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Abstract We introduce the �1-ideal intersection property for crossed product C∗-algebras. It is implied
by C∗-simplicity as well as C∗-uniqueness. We show that topological dynamical systems of arbitrary
lattices in connected Lie groups, arbitrary linear groups over the integers in a number field and arbitrary
virtually polycyclic groups have the �1-ideal intersection property. On the way, we extend previous results
on C∗-uniqueness of L1-groupoid algebras to the general twisted setting.

1. Introduction

Crossed products associated with topological dynamical systems are among the prime

sources of examples in the theory of C∗-algebras. In recent years, amenable dynamical
systems received abundant attention in the context of Elliott’s classification programme

(see e.g. [HWZ15; Sza15; DPS15; KS20]), while reduced group C∗-algebras were put in

the spotlight by breakthrough results on C∗-simplicity [KK17; Bre+17; Ken20; Haa16].
A foundational problem about crossed product C∗-algebras concerns their ideal

structure. For tame dynamical systems it is possible to give a complete description of

the primitive ideal space of the associated crossed product in terms of induced primitive

ideals, thanks to the Mackey machine [Ros94; EW08]. For wilder dynamical systems
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2 A. Austad and S. Raum

and for group C∗-algebras, it is the question of simplicity that received most attention.
Following seminal work on simplicity of group C∗-algebras [KK17; Bre+17], a satisfactory

characterisation of topological dynamical systems whose crossed product C∗-algebras are

simple could be obtained in [Kaw17]. This line of research even led to complete results
about simplicity of C∗-algebras associated with étale groupoids [Bor19; Ken+21]. One

important insight from the study of the ideal structure of groupoid C∗-algebras originated

in [Tom92] and says that specific subalgebras have the potential to detect ideals.
Much fewer results are available for dynamical systems that neither are tame nor give

rise to simple crossed products. However, the idea of employing subalgebras to detect

ideals had surfaced earlier in a completely different context. In work on abstract harmonic

analysis and representation theory of solvable Lie groups, the concept of C∗-uniqueness of
L1-convolution algebras was introduced in the late 1970s and early 1980s [Boi+78; Boi84].
This notion can be reformulated as an ideal intersection property for the inclusion L1(G) ⊆
C∗(G). While for exponential solvable Lie groups Boidol could establish conclusive results
[Boi80], there have been no noteworthy advances in the investigation of C∗-uniqueness

of discrete groups beyond the positive results for virtually nilpotent groups and some

metabelian groups in the late 1970s [Boi+78]. It is considered an open question whether
every amenable discrete group is C∗-unique [LN04, Remark 3.6]. In some recent work

starting with [GMR18], variations of C∗-uniqueness replacing the �1-convolution algebra

of a discrete group by its complex group algebra have been considered. Results from

[AK19; Ale19; Sca20] create an unclear image of which groups might have this property
termed algebraic C∗-uniqueness.

The aim of this article is to introduce and study a new ideal intersection property

for crossed product C∗-algebras, which can be established for a large class of examples
including all C∗-simple groups and all C∗-unique groups. At present, we have no example

of a topological dynamical system Γ↷X that fails the following �1-ideal intersection

property (compare with Definition 3.1): every non-zero ideal of the C∗-algebraic crossed
product C0(X)⋊redΓ has non-zero intersection with the �1-crossed product C0(X)⋊�1 Γ.

The next two theorems describe large classes of non-amenable and amenable examples of

groups for which we can establish the �1-ideal intersection property.

Theorem A (See Corollary 6.6, Corollary 6.8 and Corollary 6.9). Let Γ be either an

acylindrically hyperbolic group, a lattice in a connected Lie group or a linear group over
the integers in a number field. Then every action of Γ on a locally compact Hausdorff

space has the �1-ideal intersection property.

We remark that (acylindrically) hyperbolic groups, mapping class groups, and arith-

metic groups fall in the scope of our theorem. For amenable groups the �1-ideal intersection

property coincides with the notion of C∗-uniqueness, so that we obtain the first major
enlargement since [Boi+78] of the class of groups for which this property is known.

Theorem B (See Corollary 6.10). Every action of a locally virtually polycyclic group

on a locally compact Hausdorff space has the �1-ideal intersection property. In particular,

every locally virtually polycyclic group is C∗-unique.
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Detecting ideals in reduced crossed product C*-algebras 3

We remark that also metabelian groups can be covered by our methods, as noted
in Remark 6.11. Thus our results cover and extend all previously known examples of

C∗-unique groups. In order to obtain the results above, we establish a general criterion

on groups to satisfy the �1-ideal intersection property for all their dynamical systems.
It combines assumptions that relate to C∗-simplicity with conditions on the structure of

amenable subgroups.

Theorem C (See Theorem 6.5). Let Γ be a discrete group such that the following three

conditions hold for every finitely generated subgroup Λ ≤ Γ:

• the amenable radical of Λ is a Furstenberg subgroup,
• every amenable subgroup of Λ is virtually solvable, and
• there is l ∈N such that every solvable subgroup of Λ is polycyclic of Hirsch length

at most l.

Then every action of Γ on a locally compact Hausdorff space has the �1-ideal intersection

property.

The proof of Theorem C leverages and extends recent developments in the structure

theory of groupoid operator algebras in order to set up an induction scheme. The

assumptions on amenable subgroups are exploited to construct a twisted groupoid, which
is analysed from the point of view of the L1-ideal intersection property for groupoids,

previously studied in [AO22]. Ultimately our induction argument reduces the maximal

possible Hirsch length of polycyclic subgroups. The following generalisation of work from

[AO22] allows us to analyse the twisted groupoids we obtain when applying our strategy.
It might be of independent interest.

Theorem D (See Corollary 4.5). Let E be a twist over a second-countable locally compact

étale Hausdorff groupoid G. Assume that there is a dense subset D ⊆ G(0) such the fibres

(IGx ,IEx ) have the �1-ideal intersection property for all x ∈D. Then (G,E) has the L1-ideal

intersection property.

Structure of the article

In Section 2, we introduce necessary background material and fix notation. In Section 3 we
formally define the �1-ideal intersection property for twisted C∗-dynamical systems and

show in particular that it is closed under directed unions of groups. In Section 4 we study

the L1-ideal intersection property for twisted groupoids. In Section 5 we present certain
twisted group C∗-algebras as twisted groupoid C∗-algebras, which is a key ingredient for

the subsequent Section 6, where we obtain our main results.

2. Preliminaries

Convention 2.1. All groups in this article are discrete unless otherwise specified. Every

ideal in a C∗-algebra will be assumed to be closed and two-sided.
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4 A. Austad and S. Raum

2.1. Virtually polycyclic groups

A group Γ is called polycyclic if there exists a subnormal series

1 = Γ0 �Γ1⋯�Γn−1 �Γn = Γ

such that each of the factor groups Γi/Γi−1 is cyclic. The group is called poly-Z if each of
the factor groups is isomorphic to Z.

