30]. In a completely
different context, in 1926 Lotka [27] observed a power-law distribution on the frequencies of
scientists whose works had been cited a certain number of times in Chemical Abstracts during
the period 1910-1916. The article of Albert and Barabdsi [2] provides several examples of
networks that exhibit power-law degree distributions. In fact, most of these examples exhibit
power laws that have exponents between 2 and 3. This range of exponents is also associated
with ultra-small worlds. Chung and Lu [18] showed that for the model which we will consider
in this paper, the average distance between two vertices in the largest (giant) component scales
like log log n.

The methods of our paper have also been applied in the context of directed inhomogeneous
random graphs [20]. Furthermore, they have found application in the analysis of bootstrap-like
processes which model cascading phenomena between financial institutions [21].

In this work we extend a theorem proved by the first two authors in [6], which gives a thresh-
old function a.(n) = o(n) such that if a(n) grows slower than a.(n), then with high probability
no evolution occurs, but if a(n) grows faster than a.(n), then even if a(n) = o(n), the final set
contains a positive fraction of the vertices. Here we determine this fraction exactly, and we
show that as long as a(n) = o(n), it does not depend on a(n) itself. In the rest of this section we
provide the definition of the random graph model that we consider and the statements of our
theorems.

Notation. For non-negative sequences x, and y,, we write x, = O(y,) if there exist N € N and
C > 0 such that x, < Cy, for all n > N, and we write x,, = o(y,) if x,/y, — 0 as n — co. We
also sometimes write x;,, << y; for x,, = o(yy).

Let {X,},en be a sequence of real-valued random variables on a sequence of probability

spaces {(2,, Pp)}uen, 7, - If ¢ € R is a constant, we write X, 2 ¢ to denote that X, converges in
probability to c, that is, for any ¢ > 0 we have P,(|1X,, — ¢| > €) — 0 as n — 0o. Moreover, let
{an}nen be a sequence of real numbers that tends to infinity as n — co. We write X, = op(ay,) if
|Xn|/a, converges to O in probability. If £, is a measurable subset of €2, for any n € N, we say
that the sequence {&,},en occurs asymptotically almost surely or with high probability (w.h.p.)
if P,(E)=1—0(1) as n — oo.

2. Models and results

The random graph model that we consider is an extension of a model considered by Chung
and Lu [18], and is a special case of the so-called inhomogeneous random graph, which was
introduced by Soderberg [33] and defined in full generality by Bollobas, Janson and Riordan
in [14].

2.1. Inhomogeneous random graphs with rank-1 kernel

Let n € N and consider the vertex set [n] := {1, ..., n}. Each vertex i is assigned a positive
weight w;i(n), and we will write w = w(n) = (w1(n), ..., wy(n)). We will often suppress the
dependence on n, whenever it is obvious from the context. For convenience, we will assume
that wy <wp <--.<w,. For any S C [n], set

Ws(w) .= Zwi.

ieS
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In our random graph model, the event of including the edge {i,j} in the resulting graph is
independent of the inclusion of any other edge, and its probability equals

pij(W) = min {ﬂ 1} . (1
Wi (w)

This model was studied by Chung and Lu in a series of papers [17-19] for fairly general
choices of w. Chung and Lu studied several typical properties of the resulting graphs, such as
the average distance between two randomly chosen vertices that belong to the same component,
and the component size distribution. Their model was defined under the additional assumption
that max;e[ wl-2 < Wi We drop this assumption and use (1) instead. We will refer to this
model as the Chung—Lu model, and we shall write CL(w) for a random graph in which each
possible edge {i, j} is included independently with probability as in (1). Moreover, we will
suppress the dependence on w if it is clear from the context which sequence of weights we are
referring to.

Note that in a Chung-Lu random graph the weights (essentially) control the expected
degrees of the vertices. Indeed, if we ignore the minimization in (1), and also allow a loop
at vertex i, then the expected degree of that vertex is Z]":l wiw;j/ Wi = wi.

2.2. Regular weight sequences

Following van der Hofstad [37], for any n € N and any sequence of weights w(n), let

Fa)=n""Y 1[win) <x]  ¥xe€[0, 00)

i=1

be the empirical distribution function of the weight of a vertex chosen uniformly at random.
We will assume that F;, has a certain structure.

Definition 1. We say that (w(n)),>1 is regular if it has the following properties:

e Weak convergence of weight: There is a distribution function F': [0, co) — [0, 1] such
that for all x at which F is continuous, lim,,_, oo Fj(x) = F(x).

e Convergence of average weight: Let W, be a random variable with distribution
function F,, and let Wr be a random variable with distribution function F. Then
lim, o E (W,) =E (WF) < oo.

o Non-degeneracy: There is an xg € R* such that F,,(x) = 0 for all x € [0, xp) and n € N.
(That is, the weights are bounded from below by xg.)

The regularity of (w(n)),>1 guarantees two important properties. First, the weight of a random
vertex is approximately distributed as a random variable that follows a certain distribution.
Second, this variable has finite mean, and it is easy to see that the associated Chung—Lu random
graph has bounded average degree w.h.p. The third property in Definition 1 is a minor restric-
tion guaranteeing that no vertex has a vanishing expected degree; it is added for convenience
in order to simplify several of our technical considerations.

At many points in our arguments it will be important to select vertices randomly accord-
ing to their weight, i.e. so that the probability of choosing i € [n] equals w;/ W[, (w). This is
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the so-called size-biased distribution, and we denote by W;i” a random variable with this dis-
tribution. A straightforward calculation shows that for every bounded continuous function f,

i vz)) = U ) ®

2.3. Results

The main theorem of this paper gives a law of large numbers for the size of Ar when Ao
has positive density, in the case where the underlying random graph is a Chung—Lu random
graph with a regular weight sequence. Let 1,(x) for x >0 be equal to the probability that a
Poisson-distributed random variable with parameter x is at least 7, i.e.,

Yr(x) = P [Po(x) > r] =™ > ¥/jl.
jzr
Let X be a non-negative random variable and p € [0, 1]. For any r > 1 and y € R™ set

X, p) =0 =pE[v,X»)]+p—y.

Theorem 1. Let (W(n)),>1 be regular with limiting distribution function F. Consider the boot-
strap percolation process on CL(W) with activation threshold r > 2, where Ag C [n] includes
any vertex independently with fixed probability p € (0, 1). Let y be the smallest positive solution
of

fr (v: Wi, p) =0. 3)

Assume also that f}(y; Wy, p) < 0. Then
n AL S (1= p)E [, (WeD)] +p asn— oo @)

We remark that a solution y to (3) always exists, because f.(y; Wf, p) is continuous,
fr(0; Wg, p) > 0, and f.(1; Wi, p) <0. Note that the conclusion of our results is valid only
if f/(y; W5, p) < 0. This fails to happen only if

B [e_ywﬁ (W;&)r] 5

! T a—pr’

and for such (rather exceptional) weight sequences we expect a different behavior. Moreover,
we show (cf. Lemma 6) that if the weight sequence has a power-law distribution with exponent
between 2 and 3, this case will not happen (i.e., we always have f/(3; W, p) < 0).

Intuitively, the quantity y represents the limit of the probability that infection is passed
through a random neighbor of a vertex. The fixed-point equation f,.(y; W5, p) = 0, whose solu-
tion is y, effectively says that a vertex is infected if either it is initially infected (which occurs
with probability p) or (if not, which occurs with probability 1 — p) it has at least r infected
neighbors. The latter is a Poisson-distributed random variable with parameter equal to W3.
The first factor essentially states the fact that a vertex becomes some other vertex’s neigh-
bor with probability proportional to the latter’s weight, whereas it is infected with probability
approximately 3.

We will now see an extension of the above theorem to the case where p is no longer bounded
away from 0. Under certain conditions the above theorem can be transferred to this case simply
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by setting p = 0. These conditions ensure that a positive but rather small fraction of the vertices
become infected, and this effectively corresponds to taking a p that is in fact bounded away
from O but small.

2.4. Power-law weight sequences

Our second result focuses on an important special case of weight sequences, namely those
following a power-law distribution. This is described by the following condition.

Definition 2. We say that a regular sequence (w(n)),>1 follows a power law with exponent
if there are 0 < ¢1 < ¢, ¢3, x9 > 0,and 0 < ¢ < 1/(B — 1) such that for all xo <x < c3 - n®,

cix Pl <1 — Fu(x) < cpx P,

while F,(x) = 0 for x < xp and F,,(x) = 1 for x > c3 - n%. Moreover, for any x > xo, we have for
some ¢ > 0 that

lim F,(x)=F(x)=1—cx P
n—oo

We say that such a sequence belongs to the class PL(S, ¢).

In the above definition, the maximum weight of a vertex is close to c3 - n¢ for any n sufficiently
large. Furthermore, if { = 1/(8 — 1), then ¢3 < cé/(’g_l).

A particular example of a power-law weight sequence is given in [18], where the authors
choose w; = d(n/(i + ip))'/~Y for some d > 0. This typically results in a graph with a power-
law degree sequence with exponent 3, average degree O(d), and maximum degree proportional
to (n/io)"/B=1; see also [37] for a detailed discussion. When B € (2, 3), these random graphs
are also characterized as ultra-small worlds, because of the fact that the typical distance
between two vertices that belong to the same component is O(log log n); see [18, 37].

Theorem 1 addresses the case where the initial set .4 has positive density. Our second result
is complementary and considers the setting where p = p(n) = o(1), with a particular focus on
the case where the exponent of the power law is in (2,3). Assume that 4 has density a(n)/n.
In [6] the first two authors determined a function a.(n) (which we also give in the statement of
the next theorem) such that, for ¢ satisfying

r—1 1
<é‘§ }
2r—B+1 B—1

if a(n) = o(a.(n)), then w.h.p. |Ag| = | Ay|, whereas if a(n) = w(a.(n)) but a(n) = o(n), then
w.h.p. | Ar| > en, for some ¢ > 0. However, for

- r—1
§_2r—,3+1

they showed a weaker result and identified two functions a; (n) < aj‘(n) = o(n) such that if
a(n) > at(n), then | A¢| > en for some & > 0, but if a(n) < a; (n), then w.h.p. |Ag| = |Ay|.

r—p+2
(In particular, a, (n) = ac(n) and a} (n) = n'—¢ = ) We refine this result using the proof of
Theorem 1 and determine the fraction of vertices that belong to Ay.
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Theorem 2. Let (W(n)),>1 € PL(B, ¢) for some B € (2, 3). Consider the bootstrap percolation
process on CL(w) with activation threshold r > 2. Let

ac(n) = pr=O+EB=D=1/r

and ,
at(n)= n' =t

Assume that Ay is a random subset of [n] where each vertex is included independently with
probability a(n)/n. If a(n) = o(n) and a(n) = w(a.(n)) (for er_;l <¢ < ﬁ) and a(n) =

B+1
w(at ) (for ¢ = 575k, then

n A B E [y, (WES)]  asn— oo,
where Y is the smallest positive solution of
y=E[vr (Wiy)].

When g > 3, the regularity assumptions of Theorem 1 are satisfied, and the asymptotics of the
size of the final set is given by this. When 8 =3, these assumptions are no longer satisfied.
Consequently, the techniques that are used for the proof of Theorem 2 in Section 3.2 do not
apply immediately but need significant refinement.

Let us remark here that the (rescaled) size of the final set does not depend on |.Ag].

More generally, the above theorem holds as long as the initial density is such that,
asymptotically almost surely, most vertices of weight exceeding some large constant become
infected.

2.5. Outline

The proofs of Theorems 1 and 2 are based on a finitary approximation of the weight
sequence w(n). In the following section we construct a sequence of weight sequences hav-
ing only a finite number of weights and that ‘approximate’ the initial sequence in a certain
well-defined sense. Thereafter, we show the analogue of Theorem 1 for finitary sequences;
this is Theorem 3, stated below. The proof of Theorem 3 is based on the so-called differential
equation method, which was developed by Wormald [38, 39] and is used to keep track of the
evolution of the bootstrap percolation process through the exposure of the neighbors of each
infected vertex. Such an exposure algorithm has also been applied in the homogeneous setting
[26]. Of course, the inhomogeneous setting imposes significant obstacles. We close the paper
with the proofs of some rather technical results, which transfer the condition on the derivative
that appears in the statement of Theorem 1 to the finitary setting.

3. Finitary weight sequences

In this section we will consider so-called finitary weight sequences on [r] that are suitable
approximations of an arbitrary weight sequence w(n). As a first step we are going to ‘remove’
all weights from w that are too large in the following sense. Suppose that w(#n) is regular and
that the corresponding sequence of empirical distributions converges to F. Let (¢j)jen be an
increasing sequence of points of continuity of F with the following properties:
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1. hny;9@3Q/=:OO.
2. 2c;j is also a point of continuity.

