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Abstract

The reduction of an important class of trniple integral equations to a pair
of simultaneous Fredholm equations has been carried out by Cooke [1]. In
this paper, Cooke’s equations are transformed to new uncoupled Fredholm
equations which, for certain important cases, are shown to be simpler than
Cooke’s and also superior for the purposes of solution by iteration.

1. Introduction

Cooke [1], using the method of Noble [2] for dual integral equations,
reduced the triple integral equations (1.1), (1.2) and (1.3) below to two
simultaneous Fredholm equations of the second kind. These integral equa-
tions occur in potential problems with different boundary conditions on an
annulus @ <r <, its inside 0 <r < a and its outside b < r <. The triple
equations are

Im AAYL.(rA)dA = qi(r) for r<a, (1.1)
r A=A (A) dA = po(r) for a<r<b, (1.2)
r AM.(A) dA = gu(r) for r>b, (1.3)

where everything is known except the function A(A). They constitute
essentially a Fredholm equation of the first kind but on a semi-infinite
interval. The constants n and a are restricted only to satisfy n =0 and
0<a<1or —1<a<0. The cases n positive integral and « = 31 are
important; and probably the axisymmetric case n = 0 is the most important.
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260 E. R. Love and D. L. Clements 2]

In this paper we transform Cooke’s integral equations of the second kind,
for all n =0 and either 0<a <1 or —1<a <0, into a pair of uncoupled
integral equations of the second kind. For 0 < a <1, the new equations are
shown to be satisfactory for solution by iteration for all a/b sufficiently small.
For values of @ not too near to 1, a/b may in fact be as large as %; and in most
cases (see Tables A and B) it may be much closer to 1. For comparison we
examine also the effectiveness of iteration of Cooke’s equations.

The known terms in our equations, that is, the terms involving po, ¢, and
g2, are simpler than those in Cooke’s, involving single integrals rather than
double. The kernels are less simple than Cooke’s, except in the case n =0,
when they are even simpler. In the general case they involve a hypergeomet-
ric function. In the important case n = 0 the equations are

f,(r)+251:177mfb T fis)ds = gi(r) for r<a, (1.4)
2sinma (¢ s r*®
f(r)+ - J’rz_szsjf,(s)ds=g2(r) for r>b, (1.5)

where f, and f, are unknown while g, and g, are known functions which
assume different forms in the intervals —1<a <0 and 0<a <1.

We further reduce our equations to two uncoupled equations. These are
proper Fredholm equations of the second kind on a finite interval, with
bounded kernels. In the important case n = 0 these equations are

. k 1o
2sin Traf (xt) (1ydr=g.(x) for 0<x<k,  (16)

f*(x)+ T 1_x2[2 +

f(x)— ZSi:‘T""Lk l(f’f;f_(z) di=g.(x) for 0<x<k  (L7)

where f. are unknown and g. are known functions, and k = V/(a/b), so that
0<k<1.

Our analysis is formal, except that assumptions are made explicit in two
cases where they are clearly necessary. An example of the risks in formal
analysis is seen in §5, where the expression for the value of an integral needs
an unexpected modification when n = 0. It is interesting to see how this
exception disappears in the final transformed equations; if there had been no
exception in §5, there would have been one in the final equations.

Finally, before proceeding with the analysis, we note that a number of
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authors (for example, Gubenko and Mossakovskii [3], Williams [4] and
Clements and Love [5]) have studied boundary-value problems within the
class considered in this paper but with less generality and from other starting
points. The work of these authors does, in special cases (notably when n =0

and a = *1), have points of contact with the present work.

2. Cooke’s equations

A Fredholm equations for f AA (ML (Ar) dA.
o

In {1, §4] Cooke obtains equations for the two unknown functions

pl(r)=f AAA)(Ar)dr  for r<a,
0

pz(r)=f A*AAM.(Ar)dr  for r>b,
Jo

when A (M) is required to satisfy the triple equations (1.1) to (1.3).

2.1

2.2)

We always suppose r = 0. We have made changes in Cooke’s notation for
various minor reasons, including the desirability of using the same letter p in

(1.2), (2.1) and (2.2). It will in fact be convenient to write
p(r)=pi(r) for r<a,
p(r)=po(r) for a<r<b,
p(r)=pyr) for r>b.

(2.3)

Thus we write p,, po, P2, 41 and q: for Cooke’s f,, g, f., f and h respectively.

For the case 0 < a <1, Cooke’s equations for p,(r) and p,(r) are

2sinmra [T rs " (s = a®)"
T f s’—r’(a’- r),,pz(s)ds

pi(r)+

=k(r)+ h(r) for r<a,

2sinma [“r "™ (B2 = 57)"
™ J’ r’—s*(r’- b)ap.(s)ds

paAr) +

=ky(r)+ hx(r) for r>b,

where k,, h,, k., h, are the known functions

2sin r"s"‘+I s2—a’d"
k()= - 28078 f o G pa(s) ds
_ _2sinma " "“(bz s%)”
kz(r)— fa r2_ 2 (r —b )a po(S)dS
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22(! n—1 —2n+20
hi(r) = r(1—a) dr,[ =)

ds f = = 7 a0 i) ds, 2.8)
hy(r)= [‘2(2;_.:1; er’ i gneae
8 (d_i f m%qz(t)dt) ds. (2.9)

For the case —1< a <0, Cooke’s equations are exactly (2.4) and (2.5)
except that h, and h. are given by

22—-2ﬂrn a s—2n—ZB+I
h(r)= r@) f =" dsf (s ; ), 5 (1) dt, (2.10)
22—29,,—.- 2n—23+l -n+|
hl’(’) r(B) (r 2 -8 ds (t s )l 8 qz(t) dr. (211)
We have put « = — 3, so that 0 < 8 < 1; this is intended to help in checking

convergence of the integrals.

