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Abstract We introduce the £!-ideal intersection property for crossed product C*-algebras. It is implied
by C*-simplicity as well as C*-uniqueness. We show that topological dynamical systems of arbitrary
lattices in connected Lie groups, arbitrary linear groups over the integers in a number field and arbitrary
virtually polycyclic groups have the £!-ideal intersection property. On the way, we extend previous results
on C*-uniqueness of L'-groupoid algebras to the general twisted setting.

1. Introduction

Crossed products associated with topological dynamical systems are among the prime
sources of examples in the theory of C*-algebras. In recent years, amenable dynamical
systems received abundant attention in the context of Elliott’s classification programme
(see e.g. [HWZ15; Szalb; DPS15; KS20]), while reduced group C*-algebras were put in
the spotlight by breakthrough results on C*-simplicity [KK17; Bre+17; Ken20; Haal6].
A foundational problem about crossed product C*-algebras concerns their ideal
structure. For tame dynamical systems it is possible to give a complete description of
the primitive ideal space of the associated crossed product in terms of induced primitive
ideals, thanks to the Mackey machine [Ros94; EWO08|. For wilder dynamical systems
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2 A. Austad and S. Raum

and for group C*-algebras, it is the question of simplicity that received most attention.
Following seminal work on simplicity of group C*-algebras [KK17; Bre+17], a satisfactory
characterisation of topological dynamical systems whose crossed product C*-algebras are
simple could be obtained in [Kaw17]. This line of research even led to complete results
about simplicity of C*-algebras associated with étale groupoids [Borl9; Ken+21]. One
important insight from the study of the ideal structure of groupoid C*-algebras originated
in [Tom92] and says that specific subalgebras have the potential to detect ideals.

Much fewer results are available for dynamical systems that neither are tame nor give
rise to simple crossed products. However, the idea of employing subalgebras to detect
ideals had surfaced earlier in a completely different context. In work on abstract harmonic
analysis and representation theory of solvable Lie groups, the concept of C*-uniqueness of
L'-convolution algebras was introduced in the late 1970s and early 1980s [Boi+78; Boi84].
This notion can be reformulated as an ideal intersection property for the inclusion L (G) ¢
C*(G). While for exponential solvable Lie groups Boidol could establish conclusive results
[Boi80], there have been no noteworthy advances in the investigation of C*-uniqueness
of discrete groups beyond the positive results for virtually nilpotent groups and some
metabelian groups in the late 1970s [Boi+78]. It is considered an open question whether
every amenable discrete group is C*-unique [LN04, Remark 3.6]. In some recent work
starting with [GMR18], variations of C*-uniqueness replacing the ¢!-convolution algebra
of a discrete group by its complex group algebra have been considered. Results from
[AK19; Alel9; Sca20] create an unclear image of which groups might have this property
termed algebraic C*-uniqueness.

The aim of this article is to introduce and study a new ideal intersection property
for crossed product C*-algebras, which can be established for a large class of examples
including all C*-simple groups and all C*-unique groups. At present, we have no example
of a topological dynamical system I'~X that fails the following ¢!-ideal intersection
property (compare with Definition 3.1): every non-zero ideal of the C*-algebraic crossed
product Co(X) x4 ' has non-zero intersection with the ¢'-crossed product Co(X)»p I
The next two theorems describe large classes of non-amenable and amenable examples of
groups for which we can establish the ¢!-ideal intersection property.

Theorem A (See Corollary 6.6, Corollary 6.8 and Corollary 6.9). Let T be either an
acylindrically hyperbolic group, a lattice in a connected Lie group or a linear group over
the integers in a number field. Then every action of I' on a locally compact Hausdorff
space has the (*-ideal intersection property.

We remark that (acylindrically) hyperbolic groups, mapping class groups, and arith-
metic groups fall in the scope of our theorem. For amenable groups the ¢!-ideal intersection
property coincides with the notion of C*-uniqueness, so that we obtain the first major
enlargement since [Boi+78] of the class of groups for which this property is known.

Theorem B (See Corollary 6.10). Every action of a locally virtually polycyclic group
on a locally compact Hausdorff space has the £'-ideal intersection property. In particular,
every locally virtually polycyclic group is C*-unique.
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Detecting ideals in reduced crossed product C*-algebras 3

We remark that also metabelian groups can be covered by our methods, as noted
in Remark 6.11. Thus our results cover and extend all previously known examples of
C*-unique groups. In order to obtain the results above, we establish a general criterion
on groups to satisfy the ¢!-ideal intersection property for all their dynamical systems.
It combines assumptions that relate to C*-simplicity with conditions on the structure of
amenable subgroups.

Theorem C (See Theorem 6.5). Let I' be a discrete group such that the following three
conditions hold for every finitely generated subgroup A<T':

e the amenable radical of A is a Furstenberg subgroup,
every amenable subgroup of A is virtually solvable, and
there is | € N such that every solvable subgroup of A is polycyclic of Hirsch length
at most 1.

Then every action of I' on a locally compact Hausdorff space has the £'-ideal intersection
property.

The proof of Theorem C leverages and extends recent developments in the structure
theory of groupoid operator algebras in order to set up an induction scheme. The
assumptions on amenable subgroups are exploited to construct a twisted groupoid, which
is analysed from the point of view of the L!-ideal intersection property for groupoids,
previously studied in [AO22]. Ultimately our induction argument reduces the maximal
possible Hirsch length of polycyclic subgroups. The following generalisation of work from
[AO22] allows us to analyse the twisted groupoids we obtain when applying our strategy.
It might be of independent interest.

Theorem D (See Corollary 4.5). Let € be a twist over a second-countable locally compact
étale Hausdorff groupoid G. Assume that there is a dense subset D € GO such the fibres
(Z9,Z%) have the £'-ideal intersection property for all x € D. Then (G,£) has the L!-ideal
intersection property.

Structure of the article

In Section 2, we introduce necessary background material and fix notation. In Section 3 we
formally define the ¢!-ideal intersection property for twisted C*-dynamical systems and
show in particular that it is closed under directed unions of groups. In Section 4 we study
the I!-ideal intersection property for twisted groupoids. In Section 5 we present certain
twisted group C*-algebras as twisted groupoid C*-algebras, which is a key ingredient for
the subsequent Section 6, where we obtain our main results.

2. Preliminaries

Convention 2.1. All groups in this article are discrete unless otherwise specified. Every
ideal in a C*-algebra will be assumed to be closed and two-sided.
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4 A. Austad and S. Raum

2.1. Virtually polycyclic groups

A group T is called polycyclic if there exists a subnormal series
1=Tq<dI'y--dT,, 1 AT, =T

such that each of the factor groups I';/T";_1 is cyclic. The group is called poly-Z if each of
the factor groups is isomorphic to Z.

It is known that polycyclic groups are precisely the solvable groups for which every
subgroup is finitely generated, see [Seg83, Chapter 1, Proposition 4]. We also recall from
[Seg83, Chapter 1, Proposition 2] that a group T is virtually polycyclic if and only if it is
(poly-Z)-by-finite.

