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On the commutativity of

near-rings III

Steve Ligh

Part of the recent work on near-rings has been concerned with

sufficient conditions for near-rings to be commutative.

Recently Howard E. Bell proved that if a d.g. near-ring i?

has an identity and for each x, y in R , there exists an

w(x, y) > 1 > such that (xy-yx) = xy - yx , then if is a

commutative ring. In this paper we drop the requirement that R

has an identity and show that the other condition is sufficient

(and necessary) for R to be commutative. The inspiration for

an important lemma comes from a result of B.H. Neumann.

1. Introduction

Part of the recent work on near-rings has been concerned with

sufficient conditions for near-rings to be commutative (see [7], [2], [6],

[JO]). Recently Bell [2J showed that if if is a distributively generated

(d.g.) near-ring with an identity, and if for each x, y in R , there

exists n > 1 , depending on x and y , such that (xy-yx) = xy - yx ,

then i? is a commutative ring. He also pointed out that the conclusion

will not hold if one drops the existence of an identity. One of the

purposes of this paper is to examine the consequence of dropping the

hypothesis that i? has an identity. It will be shown that R turns out

to be a commutative near-ring. Hence we have the following necessary and

sufficient condition for a d.g. near-ring to be commutative: A d.g.

near-ring R is commutative if and only if for each x, y in R , there i
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exists n > 1 , depending on x and y , such that {xy-yx) = xy - yx .

I t was shown in [JO] that a commutative (distributive) near-ring with 1

is a ring. We see that BelI's result follows from our theorem and the

well-known result in ring theory. Herstein proved in [5] , as a

generalization of the Wedderburn Theorem, that a finite ring is commutative

if and only if each divisor of zero is central. Employing this result we

shall also show that a finite d.g. near-ring is commutative if and only

if each zero divisor is central.

2. Preliminaries

Our definitions are as in [2]. A near-ring ideal P will be called

completely prime if ab € P implies a € P or b € P . An element a of

the near-ring R will be called central if xa = ax for a l l x in R .

A near-ring R is called an ^-system if

(i) xz = yz and z i- 0 implies x = y ,

( i i) there exists e + 0 in R such that e2 = e , and

( i i i ) there exists h in R such that h + h = e .

For easy reference we state the following beautiful result of Neumann [13].

THEOREM 1 (Neumann). The additive group of an N-system is abelian.

tf-systems are generalizations of near-fields. For an example of an

tf-system that is not a near-field, see [72].

The following lemmas are needed for the proof of Theorem 2.

LEMMA 1. Let R be a near-ring with no nonzero nilpotent elements.

Then R contains a family of completely prime ideals with trivial

intersection.

LEMMA 2. Let R be a d.g. near-ring such that for each x, y in

R j there exists n > 1 , depending on x and y , such that

(xy-yx)n = xy - yx . Then the set of nilpotent elements is an ideal of

R .

The proof of Lemma 1 is in [7] and Lemma 2 can be found in [2].

LEMMA 3 [4]. Let R be a d.g. near-ring such that (i?, +) is

abelian. Then R is a ring.
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3. Main results

In this section we will furnish necessary and sufficient conditions

for d.g. near-rings and finite near-rings to be commutative. First a

lemma is needed.

LEMMA 4. Let R be a d.g. near-ring with no nonzero divisors of

zero and for each x, y in R , let there be n > 1 , depending on x and

y 3 such that (xy-yx)n = xy - yx . Then R is corrmutative.

Proof. If there exist x and y such that xy - yx t 0 , then

(xy-yx) = e is a nonzero idempotent. Since R has no nonzero divisors

of zero and is d.g. , we see that if w # 0 is a right distributive

element of R and r is arbitrary, then e(er-r) = 0 implies er = r

and (re-r)u = 0 implies re = r . Hence e is an identity of R . In

fact, any nonzero idempotent is e .

Now we wish to show that (i?, +) is abelian by demonstrating that

either every element of (.R, +) is of order two or R is an ^-system.

Let x, y and z be in R such that xz = yz and z # 0 . If z is

central then zx = zy implies x = y . If z is not central, then there

exists t t 0 such that zt - tz t 0 . Thus z(zt-tz) # 0 implies that

there exists m > 1 such that [z(zt)-{zt)z) = e . Consequently z

has a right inverse z' . Hence xz = yz implies that

x = xzz' = yzz' = y .