B Fredholm equations for f AAM.(rA) dA.
[¢]
In [1, §5] Cooke obtains equations from which the unknown function
q(r)=j AQ)M.(rA)dr for a<r<b (2.12)
0
can be found when A(A) is required to satisfy (1.1) to (1.3). To do this he
replaces the unknown function A (A) by two more, A;(A) and A,(A), whose
sum is A(A). Another relation is imposed on A;(A) and A,(A) later; this

relation is implied in the equations [1, (30) and (31), or (32) and (33)]. We do
not need the details of it here; we need only the transforms

q;(r)=LwA,(A)J,.(Ar)dA for r<b, @.13)

qi(r)= f: Ax(A)M.(Aar)dr for r>a. (2.14)
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For the case 0 < a < 1, Cooke shows that g; and g, satisfy the simultane-
ous integral equations

ZSinmxf“' """”(bz—r)"
i » ST—ri(s*— b

qs(r)+ [q«(s) — qa(s)] ds

= e,(r) for r<b, (2.15)

[qa(S) g:(s)] ds

2sin 7raJ’ A (i
+
q4(r) ;

m r’—s*(a*—s )“
=e)(r) for r>aq, (2.16)

where e, and e, are known functions which take the forms

2—2a b rns—Zn —2a+1
e(r)= Fay), 7= dsf (s ; ), = ps(t) dt, 2.17)
_ 22—2a r r—nszn—2u+l o0 t—n+|
)= Fay |, oyt oA @19)

Here p; and p. are known functions such that ps(t)+ p«(t) = pa(t) for
a <t < b. They are defined by some dissection such as 1, §2, where g, and g.
are the counterparts of p; and p.] or [5, §5, where V5 and Vi, are the
counterparts of p, and p.).

For the case — 1< a <0, Cooke’s equations are exactly (2.15) and (2.16)
with e, and e, given instead by

__22unld —-2n-2a
el(r)— r(]+a)2 dff, (sz_rz)_a ds

d Y tn+1
gﬁ “T_Wpa(t)dt, (2.19)

9-2a,-n-1 g4 2n—2c|
exr) = rq+ay drf (r’- sz)_"
f (r 7= s pa(t) dt. (2.20)

3. Reduction of Cooke’s second pair of equations

We now show that we need only consider the pair (2.4) and (2.5), because
the pair (2.15) and (2.16) can be transformed into equations like (2.4) and
(2.5).

First, (2.15) and (2.16) need only be solved in r < a and r > b respec-
tively, because back substitution of g;(s) in s < a and q.(s) in s > b into the
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integrals in (2.15) and (2.16) would then give g;(r) and q.(r) in a <r <b.
Putting

T(r)=qs(r)—q:(r) in r<a (3.1)
and

7(r)=qsr)—qr) in r>p, 3.2)
(2.15) and (2.16) become

n(y+ 2 [T B il ) as
=e(r)—q\(r) for r<a, 3.3)
Tz(')+25i:m1r ,r—"_'-s ((; — (; ;,, 7.(s) ds
= ex(r)—qu(r) for r=>b. 3.4)
We define new unknown functions ¢,(r) and ¢.(r) by
() =[(@*—rYb*—r)] " n(r) for r<a, (3.5)
bAr)=[(rP—a®)(r*- b)) "r(r) for r>b. (3.6)

Use of these expressions in (3.3) and (3.4) yields
2 n —n+1 —_
Bi(r)+ sin waL (s’—a Ld):(s)ds

s’=r*(a*-r)"

. ei(r) = g.(r)
[(a—r)(b2 =R for r<a, 3.7

2sinma (“r """ (b* = 5%)°
J; f —S (r —b )a ¢1(S)ds

ba(r)+

—__eAr)—qx(r)
[(r*=a®)(r* - b))

Except for the known functions on the right, equations (3.7) and (3.8) are
identical with (2.4) and (2.5). Hence, in the subsequent analysis, we shall
concentrate on the pair (2.4) and (2.5).

The integrals occurring in (2.4) and (2.5), and in (2.15) and (2.16), are
either infinite or have unbounded integrands, so that they may involve
computational hazards. The transformation described in this paper produces
equations with continuous kernels on a finite interval, except if n +3 < @, as is
seen in (9.7) to (9.9) and in (1.6) to (1.7).

for r>b. (3.8
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4. Anintegral

If0<a<1,nz0, s>r>0 and F is the hypergeometric function,

® 1 i( T )dt
. (t2_S2)a at (tz_rZ)l—-a

_ _I'(rn+Dld-a) 1 (_ . o
Mn+1-a) gaf\l-antlintl a,sz)‘ 4.1)

To prove this, we first perform the differentiation and then make the
substitutions r = 1/u, s = 1/v, t = 1/w. The integral becomes

__f nQ—r)«l—(l—a)t
. (Iz_sza 2n+l(t )

- _2u2—2avzafv w? ! n(u - w )+(1— a)u
(

dt

y (01— w3 (u”>— w2y
v 2n+1 2 2ya—1
— ,2n+3-2a, 2a w 8 ((u—w) >d
u v o (UZ_ WZ)a au ( uZn w

= pinti2e e I w! (uz_ Wz)a_‘ dw
u Jo (v¥—wd)" u"

-2n—-2+2a 1 n 2 a—1
= u2"+3—2°l)2n+2£ {u 2 L (1 _xx)a (1 - %x) dX} (42)

2n+3-2a) 2n+2
I (Tn+1DI'l—a) _sn2i2a ( v2>}
FM - +1: n+2—a: =
xau{zr(n+z-a) wrF(l-an+lin+2-a; s

_T(n+ D1 = a) ==
2i(n+2—a) s

=u

3 2n+2-2a r’
X—1r Fll-a,n+1;n+2—a;—
or s

_T(n+ DA —a)r*="
n+2-a) s>

a rz n+l-a . 'ﬁ)}
Xa(ﬂ/ﬁ){(sz) F<1 an+l;,n+2 a; 3

This gives (4.1) by use of [6,2.8(22)]. At (4.2) we have put w = vV x and then
used Euler’s integral [6,2.1(10)].
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5. Another integral

If0<a<1,n>0,r>s>0 and F is the hypergeometric function,

s 1 i( tZrl )dt
o (s2_t2)a 8t (r2_t2)l—a R

_ T+ DR —a)s™ ™ (. . _ %Y.
= Fn+l-a) == F(l an+l;n+1 a,r2>, 5.1

while if n =0 this equation holds with an extra factor s*/r* on the right.

For the case n = 0 we may change to a variable u by the substitution

2.2\ 112 2 2 2 2 2
s—ru r—= r—Ss)u
- ( )", e oo P oshut

1—u? 1—u? 1—u?