It is known that polycyclic groups are precisely the solvable groups for which every

subgroup is finitely generated, see [Seg83, Chapter 1, Proposition 4]. We also recall from
[Seg83, Chapter 1, Proposition 2] that a group Γ is virtually polycyclic if and only if it is

(poly-Z)-by-finite.

The Hirsch length of a virtually polycyclic group Γ is the number of infinite cyclic
factors in a subnormal series with cyclic or finite factors. It is denoted by h(Γ). See
[Seg83, Chapter 1, Part C] for a discussion of the Hirsch length and its properties. In

particular, we will make use of the following properties:

• If Λ ≤ Γ, then h(Λ) ≤ h(Γ). Equality holds if and only if [Γ ∶Λ] <∞.
• If Λ�Γ is normal, then h(Γ) = h(Λ)+h(Γ/Λ).

2.2. C*-uniqueness

A group Γ is called �1-to-C∗-unique or just C∗-unique for short if �1(Γ) has a

unique C∗-norm. It is clear that every C∗-unique group is amenable and that a group
Γ is C∗-unique if and only if �1(Γ) has non-zero intersection with every non-zero ideal of

C∗(Γ). The following result is a special case of [Boi+78, Satz 2].

Theorem 2.2. Every finitely generated group of polynomial growth is C∗-unique.

In this work we will only need to apply Theorem 2.2 in the special case of finitely

generated torsion-free abelian groups, that is, groups isomorphic to Z
n for some n ∈ N.

For the sake of a self-contained presentation, we give a short and direct proof in this case.

Proof of Theorem 2.2 for Z
n. It suffices to show that �1(Zn) ⊆C∗(Zn) has the ideal

intersection property. Consider the Schwartz algebra

S(Zn) = {f ∈ �1(Zn) ∣ ∀k ∈N ∶ f(x)∣x∣k → 0 as x�→∞}

and the Fourier isomorphism F∶C∗(Zn) �→ C(Tn). Then F(S(Zn)) = C∞(Tn) is the

algebra of smooth functions and it suffices to show that C∞(Tn) ⊆C(Tn) has the ideal

intersection property. If I = {f ∈ C(Tn) ∣ f ∣A ≡ 0} for some proper closed subset A ⊆ T
n

is an ideal in C(Tn), then there is a non-zero smooth function f ∈ C∞c (Tn/A) ⊆ I. So

I ∩C∞(Tn) ≠ 0.

2.3. C*-simplicity

In this section we recall some terminology from the theory of C∗-simple groups, and state
one result which is needed for our work and can be directly deduced from the literature.

A group Γ is called C∗-simple if C∗red(Γ) is simple. It is clear that every C∗-simple group

has the �1-ideal intersection property.
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Detecting ideals in reduced crossed product C*-algebras 5

As proven in [Bre+17], a group Γ is C∗-simple if and only if it acts freely on its

Furstenberg boundary ∂FΓ. We call a stabiliser group of this action a Furstenberg

subgroup. Recall also that the amenable radical R(Γ) is the largest amenable normal
subgroup of Γ. Requiring the amenable radical of a group Γ to be a Furstenberg subgroup

is equivalent to the requirement that the induced action of Γ/R(Γ) is free. We need the

following result that is not explicitly stated in the literature.

Proposition 2.3. Let Γ be a group whose amenable radical is a Furstenberg subgroup.
Then Γ/R(Γ) is C∗-simple.

Proof. It follows from [Kaw17, Corollary 8.5] that the C∗-algebra generated by the image

of the quasi-regular representation with respect to a Furstenberg subgroup is simple. So

by assumption C∗red(Γ/R(Γ)) = λΓ/R(Γ)(C∗red(Γ)) is simple.

2.4. Twisted C*-dynamical systems

A twisted C∗-dynamical system is a tuple (A,Γ,α,σ) where A is a C∗-algebra, Γ is a group
and α∶Γ→Aut(A), σ∶Γ×Γ→U(M(A)) are maps satisfying

αg1 ○αg2 =Ad(σ(g1,g2))○αg1g2

σ(g1,g2)σ(g1g2,g3) = αg1(σ(g2,g3))σ(g1,g2g3)
σ(g1,e) = σ(e,g1) = 1

for all g1,g2,g3 ∈ Γ. The special case of A =C corresponds exactly to a group Γ with the

choice of a 2-cocycle in Z2(Γ,S1).
Denoting by π∶A→B(H) the universal representation of A, the reduced twisted crossed

product associated with (A,Γ,α,σ) is the C∗-subalgebra A ⋊α,σ,red Γ ⊆ B(H ⊗ �2(Γ))
generated by the elements πα(a)λσ(g) for a ∈ A, g ∈ Γ, where πα∶A→ B(H ⊗ �2(Γ)) is

given by

πα(a)(ξ⊗δg) = π(α−1g (a))ξ⊗δg

and λσ is the twisted regular representation given by

λσ(γ)(ξ⊗δg) = π(σ((γg)−1,γ))ξ⊗δγg .

Here a ∈ A, γ,g ∈ Γ and ξ ∈H. If A = C, then the reduced twisted crossed product C∗-
algebra is equal to the reduced twisted group C∗-algebra where the twist is given by the

2-cocycle associated to the twisted C∗-dynamical system.

The ∗-algebra generated by the elements πα(a)λσ(g) for a ∈A, g ∈ Γ can be equipped
with the �1-norm

�����������
∑
g∈Γ

πα(ag)λσ(g)
������������1

= ∑
g∈Γ

∥ag∥ .

Its completion with respect to this norm is the twisted �1-crossed product A⋊α,σ,�1 Γ.
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6 A. Austad and S. Raum

Convention 2.4. Below we will need to consider restrictions of a twisted C∗-dynamical
system (A,Γ,α,σ) to subgroups Λ ≤Γ. For notational ease, we will denote the restrictions
of α and σ by the same symbols.

2.5. Twisted groupoid algebras

For material on étale Hausdorff groupoids and groupoid twists we refer the reader to
[SSW20]. We recall the definition of a twist over a groupoid and its convolution algebra,

which will be used in this article.

Definition 2.5. Let G be an étale groupoid. A twist over G is a sequence

G(0)×S1 E Gi q

where G(0) ×S1 is the trivial group bundle with fibres S1, where E is a locally compact
Hausdorff groupoid with unit space i(G(0) ×{1}), and i and q are continuous groupoid

homomorphisms that restrict to homeomorphisms of unit spaces, such that

• i is injective,
• E is a locally trivial G-bundle, that is, for every point g ∈ G there is an open

neighbourhood U that is a bisection and on which there exists a continuous section
S∶U �→E satisfying q ○S = idU , and such that the map (g,μ)↦ i(r(g),μ)S(g) is a
homeomorphism of U ×S1 onto q−1(U)

• i(G(0)×S1) is central in E , that is, i(r(g),μ)g = gi(s(g),μ) holds for all g ∈ E and
μ ∈ S1, and

• q−1(G(0)) = i(G(0)×S1).