The Hirsch length of a virtually polycyclic group I' is the number of infinite cyclic
factors in a subnormal series with cyclic or finite factors. It is denoted by h(T"). See
[Seg83, Chapter 1, Part C] for a discussion of the Hirsch length and its properties. In
particular, we will make use of the following properties:

o If A<T, then h(A) <h(T). Equality holds if and only if [T': A] < co.
e If AJT is normal, then h(I') =h(A)+h(T'/A).

2.2. C*-uniqueness

A group I' is called ¢'-to-C*-unique or just C*-unique for short if ¢(I') has a
unique C*-norm. It is clear that every C*-unique group is amenable and that a group
[ is C*-unique if and only if /! (T") has non-zero intersection with every non-zero ideal of
C*(T"). The following result is a special case of [Boi+78, Satz 2].

Theorem 2.2. Every finitely generated group of polynomial growth is C*-unique.

In this work we will only need to apply Theorem 2.2 in the special case of finitely
generated torsion-free abelian groups, that is, groups isomorphic to Z™ for some n € N.
For the sake of a self-contained presentation, we give a short and direct proof in this case.

Proof of Theorem 2.2 for Z". It suffices to show that ¢!(Z") c C*(Z™) has the ideal
intersection property. Consider the Schwartz algebra

S(Z") = {f el (Z")|VkeN: f(z)|z|" - 0 as & — oo}

and the Fourier isomorphism F:C*(Z") — C(T™). Then F(S(Z™)) = C*(T") is the
algebra of smooth functions and it suffices to show that C*(T™) ¢ C(T™) has the ideal
intersection property. If I ={f e C(T")| f|a =0} for some proper closed subset A cT"
is an ideal in C(T™), then there is a non-zero smooth function fe C*(T™\A)<cI. So
InC=(T") 0. O

2.3. C*-simplicity
In this section we recall some terminology from the theory of C*-simple groups, and state
one result which is needed for our work and can be directly deduced from the literature.

A group I' is called C*-simple if C;_;(T") is simple. It is clear that every C*-simple group
has the ¢!-ideal intersection property.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 23 Dec 2025 at 08:56:23, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474802510145X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474802510145X
https://www.cambridge.org/core

Detecting ideals in reduced crossed product C*-algebras b)

As proven in [Bre+17], a group I' is C*-simple if and only if it acts freely on its
Furstenberg boundary OrI'. We call a stabiliser group of this action a Furstenberg
subgroup. Recall also that the amenable radical R(I") is the largest amenable normal
subgroup of I". Requiring the amenable radical of a group I' to be a Furstenberg subgroup
is equivalent to the requirement that the induced action of I'/R(T") is free. We need the
following result that is not explicitly stated in the literature.

Proposition 2.3. Let I' be a group whose amenable radical is a Furstenberg subgroup.
Then T'/R(T) is C*-simple.

Proof. It follows from [Kaw17, Corollary 8.5] that the C*-algebra generated by the image
of the quasi-regular representation with respect to a Furstenberg subgroup is simple. So
by assumption C; ;(I'/R(T")) = Ar/r(r) (Cq(T)) is simple. O

2.4. Twisted C*-dynamical systems

A twisted C*-dynamical system is a tuple (A,T',«,0) where A is a C*-algebra, I is a group
and a:T' - Aut(A), o:I'xI' > U(M(A)) are maps satisfying

Qg OQg, = Ad(g(glrgQ)) 0 g, g,
0(91,92)0(9192,93) = Qg (0(92,93))0(91,9293)
U(glve) = 0'(6,91) =1

for all g1,g2,93 € I'. The special case of A =C corresponds exactly to a group I' with the
choice of a 2-cocycle in Z2(T,Sh).

Denoting by m: A — B(H) the universal representation of A, the reduced twisted crossed
product associated with (A, a,0) is the C*-subalgebra A, ea I € B(H ® ¢%(T))
generated by the elements 7, (a)A\s(g) for a€ A, geI', where m,:A - B(H ® (*(T')) is
given by

ma(a)(®d,) = (o (a))E @0,

and A, is the twisted regular representation given by

Ao(7)(€®04) =7 (((79) ™" 7))E® g

Here a€ A, v,gel’ and £ € H. If A=C, then the reduced twisted crossed product C*-
algebra is equal to the reduced twisted group C*-algebra where the twist is given by the
2-cocycle associated to the twisted C*-dynamical system.

The *-algebra generated by the elements 7, (a)As(g) for a€ A, ge T can be equipped
with the ¢!-norm

Z 7'('oz(afg)/\a(g)

gel’

=2 lagl-

o gel’

Its completion with respect to this norm is the twisted ¢!-crossed product A Moo L.
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6 A. Austad and S. Raum

Convention 2.4. Below we will need to consider restrictions of a twisted C*-dynamical
system (A,I',a,0) to subgroups A <T". For notational ease, we will denote the restrictions
of o and o by the same symbols.

2.5. Twisted groupoid algebras

For material on étale Hausdorff groupoids and groupoid twists we refer the reader to
[SSW20]. We recall the definition of a twist over a groupoid and its convolution algebra,
which will be used in this article.

Definition 2.5. Let G be an étale groupoid. A twist over G is a sequence

GOxsl e 21, g
where G(® x S' is the trivial group bundle with fibres S*, where £ is a locally compact
Hausdorff groupoid with unit space i(G(®) x {1}), and i and ¢ are continuous groupoid
homomorphisms that restrict to homeomorphisms of unit spaces, such that

e 7 is injective,

e & is a locally trivial G-bundle, that is, for every point g € G there is an open
neighbourhood U that is a bisection and on which there exists a continuous section
S:U — & satisfying go S =idy, and such that the map (g,u) = i(r(g),1)S(g) is a
homeomorphism of U xS onto ¢~ (U)

o (G xS") is central in &, that is, i(r(g),1t)g = gi(s(g),1) holds for all g € £ and
peSt, and

o ¢ HG®)=i(GO xSh).

Notation 2.6. A twist as in the definition above will be denoted by (€,4,q) or simply
by &£ if no confusion is possible. Further, we will frequently identify the unit space of £
and G.

Given a twist ¢:€ - G over a locally compact étale Hausdorff groupoid G we write

C(G.E)={feCcl&)| f(1-g9) =Tif(g) for all ge £ and peS'},

which becomes a =*-algebra when equipped with the following convolution product
and involution [Kum86, Proposition 5]. We consider the action S'~C x £ given by
w(z,9) = (z,pug) and let Cxg1 & be the quotient, which is a complex line bundle over
G. Tt carries a partially defined product (that is, it is a small category) given by
[21,91][22,92] = [2122,9192] for any pair of composable elements g1, g2 € €. The space C(G,E)
is isomorphic with the space of sections I'(C xg1 £ - G) by mapping f € C(G,E) to the
section ¢(g) = [f(g),g]- This is well-defined since (f(ng).ng) = (1f(9).p9) = n(f(9).9)
holds. The space I'(C xg1 £ - G) carries the natural involution f*(g) = f(¢g™!) and the
convolution product

fixfa(g) = Z f1(g1) f2(g2)

9192=g

for f,f1,f2eT(Cxq1 &) and g€ g.
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Detecting ideals in reduced crossed product C*-algebras 7

Remark 2.7. The attentive reader will have noticed that our conventions for C(G,£)
slightly differ from the usual requirement that f(ug) =uf(g). This goes hand-in-hand with
the divergence from Kumjian’s convention u(z,g) = (uz,1g). Our choice of conventions is
justified by the following example, which is the basis for understanding the construction
presented in Section 5.