The integral becomes

: 21— a) a) —2a s/r
o (SZ_ t2)a(’_2_ t2)2—a dt f d _ SZ , (52)
this is the result stated, because the hypergeometric function in (5.1)
degenerates when n =0 to r’/(r*— s°).
Now suppose that n>0. Using Euler’s formula for homogeneous
functions and then the substitution t = sV, the integral is equal to

Ls - —1;2)“t {2(;2—_1 ;)3212"_ ’a_ar <(r2 _’2’"2)._,, )} dr

=n—1+a]’ u' ' - uy" due
SZa 2n 2-2a o {l"(s /r )u}l a

r
+ 1-a w1l —-w)
sZa—Zn 22« {1 _(SZ/rZ)u}Z a

_n-=-1l+al(mMIra- oz) ( . _ _s_z)
_sza—anznr(n+l_a) —a,n;n+1 Ct,r2

du

2

l1-a T(n)ra s
+SZQ~2n2 2a F((’:l)+(l_a)) (2_a7n;n+1_a;7> (5’3)

_ SZn-Z"nF(n)F(l a) . _ . S_z:>_ =
S Tt l-a) ( —a,n+1l;n+1 a; 75 )5 (5.4)
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and (5.1) follows from this. For (5.3) we have used Euler’s integral [6, 2.1(10)];

and for (5.4), [6, 2.8(32)].

6. Transformation of (2.4) when « is positive

We change to new unknown functions f, and f, related to the old

unknown functions p, and p, in (2.4) and (2.5) by

a —n+1

f](l')z , (pz__ r2)l—a dp

for r<a,
f2(r) = f (Luﬂldp for r>b.
We rewrite (2.4), using (2.3) and (2.6), as

2sin Ta p"s"‘+I (s’—a?"
m Jo s=p’(a’-p)

hi(p)—pip) = p(s)ds for

Then by (6.1)

(6.1)

(6.2)

p <a.

(6.3)

(6.4)

2sin me' p~ !
H(r = —dp
( ) fl( ) (P _r)
B pns—n+l (SZ_aZ)a
<[ T e as,
where
a —n+1
H\(r)= (p 7 f’;),’fa dp for r<a
Formally changing the order of integration, and using (A2), (6.3) gives
2sin Ta s"'p(s)
HA(r) = f(r) = 2 [ PE) g

a

pdp

, (sP=p Y@t py (p7 =)

f (s—"ﬂr 2yl
<[ G

-n+l
f 7= r)"" for r<a.
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Inverting (6.2) by (A1), and substituting the result in the last term of (6.5),
appropriately since s > b, we obtain

f (s_mr e

: o —2n
=25m7ra"' 2s i (iJ’ ’pg’!adt)ds
T s (s°—r7) ds |, (s*°—1t%)

_ _2sin7a f: < J r) _ f ; ’fz(i)),, di (6.6)

™ ds (s°—

integrating by parts and assuming that the integrated terms vanish. This
assumption is easily seen to be correct if f; is bounded and n is positive; but it
is false if fo(t) = (1 — b*)*"", for instance.

Formally changing the order of integration, and using (4.1) with s and ¢
interchanged, the right side of (6.6) is equal to

_m%’fb tfz(l)dtf o z)u aas ((S s_r:),_c,) ds
B CED)) 20)
T T(n+1-a)l(a)f, >

2
F(l —aqn+lin+1- a;%) dr. (6.7

Before rewriting (6.5) we simplify H,. We continue to keep r < a as we
have already done throughout this section. Writing

Qi(s)= f s M; T q\(t)ydt for s<a, (6.8)

we have, by (6.4) and (2.8),

2a—2n

I’(l—t?t)f (p* —')' “(dpf (GRres

— zrzl- ES:)Z rza—zn—lol(r); (69)

Hy(r) = Q.(s)ds)d

this simplification following from (A1) with b, 5, ¢t replaced by a, p, s. Finally,
by (6.6), (6.7), (6.8) and (6.9), (6.5) becomes

fx(r)+r(n2r(n+1) auF(l an+l;n+1-a; ;—) “nlf(s)d

+1- a)F(a) b
—"Hpo(t) 2% ll—‘(a') pra=an=1 d "_HCIiQ
f = A T o oy dh (610

to hold for r < a.
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In the axisymmetric case n =0, equation (6.10) reduces to

2sin 'n'af

filn)+

_ ’ tpo(t) ['(a) 2a—1 d 'ngfz
= f (12—r2)“" dt+r(1 )(2 r) o (- t)" dr. (6.11)

S fals) ds

7. Transformation of (2.5) when «a is positive

As in §6 we transform to the new unknown functions f, and f. defined by
(6.1) and (6.2). But we keep r > b throughout this section; and we also
suppose that n > 0. We rewrite (2.5), using (2.3) and (2.7), as

2singra (" p s (b7~ 5?)°
p o pi—s’ (pz_bz)a

hxp)—pp) = p(s)ds for p>b. (7.1)

Then by (6.2)

Hur) = () = 20 [l dp

—n n+1 b2__ a
xL e ;){p(s)ds (72)
where
r n+lh
Ha(r) = fb (J:—Z_in),ﬂ_%dp for r>b. (7.3)

Formally changing the order of integration, and using (A2), (7.2) gives
Hy(r) - fo(r)

=2sin7ra p(s) ds ! pdp
™ (bz s s (PP =)= p?)' T (p7 - b7)”

_ b sn+l gs2
= (r2_s2)l—a ds

n+l

[ e [ i

s)ln

Inverting (6.1) by (A1), and substituting the result in the first term of (7.4),

j(r s)la _ 251n7raf s? (ds t[.!t! dt)ds

for r>b. (7.4)

21a

m (r’—s )1 e - 5%
=25i;'naL" (ai - —ss - ..) dsf t[,!tzl)a dr. (1.5
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integrating by parts and assuming that the integrated terms vanish. As in §6
this is correct if f, is bounded, but may not be otherwise. But also it would be
quite improbable that the integrated term would vanish at the lower terminal
if n were permitted to be 0.

