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Abstract. We show that the Fourier expansion in spherical ~A-harmonics (from
Dunkl’s theory) of a function f on the sphere converges uniformly to f if this function
is sufficiently differentiable.
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1. Introduction. The theory of Dunkl’s operators has found in recent years
numerous applications in mathematics and mathematical physics (see the references
in [4] and [6]). One of its starting points was the study of generalized spherical
harmonics associated to a finitely generated reflection group and a multiplicative
function /4 > 0. Among the many results for classical spherical harmonics carried over
to these spherical #-harmonics is the following ([7, Theorem 3.1], [6, Theorem 5.5]): the
Fourier expansion (in spherical 2-harmonics) of any continuous function f on SV~ is
uniformly summable in Cesaro means of order § to f on S¥~! aslong as § > degh +
(N — 2)/2. Similar results about the Fourier expansion of f € L7(SV~!) have also been
obtained.

Quite surprisingly, it seems that such questions for f differentiable on S¥~! have
been neglected until now. The aim of this work is to make a step in this direction. More
precisely, we show in Section 4 that the Fourier expansion of f € C2¢(SV~!) converges
to f uniformly on S¥~! as long as ¢ > degh/2 + N/4.

For that we follow the approach of [5] in the classical case, which induces us to
define in Section 3 an /4-analogue of the Laplace-Beltrami operator on the sphere. In
Section 2 we recall the basic facts in the theory of A-harmonics.

2. Preliminaries. For a vector v in RV \ {0} (N > 2) we define the reflection
o, € O(N) by

xo, = x — 2(x, v)v/||v|?

for all x € RY, where (x, v) is the Euclidean scalar product of x and v, and |[v|| :=

(v, v)1/2. Thus vo, = —v and xo, = x if and only if x is perpendicular to v.

Suppose now G is a finite subgroup of O(N) generated by reflections. Let
{o1,...,0m) be all reflections in G. We choose vectors vy, ..., v, in RY such that
oj =0, forj=1,...,mand ||v;| = |lv;|| whenever o; is conjugate to o; in G. Next we
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take oy, ..., o, € Rxo with ; = o; whenever o; is conjugate to o; in G and let

m
h(x) = ha(x) = [ ] 1x, 01
=1
this is a G-invariant function, homogeneous of degree || := a1 + - - - + .
We write S¥~! the unit sphere in RY and doy_; the measure on S¥~! induced by
the Lebesgue measure on RY, so that wy_1 := [gv doy_1(n) = 27V/?/T(N/2). We
define a G-invariant measure on S¥~! by

dGh('?) = Hahi(n) dUNA(’?),

with the constant H, so chosen that doj, is normalized. We write
(fg)2 = /S Sl doy(n).

the usual scalar product in L2 (S¥~!, do,) and || f||, the associated norm.
Fori=1,..., N we write D; for Dunkl’s operator defined by

Dif(x) = 9if (x) + ZO‘-fM
Jj=1 (x, vj)

(U], €,‘>,

where 9; := d/dx; and (e;); = 8;;. Dunkl’s operators form a family of commuting first
order difference-differential operators which play here a role similar to 9, ..., dy. In
particular the s-Laplacian is

N
Ah = Z D,z
i=1

Let P, denote the space of homogeneous polynomials of degree / € Ng on RY. Then
DiP; C Pi—1 and A, P; C P_». Moreover, if P € P, (P, Q), =0forall Q € U,[{;IO’P;( if
and only if A, P = 0. The elements of H; := {P € P; : A, P = 0} are called h-harmonic
polynomials of degree . We have

[+N -1 [+N-3
d;:d,(N):zdimH1=<+l >—<+1_2 )

When || = 0 (that is, 7 = 1), we get classical spaces and operators; in particular

D; = 0; and Ay, is the usual Laplacian A.
Concerning all of the above we refer the reader to [4].

3. The h-Laplace-Beltrami operator. If f is a function on SV~!, we write /4 for
the homogeneous function of degree 0 defined on RV \ {0} by (f1)(x) :=f(x/|Ix]).
Conversely, if g is a function defined on RV \ {0} we write g|, for its restriction to SV~
We say that a function f on S¥~! is in C4(SV~1) (¢ € Ny) if f4e C¢(RN \ {0}). When
f e C4SN1) with ¢ > 2 we can define sA;, f € C72(S¥~1) by

sAnf = (AL -

We call gA;, the h-Laplace-Beltrami operator on S¥~!; it commutes with the action
of G. We write SH;(S¥!) := {P|: P € H;} (I € Ny); its elements are called spherical
h-harmonics of degree [ and its dimension is d}N).
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LEMMA 1. If x> 0 and f € C*(RN \ {0}) is homogeneous of degree ¢, then
Ap(l - 174 = =2Q2 + 20l + N = A =2)| - [/ + 1 - 17+ A f.