For y > 0 let
Cy =Cy(F):= min{c;j: F (¢j) > 1—y}.

Then, as n — oo, the following facts are immediate consequences. Let C,, = C, (n, F) be the
set of vertices in [n] with weight at least C,, (F). Then the following hold:

1. With hp(y):= 1 —F(C,) <y, wehave |C, (n, F)|/n— hp(y).

2. n7! WCy("’ 7(w(n)) — fcoj xdF(x) =: W, (F), where the latter is the Lebesgue—Stieltjes
integral with respect to F.

3. The assumption E [Wr] =d < oo implies that P [Wf > x] = o(1/x) as x — co. Thus
Cy(F)P [Wg > Cy(F)] =0, asy | 0. )

Also, W, (F)/Cy,(F)— 0 as y | 0. We will be using this observation in several places
in our proofs.

We will approximate a regular weight sequence (w(n)),>1 by a sequence where most vertices
have weights within a finite set of values, and moreover the weights are bounded by 2C,, (F)
(cf. [37] where a similar approach is followed in a different context).

Definition 3. Let £ € Nand y € (0, 1).

For a function n’ = n'(n) € N with n’ > n — |C,,(F)|, we say that a regular weight sequence

(WD () = (Wi () Wi (o))

is an (¢, y)-discretization of a regular weight sequence (w(n)),>1 with limiting distribution
function F if the following conditions are satisfied. There are an increasing sequence of natural
numbers (p¢)¢enN and positive constants y1q, . .., ¥p) € (0, 1) such that Zfil yi=1—hp(y),
and there are real weights 0 < Wo < W <--- < W, <C,(F) which satisfy the following
properties. There is a partition of [n] \ C, (F) into p, parts, denoted by Ci(n), ..., Cp,(n),
such that the following hold:

n>1 n>1

1. Forall 1 <i < p, and for all j € C;(n) we have Wj(e’y)(n’) =W,

2. Let G, (n) := [n']\ U}, Cy(n). Then C, (F) < W}"V)(n/) <2C,(F) forall j € C,,(n).
Moreover, as n — oo, the following hold:

3. Forall 1 <i<py,n ' |Ci(n)| = y:.

4. Thereis an hp(y) <y’ < hp(y) +2W, (F)/C,(F) such that n_1|C;,(n)| -y

5. There is a 0 < W}, <4W, (F) such that n’IWC/y m(WED @) > W),

6. The weight sequence WE () gives rise to a sequence of the corresponding empirical

distributions which we denote by F; 26,;/)

limiting distribution F(7),

, and we assume that they converge weakly to a
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The upper bounds in Items 4 and 5 are tailored to the proof of Theorem 1. Note that in the
previous definition no assumption is made on the W;, and thus W(*") might look very different
from w. The next definition quantifies when an (¢, y)-discretization is ‘close’ to a given regular
(W(n)),>1 with limiting distribution function F'. For a cumulative distribution function G, let G*
denote the distribution function of the size-biased version of a G-distributed random variable.

Definition 4. Let (w(n)),>1 be regular and let F be its limiting distribution function. A family
(WEV@D), ) e Je.1) Of (4 y)-discretizations of (W()),=1 with limiting distribution

functions F(©7) is called F-convergent if the following hold:

1. For every x € R that is a point of continuity of F, we have

lim lim F&Y)(x)=F(x), lim lim F*¢Y(x) = F*(x).
Y10 €—o00 Y0 L—00

2. We have
o
lim lim f xdF“Y) (x) — E(Wg)| =0,
yi0€—=o0 | Jo
CV
lim lim / xdF“Y) (x) — E(Wp)| = 0.
yl0L—o00 | Jo

Let U¢Y) (resp. U*(K’V)) be a random variable whose distribution function is F(7) (resp.
F*&1)) . Let us observe that

E |:U<Z’V)IU<kvV>>CV:|
E [U(M)]

P[U*E) > ¢, ] = <2/Wy-E [U“’V)lua,y)>cy] :

since E [U(Z'V)] > Wy/2 for any y and any ¢ sufficiently large. By Part 2 of Definition 4, we
have

We can thus deduce the following lemma, which will be used later.

Lemma 1. Iff : R — R is a bounded function, then

; H *(L,y) _
i i [ 0., ) =0

For technical reasons we consider a slightly different definition of the random graph model
that we denote by CL’ (W(Z*V)). In this modified model the edge probabilities are proportional
to the product of the weights of the vertices, except that the normalizing factor is equal not to
the sum of the weights in W) but rather to W (w(n)); that is, the edge {i, j} is contained
in CL'(W'“7)) with probability

1

W_(E!V)W.(Z’V)
—]’ 1
Wini(w)

P (WP ('), w(n)) = min {
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The next theorem quantifies the number of finally infected vertices when the weight sequence
is a discretization of a given regular (w(n)),>1. It is general enough to be used in the proof of
Theorem 2 as well.

Theorem 3. Let (W(n)),>1 be regular and let F be its limiting distribution function. Let
((W(Z’y)(”,))nzl)leN,ye(O,1) be a family of (£, y)-discretizations of (W(n)),>1 which is F-
convergent. Moreover, assume that f,(3;Wp, p) <0 (cf- Theorem 1).

Let r > 2. Assume that initially all vertices of CL'(W“Y)) that belong to C;, (n) are infected,
whereas each vertex in C;(n) is infected independently with probability p € [0, 1), for each i =
1,...,pe Let A}e’y) denote the set of vertices in [n']\ C;/ (n) that eventually become infected
during a bootstrap percolation process with activation threshold r. There exists ¢ > O for which
the following holds: for y € (0, ¢) and for any § € (0, 1), there is a subsequence S := {{j}reN
such that for any £ € S, with probability at least 1 — o(1),

ALY = (1 £8) (1~ p)E [Y(Wrd)] +p) .

3.1. Proof of Theorem 1

Given a regular (w(#n)),>1, Theorem 1 follows from Theorem 3 by constructing an F-
convergent family (WE Mn=1)eeN,ye©,1) for a certain function n':N— N. We first
describe our construction and prove some properties of it, and then proceed with the proofs
of our main results.

3.1.1. The construction of approximating weight sequences Let (w(n)),>1 be regular and con-
sider the limiting distribution function F. For y € (0, 1), recall that F(C,) > 1 — y. Recall also
that from Definition 1 there is a positive real number xg such that F(x) = 0 for x < xp.

We define a set of intervals P, whose union is a superset of [xg, C),) as follows. Let g, = 1/£.
First, for i > 0, we set

Xit1 =sup{x € (x;, Cpy) : F(x) — F(x;) < &¢}.
Set tg =min{i:x;=Cy,}andx_; =0. Foreachi=0, ..., 1, let yp;, y2i41 be such that
(1) max {3(xio1 +x), xi — g0} <y <xi;
(2) xi <yzip1 <min {$(5 +Xip1), Xi + 8¢} or yaip1 = Cy, if i = ty;
(3) y2i, ¥2i+1 are points of continuity of F.

Now, we set P := {[y0, Y1), - - -» 2r,, Cp)}. With pg =2t + 1, fori=1, ..., pg, we set
I = [yi-1, yi)-

Given this partition and the weight sequence w(n), for each n > 1 we define two finitary
weight sequences W)+ (1) and W)~ (1) on the sets [#'] and [1”], respectively, as fol-
lows. The partition P, gives rise to a partition of [n] \ C,, where for each i=1, ..., p; we
have C; = {j : wj(n) € I;}. We denote this partition by P, ¢ ,,, and we let this be the associated
partition of W&+ () and W)~ ().

In particular, consider the random subset of C, in which every element of C,, is included
independently with probability p. An application of the Chernoff bounds implies that w.h.p. this
has size at least [p|C, | — n*/3| =:k_. Consider a set of vertices C; ={vi,..., vt} whichis
disjoint from [n]. We identify with [n"] the set (UX,C;) C, , through a bijective mapping
o (UL,CHU C, — [n"]. It follows that n” = (1 — hg(y) + phr(y ))n(1 + o(1)).
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wij(n)

For any vertex j e Cy such that wj(n) > 2C),, we consider ¢j:= 2[ c, J copies of this

vertex each having weight 2C,,, which we label as vjq, .. ., Vie;- For each such j we let
Wj(n) wj(n)
= "L — | 2,
Gy Gy
and we set
R= {2 3 sj(nﬂ.
Jiwim=2C,

If j € C, is such that C,, <wj(n) <2C,, then we introduce a single copy v;; having weight
equal to wj (in other words ¢; = 1).

We let C;j be the set that is the union of these copies together with a set of R vertices which
we denote by R (disjoint from the aforementioned sets) each having weight 2C,,:

RUU Vils - v]L/
jeCy

Let ' = ‘(Ui’i 1Ci) UC;|, and identify the set [1'] with the vertices in (U{*,C;) JCH,
through a bijection ™ : (U,C;) C; — [n']. We will use the symbol C to denote the
set [n']\ ¢ ((U/£,Ci)). In other words, the set C;” consists of the replicas of the vertices in
C,, as these were defined above, together with the set of vertices corresponding to R. This
completes the definition of WENT ),

Foreachi=1, ..., pg, we set W;” =z and Wi+ =yp;_1; for each j € C;, we set
(8% _ w— (L, y)+ o wt
W (/) “(n):=W, and W(er 0 n)=Ww

Forany j € [n"]\ ¢~ (UL, C;) we set Wj(z’y)_(n) := C,. Note that

. IC;
lim W =phr(y),

n—00

and if WC; (W(Z’V)_) denotes the total weight of these vertices, then this satisfies

ch (W(&V)—
lim yf =phr(y)Cy =W, < W, <4W,.

n—oo
Furthermore,

cii= Y 1+ » 2 J+R

Jj:Cy=<w;j<2Cy, Jiwj>2C),

= Z 1+2 Z —+e(n)

Jj:Cy=wj<2Cy, j: wj>2CV

with 0 <e(n) < 1. By the weak convergence of F), to F and since E [W,] - E [WF] < oo, it
follows that

ICY | E [Liwy=2c,)Wr] n

=P[Cy§WF§2Cy]+2C— =yT, (6)
14

lim
n—oo n
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where y* [ Oasy | 0.Son'/n— 1 —hp(y)+ yT as n — oo. Moreover,

limy*C, = lim (C/P[Cy < Wr <2C, ]+ 2E [Liwy=ac, Wr] ) 2

0. @)
v10

Also, the total weight of the vertices in C?,‘ can be bounded as follows:

We:(W) = 30w+ Y 2 Zecy)
J:Cy=wj<2C, Jiwj=2C, 14

= > wita Y w

Jj:Cy=<w;<2C, Jiwj=2Cy

Hence, as n — oo,
Was (WEYH
o ( )

n

_.wt
—E I:I{CySWF<2Cy}WFi| +4E [I{WFZZCy}WF] = Wy <4w,. (3

We denote by U,(f’}')+ and U,(f’y)f the weight in W+ (') and W)~ (1) of a uniformly
chosen vertex from [1'] and [1"], respectively. Also, we let F,(f’y)_, F ﬁf’y)—k denote their dis-

tribution functions. Note that both F, ,(f’y)_ and F, ,(f’VH converge pointwise, as n — 00, to the
functions F&¥)~ and F&+ respectively, where

e foreachi=0, ..., p; and for each x € I; we set
+ —
F(Z,V)—(x) — Fw and F(Z,V)+(x) — FW;) .
1 —hp(y) +phr(y) 1 —hp(y)+y*

e for any x> C, we have F“”)~(x)=1, and for any x <y we have F(“)~(x)=0,
F(Z,V)+(x) =0

e forany C, <x <2C, we have

F(x)

F(LVH_(X) — ,
L—hp(y)+y*

€))

whereas for x > 2C,, we have FE+(x)=1.

We will now prove that both families

[WEDTi)) and {WE=@"))

y€(0,1),£eN y€(0,1),£eN

are F-convergent. Thus, we will verify that they satisfy both parts of Definition 4.

