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1. Introduction

The Lebesgue differentiation theorem states that, for a function f € L}oc(Rd), there is a
null set £ C R? so that, if # € R?\ E, then

1

}_i_f{%) m (o) fy)dy = f(x).

A natural question, in that regard, is whether the same convergence holds if one
replaces averages over balls by averages over spheres. In addition, the study of such
spherical averages is deeply connected with the study of dimension-free bounds for the
Hardy-Littlewood maximal function, as highlighted by Stein [31].

In this direction, such a theorem on spherical averages induces the study of the spherical
mazimal function defined by:

S(f)(x) := sup

t>0

| =t (1
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1046 G. Dosidis and J. P. G. Ramos

The study of bounds for the spherical maximal function was initiated by Stein [30],
who obtained its boundedness from LP(R™) — LP(R") when n > 3 and p > -5 and
showed that it is unbounded when p < % and n > 2. The analogue of this result in
dimension n =2 was established later by Bourgain in [6], who also obtained a restricted
weak type estimate in [5] in the case n > 3.

Further developments have been obtained by Seeger, Tao, and Wright, which, in [29],
proved that the restricted weak type estimate does not hold in dimension n = 2. A number
of other authors have also studied the spherical maximal function, among which we
highlight [3, 9, 11, 25, 27, 28] and the references therein. Extensions of the spherical
maximal function to different settings have also been established by several authors; for
instance, see [8, 14, 20, 24].

The main object of this work is the m-linear analogue of the spherical maximal function,
given by:

m

S™ (S f)a) = sup | [ [~ o (™ @)
t>0 |Jgmn—1 j=1

defined originally for Schwartz functions, where do stands for the (normalized) surface

measure of ™1

The m =2 case of (2) is called the bi(sub)linear spherical maximal function, and it was
first introduced by Geba, Greenleaf, Tosevich, Palsson, and Sawyer [16], who obtained the
first bounds for it. Later improved bounds were provided by [4, 18, 21, 22]. A multilinear
(non-maximal) version of this operator when all input functions lie in the same space
LP(R) was previously studied by Oberlin [26].

It was not until the work of Jeong and Lee [22] that the sharp open range of bound-
edness would be proved for the bilinear operator. Indeed, the authors proved in [22] that
when n > 2, the bilinear maximal function is pointwise bounded by the product of the
linear spherical maximal function and the Hardy-Littlewood maximal function, which
implies boundedness in the optimal open set of exponents. This was generalized to the
multilinear setting in [12]. See also [1, 2, 7, 13] for further developments.

The purpose of this work is to complement the results of [12, 22] in the n =1 case. The
spherical maximal operators are generally more singular when the dimension is smaller,
which is reflected by the fact that the decay of the Fourier transform of the surface
measure is smaller in low dimensions.

When n > 2, where the optimal boundedness range of the bilinear operator is p > 5.
The optimality of the condition is found in [18] and yields the necessary condition p > 1
when n=1. However, as was shown by Heo, Hong, and Yang in [21], when n=1 the
conditions pi, ps > 2 are also necessary which further restricts the possible boundedness
range.

Our first result establishes the LP1 x LP2 — LP boundedness of the one-dimensional
bilinear operator (m =2) in the region p1, ps > 2 (see Figure 1). We show that this range
is optimal via a modification of the counterexample in [21], which excludes the possibility
of even a weak-type bound when p; or ps equals 2.

Theorem 1. Letpy,ps > 1 andp = p’il_fpz . Then, there is a constant C = C(p1,p2) <
oo such that:
1S2(f.9)lze < C|Ifll o1 llgll o2 (3)
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Figure 1. Range of LP' x LP? — LP boundedness of S?(f,g), when n=1.

if and only if p1, p2 > 2. In this case S? admits a unique bounded extension from LP1(R) x
LP2(R) to LP(R).