Notation 2.6. A twist as in the definition above will be denoted by (E,i,q) or simply

by E if no confusion is possible. Further, we will frequently identify the unit space of E
and G.

Given a twist q∶E ↠ G over a locally compact étale Hausdorff groupoid G we write

C(G,E) ∶= {f ∈Cc(E) ∣ f(μ ⋅g) = μf(g) for all g ∈ E and μ ∈ S1} ,

which becomes a ∗-algebra when equipped with the following convolution product

and involution [Kum86, Proposition 5]. We consider the action S1↷C × E given by

μ(z,g) = (μz,μg) and let C×S1 E be the quotient, which is a complex line bundle over
G. It carries a partially defined product (that is, it is a small category) given by

[z1,g1][z2,g2] = [z1z2,g1g2] for any pair of composable elements g1,g2 ∈ E . The space C(G,E)
is isomorphic with the space of sections Γ(C×S1 E → G) by mapping f ∈ C(G,E) to the
section q(g) ↦ [f(g),g]. This is well-defined since (f(μg),μg) = (μf(g),μg) = μ(f(g),g)
holds. The space Γ(C×S1 E → G) carries the natural involution f∗(g) = f(g−1) and the

convolution product

f1 ∗f2(g) = ∑
g1g2=g

f1(g1)f2(g2) ,

for f,f1,f2 ∈ Γ(C×S1 E) and g ∈ G.
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Detecting ideals in reduced crossed product C*-algebras 7

Remark 2.7. The attentive reader will have noticed that our conventions for C(G,E)
slightly differ from the usual requirement that f(μg)=μf(g). This goes hand-in-hand with
the divergence from Kumjian’s convention μ(z,g) = (μz,μg). Our choice of conventions is

justified by the following example, which is the basis for understanding the construction

presented in Section 5.

Given a discrete group Γ and a cocycle σ ∈ Z2(Γ,S1) one associates the central
extension S1 ↪ Γ×σ S

1 ↠ Γ, where the product in Γ×σ S
1 is given by (γ1,μ1)(γ2,μ2) =

(γ1γ2,σ(γ1,γ2)μ1μ2). We observe that (Γ,Γ×σ S
1) is a twisted groupoid and one expects

an identification C(Γ,Γ×σ S
1) ≅C[Γ,σ]. This is the case with our conventions, while the

usual conventions yield the isomorphism C(Γ,Γ×σ S
1) ≅C[Γ,σ].

Let us elaborate. For γ ∈ Γ, we define the section fγ(γ′) = δγ,γ′[1,γ,1] ∈C×S1 (Γ×σ S
1).

Observe that the function in C(Γ,Γ×σ S
1) associated with it is the unnatural map (γ,μ)↦

δγ,γ′μ. We show that the map γ ↦ fγ is σ-twisted multiplicative. Indeed, for γ1,γ2,g ∈ Γ
we make the calculation

fγ1
∗fγ2

(g) = ∑
g=g1g2

fγ1
(g1)fγ2

(g2)

= δg,γ1γ2
[1,γ1,1][1,γ2,1]

= δg,γ1γ2
[1,γ1γ2,σ(γ1,γ2)]

= δg,γ1γ2
[σ(γ1,γ2),γ1γ2,1]

= σ(γ1,γ2)δg,γ1γ2
[1,γ1γ2,1]

= σ(γ1,γ2)fγ1γ2
(g) .

This justifies our conventions sufficiently.

Convention 2.8. If Γ is a group, then a twist over Γ is the same as an extension

1→ S1 →E → Γ→ 1 and hence up to choice of a section Γ→E the same as an element
in H2(Γ,S1). In view of Remark 2.7, in some situations we continue to use the notation

C∗red(Γ,E) for the associated twisted group C∗-algebra.

We will also use the following completions of the twisted groupoid algebra C(G,E).

• L1(G,E) denotes its I -norm completion, which is a Banach ∗-algebra. Specifically,
it is the completion of C(G,E) in the norm

∥f∥I =max{ sup
x∈G(0)

{ ∑
g∈Ex

∣f(g)∣}, sup
x∈G(0)

{ ∑
g∈Ex

∣f(g)∣}}

for f ∈ C(G,E).
• C∗(G,E) denotes the enveloping C∗-algebra of L1(G,E), and
• C∗red(G,E) denotes the reduced C∗-algebra completion of L1(G,E).

For a locally compact étale Hausdorff groupoid G we denote the interior of its isotropy
groupoid by IG . For x ∈ G(0), let IGx be the group appearing in the fibre x of IG . It has

been shown in [Arm22, Corollary 2.11] that for a twist E over a locally compact étale

Hausdorff groupoid G
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8 A. Austad and S. Raum

• the interior of the isotropy subgroupoid IE is a twist over the interior of the
isotropy subgroupoid IG , and

• for each x ∈ G(0), the isotropy group IEx is a twist over the isotropy group IGx .

We will apply the following result on the ideal intersection property for twisted groupoid

C∗-algebras associated with a twist over a locally compact étale Hausdorff groupoid and

its restriction to the interior of the isotropy bundle. We summarise results from [Arm22,
Proposition 6.1 and Theorem 6.3], which generalised previous work in the untwisted case

published in [Bro+16].

Theorem 2.9 [Arm22]. Let E be a twist over a second-countable locally compact étale

Hausdorff groupoid G. There is an injective ∗-homomorphism ι∶C∗red(IG,IE)→C∗red(G,E)
such that

ι(f)(g) =
⎧⎪⎪⎨⎪⎪⎩

f(g) if g ∈ IE

0 if g /∈ IE ,

for all f ∈ C(IG,IE) and all g ∈ E. The image of ι has the ideal intersection property in

C∗red(G,E).

3. The �1-ideal intersection property for twisted C∗-algebraic dynamical

systems: basic results

In general, an inclusion of (C∗-)algebras A ⊆B has the ideal intersection property, if every

non-zero ideal in B has non-zero intersection with A. We are interested in this property for

the inclusion of �1-algebras into C∗-algebras associated with twisted C∗-dynamical sys-
tems. In this section we therefore define the ideal intersection property in this generality,

before deriving some useful reformulations and results which come in handy later.

Definition 3.1. A twisted C∗-dynamical system (A,Γ,α,σ) is said to have the �1-ideal

intersection property if every non-zero ideal in A⋊α,σ,redΓ has non-zero intersection with
A⋊α,σ,�1 Γ.

In situations, where part of the twisted action is trivial, e.g. for twisted group

C∗-algebras associated with a pair (Γ,σ) or untwisted crossed products associated with
an action Γ↷X, we simplify notation and say that (Γ,σ), respectively Γ↷X, has the

ideal intersection property.