Part I of Definition 4. It will be convenient to define a probability distribution function which
will be the pointwise limit of F(©:¥)* and F(“¥)~ as £ — oo. For any x € [0, C,) we set

F(x)
W+ () — .
= T+ v
and
F(V)—(x) — Fx)

1 — he(y) + phr(y)’
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whereas F)F(x) = F)~(x) = 0 for x < 0, and F")*(x) = F")~(x) = 1 for x > C, . Note first
that for any point x < C,, that is a point of continuity of F (and therefore of F' )+ and F)~ as
well), we have
lim FEYT () = FOF(x)
£— 00

and
lim FEY~(x) = FY)~(x).
£L— o0
Moreover, note that for any x > 0 we have

lim FV% (%), FY~(x) = F(x).
710

We will now turn to the size-biased versions of these distributions. Let U+ and U)~ denote
two random variables with probability distribution functions F)* and F)~, respectively.
Thus, as £ — o0,

yr+ _d> UM+ and UG- _d> U()’)—7 (10)

whereas as y | 0 we have
y+ yn-4 Wp. (1)
Claim 4. Let (X;,)nen be a sequence of non-negative random variables. Suppose that W is a

. d L. . Lo
random variable such that X, — W as n — oo. For every x > 0 which is a point of continuity
of the cumulative distribution function of W, we have

lim E(X,lx, <) = E(Wly<).
n—oo

. d .
Proof. First note that X, 1y, <x — Wly<, as n — 0o. By the Skorokhod representation the-
orem, there is a coupling of these random variables such that X,,1x, < — W1lw<, almost surely
as n — 00. The claim now follows from the bounded convergence theorem. O

This claim implies that for any y € (0, 1), as £ — oo,
E(U(E’V)JFIU(Mng) E(U(YHIU(VHS):)
B(uer) BT )

FHET () = (12)

and
E (U(Z’y)_lU([-V)*Sx) E (U(y)_lUW)*fx)

N
E (U(fd,y)f) E (U(V%)
Furthermore, we will show the following.

Lemma 2. We have lim,, o E(UY)T) =1lim, ;o E(UY)7) = E(Wp).

FHEN= () = 13)

Proof. The proof is identical for both U and UY)~, so we will denote these by U)E,
For § > 0, let Cs be a continuity point of F such that

E (WF1WF>@5> <58/3. (14)

By Claim 4 we deduce that for any y sufficiently small,

E (U<V>i1U<y>i§a;) ~E (WFleiéa) | <8/3. (15)
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Let us bound E(U")*1 U+=¢,)- Note that if y is small enough, then
+ +
E(U(V) lU(V)i>65) :E(U(V) 1Cy2U(y)i>éé).

So it suffices to bound the latter term.

Claim 5. For any § > 0, if y is sufficiently small, then

)E (U(y)iICyZU<V)i>CS) —E (WFICVZWF>(_75> < 4/3.

Proof. For Cs <x < C,, we have F%E(x) = AT (y) - F(x), where AT (y)—>1 as y | 0.

Furthermore, FO* (C))—F(Cy)=1—( —hg(y))=hp(y). For some integer T > 0, con-
sider a partition of [0, C,] given by po=0<pj <---<pr=C,, which are points of

continuity of F. Taking f(x) = x1¢, <x<Cy» We write

T
> 1o (F7 o = F7 (i) =
i=1

FED(F7 on = F prn) + Y2 1o (FY () = F" (pin)).

1<i<T

The second term on the right-hand side is

> ed(FY o) = F i) =250 Y fpFp) — Fpie)

1<i<T 1<i<T

The first term can be written as

Fen(F""por) = F7 (pr-1)
=£or)(F" (pr) + Fpr) = Fpr) = F(pr—1) + F(pr—1) = F" (or-1))
= GrXF D)~ Fr-1)

+1en((F*"0n = Fpp) = (F (pr-n - Fpr-n) )
pr=C,

= fpr)(F(pr) — F(pr-1)
+ 1) ((F77(C) = F(Cy) = Fpr-nG=n) — 1)

+
FO™(Cy)=Lhp(y)=1-F(Cy

 ForFQpr) — Fpr_1)
+ 1) (he) = For-n (30 - 1))

=25 (r)(F(pr) — Fpr—1) + (1 = 20 (C))(F(pr) — F(pr—1))
+A(C)Hhp(y) — F(CHF(pr—1) (A E(y) — 1)
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These two calculations imply that
T + +
S 1 (FY" (o = FY 7 (i) =
i=1

T
KEW) S FEIE) — Fpio)) + (1= AE@N(C)F(pr) — For-1)

i=1

+A(C)Hhe(y) = F(CF(pr—1) (A= () — 1) .

Taking the limit of a sequence of partitions whose mesh tends to 0, we have pr_1 1+ pr =C,.
Since C), is a point of continuity for F, we obtain

+
E(U(V) 1CVZU(y)i>66> =

xi(y)E(wF1Cy2WF>Q) +C, (he(y) — F(CH(E) = 1)).

By (5) we have that C,hp(y) | 0 as y | 0. Since [AE(y) — 1] = O(y* + hp(C,)), by (7) we
also have Cy |AE(y)— 1]} Oas y | 0. O

Combining Claim 5 with (14) and (15), we finally deduce that given § > 0, for any y that is
sufficiently small, we have the following bound:

’E(U(V)i) — E(WF)| S}E(U(y)ily(y)igag) - E(WFIWFSCSH

+ ‘E<U(}’):‘:1@8<U(y)i§cy) — E(WF165<WFSCV)
+E(Wrlw,>c,) < 6.

O

Claim 4 also implies that for every x > 0 which is a point of continuity of F, we have as

Y10
IE(UY* 100 <) — E(Wrlw,<)| 4 O. (16)

So from Lemma 2, (16), and (12)—(13) we deduce that for any continuity point x € R and any
8 > 0 there exists yp = y(8, x) with the property that for any 0 < y < yy there exists £(p such
that for any ¢ > £( we have

|F*E7) () — F* ()] < 8. 17)
The above can now be translated into the next lemma.

Lemma 3. For any bounded and continuous function f :R — R the following holds: there
exists a function yy : Ry — Ry such that yr(x) | 0 as x | 0, and moreover, for any § > 0 and
any 0 <y < yr(8) there exists £y with the property that for any £ > £

[B(f(U=E)) = E(F (W)l <.

Although this is a straightforward restatement of weak convergence, we give it more explicitly
as U*TY) depends on two parameters £ and y. It is for the sake of clarity that we state
explicitly how these depend upon each other when taking the double limit.
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This completes the first part of Definition 4. We now turn to the second part.

Part 2 of Definition 4. Since F(“¥)* and F(“:¥)~ are both constant (and equal to 1), for x > 2C,

we have
E(UEY*) =k (U(Z'V)iluw,wigzcy) .
Furthermore,
E[Wrl =E (Wrlwy<ac,) +E (Wrlwp2c, ) -
Therefore,

)]E (Uw,y)i) _E (WF)’ _ ’E (U(e,y)ilU(e,y>iszcy> —-E (WF)(

5‘1@ (U(z,wilw,wiﬂcy) —E (Wrlwpsac, )| + E (Wrlwpaac, ) - (18)

The last term converges to 0 as y | 0 since E (WF) < oo.

We will now bound the first term on the right-hand side in (18). We write F(“¥)* for either of
F&)+ and F(&)~ | Using the integration-by-parts formula for the Lebesgue—Stieltjes integral,
we can write

2,
E (U(z'y):tlU(Z,y):t<2cy) — ZC}/F(Z’V):I:(ZC)/ +)— / F(/Z,V)i(x)dx
= 0

2, (19)
=2C, — / FEVE0dx,
0
Using integration by parts, we also get
2¢,
]E(WFIngzcy)=2Cy -F(2Cy+)—0~F(O—)—f F(x)dx
o (20)
Y
=2CV-(1—IP’[WF>2C,,])—/ F(x)dx.
0
Therefore,
‘E (U(E’V)ilU(Z,y)ifzc}/) —-E (WFIWpssz) <
c, 2¢,
2C,P [Wr>2C, ] + / |[FEVE () — F(x)|dx + / |[FEE () — F(x)|dx.
0 c,
(2D

We will bound focy |FEY)*(x) — F(x)|dx. First, we write

c, Pl oy
/ |F([’V)+(x)—F(x)|dx=Z/ |FEYT (x) — F(x)dx
0 i— Yi
i=0

te—1

ey
=Z/ |FE () — Fo)ldx + Z/

i=0 Y Y2i i=0 Y Y2i+1

Y2(i+1)
|[FET () — F(x)|dx.
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For the first sum of integrals, note that for any x € [y2;, y2i+1) we have |F(W,;) — F(x)| <
F (W; ) — F(W,,). Therefore, each integrand is bounded as follows:

F(W,. FW3) — Fx)(1 —hp(y)+y™T
e — pl = | PV | [P0V = F@d = e+ v
L—hp(y)+y™ L—hp(y)+y™
F(W;)—F he(y) — y+
< [F(W,;) — F(x)] Fo) lhp(y) —y ™|
1 —hp(y)+y* 1L —hp(y)+y*
_FW3) — FWy)  lhe(y) —y* | )
T l—hr()+yt 1 =hr(y)+yt
Using this bound, we get
e Y2it1
(A= ke +y D)3 [ - P <
i=0 v Y2i
i N 3 Y2it1 N te Y2it+1
> ((F(Wi )= F(W;))- / dx) + () =yt / dx.
i=0 Y2i i=0 Y2i
But fyy;“ dx=yiy1 — y2i < 2¢¢. So
le _ V2it1 i N B
3 ((F(W,*) — F(W;)- dx) <2e- Y ((FOWH) = F(W,)) <26y
i=0 Y2i i=0
Furthermore,
le 2i+1 N
e =y |30 [ ax s ey e =y 6, et =
i=0 v Y2
We thus deduce that
e pyain 2, 4 Co |k _ gt
Z/ |F(E’V)+(x)—F(x)|dx§ ¢+ y| F(y) +J/ |
For the second integral, note that for x € [y2;4+1, y2¢i+1)) we have
[F(Waipy) — FOO| < ee.
Arguing as in (22), we deduce that
h _ 7t
|F(e,y)+(x) _ F(x)| < e+ hr(y)—y |
1 —he(y)+y*
Therefore,
el ey C h —yt
Z/ |F(€’y)+(x)—F(x)|dx§ y(€e + lhr(y) 3_’ |)
i—0 VY Y2i+1 L—hr(y)+y
We thus conclude that
2% ee(C, +2)+2C, |h —yt N
/ PO () — Feolds < 2 DG F(ﬁ) ey @
0 L—hr(y)+y
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One can similarly show that

o B Cy+2)+2C hp(y)  ,._
F(y) FOold £u(Cy IR 5, ). 24
/0 | &) = F)ide= L —hp(y) + phr(y) o) @9

Note that limy | limg—, oo p=(¢, ¥) = 0.
Finally, we will consider fczycy |[F&)*(x) — F(x)|dx. For any x € [Cy, 2C, ] that is a point
of continuity we have

F(x) F(x) — Fx)(1 — hp(y)+y™)
1 —hp(y)+y™ 1 —he(y)+y™*
lhe(y) — v - lhp(y) — v

|FE (x) — F(x)|=‘ - F(x)‘ = ‘

<F(x) < )
L—=hr(y)+yT = 1=hp(y)+y*
Therefore,
2C, 2C,
/ (FET () — F(x))dx| < / |FEYT () — F(x)ldx <
Cy Cy (25)
lhe(y) — vl lhe(y) —vTl 4
<—F—-2C,-C))=C) - ————— =< p" (£, ).
L—he(y)+yt 7 7T I —hp(y) 4yt
Also,
2C, 2, 2C,
/ (F“vV)—(x)—F(x)‘dx=f I —F(x)|dx=/ P[Wr > x] dx
CV Y CJ/
o0
S/ P[Wr>x]dx=E (WFIWFZCV) . (26)
CV

The latter | O as y | O.
Now, substituting the bounds of (23), (24), (25), and (26) into (21), we get

‘]E (U(f,)’):l:lU(e,y):tfzcy) —E (WFIWF§2CV) <

2C, P [Wr >2C, ]+ 255, v) + E (Wrlw,=c, ) -
27)

Using the upper bound of (27) in (I8), and using the fact that E(Wrlw,-2c,) <
E (WF]‘WFZCV)7 we finally get

‘IE <U<‘3~V>i) —E (WF)(gzcyP [Wr > 2C, ]+ 255, v) + 2E (Wrlw,=c, )
<2p*(, y)+ 3E (Wrlw,=c, )- (28)
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Another useful bound which can be deduced from (19) and (20), replacing 2C,, with C,, is

‘]E (Uw,y)ilw,y)ifcy) _E (Wp)‘
S‘E (U(Z,V):I:IU(/Z,V):ESCV) —E (WFIWFSCV)‘ +E (WFIWF>CV)

¢, [Pt <c,|-P[Wr =G
CV
+ / IFEYE(x) — Foldx + E (Wrlwgsc,) -
0

But note that P [U(Z'V)_ < Cy] =1, whereas

P I:U(L}’H— < CV:I — &
L —hp(y)+y™*
So A N
F(C)lhp(y) — vy
¢, _ Y
plurt <c,|-Plwr=c,]|= oy T
and
pluer-<c,|-P[Wr=c,]|=P[Wr>C)].
Thus,
‘E (U(e,y)ilu(l,y):tscy) —E (WF)‘
F(Cy)|hF(V)_V+| /‘Cy (€
FEYE() — F(x)|dx + E (Wrl
S O o T + A | (x) — F)ldx + E (Wrlw,>c,)
(23),24) lhr(y) —y ™l At
< —m—— e, E (Wrl , 29
< yl—hF(y)+y++p )+ E (Wrlw,sc,) (29)
whereas

[E (U 1y ¢, ) = B (We)|<C,P[Wr > €] + 5% (. v)
+E (Wrlwesc,) - (30)
We conclude that (28), together with (5), (29), and (30), completes Part 2 of Definition 4.