Formally changing the order of integration, and using (5.1) as we may
since n >0, the right side of (7.5) is equal to

2sinwa (© ’ 1 3 s
T L (1) dt,[. (£ —s%)" as ((r2 - sz)""> ds

2l(n+1)

r(n+ 1-a)l (@)

a t2n¢l—2a t2
XJ’ ﬁ—f,(t)F<1—a,n+1;n+]—a;7)dt. (7.6)
0
Before rewriting (7.4) we simplify H,. Writing
o(s)=—d—r—iﬂ— () dt for s>b (7.7)
: ds), -5y 5o '
we have, by (7.3) and (2.9),

r(121%) ’(r -p)™" <dpf (=)

_%2’2"—“-2“02(’), (78)

Hx(r)= Qz(s)ds)

this simplification foliowing from (A1) with a, s, ¢ replaced by b, p, s.
Finally, by (7.5), (7.6), (7.7) and (7.8), (7.4) becomes

2l(n+1)
O F 1= a)i ()

2 2n+1-2a

x[ F(l—a,n+l;n+1—a;i—;)st_rf:(S)dS

f n+l “!12 dt

— ¢ )l a
27 "T(a) 2o 2nt d [T " qu(r)
Ir(1- a) f (t’=r )" (7.9)

to hold for r > b.
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8. The axisymmetric case when « is positive

The transformed equation (6.10) has been demonstrated in §6 to hold in
the axisymmetric case n = 0, but this case was excluded in §7 to avoid the
exception to the integral (5.1) in §5. However, nearly all of §7 still holds if
n =0, and we now consider what remaining adjustments are needed in that
case.

The hypergeometric function in (7.6) simplifies, when n =0, to
r*/(r* — r?). But because of the rider to (5.1) it must be replaced by #*/(r* — ?).
So it appears that (7.9) needs correcting when n =0. However another
correction is also needed. In the integration by parts which gives (7.5), the
integrated terms which we have assumed to vanish are

e [ e

Still assuming that this vanishes at the upper terminal, its value at the lower
when n =0 is

2sinma 1

——f () di @.1)

ks r

whereas for n > 0 this value is annulled by the factor s*". Thus, when n =0,
(7.6) must be corrected both by changing the hypergeometric function to
t?/(r*— 1*) and by adding (8.1). It thus becomes

I2u

2 2 2a fl(t)dt

ra —a)F(a)]

2sinmra (¢ t'7
+ - I rz_z,,fl(t)dt

zs‘n a 2 tl—Za
= lwﬂ-af ’_2’_ 2o fi(r) dt, 8.2)

and this must replace the integral term on the left of (7.9) when n = 0. But
(8.2) is exactly what the integral term on the left ot (7.9) reduces to when
n =0! So that, after all, (7.9) still holds in the axisymmetric case.

9. Further reduction of the equations

We rewrite (6.10) and (7.9) thus:

fi(r)+ 20 (n, a)f ) i fAs)ds = gi(r) for r<a, 9.1)

Zn*l -2a

f(r)+2I(n, a)f —i— T fi(s)ds = g(r) for r>b. (9.2)
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Here g, and g, are the known right sides of (6.10) and (7.9), I'(n, a) is the
reciprocal of B(n + 1 — a, @), and we have temporarily suppressed mention of
the three parameters 1 — a, n + 1, n + 1 — « in the hypergeometric function F.
Let ¢ = V(ab) and k = V(a/b); so that a<c<b and 0<k <1.
In (9.1) put r = cx and s = ¢/t; obtaining for 0 <x <Kk,

fi(cx) + 2T (n, a)Lk F(x*t)c7 " fy(c/t) dt = gi(cx).
In (9.2) put r = ¢/x and s = ct; obtaining, also for 0 < x <k,
folc/x)+2T(n, a)f F(x*)c? x> 12 f (ct) dt = ga(c/x).
With suitable multipliers these equations become
c"x " fi(cx) +2T(n, a)f F(*e?) (xt) e ™t" 7 2f,(c/t) dt
=c"x"Fog(ex), (9.3)

e x" ey c/x)+ 20 (n, ) f F(x?)(xt)" "™ f (ct) dt
=c " "Feg(c/x). (9.4)
Adding and subtracting (9.3) and (9.4), and writing

fo(x)=c"x" " fi(cx) £ cT"x " fy(c/x), 9.5)
g=(x)=c"x""*Fg,(cx)xc "x"*gy(c/x), (9.6)

we obtain uncoupled equations for f, and f_:
fo(x)+ fk K(x, 0)f (t)dt = g(x) for O0<x <k, 9.7)
f-(x)— fk K(x,t)f_(t)dt = g_(x) for O0<x <k, (9.8)

where
K(x, 1) =2 (n, a)F(x*t?)(xt)" = (9.9)
2l(n+ 1)

n+l-a —_ . 2,2
1"("+1_a)r( )( t) F(l-a,n+1;n+1 a; x°tY) (9.10)

2l(n + 1) (xz)“*‘-“
F(n+1—a)r(a)]

Here (9.11) is got from (9.10) by use of [6, 2.9(2)].
This kernel K is positive and symmetric. on the square {0 = x = k and
0=t=k}, for n=0 and 0<a <1. The positiveness is seen from the

sF(—a,n; n+1—a; x*). 9.11)
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hypergeometric series arising from (9.10), in which all the coefficients are
positive. The kernel is also continuous on the square if n + i—a z0;if not, it
is in L? as (10.2) shows.

10. Effectiveness of iteration for (9.7) and (9.8)

When g. € L?, a sufficient condition for iteration of (9.7) and (9.8) to
converge is that || K| <1, where | K| is the L* norm

K| = ([ dele(x,t)lzdt)m. (10.1)

This condition is also sufficient for existence and uniqueness of solutions in L”.

The hypergeometric function in (9.11) is positive because that in (9.10) is
positive; and it is a decreasing function of x?¢* since all coefficients in its
power series, except the constant term 1, are negative because of the factor
—a. So

n+i-a

< Xt
,K(x’ t),—zr(nya) 1 _.xztz ’

k k 172
”K”§¥_§ik%)(f y2nti=2a dx[ f2nei2a dt)

(e ko - (10.2)
1-k*n+l-a’

For iteration to be effective it is thus sufficient if the right side of (10.2) is less
than 1. Given n and a such that n =0 and 0 < @ < 1, then, it is evident that
iteration is effective for sufficiently small k; for the majorant in (10.2) is an
increasing function of k which tends to nought as k — 0 and to infinity as
k—1.