Remark 3.2. Let us put the notion introduced in the previous definition into context.

• Every twisted C∗-dynamical system with a simple crossed product trivially has the
�1-ideal intersection property. Such systems arise from C∗-simple groups [BK18].

• For an amenable twisted C∗-dynamical system (A,Γ,α,σ) the �1-ideal intersection
property is equivalent to C∗-uniqueness of A⋊α,σ,�1 Γ. This can be inferred from
the fact that reduced and universal crossed products of such systems coincide
combined with [Bar83, Proposition 2.4]. Alternatively, Proposition 3.3 below can
be employed.

https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474802510145X
Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 23 Dec 2025 at 08:56:23, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474802510145X
https://www.cambridge.org/core


Detecting ideals in reduced crossed product C*-algebras 9

The following reformulation shows that the �1-ideal intersection property for twisted
C∗-dynamical systems is a question of minimality of the reduced C∗-algebra norm on

A⋊�1,σ Γ. It will be frequently used without further reference.

Proposition 3.3. Let (A,Γ,α,σ) denote a twisted C∗-dynamical system. The following

conditions are equivalent.

(i) (A,Γ,α,σ) has the �1-ideal intersection property.

(ii) If a ∗-homomorphism into a C∗-algebra π∶A⋊α,σ,redΓ→B is injective on A⋊α,σ,�1Γ

then it is injective itself.

(iii) The reduced C∗-norm on A⋊α,σ,�1 Γ is minimal.

Proof. Suppose that (A,Γ,α,σ) has the �1-ideal intersection property and let π∶A⋊α,σ,red

Γ→B be injective on A⋊α,σ,�1 Γ. Then kerπ∩A⋊α,σ,�1 Γ = {0} implies that kerπ = 0. So
π itself is injective.

Assume next that Item (ii) holds and let ν∶A⋊α,σ,�1 Γ→R≥0 be a C∗-norm dominated

by the reduced C∗-norm. Denoting by B = A⋊α,σ,�1 Γ
ν

the completion, the natural

∗-homomorphism π∶A⋊α,σ,redΓ→B is faithful on the �1-crossed product. The assumption

implies that π is injective and henceforth isometric. Thus, ν is equal to the reduced
C∗-norm.

Now assume that Item (iii) holds and let I �A⋊α,σ,red Γ be a non-zero ideal with

quotient map π∶A⋊α,σ,red Γ → B, which is contractive. The assumption allows us to

infer that kerπ∩A⋊α,σ,�1 Γ ≠ {0}. Since I = kerπ and I was arbitrary, we conclude that
(A,Γ,α,σ) has the �1-ideal intersection property.

Remark 3.4. The analogue of the minimality of the reduced C∗-norm featuring in Item

(iii) of Proposition 3.3 has previously been introduced for algebraic group rings in [AK19]
under the name C∗r -uniqueness.

Let us also remark that an amenable group has the �1-ideal intersection property if and

only if it is C*-unique.

We next show that the �1-ideal intersection property is closed under directed unions,

in the following precise sense.

Proposition 3.5. Let (A,Γ,α,σ) be a twisted C∗-dynamical system. Assume that

Γ = ⋃i∈I Γi is a directed union such that (A,Γi,α,σ) has the �1-ideal intersection property

for all i ∈ I. Then (A,Γ,α,σ) has the �1-ideal intersection property.

Proof. We employ the characterisation in Item (ii) of Proposition 3.3 of the �1-ideal

intersection property. Let π∶A⋊α,σ,redΓ→B be a ∗-homomorphism whose restriction to
the �1-crossed product is injective. The assumptions imply that for all i ∈ I the restriction

π∣A⋊α,σ,redΓi
is injective and thus isometric. Since ⋃i∈IA⋊α,σ,redΓi is dense in A⋊α,σ,redΓ,

the result follows.
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10 A. Austad and S. Raum

4. The L1-ideal intersection property for twisted groupoids and their

isotropy bundles

In this section we prove the L1-ideal intersection property for certain twisted groupoids,

in the same spirit as [AO22] did for cocycle twisted groupoids. In view of applications in

Section 6, our statements are established in slightly greater generality.

Definition 4.1. A twisted locally compact étale Hausdorff groupoid (G,E) is said to

have the L1-ideal intersection property if every non-zero ideal of C∗red(G,E) has non-zero

intersection with L1(G,E).

The next result shows that in order to establish the L1-ideal intersection property for a

twisted groupoid, it suffices to study its isotropy bundle. It is a direct consequence of Arm-

strong’s results recalled in Section 2.5, and its analogue in the context of C∗-uniqueness
of cocycle twisted groupoid C∗-algebras was obtained in [AO22, Proposition 3.2].

Proposition 4.2. Let G be a second-countable locally compact étale Hausdorff groupoid

and let E be a twist over G. If (IG,IE) has the L1-ideal intersection property, then so
does (G,E).

Proof. Let I�C∗red(G,E) be a non-zero ideal. Appealing to the work of [Arm22] described
in Theorem 2.9 and identifying C∗red(IG,IE) with its image in C∗red(G,E), we find that

J = I ∩C∗red(IG,IE) is a non-zero ideal. By assumption, we can thus conclude that

0 ≠ J ∩L1(IG,IE) ⊆ I ∩L1(G,E)

which completes the proof.

In the remainder of this section we aim to prove that if sufficiently many fibres of the

isotropy bundle have the �1-ideal intersection property, then the full isotropy bundle has
the L1-ideal intersection property. Following the same strategy as in [AO22], we achieve

this by decomposing any C∗-completion of L1(IG,IE) as a C∗-bundle over G(0). We will

need the following lemma in order to describe the fibres of this bundle. It generalises

[AO22, Lemma 3.4], but we give a shorter proof applicable in greater generality, which is
later needed in the proof of Theorem 6.5. Given a groupoid G, we call x ∈ G(0) strongly
fixed if Gx = IGx , that is every groupoid element whose source (or range) is x lies in the

interior of the isotropy bundle.

Lemma 4.3. Let E be a twist over a locally compact étale Hausdorff groupoid G. Assume

that x ∈ G(0) is a strongly fixed point and denote by resx∶L1(G,E) �→ L1(Gx,Ex) the

restriction map and by Ix its kernel. Then resx is a continuous ∗-homomorphism which
induces an isometric ∗-isomorphism between L1(G,E)/Ix and L1(Gx,Ex). Further, Ix is

the ideal generated by C0(G(0)/{x}).

Proof. It is clear that resx is continuous and in order to show that it induces an isometric

∗-isomorphism, it suffices to show that resx∣C(G,E) factors through to an isometry with

dense image.
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Detecting ideals in reduced crossed product C*-algebras 11

We first prove density. Let fx ∈ C(Gx,Ex) be arbitrary. Considering Ex ⊆ E as a closed

subset and making use of local compactness of the latter, Tietze’s theorem provides some
function f̃x ∈Cc(E) such that f̃x∣Ex = fx. Define

f(g) = ∫
S1
μf̃x(μg)dμ .