Moreover, for the end-point cases py = 2 and ps = 2 the bilinear spherical mazimal
function S? fails to be weak type bounded. In particular, for any 1 < p1,ps < 00 i—i—é =

) P1
%, S2 does not boundedly map L? x LP2 — LP*>® nor LP1 x L? — LP>,

The boundedness result of Theorem 1 was also obtained independently by Christ and
Zhou in [10], where the lacunary operator, with the supremum taken over the set t €
{2F . k € Z}, is also treated.

The proof of this result is based on a decomposition of the circle into sectors, in which
we may safely parametrize it. We then use the curvature of the circle in our favour, in
order to show a different kind of pointwise domination with respect to the n > 2 case:
instead of bounding pointise by a product of the Hardy-Littlewood and spherical maximal
functions, we obtain bounds with products of suitable p-maximal functions. In order to
obtain these bounds, the curvature helps us by allowing us to insert power weights into
the strategy, which effectively enable us to ‘transfer’ decay from one maximal function
to the other.

Our second result deals with the multilinear case m > 3. Using the coarea formula (see
[15, Theorem 3.2.22]), we see that the following pointwise bound holds, for fixed ¢ > 0:

IST*(frs s fm)(@)| = ‘/Sml 11 #x(@ = tyr)do(v)
k=1

)dyg < dym
Ty

/IBm*2 ka(z—tyk) 1f1($—ty1)f2(z—ty2)da(y1,y2
k=3

ryS

<

/IBW—2 H fk(CC — tyk) /Sl fl(l' — tryyl)fg(x — tryy2)d0'(y1, yQ)dyg e dym

k=3

S SQ(fl; fg)(il') : Mm_2(f37 T 7fm)(x)7
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where B" stands for the unit ball in R”,

(e f)la) =sup [ H|fz v — ty)ldys -

t>0

is the m-(sub)linear Hardy-Littlewood maximal function (first defined in [23]), and r, =
V31— ZZL:?) y,% Since M™ is pointwise bounded by the product of m Hardy-Littlewood
maximal functions (denoted M f := M'f), we arrive at the following estimates:

1S7 (frr- - F) (@) S S (fir fin) (@) [ M) (4)

J#i1 502

using the fact that the operator S™ is symmetric with respect to permutations of the
functions f;. From these estimates and interpolation, we obtain LP1 x ... x LPm — [P
boundedness for S™ in a certain range of exponents (see Figure 2). The range of exponents
thus obtained turns out to be the optimal for the strong-type bounds. Unlike Theorem 1
our counterexamples here do not exclude the possibility of weak-type bounds on parts of
the boundary; we discuss this point at the end of the section.

1 &1
Theorem 2. Let n=1,m>2,1<p; <oo fori=1,...,m, (mdf:Z—_. Then

— Pi
i=1
there is a constant C < oo, only depending on p1,...,Pm, such that
1S™(f1s -5 fm) L) < CH 1fill Lpi m) (5)
i=1
for all Schwartz functions f;, i = 1,...,m if and only if all three of the following conditions
hold:
1 &1
a) — = —<m-1,
/ p ; Di
b) for everyi=1 mzi<mf3
AP 2

c) (%,...pim)g{o,l}m\{( oo, 00}

Additionally, if (ﬁ, .. ﬁ) € {0,1}\{(0,...,0)}, then we have the weak-type bound

1™ (froe oo fullpoo ey < CTT Sl ms (6)

i=1
for some constant C = C(p1,...,pm) if and only if (a) and (b) both hold.

As an example we graph the region of boundedness for the trilinear spherical maximal
function.
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Figure 2. The L' x LP? x LP3® — LP boundedness region of the trilinear spherical maximal
operator (n=1).

In order to prove the necessity of the conditions on the exponents in Theorem 2,
we shall employ two different kinds of counterexamples: the first is where all functions
involved are similarly concentrated around the origin, which gives us condition (a), and
the second in which all but one function — at entry ¢ — are similarly concentrated around
the origin, whereas f; is spread out; this gives us condition (b). A modification of such
examples in the spirit of Stein’s original counterexample allows us to obtain condition
(c) and the asserted lack of endpoint bounds.