3.1.2. Bounds on | Ay| For a subset S C [n], let A7(S) denote the final set of infected vertices
in CL(w) assuming that .4y = S. With this notation, we have of course that Ay = Ar(Ap). We
also set A}? (S) to be the set of infected vertices in CL’ (W(@’V)_), assuming that the initial set
ise= (SN Ufi 1Ci). Finally, for a subset S C [n], let .A;’(S) be the final set of infected vertices
on CL' (W(K”’)J“). We will show the following.

Claim 6. Let p € (0, 1). Assume that Ay is a random subset of [n] where each vertex is included
with probability p independently of any other vertex. Then there is a coupling space on which,

w.h.p.,
[ A7 (AU CY)| = 14| < [Af (A UCT)|. (31)
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In the proof of Claim 6 and elsewhere, we write that the probability that two vertices k and
J» with wj(n) < C,,, are adjacent is equal to wi(n)w;(n)/Wi,; in other words, when we apply
(1) we tacitly assume that n is sufficiently large so that this ratio is less than 1.

Proof of Claim 6. As Ay is formed by including every vertex in [n] independently with
probability p, it follows that w.h.p. at least k_ elements of C, become initially infected.
We identify exactly k_ of them with the set C)j. Recall that for each keuﬁ ,Ci we

have Wg,’)(/k))_(n) < wy(n). This implies that for each pair k, kK’ € [n] \ C, of distinct vertices,
the probability that ¢~ (k) and ¢~ (k') are adjacent in CL' (W(Z”’)_) is smaller than the

corresponding probability for k and k¥’ in CL(w). Hence, there is a coupling space on which

CL(WEY)™) c cL(w),

and the first inequality in (31) follows. The second inequality follows from a slightly more
involved argument. Let j € C,, be such that wj(n) > 2C,, and let k € U}* | C;. The probability
that k is adjacent to j in CL(w) is equal to wyw;/W,). Also, the probability that  is adjacent to
at least one of the copies of j in [#] in the random graph CL’ (W(Z’V)Jr) is

2\w;j/Cy |
2W<€,V)+Cy il&y

1—11 k)
Win
Assume we have shown that for n sufficiently large we have that for any k € UfilCi and any
j e C]/s
€yt~ 0\ 2/ Crl
4 2w
Wkwffl_ 1_M (32)
Win Win

Moreover, assume that every vertex in C;/ is among those vertices that are initially infected.
Now, observe that there is a coupling space in which we have

CL(w)[ UL, Ci] c cL/(WEDH)[ U, Ci). (33)
This is the case because for any k € UfilC,- we have wy < W;{;}%ﬁ Consider a vertex k €
Uf.’ *,Ci and now let j € C,,. Then the inequality (32) implies that the probability that k is adja-
cent to j in CL(w) is at most the probability that ¢ (k) is adjacent to at least one of the copies
of j in [1] within CL'(W“¥)*). Therefore, it follows that the number of neighbors of k in C,
in the random graph CL(w) is stochastically dominated by the size of the neighborhood of k in
C;/ in the random graph CL’ (W(Z’V)Jr). This observation, together with (33), implies that

[Ar(AoUCy)| < [AF (A UCT)|.

But also,

[Af| <s | Ar(Ag U Cy)l.

The second stochastic inequality of the claim follows from the above two inequalities. It

remains to show (32). Let us abbreviate Wgﬁ(/k))+ =: W. Using the Bonferroni inequalities
we have
2WCy 2wy 2we 4w c;
1-(1— k V) zzL—fJ#—z(wj/cy)2 ke (34)
Win Cyd Wi Wi
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But

| |Gy (21 UGy () TG, /G 2,
G4 Wi = \Gy Win) Gy wi ) Wi T

Substituting this lower bound into (34), we obtain

L (1 ~ 2chy)2Lc£J>2Wkw,- SR 2w (1 ~ 4Wkwj>

Wi T W W, Wi Wi
Wiew; . wkwj’
Winp — Wi

for n sufficiently large, as wy <C, and wj=w;(n)=o0(n) (uniformly for all j) but
Wi = O(n). O

We will now apply Theorem 3 to the random variables that bound |Ay| in Claim 6.
Theorem 3 implies that there exists y, > 0 satisfying the following: for any y < y» and any
8 €(0, 1) there exists an infinite set of natural numbers S ! such that for every L €S 1 with
probability 1 — o(1),

" AF (Ao UCH)| < (1+8)( = p)E [Y(Wi)] +p). (35)

and there exists an infinite set of natural numbers S? such that for every ¢ € S2, with probability
1 —o(D),

n A (AgUC)| = (1= 8)(1 = p)E [V (WrD)] +p). (36)

Hence, Claim 6 together with (35) and (36) imply the following w.h.p. bounds on the size of
Ay

n~H A = (1 £ 8)(1 = p)E [y (WrD)] + p),

from which Theorem 1 follows.

3.2. Proof of Theorem 2

Let us assume that Ay is randomly selected, including each vertex independently with prob-
ability a(n)/n, where a(n) > a.(n) but a(n) = o(n) (cf. Theorem 2. for the definition of the
function a.(n)). For ¢ € (0, 1) let Af)g) denote a random subset of [n] where each vertex is
included independently with probability ¢. If n is large enough, then A can be coupled with
AE)E), that is, there is a coupling space in which Ay C AE)E)
bound can be deduced as in Claim 6.

. The following stochastic upper

Claim 7. For any € € (0, 1) and any y > 0, if n is large enough, then
A1 = |4 (AS UG, = |47 (A9 L)
We will now deduce a stochastic lower bound on | Ay|. For C > 0, let K¢ denote the set of

vertices having weight at least C in w. In [6] the first two authors prove that if ¢ € (0, 1) is
sufficiently small and Ay is selected as above, then at least a (1 — g)-fraction of the vertices of
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K¢ become infected if we consider a bootstrap percolation process on CL(w) with activation
threshold r where the vertices in [n] \ K¢ are assumed to be ‘frozen’; that is, they never get
infected.

Lemma 4. ([6, Proposition 3.7].) There exists an ey = eo(B, c1, ¢2) > 0 such that for any
positive € < gq there exists C = C(cy, ¢2, B, €, r) > 0 for which the following holds. Assume
that Ay is as above, and consider a bootstrap percolation process on CL(W) with activa-
tion threshold r > 2 and the set Ay as the initial set, with the restriction that the vertices
in [n]\ {Kc U Ag} never become infected. Then at least (1 — &)|Cc| vertices of K¢ become
infected with probability 1 — o(1).

Lemma 4 implies that for any & >0 that is sufficiently small, there exists C=
C(cy, c2, B, &, r) > 0 such that with probability 1 — o(1) at least (1 — &)|/C¢| vertices of K¢
will be infected in CL(w), assuming that the vertices in [n] \ {/C¢ U Ap} never become infected.
Let £c ¢, denote this event; if it is realized, we let K¢ . denote a subset of [(1 —¢)|Kc|] =:k
vertices in ¢ that become infected, chosen in some particular way (for example, the k
lexicographically smallest vertices). Then the following holds.

Claim 8. For any C > 0 and any ¢ € (0, 1), there is a coupling such that if Ec ¢, is realized,
then we have

Ar(Kc,e) € Ay

Let y € F([0, 00)) be such that C, = C, where C=C(¢) is as in Lemma 4. (Under the
assumptions of Theorem 2, F is continuous (cf. Definition 2), and therefore hAr(y) =y.)

Consider a set of vertices {vy, ..., v} which is disjoint from [n]. We define a sequence
W(Z,V)* on (Ufilci) (UJ{v1, ..., v} as follows. For every j € C;, with i =1, ..., pg, we have
VV;Z’)/)_ = W;Z’y)_, whereas for every j=1, ...,k we let Wﬁ_f’)’)_ =C,. We let n_ be the
number of vertices of the sequence W(Z’y)_, that is, the size of (Ufil C,-) Ufvi, ..., v} Since
k= —¢e)yn(1+ o(1)), this satisfies n_ = (1 —y)+y(A —&))n(l +o(1)) =(1 — ye)n(l +
o(1)). Hence, for large n we have n_ < n. We identify the vertices in {vy, ..., v¢} Wi~th the

k lexicographically first vertices in C,,, and we denote both subsets by C, ;. Setting W, =

(1 —-¢)yC,, the weight of these vertices is nW; (14 o(1)), since each of them has weight
equal to C).

=~ (Ly)— . . . N c o
The weight sequence W( 7 gives rise to a probability distribution which is the limiting
probability distribution of the weight of a uniformly chosen vertex from [n_]. We let U¢¥)~

be a random variable which follows this distribution and let Wff’yk denote a random variable

which follows the &/¢-)~ size-biased distribution. The definition of W'""" yields

IP I:i](e’y)_ = W.(e’y)i] = —Vi and ]P) [U(@,V)— e C ] — (1 — 8))/ .
l 1—ye’ v 1—ye

As we did in Section 3.1.1 for the sequence {W(e’y)_(n_)}ye(o,1),5€N, one can show that

~ (L, y)—
W( V)

is an F-convergent weight sequence. We omit the proof.
Let .Af(Cy,k) be the final set of infected vertices in CL(w) assuming that the initial set is
C, « and moreover no vertices in C,, \ C, x ever become infected. Hence, on the event Ec, ¢

we have

|4£(Cy 1) < IAF (K, o).
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(The symbol <y denotes stochastic domination.) But the assumption that no vertices in Cy \
. . ~ (£,y)— .
C, « ever become active amounts to a bootstrap percolation process on CL’ (W( 7 ) with
activation threshold equal to r. Let Af(S) denote the final set under the assumption that the
~ (4, y)—

initial setis S C [n']. Since CL’ (W ) C CL(w) on a certain coupling space we have

[Ar(Cyi)| <o [ 4¢(Cy )]
Therefore
A (Cr)l <ot |4 (Ko |-
This together with Claim 8 implies the following stochastic lower bound on |A|.

Claim 9. For any y, ¢ € (0, 1), ifECy,g,,, is realized, then

Mf(cy,k) ot | Af].

We will now apply Theorem 3 to the random variables that bound |.A¢| in Claims 7 and 9.
Let 37,  be the smallest positive solutions of

y=1—-a)E[y, (Wiy)] +e

and
y=E[vr (Wry)],

respectively.

For ¢ < gp let C be as in Lemma 4 and let y <y, (cf. Theorem 3) be such that C=C,,.
Theorem 3 implies that for any 8 € (0, 1) there exists an infinite set of natural numbers S! such
that for every £ € S', with probability 1 — o(1),

A+ .A(S) UC+
‘f(on—y)| <(1+8)((1 = &) [y (Wr5t)] + ). o7

and an infinite set of natural numbers S? such that for every £ € S, with probability 1 — o(1),

Ar(C .
[A(Cral (n%")| > (1= O [y (Wr)] . (38)
Hence, Claims 7 and 9 together with (37) and (38) imply that w.h.p.
[ A < ot
= =4 =) [yr(WrsT)] + )

and

A )
'n—f' > (1 = O [, (Wrd)] .

But y; — 3 as ¢ — 0, and Theorem 2 follows.
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4. Proof of Theorem 3

In this section we will give the proof of Theorem 3. At the moment our analysis does not
depend on the parameters £, y, so, to simplify notation, we will drop the superscript (¢, y).
Forj=0,...,r— 1, we denote by C;; the subset of C; which consists of those vertices of C;
which have j infected neighbors. We also denote by C; , the subset of C; containing all those
vertices that are infected; that is, they have at least r infected neighbors or are initially infected.

We will determine the size of the final set of infected vertices by exposing sequentially the
neighbors of each infected vertex and keeping track of the number of infected neighbors that an
uninfected vertex has. In other words, we will be keeping track of the size of the sets C; ;. This
method of exposure has also been applied in the analysis in [26]. However, the inhomogeneity
in the present context introduces additional difficulties, as the evolutions of the sets C;. j are
interdependent.

The sequential exposure proceeds as follows. For i=1,...,p; and j=0,...,r—1, let
C, j(¢) denote the set of vertices which have j infected neighbors after the execution of the tth
step. We also denote by C; ,(7) the set of all those vertices that have at least r infected neighbors
after the rth step.

Here C; j(0) denotes the set C;; before the beginning of the execution. Furthermore, let
U(7) denote the set of infected unexposed vertices after the execution of the rth step, with U(0)
denoting the set of infected vertices before the beginning of the process.