Then f ∈ C(G,E) holds thanks to invariance of the Haar measure, and f ∣Ex = fx by

S1-equivariance of fx. This proves density of the image.

Given f ∈ C(G,E) and ε > 0 there is a neighbourhood U ⊆ G(0) of x such that suppf ∩
s−1(U) ⊆ IE and ∣∥resy(f)∥−∥resx(f)∥∣ < ε for all y ∈U . Since G(0) is locally compact, by

Tietze’s theorem there is g ∈C(G(0)) with 0 ≤ g ≤ 1, g∣G(0)/U ≡ 1 and g(x) = 0. Then f ∗g ∈ Ix
and we find that

∥f +Ix∥ ≤ ∥f −f ∗g∥ ≤ sup
y∈U

∥resy(f)∥ ≤ ∥resx(f)∥+ε .

Further,

∥resx(f)∥ = inf
h∈Ix

∥resx(f +h)∥ ≤ inf
h∈Ix

∥f +h∥ = ∥f +Ix∥ .

It remains to show that Ix is equal to the ideal J generated by C0(G(0)/{x}) in L1(G,E). If
f ∈ Ix and ε > 0, there is f̃ ∈ C(G,E) such that ∥f − f̃∥I < ε. Thus ∥resx(f̃)∥ < ε and hence we

find as above g ∈C0(G(0)/{x}) such that ∥f̃ − f̃ ∗g∥I < ε. This implies that ∥f − f̃ ∗g∥ < 2ε.
Since f̃ ∗g ∈ J and ε > 0 was arbitrary, this finishes the proof.

We are now ready to prove the main result of this section, which generalises [AO22,
Theorem 3.1]. It is stated and proven in the generality needed for Theorem 6.5. Extending

usual conventions and accepting zero-fibres, for a ∗-homomorphism C0(X) →Z(M(A)),
we denote by Ax the quotient of A by the ideal generated by the image of C0(X/{x}).

Theorem 4.4. Let E be a twist over a second-countable locally compact étale Hausdorff
groupoid G. Assume that there is a dense subset D ⊆ G(0) such that �1(IGx ,IEx ) ⊆
C∗red(IGx ,IEx ) has the ideal intersection property for all x ∈D. Let π∶C∗red(G,E) →A be a

∗-homomorphism into a C∗-algebra which is injective on C0(G(0)), so that π(C∗red(IG,IE))
becomes a C0(G(0))-algebra. For x ∈ G(0), consider the ∗-homomorphism

πx∶C∗red(IGx ,IEx ) → π(C∗red(IG,IE))x
obtained from π∣C∗

red
(IG,IE) after passing to the quotient by the ideals generated by

C0(G(0)/{x}). If πx restricts to an injection of �1(IGx ,IEx ) for all x ∈D, then π is injective.

Proof. Let π∶C∗red(G,E)→A and D ⊆G(0) be as in the statement of the theorem. Without

loss of generality, we may assume that π is non-degenerate. By Theorem 2.9, it suffices
to show that π∣C∗

red
(IG,IE) is injective. Since πx∣�1(IGx ,IEx )

is injective for all x ∈D, it is in

particular non-zero, so that density of D ⊆ G(0) implies that π∣C0(G(0)) is injective. Hence

B =π(C∗red(IG,IE)) is a C0(G(0))-algebra. Denote by B = (Bx)x the upper semi-continuous

C∗-bundle associated with it by [Nil96, Theorem 2.3], which recovers B as the algebra of

sections B ≅ Γ0(B).
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12 A. Austad and S. Raum

By Lemma 4.3, we obtain the following commutative diagram upon taking quotients
by the ideal generated by C0(G(0)/{x}) in each algebra of its top row.

L1(IG,IE) C∗red(IG,IE) B

�1(IGx ,IEx ) C∗red(IGx ,IEx ) Bx
πx

For x ∈D, the ∗-homomorphism �1(IGx ,IEx )→Bx is injective and (IGx ,IEx ) has the �1-ideal
intersection property. So πx is an isomorphism of C∗-algebras and as such is an isometry.

Let now f ∈ Γ0(B) be an element in the image of L1(IG,IE). Then

∥f∥B = sup
x∈G(0)

∥f(x)∥Bx
≥ sup

x∈D
∥f(x)∥Bx

= sup
x∈D

∥f(x)∥C∗
red
(IGx ,IEx )

= ∥f∥C∗
red
(IG,IE)

since the regular representations of (IG,IE) are continuous by construction [Kum86,

Section 2].

Corollary 4.5. Let E be a twist over a second-countable locally compact étale Hausdorff

groupoid G. Assume that there is a dense subset D ⊆G(0) such that (IGx ,IEx ) has the �1-ideal
intersection property for all x ∈D. Then (G,E) has the L1-ideal intersection property.

Proof. Let π∶C∗red(G,E)→A be a ∗-homomorphism that is injective on L1(G,E) and write
B =π(C∗red(IG,IE)). In order to prove injectivity of π, by Theorem 4.4, it suffices to check

that πx∶C∗red(IGx ,IEx ) → Bx is injective when restricted to �1(IGx ,IEx ) for all x ∈ G(0). By
Lemma 4.3, taking the quotient by the ideal generated by C0(G(0)/{x}) in the inclusion
L1(G,E) ↪ B, we indeed obtain the desired inclusion �1(IGx ,IEx ) ↪ Bx, which finishes the

proof.

5. Groupoid C*-algebras from abelian normal subgroups

In this section we describe a twisted groupoid associated with an inclusion of a normal

abelian subgroup into a discrete group endowed with an S1-valued 2-cocycle. This
construction should be folklore, but has not been presented explicitly to our knowledge.

Definition 5.1. Let A�Γ be a normal abelian subgroup of a discrete group. A cocycle

σ ∈ Z2(Γ,S1) is A-admissible if it satisfies

• σ∣A×A ≡ 1, and
• σ(γ,a)σ(γa,γ−1) = 1 = σ(a,γ−1)σ(γ,aγ−1) for all γ ∈ Γ and a ∈A.

Let A�Γ and σ be as above. Write Λ = Γ/A and consider the action Λ
α↷A given by

αλ(a) = γaγ−1 for γA = λ. Since A is abelian, this is well-defined. Denote by G =Λ⋉Â the
transformation groupoid associated with the dual action of α. Further, let Γ⋉σ (S1 × Â)
be the twisted transformation groupoid whose product is given by

(γ1,μ1,γ2χ)(γ2,μ2,χ) = (γ1γ2,μ1μ2σ(γ1,γ2),χ)
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for γ1,γ2 ∈ Γ, μ1,μ2 ∈ S1 and χ ∈ Â and consider

N = {(a−1,χ(a),χ) ∣ a ∈A,χ ∈ Â} ⊆ Γ⋉σ (S1× Â) .