For quantitative estimates of the effectiveness of iteration some less
crude inequality than (10.2) is desirable, particularly when n and 1 — « are
small. We establish one inequality as follows. By (9.9) and (10.1),

k k
”KIIZ = 4r(n’ a)ZJ’ dxf (X[)Z’H-I_ZQF(XZ‘Z)Z dt

k k
§4r(n,a)2f xz"*"z"F(xzkz)dxf 2Rk %) de (10.3)

= (zr(n,a)Lk x12 e (k2x?) dx)z. (10.4)

In (10.3) we have used the fact that the hypergeometric function in (9.10) is an
increasing function of its fourth variable because the corresponding
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hypergeometric series has positive coeflicients. Equally the hypergeometric
function in (10.4) is positive, and so

k
]IK”éZI’(n,a)J; xR F(l—a,n+1; n+1—a; k*x?)dx

2n+1-2a

=2I(n, oz)f1 ix sF(—a,n;n+1—a; k’x%)dx (10.5)

using [6,2.9(2)]. By the hypergeometric series we have, since k’x*> <1,

_ . . 225__L 2.2
F(—a,n;n+1-a;k’x)=1 n+1—akx

1 p2e2 n+)(l—-a),, ,
1—-k*x*+ ntl-—a k’x?,
whence (10.5) gives

k 2
2n+1-2a anrr-2a (M1 — a) k’x )
uxugzr(n,a)L (e 2 T D0=a) 5 ) ax

, —
= 2r(n’ a)f < 2n+1-2a + k2n+2 2a (nn'f':)l(l a) kkx2 _
o —

) dx  (10.6)

_ k 2n vz 2me2-2a (M 1)1 — ) 1 )
—r(n,a)< +l—-a+k n+l—-a lgl k*/"

The fact that 2n + 2 — 2« >0 is essential in (10.6), both for the inequality that
gives the second term and for the convergence of the integral of the first term.
We thus obtain the inequality sought, namely

I'(n+2) ( 1
n+2—a)l(a)\n+1

IK| = +(1—a)log1_1k4>k2‘"““”. (10.7)

Table A shows values of a/b = k? such that iteration converges for these
and all lesser values. Only two-decimal-place values are considered.

TABLE A
(for (9.7) and (9.8) using (10.7))

AN 0.1 03 0.5 0.7 0.9
0 0.99 0.96 0.86 0.76 0.66
0.5 0.99 0.96 0.89 0.84 0.84
1 0.99 0.96 0.90 0.86 0.87
1.5 0.99 0.96 0.91 0.87 0.88
2 0.99 0.96 0.91 0.87 0.89
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There is no certainty that the entries would continue to increase with n if
this table were prolonged. For larger values of n we use (10.9), a different
inequality from (10.7), found by replacing (10.6) by (10.8) as follows.

& _ 2
”K” = 21-\(", a)L <x2n+l-2a 4 x2nt32a Lnn'{’_:)l(l aa) 1 f k4> dx (108)

_ F(n+1) ( k2n+2—2¢x k2n+4—2a (n+1)(1_a) k2 )
n+l-a)[(a)\n+1-a n+2—-a n+l-a 1-k*

_(Tna) Tn+tla). k* ) An+i-a)
‘<n+1—a+n+2—a(1 )T _ks )k ) (10.9)

The expression I'(n, @)/(n + 1 — &) is a decreasing function of n in n 20
because the derivative of its logarithm is

3 (n + 1)
on 98 T(n + 2= @)[(a)

=yn+)-yY(n+2-a)<0,

the ¢ -function being increasing. Thus the main bracket in (10.9) is decreasing
in n 2 0. So also is the other factor k*"*'"*. Consequently (10.9) itself is a
decreasing function of n in n = 0.

Table B, like Table A, shows two-decimal-place values of a/b such that
iteration converges for these and all lesser values.

TABLE B
(for (9.7) and (9.8) using (10.9))

a 0.1 0.3 0.5 0.7 0.9

nz2 0.98 0.95 0.92 0.90 0.90

No doubt improved values of a/b could be calculated from (10.9) for
larger values of n in this table, because of the monotony established above.
But it may be noted that (10.9) is no substitute for (10.7) for the smaller values
of n in Table A; for instance, for n = 0 and a = 0.5 calculation from (10.9)
gives 0.68 instead of the entry 0.86 in Table A.

11. Iteration of Cooke’s equations

In order to discuss the prospects of iteration of Cooke’s equations (2.4)
and (2.5), we first reduce them to uncoupled equations by the method of §9;
compare also [1, §7]. Following the procedure of §9, we put r = cx and s = ¢/t

https://doi.org/10.1017/50334270000001156 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000001156

276 E. R. Love and D. L. Clements (18]

in (2.4), and then r = ¢/x and s = ct in (2.5); this gives, corresponding to (9.3)

and (9.4),
2sinma (X (xt)"*? (1—k2t2\*p,(c/t .
x%pl(cx)+ p L %:iztz(kz_xz) pigaﬁg)dt:X%h(CX), (111)
c/x)  2sin )™ 1— kAR i(c/x
p;(2a+g)+ 7T7Ta . l(_lzt2<k2_xz) tépx(ct) dt = Axﬁ), (11.2)

where i, = k,+ h, and i,= k.+ h,. Defining p. and p_ by
p-(x) = xip.(cx) £ x> 7py(c/x), (11.3)

and i. and i_ similarly, we obtain the two uncoupled equations
k
pt(x)tf Ki(x, )p-(t)dt = i.(x) for O0<x<k; (11.4)
0

where

_ 2sin e (xt)"* (1 - k2t2>"

Ki(x,1) Tyl W (11.5)

for0<x<k and O<t<k.

12. Effectiveness of iteration with equations (11.4)

Assuming that i. € L?, convergence of iteration of both equations (11.4)
is assured if || K,|| < 1; the meaning of || K,|| being given by (10.1) and (11.5).
We now discuss whether this condition is satisfied.