Given a discrete group I' and a cocycle o € Z2(I',S!) one associates the central
extension S! < I'x, S! = I', where the product in I'x, St is given by (y1,11)(72,p2) =
(V1¥2,0 (71,72 i1 je2). We observe that (I',I'x, S') is a twisted groupoid and one expects
an identification C(T',I'x, S!) 2 C[I',¢]. This is the case with our conventions, while the
usual conventions yield the isomorphism C(T,I' %, S') = C[T,7].

Let us elaborate. For v €T, we define the section f,(v) =8, ./[1,7,1] € Cxg1 (I'x, S*).
Observe that the function in C(I',T' x, S') associated with it is the unnatural map (7,u) +
0~ ~t. We show that the map v~ fy is o-twisted multiplicative. Indeed, for v1,72,9 €T
we make the calculation

f’Yl >('f’m(g) = Z f’h (gl)f’yz(QQ)

9=9192
=g,y [ 1,71,1][1,72,1]

= 09,7172 [1,7172,0(71,72)]
=0g,m72[0(71:72): 7172, 1]
=0 (711,72)0g, 7172 [1:7172,1]
=0 (71:72) f114(9) -

This justifies our conventions sufficiently.

Convention 2.8. If T" is a group, then a twist over I' is the same as an extension

1-+S'- E T -1 and hence up to choice of a section I' - E the same as an element

in H*(T',S'). In view of Remark 2.7, in some situations we continue to use the notation
C;.q(T,E) for the associated twisted group C*-algebra.

We will also use the following completions of the twisted groupoid algebra C(G,£).

e 11(G,£) denotes its I-norm completion, which is a Banach #-algebra. Specifically,
it is the completion of C(G,£) in the norm

|.f]l7 = max{ sup {2 1@l sup {2 19}
2eG(0) geg= G0 ge&,
for feC(G,E).
C*(G,€) denotes the enveloping C*-algebra of 11 (G,£), and
C* 4(G,€) denotes the reduced C*-algebra completion of L' (G,E).

For a locally compact étale Hausdorff groupoid G we denote the interior of its isotropy
groupoid by Z9. For z € GO let Irg be the group appearing in the fibre z of Z9. It has
been shown in [Arm22, Corollary 2.11] that for a twist £ over a locally compact étale
Hausdorff groupoid G
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8 A. Austad and S. Raum

e the interior of the isotropy subgroupoid Z¢ is a twist over the interior of the
isotropy subgroupoid Z9, and
e for each z € G, the isotropy group If is a twist over the isotropy group Ig .

We will apply the following result on the ideal intersection property for twisted groupoid
C*-algebras associated with a twist over a locally compact étale Hausdorff groupoid and
its restriction to the interior of the isotropy bundle. We summarise results from [Arm22,
Proposition 6.1 and Theorem 6.3], which generalised previous work in the untwisted case
published in [Bro+16].

Theorem 2.9 [Arm22]. Let € be a twist over a second-countable locally compact étale

* *

Hausdorff groupoid G. There is an injective *-homomorphism 1:C_,(Z9,Z¢) - C*_,(G,€)

such that
flg) ifgeZ®
L =
() {0 ey
for all feC(T9,1%) and all geE. The image of v has the ideal intersection property in
;ed(gvg)-

3. The ¢'-ideal intersection property for twisted C*-algebraic dynamical
systems: basic results

In general, an inclusion of (C*-)algebras A ¢ B has the ideal intersection property, if every
non-zero ideal in B has non-zero intersection with A. We are interested in this property for
the inclusion of ¢!-algebras into C*-algebras associated with twisted C*-dynamical sys-
tems. In this section we therefore define the ideal intersection property in this generality,
before deriving some useful reformulations and results which come in handy later.

Definition 3.1. A twisted C*-dynamical system (A,T,q,0) is said to have the ¢!-ideal
intersection property if every non-zero ideal in A x4 ¢ reqd I' has non-zero intersection with
A Xa.o’ A F

In situations, where part of the twisted action is trivial, e.g. for twisted group
C*-algebras associated with a pair (I',o) or untwisted crossed products associated with
an action '~X, we simplify notation and say that (I',o), respectively I'~X has the
ideal intersection property.

Remark 3.2. Let us put the notion introduced in the previous definition into context.

e Every twisted C*-dynamical system with a simple crossed product trivially has the
(1-ideal intersection property. Such systems arise from C*-simple groups [BK18].

e For an amenable twisted C*-dynamical system (A,T',,0) the ¢1-ideal intersection
property is equivalent to C*-uniqueness of A, , o1 I'. This can be inferred from
the fact that reduced and universal crossed products of such systems coincide
combined with [Bar83, Proposition 2.4]. Alternatively, Proposition 3.3 below can
be employed.
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Detecting ideals in reduced crossed product C*-algebras 9

The following reformulation shows that the ¢!-ideal intersection property for twisted
C*-dynamical systems is a question of minimality of the reduced C*-algebra norm on
Axp . It will be frequently used without further reference.

Proposition 3.3. Let (AT, «,0) denote a twisted C*-dynamical system. The following
conditions are equivalent.

(i) (AT,a,0) has the (*-ideal intersection property.
(ii) If a *-homomorphism into a C*-algebra m: A%y, 5 reaI' = B is injective on Axg 5 0T’
then it is injective itself.

(ili) The reduced C*-norm on Ax, o n T is minimal.

Proof. Suppose that (A4,T,a,0) has the £!-ideal intersection property and let 7: A%, ; red
I' > B be injective on Ax, , o I'. Then kermnAx, , 1 I'= {0} implies that kerm =0. So
m itself is injective.

Assume next that Item (ii) holds and let v:Ax, , o1 I' > Ryo be a C*-norm dominated
by the reduced C*-norm. Denoting by B = Ax, , n T” the completion, the natural
*-homomorphism m: Axq ¢ real’ = B is faithful on the 0'-crossed product. The assumption
implies that 7 is injective and henceforth isometric. Thus, v is equal to the reduced
C*-norm.

Now assume that Item (iii) holds and let I <Axq s real’ be a non-zero ideal with
quotient map A x4 5 red ]’ = B, which is contractive. The assumption allows us to
infer that kermnAx, , o I' # {0}. Since I =kerm and I was arbitrary, we conclude that
(A,T,a,0) has the ¢'-ideal intersection property. O

Remark 3.4. The analogue of the minimality of the reduced C*-norm featuring in Item
(iii) of Proposition 3.3 has previously been introduced for algebraic group rings in [AK19)
under the name C;-uniqueness.