Atstept > 1, if U(z — 1) is non-empty,

(i) choose a vertex v uniformly at random from U(z — 1);
(i) expose the neighbors v in the set Ufi 1 U;:_é Ci. j&—=1);
(iii) setU@):= U@ — 1)\ {v}.

The above set of steps is repeated for as long as the set U is non-empty. The exposure of the
neighbors of v can alternatively be thought of as a random assignment of a mark to each vertex
of Uf’ i 1 U};& C,-,j(t — 1) independently of every other vertex; if a vertex in C; j(t — 1) receives
such a mark, then it is moved to C; j41(r). Hence, during the execution of the rth step, each
vertex in C; j( — 1) either remains a member of C; ;(r) or is moved to C; ;11 (7).

4.1. Conditional expected evolution

Let ¢; ; denote the size of the set C,-’j foralli=1,...,p;and j=0,...,r— 1. Our equa-
tions will also incorporate the size of U at time ¢ — 1, which we denote by u(r — 1), as well as
the total weight of vertices in U(z — 1), which we denote by wy(z — 1). For these values of i and
jwelete(r) = (u(t), wy(@), (i j(®), j). This vector determines the state of the process after step
t. We will now give the expected change of ¢; ; during the execution of step t, conditional on
c(r — 1). If step t is to be executed, it is necessary to have u(zr — 1) > 0, which we will assume

to be the case. We begin with ¢; o, fori=1, ..., pg, having
Wiw 1
E[cio) —ciott =1 et = D] =—ciot =1 Y = D
VEU([—]) [n] (39)
W; t—1
=—cio(t—1) ! M
W[n] u(t—1)

The evolution of ¢; j for 0 < j < r involves a term that accounts for the ‘losses’ from the set ¢; j
as well as a term which describes the expected ‘gain’ from the set ¢; ;1.
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Fori=1,...,psand 0 <j < r we have

E [cij() — cijt— 1) | e(r — 1)]

WWV Wiw,, 1
—cijat—1 Y —ajt—1) Y = ——
veU(t—1) W["] wr—1) veU(t—1) Wim u(t—1) (40)
Wi WU(t )
(cl,] 1( ) cl,]( ) [n] (i — 1)

Finally, we will need to describe the expected change in the size of U during step t. In this
case, one vertex is removed from U(z — 1), but additional vertices may arrive from the sets
Ci.,—1(t — 1). More specifically, we write

pe
W,’WV 1
E [u(®) —u(t —1 r—D]=-1 ir—1(—1 —
[u(t) — u(t = 1) | e(t = 1)] +ch,r =1 > Wit 5=
i=1 veU(r—1)
N @D
wy(t—1) Wi
=—14+—- r—1
+ ui—1) Z n]czr 1( )-
Similarly, the expected change in the weight of U during step ¢ is as follows:
Ewy@) —wylt = 1) | e(r = 1)]
WU(t Wiw,, 1
+ZWc,r =0 3
u(t—1) velmt) Wi u@—1) (42)

Cowgt—1)  wyt— 1) o~ WP '
TTua—D ua— ;w[n] cir= = 1.

4.2. Continuous approximation

The above quantities will be approximated by the solution of a system of ordinary dif-
ferential equations. We will consider a collection of continuous differentiable functions
vij:[0,00) = R, foralli=1,...,p;and j=0, ..., r— 1, through which we will approxi-
mate the quantities ¢; ;. To be more precise, y; ; will be shown to be close to ¢; j/n. Moreover, u
and wy will be approximated through the continuous differentiable functions v, uy : [0, c0) —
R in a similar way. We will also use another continuous function, G : [0, c0) — R, which will
approximate the ratio wy /u; note that this is the average weight of the set of infected unexposed
vertices.

The system of differential equations that determines the functions y; ; is as follows:

dyio W
% = —Vi,o(f)jG(r),
_T (43)
dyi, W; .
i (Vij—1(0) = i j(D) G(t) l<j<r—1.
The continuous counterparts of (41) and (42) are
d
__1 +G(T)Z Vlr I(T) (44)
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and »
d ~ WP
T =—GM+GM Y — yis(@), (4$)

i=1

The initial conditions are

v(0) =p(1 — hp(y)) +y’, for p € [0, 1) (recall that p is the initial infection rate),
pe
pu©)=W, +py_ W,
i=1
y.0(0) = (1 - p)yi,
vi,j(0)=0, forj=1,...,r—1.

(46)

In the following proposition, we will express the formal solution of the above system in terms
of ¥;,0(7).

Proposition 1. With I(t) = [ G(s)ds, we have
Yi,0(t) = vi,0(0) exp (=Wil(7)/d) .

Moreover, for 1 <j<r—1,

Y@ i (vi0(0)
A (m(r))'

Proof. The expression for y; o(7) can be obtained through separation of variables—we omit
the details. The remaining expressions will be obtained by induction. Let us consider the
differential equation for y; j, where 0 <j < r, assuming that we have derived the expression
for y; j—1. This differential equation is a first-order ordinary differential equation of the form
¥ (t) = a(t)y(z) + b(r) with initial condition y(0) = 0. Its general solution is equal to

y(t) =exp </T a(s)ds> . /T b(s) exp <— /S a(p)d,o) ds.
0 0 0

Here, we have

Wi Wi Wi vio(®) - iy (7000
= ——G N b = j 1— —G = — . 1 : G k)
a(v) = =GO, bO)=yij (- F 6@ =7 0 og/ e (0)
by the induction hypothesis. Therefore, and using the expression for y; o, we obtain
s .
exp ( / a(,o)d,o) _ %00 47)
0 7i,0(0)
Hence

/r b(s) exp <— /& a(p)dp) ds =
0 0

it /T yio(s) log'™! <V’0_@) G(s) Vi,o(O)ds
0 —

d(j — 1)! ¥i,0(8) ¥i,0(8)
W; T i1 {vi,0(0)\ G(s)
it M [ g (220) 60
vi0©) 257, /0 vio(s)log yio®) ) vio®
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_vio©@ (71 - (Vi,O(O)) (_ oY >d
G—D!' Jo 70 o) ) \ 100 G0 s
@ __ 1 / vio0) iy <Vi,0(0)> (d)/i,0>ds 48)
G=D! Jo vio®) ¥i,0(8) ds
~ ¥i,000) [T ¥i,0(0) logi—1 <)/i,0(0)) d( Yi0 )
G=D" Jo viol i,0(8) i,0(0)
(x=Vi,04)’i,O(0)) _ ){,-’0(0) 7i,0(1)/¥i,0(0) l]ogj” <l) ”
G-—D!' )i X X
_(_ 1yt 20O log ™' ()
G=D! Lio@mio X

For j =1, the last integral equals log (¥;,0(0)/yi,0(z)). For j> 2, it can be calculated using

integration by parts:

1
/ log’” - log’ " @~ / (log () log~! (¥)dx = log/ (x) —

which yields

log/i~!
og ') _

i—1
_ 1)/ IOg’T(x)dx’

log/ (x)

[

Therefore, the last integral in (48) is

1 i—1
1 1 .
/ log )1 yog (
¥i.0(0)/i,0(0) X J

Substituting this into (48), we obtain

/T b(s) exp <— fs a(,o)d,o) ds =
0 0

Combining (47) and (49), we have

Vi, 0(7:)

vij(T) =

J

m,o(r)): (=t <<Vi,o(0))
¥i,0(0) / vio(®))

Vi,q(o) loo/ (Vi,0(0)> . 49)
J! Yi.0(T)
Vi,0(0)>
lo .
¢ (Vi,o(f)
O

In the sequel we will use the expressions for y; ,—1, where 1 <i < py, and integrate (44) in

order to deduce the expressions for v and py.

Proposition 2. We have

V(@O =p(—he(y)+y —t+U—=p) Y yP

and

Pe Pe
pu(@ =W, +p Y Wyi—I(0)+ 1 —p) > WiyiP

i=1
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Proof. Applying Proposition 1 to (44) yields

dv Wl J/l 0(7) r— Vi,O(O)
g = et )Z o 1<m<r))'

By integrating this expression we obtain

@O =v0) -+ 1), Z / 2Ly 0($)G(s) log™™ 1(—);(;(((S);>ds

(42) d]/l Vi, 0(0)
N ds
Ot G —1)‘2/ ( ) (y, <s>> eo
1 ¥i,0(t)/¥i.0(0) 1 (1
T ;no(O) fl log <;> dx.

=v(0) -1 —
-

We calculate the last integral substituting y for 1/x and using integration by parts. We have

r—1 4
/1og’—‘ (%) dx:—/ —logy2 (y)dy:/ G) log"™" (y)dy

r—1 r=2
o' ) _ ) / log20)
y y

As [ ﬁdy = —1, dividing and multiplying by (r — 1)!, we obtain

r—1

ICS G) = DS O)

Y i=0

where y = 1 /x. Therefore, foralli=1, ..., p; we have

¥i.0(t)/¥:.0(0) /1 ¥i.0(T) i [ vi,0(0)
1’1<-) — 1! 1’(' )—1.
/1 e ()&= (yz,om) § % o

0

Substituting the above into (50), we obtain

D=0~ 1+ 3 00 [1- 200 Z 1@(”0(‘”)
i 70(0) i0(0)

Observe now that the expression in brackets is equal to the probability that a Poisson-
distributed random variable with parameter log (yi,o(O)/y,-,o(r)) is at least r. But by

Proposition 1, we have
log (V‘O_()> = 2.
¥i,0(7) d

Also recall that by (46), y;.0(0) = (1 — p)y;, foreachi=1, ..., pg,and v(0)=p (1 —y) + y'.

Hence
¢ W,
V@) =p(l—=y)+y —t+1-p) Zl vl [PO <7ll(f)) > r} .
=
The expression for py is obtained along the same lines, and we omit its proof. U
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4.3. Wormald’s theorem

We summarize here the method introduced by Wormald in [38, 39] for the analysis of a
discrete random process using differential equations. Recall that a function f(uy, ..., up4+1)
satisfies a Lipschitz condition in a domain D C R+ if there is a constant L > 0 such that

@, ..o upr) —f1, .., vppD| <L max  |u; — vyl
1<i<b+1

for all (u1,...,upt+1), V1,...,Vpy1) €D. For variables Yi,...,Y,, the stopping time
Tp(Yy, ..., Yp)is defined to be the minimum 7 such that

t/m;Yi(@®O/n, ..., Yp()/n) ¢D.
This is written as Tp when Y1, .. ., Y}, are understood from the context.

Theorem 10. ([38].) Let b, n € N. For 1 <j <b, suppose that Y;")(t) is a sequence of real-

valued random variables such that 0 < Yj(") < Cn for some constant C > 0. Let H; be the history
up to time t, i.e., the sequence {Yj(n)(k), 0<j<b, 0<k<t}). Suppose also that for some
bounded connected open set D C RO+1 containing the intersection of {(t, z1, ..., zp) : t > 0}

with some neighborhood of
[(0, Zly...,2p) P [Yj(n)(O) =zn, 1<j=< b] # 0 for some n} ,
the following three conditions are satisfied:

1. (Boundedness.) For some function o = w(n) and » = A(n) with A* logn<w< n*3/x
and » — 00 as n — oo, for all | < b and uniformly for all t < Tp,

P (|Yl(”)(t+ ) — Y| > % |Ht> =o(n™?).

2. (Trend.) For all | < b and uniformly over all t < Tp,
E[Y™ (e + 1) — YO0 H =fie/n, Y0/, ..., Y0 /n) + o)),

3. (Lipschitz.) For each I, the function f; is continuous and satisfies a Lipschitz condition
on D, with all Lipschitz constants uniformly bounded.

Then the following hold:

(a) For (0,71, ...,2p) €D, the system of differential equations
dz
_l:ﬁ(s7zlv~-~yZ1)y I=1,...,b,
ds

has a unique solution in D, z;: R — R for =1, ..., b, which passes through 7;(0) = 7,
=1, ..., b, and which extends to points arbitrarily close to the boundary of D.

(b) We have
Y() = nz(t/n) + 0p(n)
uniformly for 0 <t <min{on, Tp} and for each l. Here z;(t) is the solution in (a) with
=Y [(”)(0) /n, and o = op(n) is the supremum of those s to which the solution can be
extended.
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4.4. Proof of Theorem 3
We will apply Theorem 10 to show that the trajectory of

{u(@®), wu(0), (cij(O)1<i<py,0<j<r—1)

throughout the algorithm is w.h.p. close to the solution of the deterministic equations suggested

by these equations, i.e., {v, iy, (Vi j)i=1,....p¢,j=0,....r—1}-
We set b =rpy + 2. For € > 0, we define

D€ = (T9 v, HU, (Vl,])l,]) GRb+1 | —E€E<T< 17 0< & < ZC}/5 —€< yl,] <VYi + €,
Vv

pe
€ < 1y <W)/, +ZWiyi}.

i=1

We now apply the last part (b) of Theorem 10. Note that the boundedness and trend hypothe-
ses are verified for t < Tp,. More specifically, the boundedness hypothesis follows since the
changes in the quantities u(z), wy(?), ¢; j(f) are bounded by a constant multiple of the max-
imum degree of the random graph. But since the maximum weight is bounded, we may
choose, for example, A = nl/% and w = n25/#8 and show that the maximum degree is bounded
by w/(A? log n) = n'/%/ log n with probability 1 — o(n~3). The trend hypothesis is verified
by (39)—(42). By the assumption that 0 < “TU < 2C,, the Lipschitz condition is also verified.
Hence, for 0 <t <min{opn, Tp_}, we have

u(t) =nv(t/n) + op(n),
wu(?) = npy(t/n) + op(n), (51)
cij(t) =nyijt/n)+op(n), foralli=1,...,pg, j=0,...,r—1.