Proof. This is proved in [4, Lemma 5.1.9 p. 178] with the unnecessary restriction
that /" be a polynomial.

PROPOSITION 1. Let [ € Ny. For every Y € SH;(S¥™1),
sARY = =I(l 4+ 2|a| + N —2)Y.

Proof. By hypothesis, there exists P € H; with Y = P|. Since P is homogeneous
of degree I, YH(x) = Y (x/|Ix||) = P(x/|x|l) = ||x]|~'P(x). Therefore

A(Y) = Au(ll - II7'P)
= —IQI+2la| + N —1=2)| - |72P+ || - I AP
= —I(l+2a| + N =2)| - |~"2P,

using Lemma 1 for the second equality and A, P = 0 for the third. Hence

sARY = [A(YDN
=[—I(l + 2| + N = 2)|| - [IT2P})
=—I(l+2a|+N-2)-1-Y.

PROPOSITION 2. The h-Laplace-Beltrami operator is self-adjoint; in other words, for
allf, g € CHSN),

(sALS. 82 = ({f. sAng)2.

Proof. According to [2, p. 35] we have A, = L;, — Dj,, where

oY) —Yxo)
Dy, = E ——||v;||”.
W (x) < o x. vj)z ”v/”

and

Ly == (A(h) — v Ah)/ h

Let us define sL;, on C*(SV™") by sL;,f := (Ly(f1)){. We will show that sL; is self-
adjoint. We take f, g € C*(S¥~!) and apply Green’s formula to F := f1, G := gt and
Q:= B(0,r)\ B0, 1/2) (where r > 1/2):

/ (LyF)G — FLLG)(x) Ho IP(x) dx
Q
- f {(A(FR) — FARY/ WG — F{(A(GH) — GAR)/ Y](x) Hoy K(x) dx
Q
= / [(A(Fh) - (Gh) — (Fh) - A(Gh)](x)H, dx
Q

= /BQ[(BV(Fh) (Gh) = (Fh) - 8,(GIW)(y) Ho doy1(y) = 1
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Here Fh and Gh are homogeneous (of degree |«|). Now, if ¢ is homogeneous and v is
the outer normal vector to 3 B(0, p), then

v () = (grad ¥ (»), v(y)) = (grad v (), y/lIyl) = Iyl deg v - ¥ (»)

by Euler’s formula. Therefore the integral 7 is equal to
/ o [l (FR)(Gh) — (FRyr~ || (GI))(y) Ha doy —1(y)
9B(0,r)
- / [2la|(Fh)(Gh) — (Fh)2|a[(GM)](y) He doy-1(»)
9B(0,1/2)
=0-0=0.

We have thus proved that
/1\/2 /S\N,il[(LhF)G - F(LhG)](Py) Ha hz(,oy) dUN—l(y) pNﬁldp =0

for all r > 1/2. Let us differentiate this equality with respect to r and then evaluate at
r=1; we get

/SM [(LyF)G — F(L;,G)(y) H, h2(y) doy_1(y) = 0,

that is,
fSN,l[sth -8/ - sLigly)dow(y) = 0.

Next, if we define gDy, on C2(S¥~1) by gDy, f 1= (Dy(f1)){, then it is self-adjoint by [2,
Proposition 1.2]. To conclude, we note that sA;, = gL, — sDj.

4. Fourier expansions. Given n € SV~!, the mapping A : SH;(S¥~!) — C defined
by A(Y) := Y(n) is a linear form on the finite dimensional hermitian space SH;(SV~")
with the scalar product {, ),. Hence there exists Pi(-, n) € SH;(SY~!) such that Y () =
A(Y)= (Y, Pi(-,n)), for all Y e SH/(SN~"); P, is called the reproducing kernel of
SH(SV1).

If f € L>(S¥~!, doy) and [ € Ny, we write IT;(f) for the orthogonal projection of
f on SH;(SV~1); we call the series

+00
> T(f)
=0

the Fourier expansion of f (in spherical s-harmonics). For any orthonormal basis
(E}, ..., E})of SH/(SN™),

d;

M= (/B E.

j=1
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Moreover
d dy di
Py =Y (P, Ej), Ep =) (B PG, Ef = ) Ej(n) Ef
J=1 J=1 j=1
and

(NG = (T, PiC-om)2 = (f. P m))a.