Let us also remark that an amenable group has the ¢!-ideal intersection property if and
only if it is C*-unique.

We next show that the ¢!-ideal intersection property is closed under directed unions,
in the following precise sense.

Proposition 3.5. Let (AT, a,0) be a twisted C*-dynamical system. Assume that
I'=User Ly is a directed union such that (A,I';,o,0) has the £*-ideal intersection property
for alliel. Then (AT,a,0) has the £*-ideal intersection propertsy.

Proof. We employ the characterisation in Item (ii) of Proposition 3.3 of the ¢!-ideal
intersection property. Let m A X 5 real' > B be a *-homomorphism whose restriction to
the ¢'-crossed product is injective. The assumptions imply that for all i € I the restriction
’/T|A>4a10yred1"i is injective and thus isometric. Since Ujer A X, 5 red L' is dense in Axg 5 real,
the result follows. O
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10 A. Austad and S. Raum

4. The L'-ideal intersection property for twisted groupoids and their
isotropy bundles

In this section we prove the I!-ideal intersection property for certain twisted groupoids,
in the same spirit as [AO22] did for cocycle twisted groupoids. In view of applications in
Section 6, our statements are established in slightly greater generality.

Definition 4.1. A twisted locally compact étale Hausdorff groupoid (G,£) is said to

have the L'-ideal intersection property if every non-zero ideal of C},(G,€) has non-zero
intersection with L'(G,£).

The next result shows that in order to establish the Lt-ideal intersection property for a
twisted groupoid, it suffices to study its isotropy bundle. It is a direct consequence of Arm-
strong’s results recalled in Section 2.5, and its analogue in the context of C*-uniqueness
of cocycle twisted groupoid C*-algebras was obtained in [AO22, Proposition 3.2].

Proposition 4.2. Let G be a second-countable locally compact étale Hausdorff groupoid
and let € be a twist over G. If (T9,Z%) has the L'-ideal intersection property, then so
does (G,£).

Proof. Let I IC?,(G,£) be a non-zero ideal. Appealing to the work of [Arm22] described
in Theorem 2.9 and identifying C7,4(Z9,Z¢) with its image in C,4(G,€), we find that
J=InC; 4(Z9,Z%) is a non-zero ideal. By assumption, we can thus conclude that

0+JnL(Z91°) cInL}(G,E)

which completes the proof. O

In the remainder of this section we aim to prove that if sufficiently many fibres of the
isotropy bundle have the ¢!-ideal intersection property, then the full isotropy bundle has
the I!-ideal intersection property. Following the same strategy as in [AO22], we achieve
this by decomposing any C*-completion of I} (Z9,Z¢) as a C*-bundle over GO, We will
need the following lemma in order to describe the fibres of this bundle. It generalises
[AO22, Lemma 3.4], but we give a shorter proof applicable in greater generality, which is
later needed in the proof of Theorem 6.5. Given a groupoid G, we call z € G strongly
fized if G, :Izg, that is every groupoid element whose source (or range) is z lies in the
interior of the isotropy bundle.

Lemma 4.3. Let € be a twist over a locally compact étale Hausdorff groupoid G. Assume
that z € GO is a strongly fired point and denote by res,:L'(G,E) — LY(Ga,E,) the
restriction map and by I, its kernel. Then res, is a continuous *-homomorphism which
induces an isometric *-isomorphism between L'(G,€)/1, and 1}(G,,E). Further, I, is
the ideal generated by Co(GO\{z}).

Proof. It is clear that res, is continuous and in order to show that it induces an isometric
*-isomorphism, it suffices to show that res,|c(g ) factors through to an isometry with
dense image.
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Detecting ideals in reduced crossed product C*-algebras 11

We first prove density. Let f, € C(G,,E:) be arbitrary. Considering &, €& as a closed
subset and making use of local compactness of the latter, Tietze’s theorem provides some
function f, € C.(€) such that f;|s, = fz. Define

f9)= fs1 pfe(pg)dp

Then f €C(G,E) holds thanks to invariance of the Haar measure, and f|g, = f, by
St-equivariance of f,. This proves density of the image.

Given f€C(G,£) and € >0 there is a neighbourhood U € G(?) of z such that supp fn
sTH(U) c 1€ and |Hresy(f)|\ - Hresx(f)|\| <e for all y e U. Since G is locally compact, by
Tietze’s theorem there is g€ C(G(?) with 0<g<1, g|g(0)\U =1land g(z)=0. Then fxgel,
and we find that

[F+ Tl < 1f = f* gl <sup fresy ()] < [resa(f)] +e.
ye

Further,
[rese(f) = inf [res;(f +h)| < inf [f+h]=]f+1].
el, hel,

It remains to show that I, is equal to the ideal J generated by Co(g(o)\{x}) inI1(G,&). If
fel, and £>0, there is f €C(G,E) such that If- fllz <e. Thus |res, (f)| <& and hence we
find as above g€ Co(GO\{z}) such that | f - f*g|; <e. This implies that | f - fx*g| < 2e.

Since f*geJ and € >0 was arbitrary, this finishes the proof. O

We are now ready to prove the main result of this section, which generalises [AO22,
Theorem 3.1]. Tt is stated and proven in the generality needed for Theorem 6.5. Extending
usual conventions and accepting zero-fibres, for a *-homomorphism Co(X) - Z(M(A)),
we denote by A, the quotient of A by the ideal generated by the image of Co(X\{z}).

Theorem 4.4. Let £ be a twist over a second-countable locally compact étale Hausdorff
groupoid G. Assume that there is a dense subset D € GO such that ¢*(Z9,I%) c
Cha(Z. Ig) has the ideal intersection property for all x € D. Let m:C? 4(G,£) - A be a
*- homomorphzsm into a C*-algebra which is injective on Co(G), so that w(Cr4(Z9,Z%))
becomes a Co(g<°>) algebra. For z € G, consider the *-homomorphism

Tt Cred(ng7I8) - 7T(Cred(zvgv'zg))$

obtained from m|g+ L(79,7¢) after passing to the quotient by the ideals generated by
Co(GON{x}). If 7, restricts to an injection of *(Z9,IE) for all x € D, then  is injective.

Proof. Let m:C!,(G,€) > A and D cG® be as in the statement of the theorem. Without
loss of generality, we may assume that 7 is non-degenerate. By Theorem 2.9, it suffices
to show that 7r|cr*cd(zg7zg) is injective. Since ﬂz|zl(zglf) is injective for all x € D, it is in
particular non-zero, so that density of D ¢ G implies that 7T|C0(g(0)) is injective. Hence
B=n(C:4(Z91%)) is a Co(G)-algebra. Denote by B = (B,). the upper semi-continuous
C*-bundle associated with it by [Nil96, Theorem 2.3], which recovers B as the algebra of
sections BT (B).
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12 A. Austad and S. Raum

By Lemma 4.3, we obtain the following commutative diagram upon taking quotients
by the ideal generated by Co(G(®\{z}) in each algebra of its top row.