This gives us the convergence up to the point where the solution leaves D.. Observe that the
definition of the domain D, together with the fact that the maximum weight is bounded by
2C,, implies that at round Tp, we have wy(Tp,)/n <€, but wy(Tp, — 1)/n > €.

First, we will bound |.Af(TD€)|. Observe that Tp, = |.Af(TD€)|, as exactly one vertex is
removed at each step. Also, as we noted above, wy(Tp,)/n < €, but wy(Tp, — 1)/n > €. Since
the maximum degree is 0,(n) and the weights are bounded, w.h.p. we have

e <wy(Tp, — 1)/n < 1.5¢.

Hence, by (51), w.h.p.

Tp. —1
Hu ( De > < 2e. (52)
n

Also, as the minimum weight is bounded from below by W), the bound on wy implies that
1.5¢
Tp, — 1 <— 53
u(Tp, —1) /n< W (53)

Therefore, (51) again implies that w.h.p.
v Ip. —1 < 2—6
n -~ Wy
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Let
pe
a):=p(—he()+y + A =p) > vithr Wiy) .
i=1
The first part of Proposition 2 implies that

TD—I 1 TD—I 2e
S = 54
e (P))l=w o0

Let £(&7) denote the minimum 7 > 0 such that uy(r) =0. By Lemma 5 below, there exists
c1 > 0 with the property that for any y < ¢ and any § € (0, 1), there exists an infinite set of
positive integers S such that when £ € S, it holds that

leGe.y) — (p+ (1 = PEW(WEH)))| <8, (55)

where J¢ ,, is the smallest positive root of

y= +p Z Wyi+ (1= p) Z H g Wi

Its existence is implied by the continuity of /() and «(y). By (52), from the continuity of the
function uy, we deduce that there exists §; = §1(€) > 0 such that, for n large enough,

Toe =1 _ ey
n

<341. (56)

Now, let I (£¢1)) = lim_ 4 ;. 1(r). The continuity of I and « implies that there exists an
increasing function f : (0, 1) — (0, 1) (depending on ¢ and y) such that f(x) | O as x | 0 and

o <$1 (f(z,w)) Y GI (TDen— 1)>

Let us set x =x(t) =I(t)/d. Since uu(f(e’}’)) =0, this implies that

<f(81). (57)

1(26)

17/1 Wi .
y =—+p ZW,y,+(1—p)Z [ <71(,<M>)>2r]

W/ iVi

=—+r7 ZWer(l—p)Z—I/fr( (“”))

whereby J¢,,, = limtﬁ(z,w x(7). Thus the triangle inequality together with (54), (55), and (57)
implies that for any y < ¢y, any 8 € (0, 1), and any £ € S, w.h.p.

ATl —aiey)| < o +8+FG).
14

Recall that f(§1) can become arbitrarily small if we make € small enough. Therefore, the right-
hand side of the above can become as small as we please. The proof of Theorem 3 will be
complete if we show that the process will finish soon after Tp, .
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4.4.1. The end of the process. We will show that w.h.p. only a small fraction of vertices are
added after Tp, . From now on, we start exposing the edges incident to all vertices of U simul-
taneously. Hence, we change the time scaling. Informally, each round will be approximated
by a generation of a multi-type branching process which is subcritical. The subcriticality is
encompassed by the following: there exists kg < 1 such that with probability 1 — o(1),

— W2 Tp, —1
Z — i < <ko<l. (58)
W[n] n

We start this section by proving this. First, let us observe that using the expression for py from
Proposition 2 and the chain rule, for any t < 7p, we can write

1y (T) = GO U(x)/d),

where

/ pe

1 1
Y@= +p Zw,y, x+(1=p) = Y WiyiP [Po (Wix) > ]
ll zl

But also by (45) we can write

u/u(r):G(r)( 1+Z e (r))

So in particular, for T = (Tp, — 1)/n, we have G((Tp, — 1)/n) > 0 and therefore (with x(7) =

I(z)/d)
(L.yy Tp, — ))__ (TD€ —1>
Jr v (x < n =-1 E Vz r—1 " .

But by Lemma 5 and Proposition 4 below, for any 8 € (0, 1) there exists ¢; > 0 with the prop-
erty that for any y < c; there exists an infinite set of positive integers S such that when £ € S,
it holds that

T G y) <155 Wi, p) + 8,

and, moreover, y¢, < 1. (Note that <1 by its definition.) By Claim 15 below, the fam-
ily { (& y)/(x)} ¢~ Testricted to [0,1] for ¢} = ¢} (y) is equicontinuous provided that y < c}.
=4

Hence, for any y < c1 A ¢y and any ¢ sufficiently large in S, using (56), we conclude that if &
is sufficiently small we have

Tp, — 1 R
£ (x (T)) <f7(3: Wg, p) +28.

We select 6 small enough so that the right-hand side of the above is negative. This and (51)
imply that there exists ko < 1 such that (58) holds with probability 1 — o(1).

From step Tp, onward, we will provide a stochastic upper bound on U by a set U whose
size is an essentially subcritical multi-type branching process. In particular, the expression in
(58) will dominate the principal eigenvalue of the expected progeny matrix of this branching
process. In this process, rather than exposing the vertices of U one at a time, we will expose all
of their neighbors simultaneously in each round. We let U(s) be the set U after s rounds.
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Hence, U(s) will be the sth generation of this process, which resembles a multi-type branch-
ing process. We will keep track of the size of U through a functional which is well known in
the theory of multi-type branching processes to give rise to a supermartingale. Let us proceed
with the details of this argument. R

We set fo:=Tp, —1. Let U(O) = U(t), C, r—1(0)=C; ,_1(t0), and C; ,—1(0)=
Ur_»Cir—k(to), foralli=1, ..., p,. Let U; i(s) denote the subset of U(s) which consists of those
vertices that have weight W,, and let u;(s) := |U (s)|—we say that these vertices are of type i.
We Setct,<r 1(8) = |Cl,<r 1(s)| and Ct,r—l(s)— |C/t\,r—l(s)| Letu, = [/M\l(s) upg(s)] be the
vector whose coordinates are the sizes of the sets U;(s). A vertex v € U;(s) (for jel{l,....pe}D)
can ‘give birth’ to vertices of type i (i.e., of weight W;). These may be vertices from the set
Ci,r—1(s) or from the set C; -, 1(s). If v becomes adjacent to a vertex in C; ,_(s), then a child
of v is produced. Similarly, we say that a vertex in C, <r—1(8) produces a chlld of vif it is
adjacent to v and to some other vertex in U(s) In that sense, a vertex in C, r—1 U C, <r—1 may
be responsible for the birth of a child of more than one vertex in U(s)

Furthermore, if a vertex in Cl <r—1(s) is adjacent to exactly one vertex in U(s) then a vertex
is moved into Cl r—1. In this process the set Cl +—1 can only gain, not lose, vertices. Clearly,
|U(s)| is a stochastic upper bound on U.

If a vertex is a child of more than one vertex, we assume that it is born only once (it could
be a child of any adjacent vertex in U(s)) hence it is included in U(s + 1) only once. In fact,
the former case is much more hkely than the latter The expected number of those children

that are born out of C; ,_;

1(s). The expected number of vertices of
.- o Y (10(s)12Cy)? /W) This is
the case because the factor |U(s)|(2C),)2 /W) bounds from above the probability that a given

type i that originate from C,,<,_1 is bounded by c,‘,<,_1(s)

vertex in ’C\i, <r—1(s) is adjacent to some other vertex in O(s).

Now, if we let A be the py X p, matrix whose ij entry is the expected number of children
of type i that a vertex of type j has, then E (ﬁsTJrl IHS) <!l A, (the inequality is meant to be
pointwise), where H is the sub-o -algebra generated by the history of the process up to round s.
One can view the matrix Ay as the expected progeny matrix of a multi-type branching process,
where the expected number of children of type j that a vertex of type i gives birth to is at most

2
Asli, jl:= ——Laj(s), where aj(s) 1= &j,,—1(5) + () —=& <r—1(s).
[n] Win)

Throughout this section, we will be working with this upper bound, which comes from a
stochastic upper bound on the process. It is not hard to see that the vector [W, ..., WPZ]T
is a right eigenvector of A, with

Pe 2

2w

i=1

ai(s) =: ps

being the corresponding eigenvalue. In fact, this is the unique positive eigenvalue of A,. Since

A A N Tp, —1
Cj,r—1(s) does not decrease, we have ¢j ,_1(s) > ¢j ,—1(0) = ¢ r—1 ( Djl ) Thus for s > 0 we

have

for some constant «(, and for any n sufficiently large.
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Note also that since ¢j ,—1(s), U(s), ¢j, <r—1(s) < n, and Wy,;; = @(n), we have the bound p; <
D for some D > 0, which depends on y, and for all s > 0.

For s =0, it is not hard to see that pg is less than and bounded away from 1, if we choose €
small enough. Indeed, by (53),

A04C%A 0 A04C)2, A05C§ (53 15C2
C_ < —n < .
u( )W[n]cj,« 1(0) < u( )W[n]n<u( ) iyl

Hence, combining this with (58), we deduce that if € is small enough, then pg is smaller than
1 and in fact is bounded away from 1.

Let A; := W;/ Zj Wj and set & := [Aq, ..., )Lpe]T. Clearly, this is also a right eigenvector
of A;. Consider now the random variable Z; = (§, u;), where (-, -) is the usual dot product.
Therefore,

E (Zs+l |Hv) = psZs-

Claim 11. Conditional on H,, with probability at least 1 — 1/n2, we have Z; =0 or
Zyp1 < psZs + Z{* log’* n. (59)

Proof. In the following we condition on #H;, which is suppressed from the notation. Assume
that Z; > 0. Note that Z; | is a weighted sum of Bernoulli-distributed random variables, where
the weights are bounded. More specifically,

De
Zoy1 = Z Aj Z ldﬁ(x)(v)zl + AZ 1d0<s)(")22

Jj=1 vee_,;,_l(s) VECJ-Y<,_1(S)

This expansion also shows that Z; > 0 implies that Z; > ¢, for some ¢ > 0 which does not
depend on s (or n).
We will appeal to Talagrand’s inequality (see for example Theorem 2.29 in [25]).

Theorem 12. Let Z1, ..., Zy be independent random variables taking values in some sets
A1, ..., Ay, respectively. Suppose that X =f(Zy, ..., Zn), where f: A| X -+ X Ay —> R is
a function which satisfies the following conditions:

(i) There are constants cy, fork=1, ..., N, such that if 7,7 € A| x - - - x Ay differ only
in their kth coordinates, zj and z;{ respectively, then |f(z) — f(Z)| < cx.

(ii) There exists a function V¥ : R — R such that if z € Ay X - - - X Ay satisfies f(z) > r, then
there is a witness set J C {1, ..., N}y with ), c,% < (r) such thatanyy € Ap x - - - X
AN with yi = zx, for k € J, also has f(y) > r.

If m is a median of X, then for every t > 0,
P(X <m — 1) < 2¢~ /400

and R
P(X > m+1) <2~ /4 mtD),

We will apply Theorem 12 to the random variable Zg . First, note that Z is a function
of independent Bernoulli random variables, which correspond to the (potential) edges that
are incident to U(s). Let us write the random variable Z;, | more explicitly as a function on
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the sample space which consists of all subsets of Up ( i r—1(8) U C] <r— 1(s)> X U(s) More
specifically, for any subset

EcU (€19 UCicr19) x U

we can write

Pe
Zs+1(E)=le Z Lig,m=1(E) + Z Lig, m=2(E) |,

Veej r—1(5) Veaj <r—1(5)

where the 1¢(E) denotes the indicator function of the event {E: E € £}. For v € C] r—1(8)U

CJ <r—1(s), if we change any pair of vertices between v and U(s) (add it if it is not an edge, or
remove it if it is), then Zy; | may change by at most ;.