The following lemma describes a twisted groupoid associated with the tuple (Γ,A,σ).

Lemma 5.2. The set N ⊆ Γ⋉σ (S1 × Â) is a closed normal subgroupoid. Further, Γ⋉σ

(S1× Â)/N is a twist over G.

Proof. It follows from the fact that evaluation of characters in Â is continuous, that N
is closed. Further, it is multiplicatively closed since σ∣A×A ≡ 1 and the calculation

(a−1,χ(a),χ)−1 = (a,χ(a)σ(a−1,a),χ) = (a,χ(a−1),χ)

for a ∈A and χ ∈ Â shows that N is also closed under inverses. So it is a closed subgroupoid
of Γ⋉σ (S1× Â). We next check normality of N . Thanks to centrality of S1 it suffices to

observe for γ ∈ Γ, a ∈A and χ ∈ Â that

(γ,1,χ)(a−1,χ(a),χ)(γ−1,1,γχ) = (γa−1γ−1,χ(a)σ(γ,a−1)σ(γa−1,γ−1),γχ)
= (γa−1γ−1,γχ(γaγ−1)),γχ) .

We now want to show that the quotient E = Γ ⋉σ (S1 × Â)/N is a twist over G.
The inclusion {e}×S1 × Â ⊆ Γ⋉σ (S1 × Â) descends to an inclusion i∶S1 × Â �→ E since

N ∩({e}×S1× Â) = {(e,1)}× Â. Further, the projection onto the first and the last
component Γ⋉σ (S1×Â)�→Γ×Â induces a continuous quotient map q∶E �→Γ/A⋉Â = G.
It is clear that i(S1×Â) is central in E and that q−1({eA}×Â) = i(S1×Â). What remains

to be shown is that E is locally trivial. Let (γA,χ0) ∈ G and consider the open bisection
U = {γA}×Â. The map S∶U �→E∶(γA,χ)↦ [γ,1,χ] is continuous and satisfies q○S = idU .
Further,

q−1(U) = {[γa,μ,χ] ∈ E ∣ a ∈A,μ ∈ S1,χ ∈ Â}
= {[γ,μ,χ] ∈ E ∣ μ ∈ S1,χ ∈ Â}

is naturally isomorphic with S1×U .

Let us introduce some notation in order to refer to the twisted groupoid just
constructed.

Definition 5.3. Given a group Γ with a normal abelian subgroup A and an A-admissible

2-cocycle σ ∈ Z2(Γ,S1), we denote the associated twisted groupoid by

G(Γ,A,σ) = Γ/A⋉ Â
E(Γ,A,σ) = Γ⋉σ (S1× Â)/{(a−1,χ(a),χ) ∣ a ∈A,χ ∈ Â} .

We next identify the twisted group algebras associated to (Γ,σ) with the twisted

groupoid algebra associated with a normal abelian subgroup A� Γ for which σ is

admissible. This result generalises the identification described in Remark 2.7.
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14 A. Austad and S. Raum

Proposition 5.4. Let A�Γ be an abelian normal subgroup of a discrete group and
σ ∈ Z2(Γ,S1) an A-admissible cocycle. Let (G,E) = (G(Γ,A,σ),E(Γ,A,σ)) be the associated

twisted groupoid and write elements of C×S1 E as equivalence classes [z,γ,μ,χ] with z ∈C,
γ ∈ Γ, μ ∈ S1 and χ ∈ Â. Given γ ∈ Γ define the following section of C×S1 E ↠G:

fγ(gA,χ) =
⎧⎪⎪⎨⎪⎪⎩

[1,γ,1,χ] if gA = γA
0 otherwise.

Then the map γ ↦ fγ

(i) extends to a contractive embedding �1(Γ,σ) ↪ L1(G,E), which
(ii) extends to an isomorphism C∗red(Γ,σ) ↪C∗red(G,E).

Proof. We first show that the map γ→ fγ is σ-twisted multiplicative. For γ1,γ2,g ∈Γ and

χ ∈ Â, we find that

fγ1
∗fγ2

(gA,χ) = ∑
(g1A)(g2A)=gA

fγ1
(g1A,g2χ)fγ2

(g2A,χ)

= ∑
(g1A)(g2A)=gA

g1A=γ1A,g2A=γ2A

[1,g1,1,g2χ][1,g2,1,χ]

= δgA,γ1γ2A[1,γ1,1,γ2χ][1,γ2,1,χ]
= δgA,γ1γ2A[1,γ1γ2,σ(γ1,γ2),χ]
= σ(γ1,γ2)fγ1γ2

(gA,χ) .

Since fe is the neutral element for the convolution product, this shows that the map

γ ↦ fγ extends to a unital ∗-homomorphism C[Γ,σ] → L1(G,E).
We next show that this ∗-homomorphism extends to a contraction �1(Γ,σ) → L1(G,E).

To this end, we need to identify the functions f̃γ ∈ C(G,E) associated with fγ . We claim

that

f̃γ([g,μ,χ]) =
⎧⎪⎪⎨⎪⎪⎩

μχ(g−1γ) if γA = gA
0 otherwise.

Indeed, for γA = gA, μ ∈ S1 and χ ∈ Â we calculate

[μχ(g−1γ),g,μ,χ] = [χ(g−1γ),γγ−1g,1,χ] = [χ(g−1γ),γ,χ(γ−1g),χ] = [1,γ,1,χ] .

Take now ∑γ∈Γ cγuγ ∈C[Γ,σ]. Then

sup
χ∈Â

∥∑
γ∈Γ

cγ f̃γ∥�1(Gχ) = sup
χ∈Â

∑
gA∈Γ/A

***********
∑
γ∈Γ

cγ f̃γ([g,1,χ])
***********

= sup
χ∈Â

∑
gA∈Γ/A

***********
∑

γ∈gA

cγχ(γ−1g)
***********

≤∑
γ

∣cγ ∣ .
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Similarly, we obtain that

sup
χ∈Â

∥∑
γ∈Γ

cγ f̃γ∥�1(Gχ) = sup
χ∈Â

∑
gA∈Γ/A

***********
∑
γ∈Γ

cγ f̃γ([g,1,g−1χ])
***********

= sup
χ∈Â

∑
gA∈Γ/A

***********
∑

γ∈gA

cγχ(gγ−1)
***********

≤∑
γ

∣cγ ∣ .

Together, these calculations show that ∥∑γ cγ f̃γ∥I ≤ ∥∑γ cγuγ∥�1(Γ). So indeed, we obtain
a contraction �1(Γ,σ) → L1(G,E).
We now show that the contraction above extends to a ∗-isomorphism C∗red(Γ,σ) ≅

C∗red(G,E). This will imply in particular that the map �1(Γ,σ) → L1(G,E) is injective.