M79,7°) — Cr 4(79,7°) —» B

| | !

s

MNZFIE) — Cla(TIIE) —» By

For z € D, the *-homomorphism ¢!(Z9,Z¢) - B, is injective and (Z¢,Z¢) has the ¢*-ideal
intersection property. So 7, is an isomorphism of C*-algebras and as such is an isometry.
Let now f €T'o(B) be an element in the image of I} (Z9,7¢). Then
[ £z = sup |f(x)]s, 2sup|f(z)]s, =sup|f(@)lc: (z¢zey=Iflc:
2eG(0) xeD xeD re

red(Ig$I£)
since the regular representations of (Z9,Z¢) are continuous by construction [Kum§6,
Section 2]. O

Corollary 4.5. Let £ be a twist over a second-countable locally compact étale Hausdorff
groupoid G. Assume that there is a dense subset D <G such that (I9,IS) has the (*-ideal
intersection property for all x € D. Then (G,£) has the L -ideal intersection property.

Proof. Let m:C}_4(G,€) - A be a *-homomorphism that is injective on L1(G,&) and write
B=m(Cy 79,7%)). In order to prove injectivity of 7, by Theorem 4.4, it suffices to check
that m,:C}4(Z9,Z¢) - B, is injective when restricted to ¢*(Z9,Z¢) for all € G, By
Lemma 4.3, taking the quotient by the ideal generated by Co(G(®\{z}) in the inclusion
11(G,€) - B, we indeed obtain the desired inclusion ¢!(Z¢,Z¢) < B,, which finishes the
proof. U

5. Groupoid C*-algebras from abelian normal subgroups

In this section we describe a twisted groupoid associated with an inclusion of a normal
abelian subgroup into a discrete group endowed with an S'-valued 2-cocycle. This
construction should be folklore, but has not been presented explicitly to our knowledge.

Definition 5.1. Let A<I be a normal abelian subgroup of a discrete group. A cocycle
o eZ*(I,S!) is A-admissible if it satisfies

e olaxa=1, and
o o(v,a)o(yva,y ) =1=0(a,y 1 )o(y,ay?t) for all yeI and a € A.

Let AT and o be as above. Write A =T'/A and consider the action A A A given by
ax(a) =vay~" for yA = A. Since A is abelian, this is well-defined. Denote by G = Ax A the
transformation groupoid associated with the dual action of a. Further, let T'x, (S'x A)
be the twisted transformation groupoid whose product is given by

(V1o 11572X) (72,102, X) = (Y1725 1 20 (V1,72),X)
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Detecting ideals in reduced crossed product C*-algebras 13

for y1,72 €I, 1,10 € ST and € A and consider
N={(a ', x(a),x) |aeAxe A cIx, (St x A).
The following lemma describes a twisted groupoid associated with the tuple (I',4,0).

Lemma 5.2. The set N cT'x, (S XA) is a closed normal subgroupoid. Further, I' x,
(St x A)/N is a twist over G.

Proof. It follows from the fact that evaluation of characters in A is continuous, that N
is closed. Further, it is multiplicatively closed since o|ax4 =1 and the calculation

(™" x(a),X) ™" = (a,x(a)o(a™",a),x) = (a,x(a™"),x)

for a€ A and y € A shows that A is also closed under inverses. So it is a closed subgroupoid
of ', (S! x A). We next check normality of A/. Thanks to centrality of S it suffices to
observe for vel', ae A and x € A that

(1,1, (@ x(a), ) (v L) = (va oy L x(a)a(v.a e (vam AT, vx)
= (ya~ L yx(vay ™)) -

We now want to show that the quotient & =T x, (S'x A)JN is a twist over G.
The inclusion {e} x S'x AcTx, (S'x A) descends to an inclusion i:S' x A — & since
Nn({e}xS'xA)={(e,1)} x A. Further, the projection onto the first and the last
component I'x,, (S x fl) —I'x A induces a continuous quotient map ¢:€ —» I/Ax A=g.
It is clear that i(S' x A) is central in £ and that ¢~ ({eA}x A) =i(S* x A). What remains
to be shown is that &£ is locally trivial. Let (yA,x0) € G and consider the open bisection
U={yA} xA. The map S:U — E:(vA,x) ~ [7,1,x] is continuous and satisfies go.S = idy.

Further,
' (U)={[va,pm.x] €€ lac A peS' e A}
={lvmx]e€lpest xe A}
is naturally isomorphic with S!xU. O

Let us introduce some notation in order to refer to the twisted groupoid just
constructed.

Definition 5.3. Given a group I" with a normal abelian subgroup A and an A-admissible
2-cocycle o € Z?(T,S'), we denote the associated twisted groupoid by

G(I,A,0)=T/Ax A
E(T,A,0) =T, (S'x A)[{(a™",x(a),x) |ae A, x e A}.
We next identify the twisted group algebras associated to (I',o) with the twisted

groupoid algebra associated with a normal abelian subgroup A <T' for which o is
admissible. This result generalises the identification described in Remark 2.7.
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14 A. Austad and S. Raum

Proposition 5.4. Let AT be an abelian normal subgroup of a discrete group and
o eZ*(I,SY) an A-admissible cocycle. Let (G,£) = (G(T',A,0),E(T,A,0)) be the associated
twisted groupoid and write elements of Cxgq1 € as equivalence classes [z,7,u,x] with z € C,
vel', peSt and x € A. Given v el define the following section of Cxg1 € - G:

[Ly.Lx] ifgA=~A
F(gA.x) = ,
0 otherwise.
Then the map v+~ f,
(i) extends to a contractive embedding (*(T',0) = LY(G,E), which
(ii) extends to an isomorphism C 4 (T',0) = C:.4(G,E).

Proof. We first show that the map v — f, is o-twisted multiplicative. For 7;,72,g €I and
x € A, we find that

for * [ (gAX) = > Sy (914,92X) 0 (924, %)
(g1A4)(g2A)=gA
= Z [17917]-;92)(][179271,)(]

(91A)(g2A)=gA
g1A=714, g2 A=y2 A

= 59A7"/1’Y2A[1a7131,72X][1772317X]
=0g4,mpall,1172,0(71,72),X]
=0(71,72) 172 (94:X) -
Since f. is the neutral element for the convolution product, this shows that the map
v~ f, extends to a unital *-homomorphism C[T,o]—L'(G,£).
We next show that this *-homomorphism extends to a contraction ¢!(T,0) — L}(G,&).

To this end, we need to identify the functions fN,Y €C(G,€) associated with f,. We claim
that

ax(g™'y) ifyA=gA
0 otherwise.

F([g:1X]) ={

Indeed, for YA =gA, peS' and y e A we calculate

(x (g7 ), 9.1.x] = [x (a7 )77 9, 1.x] = Ix (g7 ) v x (v 9)ox] = (L7 Lx] -
Take now Y. . c,u, € C[I',a]. Then

Z C’Yf'Y([Q?LX])

~ell

> ex(v ')

yegA

sup I Z Cva”él(gx) =sup Z
xeA el x€A gAel'/A

=sup Z

x€A gAel'/A

SZ:|C'7|~
¥

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 23 Dec 2025 at 08:56:23, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474802510145X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474802510145X
https://www.cambridge.org/core

Detecting ideals in reduced crossed product C*-algebras 15

Similarly, we obtain that

> ey fy (L9, Lg7'X])

el

> evx(gvh)

vegA

sup | 3, ey fylerggry =sup Y

xeA el x€A gAel'/ A

=sup Z

X€A gAel'/A

SZ|C’Y|'
>

Together, these calculations show that |}, e foli<| ¥ CyUy [l g1 (ry- So indeed, we obtain
a contraction ¢1(T',0) - 11(G,E).