Finally, let us mention for a brief moment the boundary case: for shortness of notation,
define, for ¢ = 1,...,m, the sets H, H; as:

and

In the diagram above, the set H denotes the middle triangle in red, whereas each
of the H;,i = 1,2,3, denote one of the red rectangles. In spite of Theorem 2 and
the counterexamples it provides, the question of weak-type boundedness of S when
(%, ey z#) belongs in H or H; remains open, as our counterexamples lie (sharply) in
the corresponding Lebesgue spaces.
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We would like to express our gratitude towards the anonymous referee for their helpful
remarks that helped improve the exposition.

2. Boundedness of the multilinear spherical maximal function

Let m € N be the index of multilinearity, and ¢>0. Define for Schwartz functions
fi,--+, fm on the real line:

Szn(flr"vfm)( —/S Hfl x—tyz)da( )

where S™~1 is the unit sphere in R™, y = (y1,...,ym) € S™ 1 y; e Rfori=1,...,m,
and do is the (normalized) surface measure on S™~!. The multilinear spherical maximal
operator is defined by:

(e fa)@) = 50 SPL ) =s0p [ _IIIIﬁ:rft% do(y).

Proof of Theorem 1, boundedness part. By sublinearity, we can assume without
a loss of generality that f, g > 0. Fix then two indices p1, ps > 2.

Decomposing the integral over S' as the sum of the integrals over eight parts of the
circle, we see that it is enough to deal with the integral over the set:

1
{(yl’yQ)Egl:Ogylgﬁﬁ?ﬁﬁl}a

as the treatment over the other sets is essentially equivalent. We then explicitly
parametrize the circle over this arc, to obtain:

1/v2 J
S2(f, x:/ T —t x—ty/1— 249

1/V2
sA Fla —ty)gle — /1 — y2)dys

1/v2 _l-e 1-e
:/O flx—ty)y, * glz—t\/1—yD)y, * dy

1/V2 1/2 1/v3 1/2
< (/ Pz —tyr)y; e dyl) </ 92(53—75\/1—211) ECly1> ,

0 0

where ¢ >0 small, to be chosen later. Since y_1+EX0§y§1/\@ € L' and is decreasing for
any € > 0, the maximal function:

\/va 1/2
f = sup </ [Pz — tyr)yy 1+Edy1> ,
0

t>0
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is bounded on LP', since p; > 2. For the second term, we change variables by setting

Z = m to get:
1/v2 1/2 1 . 1/2
(/0 Gz —ty /1 — )y 6aly1> = </1/\/592(x—tz) (\/1—z2) zdz)
1 . 1/2
< (/1 g*(x — t2) (m> dz>

/V2

1 1/2¢ , ) 1/2¢'
< / gz —tz)dz / —dz ,
1/\/5 1/\/5 /1 — 225‘1

for any 1 < ¢,¢ < oo with % + % = 1. We choose ¢ sufficiently close to 1 so that

2 < 2q < p2 and then we choose € to be sufficiently small so that e¢’ < 2. In this way
the second term in the above product is finite, and the maximal function:

1 1/29
g > sup / g*(x — tz)dz ,
t>0 1/v/2

is bounded on LP2. Finally, taking supremum over ¢ >0 on both sides, we have:

S*(f.9)(x)
1/2

1/V2 1 1/24
S [ sup </ fA@ =ty )y, e dy1> sup </ 9 (x — tZ)dZ>
t>0 0 t>0 1/V2

Taking LP norms on both sides and using Holder’s inequality and the bounds discussed
above completes the proof of Equation (3). O

Before moving on to the proof of the boundedness part of Theorem 2, we remark that
the approach adopted below of using the Kolmogorov—Seliverstov—Plessner linearization
and complex interpolation is by no means the only possible one; indeed, it has been
brought to our attention by the anonymous referee that the results by Grafakos and
Kalton in [19] may also be used to prove that part of Theorem 2.