Consider the conditional expectation E∶C∗red(G,E)→C(Â) given by restriction of functions
in C(G,E). Further, denote by ∫ dχ the Haar integral on Â. We observe that for every

γ ∈ Γ, we have

(∫ dχ○E)(fγ) = ∫
Â
f̃γ([e,1,χ])dχ

=
⎧⎪⎪⎨⎪⎪⎩
∫Âχ(γ)dχ if γ ∈A
0 otherwise

=
⎧⎪⎪⎨⎪⎪⎩

1 if γ = e
0 otherwise.

This shows that we obtain an isometric ∗-homomorphism C∗red(Γ,σ) → C∗red(G,E) and

it remains to argue that it has dense image. To this end it suffices to show that

for every gA ∈ Γ/A and every section f ∶G → C ×S1 E supported on {gA} × Â lies in
the image of C∗red(Γ,σ). Let fÂ∶Â → C be the unique continuous function such that

f(gA,χ) = [fÂ(χ),g,1,χ] for all χ ∈ Â. We can identify fÂ with an element in C(G,E),
and find that f = fg ∗fÂ, which finishes the proof.

Let us next describe the isotropy groups and the associated twists. We first recall the
following definition.

Definition 5.5. Given a group Γ and a group action Γ↷X, the neighbourhood stabiliser

of x in Γ is the subgroup Γ○x = {γ ∈ Γ ∣ ∃x ∈U open∶γ∣U = idU}.

Proposition 5.6. Let A � Γ be an abelian normal subgroup and σ ∈ Z2(Γ,S1) an

A-admissible cocycle. Let (G,E) be the associated twisted groupoid. Then the fibre of

(IG,IE) at χ ∈ Â is given by the twist Γ○χ×σ S
1/N →Γ○χ/A obtained from Γ○χ×σ S

1→Γ○χ/A
by dividing out the normal subgroup N = ⟪(a,χ(a)) ∣ a ∈A⟫�Γ○χ×σ S

1.
Furthermore, given a section s∶Γ○χ/A→Γ○χ and the associated 2-cocycle ρ ∈Z2(Γ○χ/A,A),

we define a section s̃∶Γ○χ/A→Γ○χ×σS
1/N by s̃(h) = [s(h),1]. Then the associated S1-valued

2-cocycle is (χ○ρ) ⋅ (σ ○(s×s)).
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16 A. Austad and S. Raum

Proof. It is clear that IGχ = Γ○χ/A. We can thus calculate the fibre

IEχ = {[γ,μ,χ] ∣ γ ∈ Γ○χ,μ ∈ S1} ≅ Γ○χ×σ S
1/N .

Now fix a section s∶Γ○χ/A→Γ○χ and define s̃(h) = [s(h),1] as in the statement of the result.

For h1,h2 ∈ Γ○χ/A, using the fact that χ is fixed by Γ○χ, we find that

s̃(h1)s̃(h2) = [s(h1),1][s(h2),1]
= [ρ(h1,h2)s(h1h2),σ(s(h1),s(h2))]
= [s(h1h2)(s(h1h2)−1ρ(h1,h2)s(h1h2)),σ(s(h1),s(h2))]
= [s(h1h2),(χ○ρ(h1,h2)) ⋅ (σ(s(h1),s(h2)))]
= (χ○ρ(h1,h2)) ⋅ (σ(s(h1),s(h2)))s̃(h1h2) .

This shows that (χ ○ρ) ⋅ (σ ○ (s× s)) is indeed a 2-cocycle and that it is the extension
cocycle associated with s̃.

6. Proof of the main results

In this section we prove all main results described in the introduction. We start with
three lemmas, which will be used in the proof of Theorem 6.5.

Lemma 6.1. Let Γ be a group whose subgroups all have the �1-ideal intersection property.

Then any action of Γ on a locally compact Hausdorff space has the �1-ideal intersection

property.

Proof. Let π∶C0(X)⋊redΓ→A be a *-homomorphism such that π∣C0(X)⋊�1Γ
is injective.

Consider the transformation groupoid G = Γ⋉X and the identification C0(X) ⋊red Γ ≅
C∗red(G). In order to deduce injectivity of π, by Theorem 4.4 it suffices to show that

for all x ∈ X the restriction of πx∶C∗red(IG)x → π(C∗red(IG))x to L1(IG)x is injective.

Denote by Γ○x = {g ∈ Γ ∣ ∃x ∈ U open∶g∣U = idU} the neighbourhood stabiliser of x and let
B = π(C0(X)⋊redΓ

○
x). Using Lemma 4.3, we obtain the following commutative diagram,

where the top row is divided by the respective ideals generated by C0(X/{x}).

C0(X)⋊�1 Γ
○
x B

L1(IG)x �1(Γ○x) Bx π(C∗red(IG))x

π

≅

πx

≅

This shows that Theorem 4.4 can be applied and finishes the proof.

We remark that an application of Corollary 4.5 to the transformation groupoid Γ⋉X
only shows that the groupoid L1-algebra has the ideal intersection property, but not the

�1-crossed product, which only admits a contractive embedding C0(X)⋊�1 Γ↪L1(Γ⋉X),
but is not isomorphic to the groupoid algebra.
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Lemma 6.2. Let Γ be finite-by-(C∗-simple) and σ ∈ Z2(Γ,S1). Then (Γ,σ) satisfies the
�1-ideal intersection property.

Proof. Let F �Γ be a finite normal subgroup such that Λ = Γ/F is C∗-simple and let

σ ∈ Z2(Γ,S1). After a choice of section s∶Λ→ Γ satisfying s(e) = e, we infer from [PR89,
Theorem 4.1] that C∗red(Γ,σ) ≅ C[F,σ] ⋊α,ρ,red Λ, where the twisted crossed product is

defined with respect to the maps

α∶Λ→Aut(C[F,σ])∶
αh(uf) = σ(s(h),f)σ(s(h)fs(h)−1,s(h))us(h)fs(h)−1

ρ∶Λ×Λ→U(C[F,σ])∶
ρ(h1,h2) = σ(s(h1),s(h2))σ(s(h1)s(h2)s(h1h2)−1,s(h1h2))us(h1)s(h2)s(h1h2)−1 .

Inspection of the proof of [PR89, Theorem 4.1] shows that moreover the inclu-

sion �1(Γ,σ) ⊆ C∗red(Γ,σ) is isomorphic with the inclusion of twisted crossed products

C[F,σ]⋊α,ρ,�1 Λ ⊆C[F,σ]⋊α,ρ,redΛ. So it suffices to show that C[F,σ] ⊆C[F,σ]⋊α,ρ,redΛ
satisfies the ideal intersection property.