We now show that the contraction above extends to a *-isomorphism C;  (T,o) =
C? 4(G,€). This will imply in particular that the map ¢*(T,0) - L'(G,£) is injective.
Consider the conditional expectation E:C¥,(G,€) - C(A) given by restriction of functions
in C(G,€). Further, denote by [dy the Haar integral on A. We observe that for every

vel', we have

([don)(f'y):fAf:'y([e:laX])dX

_JJax(mdx ifyeA
0 otherwise

1 ify=e

|0 otherwise.
This shows that we obtain an isometric *-homomorphism C; ,(I',0) - C; 4(G,€) and
it remains to argue that it has dense image. To this end it suffices to show that
for every gAeT'/A and every section f:G — Cxgq & supported on {gA} x A lies in

the image of C;4(I',0). Let f;:A - C be the unique continuous function such that

F(gAx) =[fi(x)9,:1,x] for all x e A. We can identify f4 with an element in C(G,£),
and find that f = f,* f4, which finishes the proof. O

Let us next describe the isotropy groups and the associated twists. We first recall the
following definition.

Definition 5.5. Given a group I' and a group action I'~X, the neighbourhood stabiliser
of x in T is the subgroup I'S = {yeT'| 3z € U open:~|y =idy }.

Proposition 5.6. Let AT be an abelian normal subgroup and o € Z*(T,S') an
A-admissible cocycle. Let (G,E) be the associated twisted groupoid. Then the fibre of
(79,7°) at x € A is given by the twist I, xg SY/N — 'Y /A obtained from I', x, St /A
by dividing out the normal subgroup N = ((a,x(a))|aeA)< IS %, St

Furthermore, given a section s:I'S [A— T and the associated 2-cocycle p € Z2 (T3 /AA),
we define a section 5:T5 /A>T x, SN by 5(h) =[s(h),1]. Then the associated S"-valued
2-cocycle is (xop)-(oo(sxs)).

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 23 Dec 2025 at 08:56:23, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474802510145X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474802510145X
https://www.cambridge.org/core

16 A. Austad and S. Raum

Proof. It is clear that Ig =T} /A. We can thus calculate the fibre

ZE = {[ymx] [y €5, peS'y 2T x, S'/N.
Now fix a section s:T'; /A - T, and define 5(h) = [s(h),1] as in the statement of the result.
For hi,hs € F;/A7 using the fact that x is fixed by I'S, we find that

§(h1)3(h2) = [s(h1),1][s(h2),1]

[p(h1;h2)s(hih2),0(s(h1),s(h2))]
[s(h1h2)(s(h1h2) ™ p(h1,h2)s(hiha)),0(s(h1),s(h2))]
=[s(h1hz),(x ° p(h1,h2))- (0 (s(h1),5(h2)))]
=(xop(h1,h2))-(0(s(h1),5(h2)))5(h1hs).

This shows that (yop)-(oo(sxs)) is indeed a 2-cocycle and that it is the extension
cocycle associated with s. O

6. Proof of the main results

In this section we prove all main results described in the introduction. We start with
three lemmas, which will be used in the proof of Theorem 6.5.

Lemma 6.1. Let T be a group whose subgroups all have the £*-ideal intersection property.
Then any action of T' on a locally compact Hausdorff space has the ¢*-ideal intersection

property.

Proof. Let m:Co(X) %eq ' = A be a *-homomorphism such that 7r|Co(X)><e1F is injective.
Consider the transformation groupoid G =T'x X and the identification Co(X) »yeq ' 2

».a(G). In order to deduce injectivity of m, by Theorem 4.4 it suffices to show that
for all x € X the restriction of m,:C’,4(Z9), —» 7(C:q(Z9))s to LY(ZY), is injective.
Denote by I'C = {geT'| 3z € U open:g|y =idy} the neighbourhood stabiliser of x and let
B=m(Co(X)%eal’s). Using Lemma 4.3, we obtain the following commutative diagram,
where the top row is divided by the respective ideals generated by Co(X\{z}).

Co(X) xp Iy "% B

! |

LNI9)e —=— £1(I3) » Bo —— m(Cloa(Z9))e

This shows that Theorem 4.4 can be applied and finishes the proof. O

We remark that an application of Corollary 4.5 to the transformation groupoid I'x X
only shows that the groupoid L!-algebra has the ideal intersection property, but not the
{*-crossed product, which only admits a contractive embedding Co(X)xp I' = LN (I'x X),
but is not isomorphic to the groupoid algebra.
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Lemma 6.2. Let I' be finite-by-(C*-simple) and o € Z>(I',S'). Then (I',c) satisfies the
0 -ideal intersection property.

Proof. Let F <dT be a finite normal subgroup such that A =T/F is C*-simple and let
o € Z%(I',SY). After a choice of section s:A — I' satisfying s(e) = e, we infer from [PRS9,
Theorem 4.1] that C} ,(T',0) 2 C[F,0] %qa,prea A, where the twisted crossed product is
defined with respect to the maps

a:A - Aut(C[F,0]):

an(uy) = o(s(h), f)o(s(h) fs(h) ™ s(h) Yuseny syt
p:AxA—>U(C[F,o]):

p(h1,h2) = o(s(h1),s(h2))o(s(h1)s(h2)s(hiha)t,s(hih2))ts(hy)s(ha)s(hy o)t -

Inspection of the proof of [PR89, Theorem 4.1] shows that moreover the inclu-
sion (*(I',o) c C;,4(,0) is isomorphic with the inclusion of twisted crossed products
C[F,0]%qa,p0 ASC[F,0]%q,pred A. So it suffices to show that C[F,0] < C[F,0]%q,p,red A
satisfies the ideal intersection property.

Since C[F,o] is finite dimensional, it is a multi-matrix algebra and hence the twisted
C*-dynamical system (C[F,c],A,c,p) decomposes as a direct sum of A-simple dynamical
systems, say C[F,o ]2 @®j, A;. We can apply [BK18, Corollary 4.4] to infer that A; x4, p red
A is simple. So ideals of C[F,0] %4, rea A are precisely of the form

I= @ (Az o, p,red A)
€S

@, Py

for some subset Sc{1,...,n}. If InC[F,0]={0}, then S =@ follows, which in turn implies
1 =0. This finishes the proof of the lemma. O

For the next lemma recall the notion of admissible cocycles from Definition 5.1.

Lemma 6.3. Let A<T be a normal finitely generated abelian subgroup and let
0 €Z*(T,Z/nZ). There is a finite index characteristic subgroup B < A and a B-admissible
cocycle pe7Z*(T,Z|nZ) equivalent to o.