Proof of Theorem 2, boundedness part. Again, by sublinearity, it is enough to
assume that f; > 0 for all ¢ = 1,...,m. For i1,is € {1,...,m} we define the half-open
tubes (see Figure 3):

1
Pz = {(yl""’ym) €[0,1]™ iy, iy < 2}.

The pointwise bound in Equation (4)

Stl;glsgn(flvvfm)(x” levfzg H M f]

J#i1,i2
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Figure 3. The tubes 112, T>,3 and T1,3.

along with Theorem 1, the well-known bounds for the Hardy—Littlewood maximal
function, and Hoélder’s inequality yield strong-type bounds (5) for all:

(1;) e (T \ 0. 1™) Ut

b1

and weak-type bounds (6) for

(s oh ) € (O™ V{0 0) (o

D1

We graph the tubes T}, ;, in Figure 3 for m = 3. The multilinear Riesz—Thorin theorem
[17, Corollary 7.2.11] states that, for a multilinear operator, strong-type bounds (5) on
two points in [0,1]™ yield strong-type bounds on the line segment connecting them.
The operator S™ is not linear, but we can use the Kolmogorov—Seliverstov-Plessner
linearization (cf. [32, Chapter XIII]): Let 7 : R — (0,00) be a measurable function and
define:

ST(f1s s fm) (@ .—/ HfJ x—71(x )dam 1(y1,...,ym).

If ST is uniformly bounded from LP1 x - - - x LP™ to L? for all such measurable functions
7, then §™ is bounded on the same space. For any given measurable function 7, the
operator ST is linear and we can thus use complex interpolation from the bounds on the

T, ig’s- Since these bounds do not depend on 7, we also obtain them for $™. Therefore,
we conclude that S™ is strong-type bounded (5) for all ( TRRRE I#) that satisfy the

conditions (a)—(c) in the statement of the theorem, which are precisely the points in the

https://doi.org/10.1017/50013091524000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000191

The multilinear spherical mazximal function in one dimension 1053

convex hull of

U (T \ (0,137) UK
@142
To confirm this, let % = (ﬁ, ce p—m> [0,1]™ Dbe in the set of exponents such that
(a), (b), and (c) are satisfied. If there at least 2 indices i1,i2 such that p; ,p;, > 2 then
% belongb in the tube Tj, ;.
(a) and % belongs to the convex hull of HU{0}. We mterpolate the bounds on the tubes
T, to obtam strong-type bounds on the convex hull of H U {0}, except for H itself.

i1,ig
Similarly, if p; > 2 and p; < 2 for all j # ¢, then the critical condition is:

If p, <2 for all i =1,...,m, then the critical condition is

one of the conditions in (b). Then % belongs in the convex hull of H; U {te;,t € (0,1/2)}
and interpolation between points in

U7

i

yields strong-type bounds on this region minus H; itself. O

3. Counterexamples

Our starting point is Stein’s counterexample for the (sub)linear spherical maximal func-

tion in [30], which is the function f(z) = |z|~/? (- log(|z|))~ ; X|z|<1/2(x) for some
€>0. Then f € LP(R"), while Sf € LP(R") if and only if p > 1+

For the bilinear case the authors in [18] use the same functions along with a geometric
argument to ensure that in the diagonal (y,y) € R?", y € R", of the sphere S?"~! the
integral in the definition of S2(f1, f2)(x) is large enough to provide a counterexample.
This was further expanded to the multilinear case in [12].

This counterexample is not optimal in one dimension, as was shown in [21], and a
Knapp-type example further restricts the boundedness range from p > 1 (which the exam-
ple in [18] implies) to p1,ps > 2. Here we improve the example in [21], by introducing
a blow-up function as in [30] in order to tackle the boundedness in the end-point cases
p1 =2 and py = 2.