When « = 3} the condition || K, || < 1 is never satisfied, whatever the values
of k and n such that 0<k <1 and n 2 0. We prove this simply by showing
that || K[| = in all these cases. By (11.5), | K,|}’ is a positive multiple of

k x2n+l k (1 — k2t2)2u
o (k2= X7 dx o (I-x17)
> * ___x_znﬂ dxfk (1- k4)20t2n+l dt
= o (k2_x2)2a o
_ (1 - k4)2ak2n+2
2n +2

t2n+| dt

k x2n*l
f =<7y dx = since 2az1.
0

In particular, the proposed condition is not satisfied in the important case
a =3
When 0 < a <3, on the other hand, iteration of (11.4) converges for
sufficiently small k. To show this, we obtain an inequality for || K,|| as in §10.
From (11.5) we have, for 0= x =k,
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I o] 2l

K 2n+1 L 2,2\2a
§4f 4"’)22292 1) g

(sm ma

4y 2nt 2+
:(k2~x2)2"f (1=x t)z 7 di

4 2n+1 t2n+|
é(kzixZ)Za o (1_x2k2)2~20 dt
_ 2k (kx)2n+|

n+i (kz__ xz)za(l — kzxz)z—za .
Putting x = kVu and remembering that 2« <1, we now have
( T ) ”2 - Jr (kx)2n+l

sin T ‘ (k= x?* (1 — k*x 2

k4(n+l—a)

— n — —2a L4 2a—2
—n+1Lu(1 w)y (1 -k*u)**du

_ kTN (n+ DI - 2a)
T n+1 LF(n+2-2a)
kAt (n + DA — 2a)

= 41 _ . _ s
= T+ 2-2a) —k*Y'F1-2a,n;n+2-2a;k?
(12.2)

F2-2a,n+1;n+2-2a;k" (12.1)

[(n+2-2a)l1)
I(n+ 1)I2-2a)

KT+ ) —2a)
T on+l TI'(n+2-2a)

1 k4(n+1—a)
Tm+h(1-2a) 1-k* -

(- k™

At (12.1) we have used Euler’s integral for the hypergeometric function [6,
2.1(10)] and at (12.2) the relation [6, 2.9(2)]. The hypergeometric function in
(12.2) is an increasing function of its fourth variable k*, since the correspond-
ing hypergeometric series has positive coefficients; so in its next appearance
we have replaced k* by 1 and written the value of the hypergeometric
function given by [6, 2.1(14)]. We now have the desired inequality

sin 7o 1 knrimo
7 {(n+1)(1-2a)p(1—~k*)F

1K= (12.3)

Table C, like Tables A and B, shows two-decimal-place values of a/b
such that iteration converges for these and all lesser values. But of course this
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table refers to iteration of equations (11.4), and therefore of (2.4) and (2.5);
and it is necessarily restricted to 0 < @ <3.

TABLE C
(for (11.4) using (12.3))

¢ 0.1 0.2 03 04 z0.5
0 0.99 0.97 0.92 0.80 -
0.5 0.99 0.98 0.94° 0.87 -
1 0.99 0.98 0.96 0.91 -
1.5 0.99 0.98 0.97 0.92 -
z2 0.99 0.99 0.97 0.94 -

Notice that Table C differs from Tables A and B in layout, as it contains
columns for &« = 0.2 and 0.4. Notice also that the entries for n =2 serve also
for n > 2; this is because the right side at (12.3) is a decreasing function of n.

13. Iteration of (11.4) with another norm

A norm which is sometimes more accommodating than (10.1) is

k
1Kl = OSJ’EJO [K(x,1)]dt; (13.1)

and if i. are bounded, another sufficient condition for convergence of
iteration of equations (11.4) is that | K|, < 1. However, this condition is not
satisfied for any of the values of k, @ and n contemplated, namely 0 < k <1,
0<a<land nz0. For

T (" (- k%’)“
CP— mxfo | Ki(x, )| dt = 5 )"f 2 dt

k4 a[ (l —k )a n+3 xn+§ ‘

(k2__x )a +2 (kz_xz)a,

the last expression is unbounded on 0 < x < k, so that || K, ||, is infinite. Thus
convergence of iteration when a Z 3 is not assured with this norm either.

Of course the condition || K|, < 1 may not be necessary for convergence
of iteration; it is only known to be sufficient. But the failure, when a = i, of
both the tests we have applied suggests no great likelihood that iteration with
K, is effective in any practical sense.

Plainly the denominator factor (k*— x*)* in (11.5) is the main cause of
this trouble. There are of course other sufficient conditions for convergence of
iteration, and it is conceivable that iteration with an L”? norm such as
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1Kulbo = { [ ([ 1065 010 a) ™ ], (13.2)

where p 21 and q = 1, might converge if 0 <a <1/p; at least (13.2) is finite
under this condition.

14. Transformation of (2.4) and (2.5) when «a is negative

In this section we show how (2.4) and (2.5) can be transformed to
equations of the type of (6.10) and (7.9) when —1< a <0. In this case the
transformed equations may, in general, be no better than (2.4) and (2.5) for
numerical computation by methods other than iteration; for, when —1 < a <
0, the latter equations have positive continuous kernels and hence should be
quite satisfactory for the calculation of p.(r) and p(r). However, in the
important case n =0 the transformed equations have kernels which are
simpler than those in (2.4) and (2.5). Also, the right hand sides of the
transformed equations are simpler than the corresponding terms in (2.4) and
‘(2.5), whatever the value of n.

Putting « = — B in (2.4) and (2.5) we obtain

pi(r) — 2sin WBI rs _"rﬂ((: _r;;a paAs)ds

- =k(r)+ h(r) for r<a, (14.1)

rngntl _ B
pur) - 208 [ L L b (5) ds

= ky(r)+ ho(r) for r>b,  (14.2)

and 0 < B < 1. Transforming these equations by the Abel equations

a ~n+1

gi(r )‘;J %uzr‘é)%)dp for r<a, (14.3)

pi(r) = — 2sin wﬂf (tr tgnz(t) dt for r<a, (14.4)
g:(r) = . drf (p = )B for r>b (14.5)
par) = 25"”55 I G 'gtzg,‘)p di  for r>b, (14.6)

it follows that
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2sinmB1d (“ (a’~p*)’pdp

g‘(’)_ T rdr , (p2_ rZ)B

B
f s p? ps)ds = d\(r) for r<a, (14.7)
2sinmBl d (" (p>—b*’pdp

T rdr), (r’-p?°?

f—ﬂbz_Lpl(s)ds=dz(r) for r>b,  (14.8)

g2(r)—

where

d(r)—l d p‘ "k, (p)+h(P)]d for r<a, (14.9)

rdr (p*-r>°
do(r )-%j’, H"[(':Z(p);)fz(p)ld for r>b. (14.10)