Now, for any subset of edges E C UP ( ir—1(8) U C] - 1(5)) X U(s) and a subset J C
U;Zl < j,rfl(s) U Cj‘<r71(s)>, let

De
Za®=) y Y lgw=BE+ Y Ll wm=2B)

J=1 veajm,](s)ﬂ/ ve6j1<r,1(x)ﬂl

Suppose that Zg 1 (E) > x. Let J* = J*(E) C Up‘Z (Aj —1(s)U CJ <r—1 (s)) be a minimal subset

which is also a minimizer of Z: Jrl(E) subJect to Z 1(E) > x. (Note that a minimizer may not
be minimal, as it may include a vertex v such that 1du< wm=1(E), ldU( )(V)>2(E) 0.) Observe

that the minimality of J* implies that Z 1(E) < X+ Amax, Where Amax = max{A;}j=1,..,
We select a set of edges Ej« C E as follows forany v e C/ r—1(8)N J* we add to EJ* one of

the edges in E that are incident to v, if there are any such; for any v € C] <r—1(6) NJ*, we add
to Ej+ two of the edges in E that are incident to v, if there are at least two such edges. Hence,

any subset of edges E' C UP ( i r—1(s) U C] - 1(s)) X U(s) such that E;« C E’ also satisfies
Zg 1(E) > x.

For any e € <6j,r_1(s) Uaj,q_l(s)) X G(s), we set A, = A;. Consider now ZeeEJ* A?.
Since A, < 1, we have the bound

pe

> als > de + > he

€k J=1 ee(Cf,,,l(s)XO(s)) NE ee (61-,<,,1(s)><0(s)) NE j«

= > A+ > A

J=1 eE(éj.,,l(s)XO(s))ﬂE]* ee(aj,q,l(s)xa(x))ﬂE]*

= Z )\j+2 Z A.j

7=1 \veC;,_1(s)nJ* veCj o 1 (s)NJ*

<2710 | < 2(x + Amay)-
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Hence, we can apply Theorem 12, taking ¥ (x) = 2(x + Amax) (conditional on H; which we

suppress). With m(Z,11) being a median of Z, 1, Talagrand’s inequality yields
Zs 10g3 n

v [Zm > m(Zy11) + %z; 1210g3/2 n} B (60)

Since 1 (x) is increasing with respect to x and Z; | takes only non-negative values, using an
argument similar to that of [25, pp. 41-42] we have

|E (Zs+1) — m(Zs+1)| < E (1Zs1 — m(Zs11))) = /0 P[1Zsy1 — m(Zg1)| > t] dt

mZg1) 2 ) 2
< / Qe TENTD gy 4 / 2 WEZ D gy
0 m(Zs11)

mZgy) 2 o0 2
S/ Ao T Zy D Fmax dt-l—/ De” T6irF8imax (lt
0 m(Zerl)

<8Ym(m(Zs11) + hmax) + 32,
and using that m(Z11) < 2m(Zy )P [Zs11 = m(Zg11)] < 2E (Zs41), we obtain
IE (Zs41) —=m(Zs)| = OE (Z1)'?).

Hence, for n large enough, using that E (Z;11) < psZ;, we have
P [Zs+1 >E (Zyy1) + Z1/* log*? n]
<P|Ze1 2 mZsr)) = OF Zy)'?) + 2/ log 2 n]
<P |:ZS+1 > m(Zg,1) + %ZS‘/Z log?/? n] )

So by (60) we conclude (using that m(Zs41) < 2E (Zs+1) < 2p5Zs) that

P[Z1 2 E @) + 21 10g ]

_ Zs l()g3 n _ Zs lug3 n
1,172 4 1,12 3/2
< e 32m(Zg )+ 5 Zs log3/2 n+Amax) < e 3202psZs+ 5 Zs log3/2 n+Amax) — E_Q( log / n)’

since p; and Apmax are bounded uniformly over all s and Z; is bounded away from O, if
Z, > 0. O

We denote the above event (Z; = 0 or (59) holds) by &;. If Z; > log6 n and &; is realized, we

have
Z 10832 0\ pszx log’/? n
Zypy < psZs |1+ ————— ] = psZs (1 + ——75
0sZs K(/)Zs

3/2 61

Zg>logl n log”’“n 1
< pZds |1+ 5 3 | = psZs | 1+ s B
Ky log’ n Ko log” = n
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In a multi-type branching process, the variable Z;/p*, where p is the largest positive eigenvalue
of the progeny matrix, is a martingale (see for example Theorem 4 in Chapter V.6 of [8]). Here
we use this fact only approximately, since the progeny matrix changes as the process evolves.
Nevertheless, it does not change immensely, and we are able to control the increase of the
eigenvalue pg. Let us now make this precise.

By (58), the largest positive eigenvalue of Ag is bounded by a constant pg < 1, with
probability 1 — o(1). We set Apin = min{A;};—1,.._p,. For any s > 0, let

yeney

i 10C7 .
Dy = Z Z d@j‘<r71(s)(v)<max 7 _dZs,log n

7=1 veU(s) m

Claim 13. For any s > 0 we have P [Ds] =1 — 0(1/n2).
Proof of Claim 13. The random variable

Pe
Z Z daj, <r—1(5) ™)

J=1 vel(s)

is stochastically bounded from above by <U(s) X where the X, are independent and iden-
tically distributed random variables that are distributed as Bin(n, (2C,, )2/ Wap). The expected

2
value of this sum is bounded by %u(t) for large n. Also, u(s) <Zs/Amin, as Zs = (&, us) =

.. 5¢C2 .
D i Mitti(8) = Amin Y_; ui(s). So the expectation is at most Ami:dZS' The claim follows from

a standard Chernoff bound on the binomial distribution (as the sum of binomial is itself
binomially distributed). O

102
Let By := max {Amingzs, log6 n}

On the event D, the total degree of the vertices in O(S) into the set C; <,_;(s) bounds the
number of vertices that enter into the set C; ,_;. Hence, on the event Ds, we have

Cir—1(s+ 1) <& r—1(s) + Bs.

Furthermore, for large n,

1 4acy 1 1 4cy 1 —SC}Z’ 1 e Z G
. < < = 7 = '
u(s + )W[n] Cii<r—1(s+ 1) <u(s+ )W[n] nsus dn n=uls+1) d — s+ Amind

Also, on & we have Z;1| < B1Z;, for some constant 8| > 0, if

10C2
Y Zy > log6 n;

Amin
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otherwise, since p; is uniformly bounded by some constant over all s > 0, we have Z;;| <
B log6 n for some constant B, > 0. Therefore, on Dy N E we have

pe 5C2

Z ais + 1><Z Cir1() + By + Zoy1 5

‘1 n] Amind
IB/ZS-‘,-I

<ps+ﬂ sy gt

for some constants 8, B’ > 0 and any n. Furthermore, for some other constant 8” > 0,
By < B"(Zs +1og® n).
Therefore, for some y > 0, we finally obtain

1
prv = Pt = (V(Zo+ Zr) + B 0" ). (©2)

LetA, =1+ m and Top = 2[log, /, n]. We use induction to show that for every § > 0 there
0
exists € > 0 such that if Zy/n < &, then for all s < Ty

log n

Zo

PPty <2Z<po+a>"x"+<po+a>w>+(4yy e Zk+2
k=0

(63)

Now, observe that for n sufficiently large (oo + 8)A, < p < 1. From this inequality, we deduce
that for every s < Ty, we have

297, log® n 297y 1 log® n
ps < po+—)/02p"5+0< g )=p0+ Y4 ,+0< £ )
n n n n

k=0 1= rg

2/ 1 log®
02<£p0+2y8 +0 ( °¢ n) <po+6 <1, (64)
1— ,00 n

provided that & > 0 is small enough.
By (61), on the event 050:1 {Ey N Dy}, for any s < Tp we have
Zs < psZs—1An + V/ 10g6 n
for some constant ' > 0. Repeating this, we get

Zsfpsflps72zs72)\,% + V/()Ln +1) 10g6 n

s—1 s—1
<Zopy [ po—i+ v Tog8 n Y 4,
i=1 =0
s—1
<Zox [ | ps—i+ 257" log® n,
i=0
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where in the last inequality we used A! < 2 for n sufficiently large, uniformly over i < Ty. By
the inductive hypothesis, p;_; < pg + 6 for all i < s. We thus deduce that

Zs < Zo(po + 8)°A3 + 25y log® n. (65)

Substituting (63) into (62) and using (65), we obtain

s—1 6. s—1
vZy log® n
ps1=p0+ [ 2D (po+ 8 Ak + (oo + 84y | + yy + BV —— D k
n n
k=0 k=1
log® n

+2}/)// o //10g6n
n

s+ B

1
+-y (zo<po +8)° 23 + 257" log® n+ Zo(po + 8)* T ast! +2(s + 1)y log® n)
vZy d logbn <
< v 2 8 k)\’k 8 S+1)\.S+1 4 / V4 k
<po+ (kzo<po+) w0+ 8T+ (yy + B —— ;

log® n
E s+,
n

+2yy’

where in the last inequality we used that

p log6 n . log6 ns

B <p

n n
Set T = pp + 6 and recall that Ty = 2[log, - n]. Claims 11 and 13 imply that
P [Ny<1,{E N Ds}] = 1 — O(log n/n?). (66)

For any S € N, we let Sg = Ny<s{& N Dy} and note that if S < §’, then Sy C Ss.
Using the tower property of the conditional expectation, we write

E (Zr,) =E (E (Zr, | H1p—1)) =E (E (Zry | Hro—1) (ISTO_| + 18;0_1)) .
But Z7,, = O(n), whereby
E (IE (Zr, | Hry 1) 15;071) — O)E (15;071) — O(log n/n).
Therefore,

E (Zn,) < E (E (Z1, | Hry-1) sy, ) + OClog n/n)

—~
(=)}

4)
<E ((po + 8)Z1y—1) + O(log n/n).

Repeating this, we get

E (Z1,) < (p0 + 8/E (Z) + OTo logn/m) = O(U/n+To/m=o()).  (67)

Therefore, P [U(To) #* @] =o(1).
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4.5. Auxiliary lemmas

Recall that 7(“-¥) denotes the minimum 7 > 0 such that zy(t) = 0. Recall also that y is the
smallest positive solution of f,(y; W5, p) =0 and that we have assumed that f;/(3; W, p) <0.
Recall that for y € (0, 1) and £ € N we set

/

W,
f@=—F+p ZWm x+(1-p)~ ZWm [Po (Wix) > r].
zl 11

Also, recall that

pe

ay):=p(—he()+y + 0 =p) > vithr Wiy) .
i=1

The following lemma shows that if y is taken small enough and ¢ is a large positive integer,
then oz(yg y) and f; & y)(yg y) can be approximated by the corresponding functions of y.

Lemma 5. For any § > 0, there exists c1 such that for any y < c1, there exists a subsequence
{€i}ken with the property that for every £ € {£i}keN,

D) £ (ey) <f/G3 Wi, p)+8, and

@) |aGey) — (p+ A —pEW(WE))| <.

Proof. Using Definition 3, we can express the y; in terms of the y/: y; = (1 — hp(y) + y")y/.
The expression for f; &) yields the following:

w’ 1 pe 1 pe
S0 = —F 4p = Y Wiy =+ (1=p) = 3 WiriP [Po (Win) = 1]
i=1 i=1

4 de.y) der 2L wiy!
=7y+(1—hF<y>+y/)( —+=p——= G 5P[Po(Wim) > r] | —x,

€

i=1

(68)

where d“7) = [ xdF“Y)(x) and der) = focy xdF V) (x) =
sum in the above expression can be rewritten as

W;y/. Hence, the second

=

pe

WiV,'/ S ‘
Z d“sl’)P [Po (Wix) > r] :/o Yy (yX) dF*¢ ,y)(y),

i=1

where F*(-¥) ig the distribution function of the U¢?) s1z/e -biased distribution.

We set c(y)=1—hp(y)+y’ and write p&¥) = +p d(dy) The expression in (68)
becomes

- dC(y)

d(fé )

Y@ =cy) ( 7+ -p) 7y om dF*“Wy)) —x
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Hence, the derivative of f,(l’y)(x) with respect to x is

d(Z,y) C r—1

A @ =1+ e(y)1 = p) / Cyen P
d Jo (r—1)!

R (yx) (69)

. /0 e dF*(Z )/)(y)

=—1+c(y)d—p)

Similarly, we can write

Cy
a@) =p(l —hp() +y' +cy)1 - p) fo ¥y (vx) dFEV) (). (70)

For real numbers y and § > 0, let B(y; §) denote the open ball of radius § around y. We show
the following result.

Proposition 3. Let f: [0, 0c0) — [0, 00) be a bounded function which is everywhere differ-
entiable. Also, let y1 € R. For any § > 0 there exists ¢y = c(8) with the property that for
any y < c, there exist Lo =£o(8, y) >0 and 8' = 6'(8, y) such that for any £ > £y and any
y2 € B(y1;8),

CV
‘ /0 FOoy)dF 7 () — E (f(Wiyn)| <8

and

< 4.