Proof of Theorem 1, counterexample part. In [21] the authors showed that if
the strong type bound Equation (3) holds, then py,ps > 2. Moreover, in [4] it was shown
that p = 212 > 1. A combination of the two examples shows that p;,ps > 2 necessarily

p1+p2
holds even for the weak type bound. We thus focus on this latter observation.
Let g = X[-10,10) and flz) = |3L“|*1/2 (— log(|x|)) ~1/2, 1/2]( z). Then f € L?(R) and

g € LP2(R) for any p; > 1. For any 1/4 < a < 1/2 We choose t =z in the definition of

https://doi.org/10.1017/50013091524000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000191

1054 G. Dosidis and J. P. G. Ramos

S2(f,g) to estimate it from below by:

1
S*(f,9)(@) Z/0 |z — 2y 7Y% (—log(|z — zy)) " ;ing

1
> \/i/o (¢ —2y) " (~log(z — zy)) " dy
1 ¢ -1 -1 _
Z\/ﬁ/o u™ (—log(w))” du = 400,

where we changed variables u = x — zy in the passage from the second to the third line.
Therefore S?(f, g)(z) = 400 on a set of positive measure and the result follows for the
p1 = 2 case. Since the case po = 2 is symmetric, this finishes our proof. O

For the multilinear function we have two critical boundary cases: H and H;, since all of
the H;’s are similar by the symmetry of the operator. In the first case the counterexample
is a characteristic function at the origin, similar to the functions in [12, 18, 30]. For the
H;’s we use a Knapp-type example similar to the one in [21], a tube at the origin tangent
to the sphere along the ith axis.

For the benefit of the reader, we first show that the open set of exponents is optimal. In
this case characteristic functions suffice, which simplifies the computations and showcases
the relevant geometry of the examples. We then include the appropriate blow-up in order
to exclude strong-type bounds on H and H;, i =1,...,m.

Proof of Theorem 2, counterexample part. We start by showing that the open
set of exponents in Theorem 2 is optimal.
Necessity of condition (a): If fi = -+ = fi, = X[=s,0), then for 1/2 <2 < 1and t = zy/m,
we have:

S"™(fryees fm) = /qu HX[fa,a](x(l —Vmy;))do(yi, ..., Ym)
i=1

> HX[_L_L L—L](yj)da(yl,.-.,ym)
smoli) U avm Vmlaymo Vm
m
z/HX[_L_L L_L](yj)dyl..,dymil Z&m—17
j=1 zv/m  m’zy/m  m

and thus, if S™ is bounded from LP1 X --- x LPm — [P, we should have

m

m 1

S S™(fry s o)l S H I fill i < §2i=1 Pi |
i=1

m
and therefore % <m-—1.
i=1""
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Necessity of condition (b): We set fi = X|_10,/m,10ym) and fa = = fm = X[, For
1/2 < 2 < 1 we choose t = xzv/m — 1 to estimate S™ from below. Analogously to the
previous case, we have then:

Sm(f17~-~7f7n)2/sm_ X[—10y/m,10/m) (y1 H vm —1y;))do(yi, ..., ym)
Jj=2
= Lo I

IR L)oo )
=2 TV

ly11<v/28/x \/ \/m 1’ w\/ 1 Vm—-1

dy2 P dymfl) dy1
Z 5m73/2.

Thus, if S™ is bounded from LP1 x --- x LPm — [P

m_3 . A m_ 1
8% NS (fry s ) lee S T il oy S 8702277,

i=1

m

and therefore

1 <m=
P —

0

[][9V)

We have thus showed that, in order for strong-type bounds to hold in Theorem 2, the
set of exponents needs to be in the closure of the set defined by (a)—(c) in the statement
of that result. With that proved, we move on to proving that the strong-type bounds fail
also on the boundary sets H and H;,t=1,...,m.

First of all, we note the following calculus fact, which was also used in [18].

_ra
Lemma 1. Letry,79 >0, t,s <e ™1 andt < Cs for some C > 1. Then, there exists
an absolute constant C' (depending only on C, r1, rg) such that:

B 1\ "2 A 1\ "2
1 logg <CtT logg . (7)

We then let f; = |z|~/Pi (—log|x\)_2/pi X[-1/2,1/2] for i = 1,...,m, and note that

fi € LPi(R). For large z >0, we choose t = xy/m to estimate S™(f)(z) from below by
focusing on the region:

Vin(z) = {(yl,-u,ym) SN '\;a—yl

1
ﬁ —Ym—-1

s,

1
o070/ F=/-
300m - :C\/m}
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This yields the lower bound:

"(frve )@ > [ ) Hfl (2 — Vi) do ()
/V ( )H |z — /may;| ~V/Pi (—log(|z — \/ﬁxy”))_z/pi do(y).