Suppose e + e £ 0 and is not central. From above, e + e has a

right inverse h . Since R has no nonzero divisors of zero, h is also

a left inverse. Thus h{e+e) = e implies that he + he = e . Hence R

is an ^-system and (i?, +) is abelian by Theorem 1.

Suppose e + e t 0 and is central, then e + e is also right

distributive. Let a, b be in R . Expanding (a+b)(e+e) by using both

distributive laws, we get a + b = b + a . Again {R, +) is abelian.

If e + e = 0 , then each element of (R, +) is of order two and

hence (R, +) is abelian.

Now by Lemma 3, R is a ring and the proof is complete.

We are now ready to prove the following theorem.
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THEOREM 2. A d.g. near-ring R is commutative if and only if for
each x, y in R 3 there exists n > 1 , depending on x and y , such

that ixy-yx) = xy - yx .

Proof. If every element of R is nilpotent, then clearly R is

commutative. If R has no nonzero nilpotent elements, then, by Lemma 1,

there exists a family of completely prime ideals P with trivial

intersection. For each P , R/P is d.g. and has no zero divisors and

(xy-yx) = xy - yx for each x, y in R/P . Thus "by Lemma h, R/P is

commutative. Hence for each a, b in R , (ab-ba) is in P .

Consequently ab = ba .

Now let N be the set of nilpotent elements. By Lemma 2, N is an

ideal of R . Now R/N has no nonzero nilpotent elements. By the above

argument, R/N is commutative and hence (ab-ba) is in N for each a, b

in R . Thus ab = ba .

This completes the proof.

In [9] it was shown that every element of a commutative (distributive)

near-ring R is either a zero divisor or R is a ring. Thus we obtain

the following result of Be I I.

COROLLARY 1 (Bell). Let R be a d.g. near-ring with 1 and for

each x, y in R , let there be n(x, y) > 1 , such that

(xy-yx) = xy - yx . Then R is a commutative ring.

Herstein proved in [5] that a finite ring is commutative if and only

if all the zero divisors are central. Now we prove a similar theorem for

finite d.g. near-rings. First we state the following result.

LEMMA 5 [S]. Let R be a finite near-ring with identity 1 such

that (-l)x = x implies x = 0 . Then (R, +) is abelian.

THEOREM 3. A finite d.g. near-ring R is commutative if and only

if all the zero divisors are central.

Proof. Suppose every zero divisor is central. If every element is a

zero divisor, then clearly R is commutative. On the other hand, if R

does not have any nonzero divisor of zero, then R is a field [7,

Corollary 3]. So we may assume that M , the set of elements in R which
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are not divisors of zero, is not empty and properly contained in R . It

was shown in [?/, Theorem 3.23 that M is a multiplicative group whose

identity 1 is also the identity for R .

Now consider the map a : (R, +) -»• (R, + ) defined by xa = (-l)x for

every x in if . It is easily shown that a is an automorphism of

{R, + ) and that a2 = I . Suppose x = (-l)x for some x in R . Then

we have the following cases:

Case 1. x i- 0 and a; is not a zero divisor. Since x is not a

zero divisor there exists a y in R such that xy = 1 . Thus

1 = xy = (-l)xy = -1 and 1 + 1 = 0 . So we have that every element in

(i?, +) is of order two and hence (/?, +) is abelian. By Lemma 3, R is

a ring and thus commutative.

Case 2. x + 0 and t is a zero divisor. By assumption x is

central and x = (-l)x implies that x = x(-l). Thus x + x = 0 and

x(l+l) = 0 . It follows that (1+1) is central and hence right

distributive. Now if a and b are any two elements of (R, +) , then

expanding (a+b)(l+l) by using both distributive laws we get that

a + b = b + a . Again R is a ring by Lemma 3 and hence commutative.

Case 3. x = 0 . By Lemma 5. {R» + ) is abelian and again R is

commutative.

This completes the proof.

REMARKS. Theorems 2 and 3 cannot be extended to arbitrary near-rings,

for a finite near-field has the property that {xy-yx)n = xy - yx and all

the zero divisors are central. Yet there are near-fields which are not

commutative. For examples of commutative near-rings which are not rings,

see [3, 2.5, #36].
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