Proof. Denote by o = |Tors(A)| the order of the torsion subgroup of A and let B < A
be the intersection of all its finite index subgroups of index o. Then B has finite index,
since A is finitely generated, and further B is characteristic in A. Also B is a finitely
generated torsion-free abelian group so that the isomorphism Hs(B) = B A B together
with the universal coefficient theorem in cohomology imply that o|pxp € Z?(B,Z/nZ) is
equivalent to a bicharacter. Specifically, there is a map ¢: B - Z/nZ such that (by,bs) —
o (b1,b2) —(b1b2) +(b1) +(b2) is a bicharacter. Extending ¢ to a map ¢:T' — Z/nZ, we
may replace o by an equivalent 2-cocycle p satisfying

p(71,72) = 0 (71,72) = P(172) + @(71) + P(72) for all v1,72 €.
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18 A. Austad and S. Raum

Let i be the index of the finite index subgroup {be B| Vb € B:o(bb') =c(b',b) =0} < B.
We denote by C the intersection of all subgroups of B with index ¢, which is of finite
index and characteristic in B. Consider now the central extension

Z/nZ T »T

associated with p. Since C' is torsion-free, its preimage in I is isomorphic with C ®7Z/nZ
in such a way that the action of I' on it is given by a.(¢,k) = (vey ™ o(7y,¢) +o(ye,y ™))
for all yeT', ce C, ke Z/nZ. In particular, since Z/nZ has exponent n, we find that

(ve"y o) +a(re ) = ay ((€7,0)) = @y ((¢,0))" = ((vey™)",0).

This implies that the subgroup D = {c"|ce C} < C satisfies p(v,d) +p(vd,y™*) =0 for all
vel and de D. By definition D <C' is characteristic. Further it has finite index, because
C' is finitely generated abelian. O

The next definition describes the groups for which we prove the ¢'-ideal intersection
property in the subsequent theorem.

Definition 6.4. We denote by U the class of all discrete groups I' such that the following
three conditions hold for every finitely generated subgroup of A <T":

for every subgroup of A, its amenable radical is a Furstenberg subgroup,

every amenable subgroup of A is virtually solvable, and

there is [ € N such that every solvable subgroup of A is polycyclic of Hirsch length
at most L.

We are now ready to prove the main theorem of this work.

Theorem 6.5. Let I' be a group from the class U, let X be a locally compact Hausdorff
space and let T~X be an action by homeomorphisms. Then T'~X has the ('-ideal
intersection property.

Proof. By Lemma 6.1, it suffices to consider the case where X is a point, that is group
C*-algebras. Further, thanks to Proposition 3.5, it suffices to prove the statement for
groups with a uniform bound on the Hirsch length of their polycyclic subgroups.

We prove the following statement: for I' from the class U and o € Z*(T,S') a 2-cocycle
taking values in a finite subgroup of S', the twisted group C*-algebras C?_,(T,0) has the
0'-ideal intersection property. The statement is clear for finite groups. For an induction,
fix 1> 1 and assume that the ¢'-ideal intersection property holds for all 2-cocycles with
values in a finite subgroup of S* on groups in & whose polycyclic subgroups all have Hirsch
length at most [—1. Let I' be a group in U all whose polycyclic subgroups have Hirsch
length at most /> 1, and let o € Z2(I',S') be a cocycle with values in a finite subgroup of S*,
say Z/nZ cS'. Thanks to Proposition 3.5, we may assume that I' is finitely generated.
Let v:0!(T,0) - Ry be a C*-norm dominated by |-|eq. We denote by A the completion
of £1(T',o') with respect to v. Since I' el and T is finitely generated, its amenable radical
R(T") is virtually polycyclic. If it is finite, we infer from Proposition 2.3 that I itself is
finite-by-(C*-simple). So Lemma 6.2 can be applied. Otherwise, its maximal polycyclic
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subgroup A <R(T") is infinite. Let d be the derived length of A and observe that A1)
is a finitely generated abelian group. By Lemma 6.3, there is a finite index characteristic
subgroup A < A and an A-admissible cocycle p e Z%(I',Z/nZ) equivalent to o. Since
equivalence of cocycles preserves the isomorphism class of twisted group algebras, we may
assume that p=o.

Observe that all the inclusions A < A(®Y <A <R(T') <T are characteristic and hence
A <T is characteristic. In particular, A is normal in T

Denote by (G,€) the twisted groupoid constructed from (I',A,0) as in Definition 5.3.
By Proposition 5.4, there is a commutative diagram

(o) — Cry(To) — A

I e

LHG,6) — C1a(G:€)

We need to prove that 7 is injective.

Since finitely generated abelian groups are C*-unique by Theorem 2.2, the restriction
of 7 to C(A) is injective. Let D = Tors(A) be the torsion subgroup of A, which is dense,
because A is a free abelian group By Theorem 4.4 it suffices to prove that for all y € D
the induced map m,:C7 4 (ZY Ig) - 7(Cr4(Z9,1¢)), is injective on ¢! (Ig,If).

Fix y € D and consider the neighbourhood stabiliser I', = {g € T'| 3x € U open:g|y =idy }
for the action I ~A. Observe that A< I'S. By Proposition 5.6, the inclusion ¢' (Ig Ig) c
Cr (T Ig) is isomorphic with ¢' (IS /A (xop)-(oo(sxs)))cCrq(I5 /A, (XOp) (ao
(sx s))) where s:T'3 /A —T% is a section and p e Z?(I'S /A, A) the associated extension
cocycle. We write & =(xop)-(oo(sxs)).

Let (H,F) be the twisted groupoid associated with (I'},A,0). We have an inclusion of
twisted groupoids (Z9,2%) > (H,F) = (G,E). Let I<]7T(Cred(7'[,.7:)) be the ideal generated
by Co(A\{x}) and observe that we have a commutative diagram

m(Crq(Z9,2%)) —— 7(Cr4(Z9,29)),

l |

T(Clea(H, F)) —— m(Croa (1, F))/1

We write B =7(C;4(#H,F)) and B/I = B,. By Lemma 4.3, the kernel of the restriction
map res,: L' (H,F) - (' (H, Fy) 2 €' (I'S/A,G) is the ideal J generated by the subalgebra
Co(HO\{x}) = Co(A\{x}). Using the fact that we have a commutative diagram

(T3.0)

resy

LN(H,F) —= (*(T'3/A6)

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 23 Dec 2025 at 08:56:23, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474802510145X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474802510145X
https://www.cambridge.org/core

20 A. Austad and S. Raum

we infer that the injection ¢! (I'},0) = B<c A when dividing by Jnot (I'y,0) and I =7(J)
descends to an injection EI(F;/A,&) < By. So the induction hypothesis can be applied,
since A being infinite, the Hirsch length of every subgroup of I'} /A is at most {-1. So
we have shown that we have a commutative diagram

(T3 /AG) —— B,

((I9.28) — w(C1a(T9,75)),
which implies what we had to show. O

We now describe several classes of groups to which Theorem 6.5 applies. Our first
application concerns the large class of acylindrically hyperbolic groups. We remark that
the ¢!-ideal intersection property for their group algebras can be deduced directly from
Lemma 6.2, while the general statement for dynamical systems could be deduced using
solely Lemma 6.1 and C*-uniqueness of virtually cyclic groups.