Notice now that, for 7 € V. (z) = {7 € Vu(x) : ym > 0}, we have,

1 ’ ‘ 9 1 9
= Um|= T |~ Um| S VM| — [ 1— vj
’\/ﬁ |7+ | [m m ]g;_l ’
1 1
<3 -1 < .
- j;:l ’ )300m-m\/ﬁ 100zv/m
This in turn implies that the new variables w; := z — zv/my;,i = 1,...,m, satisfy

(D i<m—1 [ui|?)Y/2, |um| < e~2, which allows us to use Lemma 1 since maxw pj = 2 for

indices in H.

With this in mind, we locally parametrize V! () in terms of the first (m—1) coordinates
and use the aforementioned change of variables i — @ in the lower bound above, noticing
we are in a position to use Lemma 1, between |u;| and |a|, where @ := (uy, ..., um—1).
This implies, thus,

S (frr- o fm) (@) 2 Cm|x|1—’"/ =7 (— log(|al)) "7 da

1o 1
BM=H0, 350m)

|z|t—™  if 1% =m-—1,

vV

i 1 _
00 1fp>m 1.

This deals with the lack of strong-type bounds for the set H.

We deal with the lack of strong-type bounds in each #; in a similar manner. Without
loss of generality we focus on H,,. Let then f; = |z|~'/?i (—log |x|)72/pi X[-1/2,1/2) for
i=1,...,m—1,and f, = |z|"/Pm (log |z|) /"™ XRr\[-2,2]- Note that f; € LPi(R). For
large z >0, we choose t = zv/m — 1 to estimate S™(f)(x) from below by focusing on the

1

region:
1 - 1074 }
vm—1 n vm—1 Ym—1 mavm—1]J"

over which |1 — y,,v/m — 1| = 1. Moreover, it can be seen that - by similar meth-
ods to the ones employed in the analysis of V,,(x) above - for ¢ € W,,(z), we have

s,

Wi (z) == {376 smt.

~1/2 1/2
(1 =Y icmo1 yf) > Cm (%) , where ¢,, > 0 is a constant depending only on m,
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and ¥ = (v1,...,VUm—1), where v; = x —xv/m — ly;. Parametrizing locally in terms of the
first (m — 1) coordinates, changing variables ¢/ — ¢ and using Lemma 1 again, we obtain:

m

"(fe fm)( /W Hfl Vm — 1xy;)do(9)

(1')2 1

3 1 2 *%*mz_lﬁ fmz_l,%
2ol (oga) 7 [ o7 T log(al) T s
Bm—1(p,10°4,
m
1
z~ P (logx) Pm if L=m-3
> i<m—1 7
S if > Lf>m-3
i<m—1 Pi
m—1 -
Thus, when > 2 = m — 2, the above calculation shows that S™(f)(z) >
=1 " ? ~

T % (log 1)~ P for z sufficiently large, and thus S™ (f) ¢ LP, since pz—p < 1. This
completeb the proof of the fact that no strong-type bounds can hold in the sets H,;.

Finally, suppose that (c) is not satisfied. The counterexample in [12, Proposition 2]
shows that the strong-type bound in Equation (5) cannot hold, since if, for instance,
p1 = =pr=1and pgr1 =+ = py = 00, we may take f; =--- = fi = x(_1,1) and
fr+1 =---= fin = 1. Then, for large £ >0 and ¢ = zVk:

m(flaafm H|f1 x_wfyl)‘dyl
Bk

(0,1) ;5
R lel7*,

pointwise, which shows that Equation (5) cannot hold in this case. O
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