Changing the order of integration in (14.7) and (14.8) and using (A2) we
obtain

8= d()= -28[ s po)ds for r<a, (411

gz(r)—dz(r)=23fa_(7_51;'wpl(s)ds for r>b. (14.12)

Substituting for p,(r) and p,(r) from (14.4) and (14.6), changing the order of
integration and using (A2) we may write (14.11) and (14.12) in the form

gi(r) — di(r)
MI gz(s)sdsJ' = t dt

r )I+B(t SZ)I—B

__ 2BT(1+n) -
TaA-B)C(d+n+p)J)s

F(l +B1+n;1+n+ B;g)S"'z"gz(S) ds
for r<a, (14.13)
ga(r) — dor)
_4Bsin wéf g.(s)sdsf = Lo dt

2)I+B(S —t )l B

_ 2ﬁr(1+n) a ( . s_z g2n+1+28
TA-BTA+n Bl © L+ Bl ns 1 B3 ) o g(s) ds

for r>b. (14.14)
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We now consider the functions d,(r) and d,(r). From (2.6) it follows that

f "‘"k (p) _2sinmBl d [ (a’~ 22!‘5
rdr (p®

r)” m rdr (p—r)”pp
—n+l 2
xf —J—LS 5 po(s)ds for r<a.

Changing the order of integration and using (A2)

rd,f 27" krl@)" = —ZBL (szs—_—:z)mpo(s)ds. (14.15)

Also, using (2.10)
-n+1
f L_hx(ﬁ)dp
r dr

iy
F(ZB;s 1;” (" f (s’ _Mﬂtlﬁ ds
] ﬁq'(’)d’ (14.16)
N _2"’Brrl(3) o Zﬁf (, )- s () dr, (14.17)

where (A1) has been used to obtain (14.17) from (14.16). Use of (14.9), (14.15)
and (14.17) now yields, for r < a

—n+|

d (r ZQI ([ ), pe p()(t)dt
el ta) . 7 !
+2 —i——)m el f o a0d (14.18)

where we have replaced 8 by — a.
Similarly, from (2.7) and using (A2)

1d BH-"kz!e!
rdrl, ( =p )"

_251nﬂﬂl£ p—n n+l<b2_sz)_ﬁ
= ™ rdr fb (rz__pz)a dP . P s p2_~ b2 po(s)ds

b sn+l
=2BI (T syE s ds. (14.19)

Also, using (A1) and (2.11)
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l+nh2( 2

r dr » (FP—p )B
22_2‘3 1 d 'l 2n- 2ﬁ+| —n+|
=F(B)27drf (7= 2)" "f R f = syr e d

2" p2n-28 !
F(B) sin wﬁ J' —r )1 7 qo(t) dt. (14.20)

Hence, using (14.10), (14.19), (14.20) and replacing B by — «, forr > b

n+l

b
t
dz(r)= —2af m:;pg(t)dt
_ mweal(+a) Hnn. (7 !
2 —J—Qm_a) r f oy ed, (142D

Finally, in equations (14.13) and (14.14) we put B = —a, g(r)=
—2afi(r) and gi(r) = 2af.(r) to obtain

ar+n) ("
f'(’)+r(a)r(1 Th—a)l,

2
F(l —ao,1+n;1+n —a;%)s’z"_'fz(s)ds

- [ =0

Zu

2r 1+ a 2 2n+1-2a
fz(r)+r(a)r((1+:)_a)L F(l—a,]+n;1+n—a;%>sr2—_2u—fl(s)ds

b tn+l
= "f (—rwpo(t)dt
F(l —a) (t =y q.(t)dt for r>b. (14.23)

It is apparent that, except for the final terms on the right sides, these
coupled Fredholm equations are identical with the pair (6.10) and (7.9). When
n = 0 they reduce to

2sinma [~
T

filr)+ = fi(s) ds

- [

2a
2F(F1(1_+a;v) zuf e t)mq,(,)d: for r<a, (14.24)
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2a _1-2a
fz(r)+25|n7mf rzs - fi(s) ds
tEO!IZ
—t )l a dt
2a + o
_%1_73'2,20[ (_ﬁ%)qu(:)dt for r>b. (14.25)

Thus, in the important case n = 0, equations (14.22) and (14.23) have kernels
which are simpler than the kernels in (2.4) and (2.5). Also their right hand
sides are simpler than those of (2.4) and (2.5), whether n =0 or not.

15. An application — the annulus crack

In order to demonstrate an application of equations (6.10) and (7.9) we
consider the problem of determining the stress field in an infinite homogene-
ous isotropic material with a circular annulus crack. Referred to axisymmetric
cylindrical coordinates r, z we suppose the crack occupies the region a <r <
b on z =0. Because of the symmetry involved, we need only consider the
upper half-space z > 0. The components of stress and displacement may be
expressed in terms of one harmonic function ®(r, z) (see Green and Zerna [7],
page 171). In particular, the components of displacement and stress u, and o,
are related to @ by the equations

9°d ad
2uu, = 2 927 21—m) 37 (15.1)
3’ P
O =257 o . (15.2)

where p is the shear modulus and 7 is Poisson’s ratio. The boundary
conditions on z =0 are

u, =0 for r<a and r>b, (15.3)
0. = —po(r) for a<r<b, (15.4)

where py(r) is given. Also all components of stress and displacement must
vanish as (r*+ z?)*— . Hence we need to find a harmonic function, vanishing
at infinity and such that, on z =0,

a0 _
0z

2CD
= po(r} for a<r<b. (15.6)

for r<a and r>b, (15.5)
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A suitable choice of ®(r,z) is
<I>(r,z)=f AT'e ™A (A)Jo(Ar) dA, (15.7)
0

where A (A1) is a function to be determined, of suitable behaviour near 0 and «
to ensure convergence. With this choice of & the condition at infinity is
automatically satisfied while the conditions (15.5) and (15.6) yield

fm AQ)(Ar)dr =0 for r<a, (15.8)
fm AA (A)Jo(Ar) dr = po(r) for a<r<hb, (15.9)
r A Yo(Ar)dA =0 for r>b. (15.10)

These equations are the case of (1.1) to (1.3) with n =0, @ =3, qi(r) =0 and
q:(r) = 0, so that the relevant results of the previous sections are applicable.