C.
/0 " ) dFEV () — E (F(Wiyn)

We will further show that J, ,, is close to y over a subsequence {£;}ien.

Proposition 4. There exists a c3 > 0 such that for all y < c3 and any §' > 0, there exists a
subsequence {{}ren such that . ,, € B(3; 8").

The above two propositions yield the following.

Corollary 1. Let f : [0, co) — [0, 00) be a bounded function which is everywhere differen-
tiable. For any § >0 and any y < cz A c3, there exists a subsequence {{i}reN Such that

<4

CJ/
/0 FODee AP (y) —E (F(WF5))

and

<.

CV
/0 FO9e)AF T (y) — E (F(WE))

The two statements of the lemma can be deduced from (69) and (70), if we let f(x) be
¥r(x) in the former case, and e %7 X in the latter. Note that the choice of the subsequence is
determined through Proposition 4 and can be the same for both choices of f(x). Observe that
both functions are bounded (by 1), they are differentiable everywhere in R, and they have
bounded derivatives.

By the second part of Definition 4 and the fact that c¢(y) — 1 as y | 0, we have

4 y)

<3 (71)

c(y) ‘
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for any y that is small enough and any £ that is large enough. We will show now that p(*-¥) is
close to p. We will need the following claim, which is a direct consequence of the second part
of Definition 4.

Claim 14. There is a function r : (0, 1) — (0, 1) such that r(y) — O as y | 0, with the following
property: for any y € (0, 1), there exists £1(y) such that for any £ > £1(y),
|d“Y) —d| < r(y).

The above claim together with the fact that W)’, — 0 as y — 0 implies that if y is small enough
and ¢ is large enough, we have

’p(l’y)—p‘<8 and  |p(1 — he(y) +y' —p| <6. 72)

Both parts of the lemma now follow from Corollary 1 together with (71) and (72). We now
proceed with the proofs of Propositions 3 and 4.

Proof of Proposition 3. The proof of this proposition will proceed in two steps. First we
will show that for any y < 1 there exist 8’ = 8"(8, y) and £, = £,(8, y) such that for any y; €
B(y1;4’) and £ > £{, we have

<$5/2. (73)

Cy . Cy
/O FOyF* V() — /0 FOYDAF*()
The proposition will follow if we show that there exists ¢, = c/,(8) such that for any y < ¢ it
holds that

‘/; FOYNAF* ()| < /2. (74)

Having proved these inequalities, we deduce that

CV
/0 FOy)dF* ) (y) —E [f(vv;éyo]|

(73) (74)

/ FOoy)dF Er(y) — / FOoyDdF* ()| +

/ FOyDAF* )

The proof for the case of F(“¥) proceeds along the same lines. We can show that for any y < 1
there exist 8’ = 6'(8, y) and £ = £(8, y) such that for any y; € B(y;; ") and £ > £;; we have

CV CV
/0 FOoy)dFEY)(y) — fo FOoyNdFQy)| < 8/2. (75)

Then we show that there exists 62 = c2 /(8) such that for any y < 6’2/ it holds that

oo

fOyDdF(y)

Cy

<8/2. (76)
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As before, from (75) and (76) we deduce

C
/O " FOy)dF () — R [f(WFyo]'

(75) (76)

f FOy)dFEr(y) — f FOYNAF)| +

/ FOyDdF(y)

We proceed with the proofs of (73) and (74)—the proofs of (75) and (76) are very similar (in
fact, simpler) and are omitted. The lemma will follow if we take ¢ = ¢}, A ¢} and £y = £;, V £.

Proof of (73). We begin with the specification of §’. We let 8’ be such that whenever |y; —
v2| < &, we have

[FxyD) —flay2)l < 8/4 7
for any x € [0, C, ]. This choice of §’ is possible since f is continuous and therefore uniformly
continuous in any closed interval. Consider y, € B(y;; 8’). We then have

Cy Cy
fo Fey2)dF e (x) — /0 Fey1)dF*(x)

CV
< /0 [FC2) — FODIdF 7 ()
c, ¢, (78)
(oy)dF* 7 (x) — /0 Fey1)dF*(x)

an G 0 Cy .
Dsja+ /0 FOoyndF e (x) - /0 FOoyDdF* )|

We will argue that the second expression is also bounded from above by §/4 when y is small
enough and ¢ is large enough. This follows from (17), as the latter implies that F*) con-
verges weakly to F* as y | 0 and ¢ — oco. Since f has been assumed to be bounded and
continuous, by Lemma 3 there exists ¢ such that for any 0 <y <c¢; and any £ > £1(y) we
have

‘ fo FOy)dF* V) (x) — B(F(Wiy1))| < 8/8.

Furthermore, by (74), if y is sufficiently small we have

‘E(f(W}?yl)lw;zcy)

Also, by Lemma 1, for any y sufficiently small and any ¢ sufficiently large,

< 4/8.

<8/8.

f Oof(xyodF*“vV)(x)
Cy

Therefore, for any such y and any ¢ sufficiently large we get

C
fo * PO DdF Y (0 — EFWiyDws<c, )| < 8/4

Substituting this bound into (78), we can deduce (73). U
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We now proceed with the proof of (74)

Proof of (74). Assume that |[f(x)| < b for any x € R. Hence we have

‘ fc FOYDAF )| <bE [Liz=c, | (79)

Now, observe that

E [WFIWFECV]

E [IW?ECV] T E[Wr

Since E [Wr] < 0o, the latter is at most 6/(2b), if y > 0 is small enough.
Therefore,

1)

E[lwizc, | < 5.

and (74) follows from (79). O
Proof of Proposition 4. We consider the functions fr(z’y)(x) restricted to the unit interval

[0,1].

Claim 15. There exists c4 > 0 such that for any y < ca, the family

(€.)(x }
{f rrw >t
for some £1 = £1(y), is equicontinuous. The analogous statement also holds for

[l

>1]

for some £} =t (y) and some other constant ¢ > 0 (this is used in Section 4.4.1).

Proof of Claim 15. Let ¢ € (0, 1), and let ¢4 be such that for any y < c4 we have 1/C), < ¢/2.
Recall that {W(e’y)}ye(o,l),éeN is F-convergent (cf. Definition 4). So there exists a function

p:(0, 1) — (0, 1) satistying p(y) | 0 as y | 0, such that for any y and for any ¢ sufficiently
large (cf. Definition 4, Part 2),

— 1| < p(y)/d. (80)

p %)
=

The function ¥,(y) is uniformly continuous on the closed interval [0, C,]. Hence there
exists § € (0, 1) such that for any x1, x2 € [0, 1] with |x; —x3| <8/C, we have |{(wxq) —
Yr(wxz)| <de/(2p). Thus,

Cy Gy de
/ v, (xy) dFEY) (y) — / Yy (yx2) dFF ()| < —. (81)
0 0 2p
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Therefore, for any y < c4 and £ sufficiently large, if x1, xo € [0, 1] are such that |x; — x| <
8/C,, then

Y Ge) = £ (x2)]

Y it e _ [ L))
<l —xl+ 7 Yy (yx1) dFF57) — Yy (x2) dF5TY
0
(80),(81) § de p ¢ ¢
< —_—t — —<-4+=<e.
- C 20d72 27
The proof for the family i fr(z’y)/(x)} is similar, and we omit it. (]

By the Arzela—Ascoli theorem, there exists a subsequence {}ren such that

e,

is convergent in the Lo,-norm on the space of all continuous real-valued functions on [0, 1].

Now, recall that y is the smallest positive root of f.(y; Wy, p)=0 and, moreover,
/3 Wi, p) <0. Also, y < 1, since, by its definition, y = (1 — p)E[y,(W}3)] + p < 1. Hence,
there exists 8o > 0 such that y + 8y < 1 and, furthermore,

£+ 80; Wi, p) <0 and

By the L,-convergence of the family

erio),

restricted to [0,1], we deduce that there exists £1 = £1(5p, y) with the property that for any k
such that ¢; > £; we have

FErG +80) <0 and
FEPE —80) > 0.

In turn, this implies that for any such k there exists a root of fr(l"’y)(x) in B(J; 8p).

To conclude the proof of the proposition, we need to show that for all but finitely many
values of k, there is no positive root of frwk’y) in the interval [0, y — 8]. Assume, for the sake
of contradiction, that there exists a sub-subsequence {¢y,};cn such that j}gki,y € [0,y — &ol. By
the sequential compactness of this interval, we deduce that there is a further sub-subsequence
{€x;}jen over which

Yeg.y = Vy»

as j — oo, for some 3, € [0, y — 8ol
Let 6 € (0, 1) and let ¢ = c2(8) be as in Proposition 3. Consider y < ¢2. Then there exists
Jjo such that for j > jo we have

C
‘ /0 Y080, A 0) — E (4, (W) | < 8/3. (82)
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Assume that y is small enough so that

le(v) = 11, p(y)/d, r(y)/d <38/9.

Moreover, assume that jj is large enough so that for j > jo we have

47 5(lx>v)
7 I <ply)/d and — 1 <r(y)/d,
by Part 2 of Definition 4 and by Claim 14. Hence
A7) Cyr) | )
-1 < -1 -1
r)— =lety) =11 — y
<ley) =1 +le(y) — 1] -1+ —1/=38/9=4/3.
(83)
Similarly, we can show that for y small enough and j large enough,
d(gkjs)/) . § o4
— < —.
c(y) 7 =3 (84)

R - v)
Now, consider the function f.(x) := f.(x; W¥, p) + W]’/ /d. Since f; b (ygkj,y) =0, we can

write
A A Crisv) .
fr()’y)zfr()’y)_fr ! (Ylkj,y)
A7)
< -1
=p|cy)—
d(lkjs}’) CV *(Z )
+(1=p) |c(¥)— VrOe)AF T 0) = E (v (Wi, )
"(/Zk/-»)/) d(lk/vy) Cy . (U y)
<pey) — 1+ =p|{c——=1 /0 Ve, )dF ()
CJ/
+(1—p) /0 wr@yek_,,y)dF*“kf’Wy)—E(wvv;iyy))‘

(83).(84).(82) § N ) N ) s
= 3 3 3 7

Since § is arbitrary, it follows that
fr@y) = fr@y§ W;«iv p)+ W)/, =0,

whereby f,.(,; Wi, p) < 0. Recall also that f,.(3 — 8o; W}, p) > 0. The continuity of f, implies
that there is a root in (0, y — 8p). But this leads to a contradiction, as y is the smallest positive
root of f-(x; Wg, p) =0. d
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The following lemma shows that if the weight sequence has a power-law distribution with
exponent between 2 and 3, then the condition on the derivative of f,(x; W, p) that appears in
the statement of Theorem 1 is always satisfied.

Lemma 6. Assume that (w(n)),>1 follows a power law with exponent B €(2,3). Then
J1®: Wi, p) <O0.
Proof. From the definition of f we obtain that

r!

fla Wi p=—1+ —p))—’;E [e—W?xM} .
To prove the claim it is thus sufficient to argue that
(1—pwE[fWﬁ9??Z}<&=p+«1—pm%wAW$@l
In turn, it suffices to prove that
E [e—wﬁ(w%?)r} <E[v,(Wi)]. (85)

We set p,(x) = e *x"/r!. Furthermore, we set g(x) := E [pr(W;;x)] and f(x):= E [Wr (W;Ex)]
Then we claim that
f(x) > rg(x) foranyxe (0, 1],

which is equivalent to (85). To see the claim, we will consider the difference f(x) — rg(x) and
show that it is increasing with respect to x; the statement then follows from f(0) — rg(0) =0.
The derivative with respect to x is

(f(x) —rg(x)) =E [W;Pr—l (W;x)] +r (]E [WFPr (WFX)] E [WFPr— (W;ix)])
r(r—1) r(r+ 1)
E [pri1 (Wix)]

=_ E [p, (Wx)] +
= (== DE[p, (Wix)] + ¢+ DE [prar (Wi)]).

X

Hence, it suffices to show that
(r+ DE[pr1 (Wix)] > (r = DE [p, (Wix) ],

for x € (0, 1]. Note that the probability density function of W} is (8 — Dew= P+ for w > xg:
otherwise it is equal to 0. So we obtain, for j € {r, r + 1},

o0 J
Bl (W) =5 - De [ e O

%0 J!

B2 [e'¢) .
@25t / e I Pz,
it

0

Therefore, it suffices to show that

X o0
/ e P20z (r— 1) / e i Py
X0 X0
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Applying integration by parts to the integral of the left-hand side, we obtain

(o) o0
/ e PPz = e 4 (r— B4 2) / e i Py
X X0

0

0 3 o0
>(r—pB+ 2)/ e Py (ﬂ; )(r - 1)/ e Py,
X0 X0
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