Corollary 6.6. Let I' be an acylindrically hyperbolic group. Then any action of I' on a
locally compact Hausdorff space has the £*-ideal intersection property.

Proof. In order to apply Theorem 6.5, we need to check all conditions of Definition 6.4.
By [DGO17, Theorem 2.35] combined with Proposition 2.3 the first condition is satisfied.
The second and third conditions are satisfied thanks to [Osil6, Theorem 1.1], which says
that subgroups of acylindrically hyperbolic groups are virtually cyclic or contain a copy
of the free group. O

In order to obtain our next class of examples to which our main result applies, we need
the following result, which is folklore. We refer the reader unfamiliar with Lie theory to
[OV90, Table 9, p. 312-317] for the classification of simple real Lie algebras and their
rank, which by definition is the dimension of a maximal R-diagonalisable Lie subalgebra.

Proposition 6.7. Let I' be a lattice in a connected Lie group. Then there is | € N such
that every solvable subgroup of T is virtually polycyclic and has Hirsch length at most I.

Proof. Let G be a connected Lie group in which I" is a lattice. By [Pra76, Lemma 6],
there is a normal subgroup A <T" such that A is virtually a lattice in a connected solvable
Lie group and T'/A is a lattice in a connected semisimple Lie group with trivial centre and
without compact factors. By [Rag72, Proposition 3.7] every lattice in a connected simply
connected solvable Lie group is polycyclic of Hirsch length bounded by the dimension of
the Lie group. Since every connected solvable Lie group is a quotient by a central discrete
subgroup of its universal cover, the conclusion applies to lattices in arbitrary connected
solvable Lie groups. So we may assume for the rest of the proof that I' is a lattice in a
connected semisimple Lie group G with trivial centre and without compact factors.
Passing to a finite index subgroup of I', there are direct product decompositions
G=T1~,G; and T =T]-; T'; such that I'; <G, is an irreducible lattice [Rag72, Theorem
5.22]. Tt hence suffices to consider the case where I' < G is already irreducible. Assuming
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that G is locally isomorphic with SO* (n,1) or SU(n,1), the group I acts on the hyperbolic
boundary of G. Thus, every solvable subgroup of G is virtually cyclic, finishing the proof
in this case. Assume that G is not locally isomorphic with either SO*(n,1) or SU(n,1).
Then the arithmeticity theorems of Margulis for lattices in semisimple Lie groups of higher
rank presented in [Mar91, Chapter IX] and [Zim84, Theorem 6.1.2], and the arithmeticity
theorem for simple Lie groups of rank one locally isomorphic with Sp(n,1) or Fy(_s9) by
Corlette [Cor92] and Gromov-Schoen [GS92] applies to show that I is virtually linear over
Z. Say it virtually embeds into GL,,(Z). Now [DFO13, Proposition 2.9] says that there
is I =1(n) such that every solvable subgroup of GL,,(Z) is polycyclic of Hirsch length at
most [. O

Corollary 6.8. Let I" be a lattice in a connected Lie group. Then any action of ' on a
locally compact Hausdorff space has the ' -ideal intersection property.

Proof. In order to apply Theorem 6.5, we have to check all conditions of Definition 6.4.
Let A be the amenable radical of I'. Then by [Pra76, Lemma 6], we infer that A is virtually
a lattice in a connected solvable Lie group and that I'/A is a lattice in a semisimple Lie
group with trivial centre and without compact factors. Since Lie groups with trivial
centre are linear, [Bre+17, Theorem 6.9] implies that T'/A is C*-simple. So the first
condition of Definition 6.4 is verified thanks to Proposition 2.3. Also, the Tits alternative
for linear groups in characteristic zero [Tit72] shows that every amenable subgroup of
['/A is virtually solvable. Since A is virtually solvable, this shows that every amenable
subgroup of I' is virtually solvable. This checks the second condition of Definition 6.4. In
order to verify the last one, we can apply Proposition 6.7. O

A variation of the core arguments in the previous theorem, also covers many linear
groups.

Corollary 6.9. Let I' be a linear group over the integers of a number field. Then any
action of I' on a locally compact Hausdorff space has the £'-ideal intersection property.

Proof. Let I' be as in the statement of the theorem. We have to check all three conditions
of Definition 6.4. The first condition is satisfied thanks to Proposition 2.3 combined with
[Bre+17, Theorem 6.9]. The second condition holds thanks to the Tits alternative for
linear groups in characteristic zero [Tit72]. The last condition holds thanks to [DFO13,
Proposition 2.9]. O

Our final class of examples to which Theorem 6.5 applies are virtually polycyclic groups,
and more generally locally virtually polycyclic groups, which are precisely those groups
whose finitely generated subgroups are virtually polycyclic. We also state the result in
terms of C*-uniqueness.

Corollary 6.10. Let I' be a locally virtually polycyclic group. Then any action of T on a
locally compact Hausdorff space has the £'-ideal intersection property. In particular, every
locally virtually polycyclic group is C*-unique.
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Proof. By Proposition 3.5, it suffices to show that every virtually polycyclic group
satisfies the conditions of Definition 6.4. The first condition is satisfied since virtually
polycyclic groups are amenable. The second condition holds, since every subgroup of a
polycyclic group is polycyclic. Finally, the Hirsch length is monotone for inclusions of
groups, so that the last condition is also satisfied. Now Theorem 6.5 applies. O

Remark 6.11. It would be interesting to understand whether all linear groups have the
(1-ideal intersection property. We expect that a positive answer can be obtained. However,
the groupoid techniques employed in the present work will likely not be sufficient to prove
such a result for two reasons. First, there need not be any torsion points in the dual of an
abelian group, so that an induction like in the proof of Theorem 6.5 cannot be performed.
Second, following the strategy of the present work, there is no clear induction variable
available for solvable groups which are not polycyclic. The derived length is not suitable.
Indeed, the induction step in the proof of Theorem 6.5 only divides out a (possibly proper)
infinite subgroup of the last term in the derived series.

Concrete examples of solvable, non-polycyclic groups can nevertheless be covered by
our present methods. The arguments presented show that metabelian groups have the
?'-ideal intersection property, since each such group is an inductive limit of semi-direct
products AxZ™ for some monotone sequence of natural numbers (n;);. We don’t give
any details of the argument. Many metabelian groups are already known to have the
¢*-ideal intersection property by [Boi+78, p. 11 Korollar].

Remark 6.12. Another interesting direction of research would approach cocycle twists
of group C*-algebras already known to have the ¢!-ideal intersection property. For groups
which are finite-by-(C*-simple), this is the content of Lemma 6.2, however, for virtually
polycyclic groups, our proof techniques only apply to twists by cocycles with a finite
image. The same obstruction is inherited to the case of lattices in Lie groups.
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