The physical quantity of greatest interest in this problem is the normal
stress .. on the plane z =0 near the crack edges at r = a and r = b. Now o,
on the plane z =0 is given by the expression

o. = —r AA (A)Jo(Ar) dA, (15.11)

and hence we require information about the value of this integral as r > a —
and r— b +. Referring to (2.1) and (2.2), this depends on the behaviour of
p(ryasr—>a— and of p(r)asr—b +.

This information is most readily obtained from the transformed coupled
Fredholm equations (6.10) and (7.9) since, using (6.1), (6.2) and (Al), we
obtain, when n =0 and a =4,

_gli ¢ th(
pl(’)_ wrdrf, (t2 rz)zdt
—E—H—L,'a _Zli atlt—xa
Sw@ - mrdr), -y @ for r<a (15.12)
and
_21d (" s
p2(r)— T rdr . (r2_t2)2dt

2 _f(b) L 21d (" tf(6)=f>

b
T w(rP=b% wrdr), (©-t e for r>b, (15.13)
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assuming the existence of f,(a) and f.(b), which will be established presently.
In view of (2.1), (2.2) and (15.11) to (15.13) it is likely, and will also be justified
below, that, on z =0,

2 (a

O, ~ —;(az— ) as r—a-—, (15.14)
i(—rﬂ—Lx r—>b+. (15.15)

Hence it is apparent that the Fredholm equations (6.10) and (7.9) immediately
give the asymptotic behaviour of the stress field near the edges of the crack.

In the important case of constant applied normal stress po(r) = po (this
case is important because, by superimposing a uniform stress field a,, = p, we
may obtain the stress field round a stress free annular crack which is being
opened by a uniform normal tension p, at infinity) equations (6.10) and (7.9)
simplify to

fl(r)+%f: szf rzfz(s) ds=[—(b*— r2)é+ (a®— ’2)%1170
for r<a, (15.16)

)+ 2 [ s fi) ds = 107 b= (7 - @b
for r>b (15.17)

and the corresponding uncoupled equations are
2
o+ 2 [ im0
2\ 12
(e E)0-) - R)a-ror)
for 0<x<k, (15.18)
reo-2[ s wa

(=)o)

for 0<x<k, (15.19)

where r = cx and s = ¢/t have been substituted in (15.16), and r = ¢/x and
s =ct in (15.17) and

fo(x) = fi(ex) = M (15.20)
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so that

fila) ={f (k) + f-(k)}, fAb)=3k{f(k)—f(k)} (15.21), (15.22)

Since 0 < k < 1, the kernels of (15.18) and (15.19) are continuous; and it
is easily seen by power series expansions that their right hand sides are also
continuous in 0 = x = k if suitably defined at x = 0. These equations conse-
quently have unique continuous solutions for f.(x) and f_(x) in 0=x =k.
This with (15.21) and (15.22), justifies the existence of f,(a) and f,(b) assumed
in (15.12) and (15.13), and also proves the continuity of f, and f_ and of f, and
o

To justify (15.14) and (15.15) as valid deductions from (15.12) and (15.13),
we need to know that fi(r) and f,(r) have continuous derivatives in half-
neighbourhoods of a and b respectively. This property follows from the
continuous differentiability of f.(x) and f_(x) in a half-neighbourhood of k,
which is apparent from (15.18) and (15.19).

We can now justify (15.14) by showing that the last term in (15.12) tends
to 0 as r— a —. Integrating by parts,

f'{" ‘)“ dt = f(:—r)f(:)dt

rdr ‘{'(t‘ ')“ dt = lf GErTILOL

—o{f ———xdt} o{arcosh‘r-’}

using the boundedness of fi(¢). The last expression tends to 0 as r > a —
justifying (15.14). A similar justification for (15.15) could be given.

Appendix: evaluations of integrals

A1l. Abel’s Integral Equation. Standard pairs of inversion formulae, sup-
posing that 0<a <l and0=a <r<b =, are:

I(Tﬂt_))‘_"dt f(r) and g(r) = ZSl:mxdf (rt tz)a

[ et =i ana g0 = - 2022 L [ O a

From these follow
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A2.

A transformation of Cooke’s treatment

f(’)*zsmmf - 2)-"{dsf oy i

287

)dt}.

0B (4
g(r)= Md{f = s)"dsf = t)lag(t)dt}
g(r) = _2sm7ra d {I = dsfsb (tz—lsz)l_a g (t

IfO0<a<l, s=0and 0<a<b<x then

m (sP—a’) .
b v ey 2 2vamt 2sinma (s*— b?)" it s>,
(b’=p)(p —a’) -
2 3 pdp—
a S TP 2 2ya—1
-7 (a"—5s%) o<
2sinma (b-s%) o 54
_ r 2 p2\a
T 1—<52 b2>] if s>b,
s 12 2 2sin7a [ s"—a
b:=p’Yy" 1
f(z 2) T—=pdp =4
a P —a S p r 2 2\ @
u 1—(b ”)] if s<a
[ 2sin7e | a’—s’
r 2_ 2\ a
[5e—|1- (5 “2)] it s>,
b, 2 2 ! 2sinra | s°—b
f (bz__a2> o’ _SPdP-—*
: P T '1_<a2—s2)"] g <
L 2sin7a | b*—s? h s=a
The first pair of these formulae can be obtained by the substitutions
2 2 2_ 2 — 1 s°—b?
p'=a’'+(b’—a’u, u=Tro, VS a— v
In the second pair we write y =1— «, and use
(b*—=p?)" =(b>—p?)'"7 ={(b>— ") + (s = pW(b* = p*)7".

This gives the sum of two integrals, one of which is evaluated immediately
from the first pair of formulae and the other from the beta-gamma relation.

A3.

The third pair can be treated similarly.

Ifa>0,s>r>0and n> -1,
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f u2n+l(r2 _ uZ)a—l(sz_. u2)-(1+a)du
0

_T@)rd+n) ;.0 2224 ( . r_z) .
—2r(1+n+a)r s F'1+ar,1+n,1+n+a,s2 if s>r,

f tl—’ln(t2___52)a—l(12_r2)—(|+a)dt

4 2
_EQQEQ_JQsﬂﬂw(y+m1+n;y+n+a;%> if s>r

T2+ n+a)

The first of these integrals follows immediately from Euler’s integral for
the hypergeometric function. The second can be obtained from the first by
making the substitution u = rs/t.
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