PROPOSITION 3. The Fourier expansion of any f € L>(SN~!, doy,) converges to f in
L>(SN1, doy,).

Proof. Tt suffices to show that &5 SH;(S¥!) is dense in L2(SV~!, doy,). But,
according to [2, Theorem 1.7], for every g € P, we can write

Ln/2]

g) =Y lIxl¥gu2(x)

=0
with g,_» € H,—»; hence EB;’:OSHJ(SN’I) D{Pl:PeP;, 0<l<n} Since {P|: P e
Py, [ € Ny} is dense in L2(SV¥~!, doy,), the proof is complete.
PROPOSITION 4. For every f € C2(S¥~1) and | € N,
Mi(sAnf) = =l + 2]a] + N = 2) T, (f).
Proof. If n € SN~1 we get, by Propositions 1 and 2,

M(sAnf)n) = (sAnf, Pi(-, )2
= ([, sAPI(-, )2
= (f, = Il +2|a| + N = 2)P,(-, m))2
= —I(l+2|e| + N = 2){f, Pi(-, n))2
= —I(l+2la| + N = 2) TL,(/)(n).

LEMMA 2. For all | € Ny and ¢, 7 € SN, |Py(z, )| < d7**),

Proof. According to [7, Theorem 3.2],

I N—2)2 WV
Pi(¢. ) = Ta'lﬂzé_z) /)2/ (e (%)) ({9}

where C,m denotes the Gegenbauer polynomial defined by

-2 §k+x

— AT AN
(1 —2r +r2p+1 x G Uis

k=0

and V is the intertwining operator defined uniquely as being linear with VP, C P,,
Vli=1landD;o V = V o0 9; (see[3]). But V is positive [6, Theorem 1.2], which implies
that

N-=-2)/2
sup CHNTIA (),
i<t

+(N-2)/2
Cl(lal ( )/ )(1)’

(V[ CIT N n](©)]

IA

IA

since |CM (1)) < V(1) for all 7] < 1.
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Now, if || = 0 we are in the classical case, where

[+ (N —=2)/2 _n=2)2)

——C )=P
vz G P0=rw

[8, p. 187] and Py(n, n) = d,(N) [1, Proposition 5.27]. This completes the proof.

LEMMA 3. Let f € L>(SVN™!, doy,) and [ € Ny. For all n € S¥~! we have

LN < /d2 ™ 1 1.

Proof. Let (E}, ..., E};) be an orthonormal basis of SH/(SV~"). Then
d

YL E)Em)

J=1

d;
< 2 I EL| - 1Em)
=1
12 12

d[ dl
= (Slrenr] [ Ewr
j=1 j=1

ITL ()] =

by the Cauchy-Schwarz inequality. Moreover,

d[

S ED < 1f13
j=1

by Bessel’s inequality and

d

dy
2 Eln) o
ST Em =3 Elm Eln) = PG n) < dHY
j=1 j=1

by Lemma 2.

LEMMA 4. Let g € Ny. There exists a constant C; > 0 depending only on g, h and N

such that, for all | € Ny, f € C*(S¥Y andn e SN!,

(M) < CyllsALf|, - Hlet+N/2=20-1,

Proof. On the one hand, the preceding lemma implies that

M(sAf | < ™™ - [sajs],

On the other hand, Proposition 4 implies that

ITL(sALS) )| = 191+ 2]a| + N — 2)7 - |TL(/)(n)!.
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[ ClaltN)
dl

ol + N — 2y

Therefore

MO = G Isa7s .-

To complete the proof we use the bound d' < 2/"~2 + O(/"~3) when [ — +oo.

PROPOSITION 5. Let g € N with q > |a|/2 + N/4. The Fourier expansion of any
f e C2(SN-1Y converges to f uniformly on SV~

Proof If ¢ > |a|/2 + N/4,then |a| + N/2 — 2qg — 1 < —1; hence, by the preceding
lemma, the Fourier expansion Z}fg’ I1;,(f) converges absolutely and uniformly on
SV~ to a continuous function we denote by g. But the series converges to g also in
L*(SN~1, doy,), since

¢ =¥l <ll¢ =Vl vVHawn-1 I hlloo

for ¢, ¥ € C(S¥!). From Proposition 3 it follows that f = g almost everywhere and
then everywhere by continuity.
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