Since C[F,σ] is finite dimensional, it is a multi-matrix algebra and hence the twisted

C∗-dynamical system (C[F,σ],Λ,α,ρ) decomposes as a direct sum of Λ-simple dynamical

systems, say C[F,σ] ≅⊕n
i=1Ai. We can apply [BK18, Corollary 4.4] to infer that Ai⋊α,ρ,red

Λ is simple. So ideals of C[F,σ]⋊α,ρ,redΛ are precisely of the form

I =⊕
i∈S

(Ai⋊α,ρ,redΛ)

for some subset S ⊆ {1, . . . ,n}. If I∩C[F,σ] = {0}, then S =∅ follows, which in turn implies
I = 0. This finishes the proof of the lemma.

For the next lemma recall the notion of admissible cocycles from Definition 5.1.

Lemma 6.3. Let A � Γ be a normal finitely generated abelian subgroup and let
σ ∈ Z2(Γ,Z/nZ). There is a finite index characteristic subgroup B ≤A and a B-admissible

cocycle ρ ∈ Z2(Γ,Z/nZ) equivalent to σ.

Proof. Denote by o = ∣Tors(A)∣ the order of the torsion subgroup of A and let B ≤ A
be the intersection of all its finite index subgroups of index o. Then B has finite index,

since A is finitely generated, and further B is characteristic in A. Also B is a finitely

generated torsion-free abelian group so that the isomorphism H2(B) ≅ B ∧B together
with the universal coefficient theorem in cohomology imply that σ∣B×B ∈ Z2(B,Z/nZ) is

equivalent to a bicharacter. Specifically, there is a map ϕ∶B → Z/nZ such that (b1,b2) ↦
σ(b1,b2)−ϕ(b1b2)+ϕ(b1)+ϕ(b2) is a bicharacter. Extending ϕ to a map ϕ̃∶Γ→Z/nZ, we
may replace σ by an equivalent 2-cocycle ρ satisfying

ρ(γ1,γ2) = σ(γ1,γ2)− ϕ̃(γ1γ2)+ ϕ̃(γ1)+ ϕ̃(γ2) for all γ1,γ2 ∈ Γ.
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18 A. Austad and S. Raum

Let i be the index of the finite index subgroup {b ∈B ∣ ∀b′ ∈B ∶ σ(b,b′) = σ(b′,b) = 0} ≤B.

We denote by C the intersection of all subgroups of B with index i, which is of finite
index and characteristic in B. Consider now the central extension

Z/nZ↪ Γ̃↠ Γ

associated with ρ. Since C is torsion-free, its preimage in Γ̃ is isomorphic with C⊕Z/nZ
in such a way that the action of Γ on it is given by αγ(c,k) = (γcγ−1,σ(γ,c)+σ(γc,γ−1))
for all γ ∈ Γ, c ∈C, k ∈Z/nZ. In particular, since Z/nZ has exponent n, we find that

(γcnγ−1,σ(γ,cn)+σ(γcn,γ−1)) = αγ((cn,0)) = αγ((c,0))n = ((γcγ−1)n,0) .

This implies that the subgroup D = {cn ∣ c ∈C} ≤C satisfies ρ(γ,d)+ρ(γd,γ−1) = 0 for all

γ ∈ Γ and d ∈D. By definition D ≤C is characteristic. Further it has finite index, because

C is finitely generated abelian.

The next definition describes the groups for which we prove the �1-ideal intersection
property in the subsequent theorem.

Definition 6.4. We denote by U the class of all discrete groups Γ such that the following

three conditions hold for every finitely generated subgroup of Λ ≤ Γ:

• for every subgroup of Λ, its amenable radical is a Furstenberg subgroup,
• every amenable subgroup of Λ is virtually solvable, and
• there is l ∈N such that every solvable subgroup of Λ is polycyclic of Hirsch length

at most l.

We are now ready to prove the main theorem of this work.

Theorem 6.5. Let Γ be a group from the class U , let X be a locally compact Hausdorff

space and let Γ↷X be an action by homeomorphisms. Then Γ↷X has the �1-ideal
intersection property.

Proof. By Lemma 6.1, it suffices to consider the case where X is a point, that is group

C∗-algebras. Further, thanks to Proposition 3.5, it suffices to prove the statement for
groups with a uniform bound on the Hirsch length of their polycyclic subgroups.

We prove the following statement: for Γ from the class U and σ ∈ Z2(Γ,S1) a 2-cocycle

taking values in a finite subgroup of S1, the twisted group C∗-algebras C∗red(Γ,σ) has the
�1-ideal intersection property. The statement is clear for finite groups. For an induction,
fix l ≥ 1 and assume that the �1-ideal intersection property holds for all 2-cocycles with

values in a finite subgroup of S1 on groups in U whose polycyclic subgroups all have Hirsch

length at most l−1. Let Γ be a group in U all whose polycyclic subgroups have Hirsch
length at most l ≥ 1, and let σ ∈Z2(Γ,S1) be a cocycle with values in a finite subgroup of S1,

say Z/nZ ⊆ S1. Thanks to Proposition 3.5, we may assume that Γ is finitely generated.

Let ν∶�1(Γ,σ)→R≥0 be a C∗-norm dominated by ∥ ⋅∥red. We denote by A the completion
of �1(Γ,σ) with respect to ν. Since Γ ∈ U and Γ is finitely generated, its amenable radical

R(Γ) is virtually polycyclic. If it is finite, we infer from Proposition 2.3 that Γ itself is

finite-by-(C∗-simple). So Lemma 6.2 can be applied. Otherwise, its maximal polycyclic
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subgroup Λ ≤R(Γ) is infinite. Let d be the derived length of Λ and observe that Λ(d−1)

is a finitely generated abelian group. By Lemma 6.3, there is a finite index characteristic

subgroup A ≤ Λ(d−1) and an A-admissible cocycle ρ ∈ Z2(Γ,Z/nZ) equivalent to σ. Since
equivalence of cocycles preserves the isomorphism class of twisted group algebras, we may

assume that ρ = σ.
Observe that all the inclusions A ≤ Λ(d−1) ≤ Λ ≤ R(Γ) ≤ Γ are characteristic and hence

A ≤ Γ is characteristic. In particular, A is normal in Γ.
Denote by (G,E) the twisted groupoid constructed from (Γ,A,σ) as in Definition 5.3.

By Proposition 5.4, there is a commutative diagram

�1(Γ,σ) C∗red(Γ,σ) A

L1(G,E) C∗red(G,E)

≅
π

We need to prove that π is injective.
Since finitely generated abelian groups are C∗-unique by Theorem 2.2, the restriction

of π to C(Â) is injective. Let D =Tors(Â) be the torsion subgroup of Â, which is dense,

because A is a free abelian group. By Theorem 4.4 it suffices to prove that for all χ ∈D
the induced map πχ∶C∗red(IGχ ,IEχ) → π(C∗red(IG,IE))χ is injective on �1(IGχ ,IEχ).
Fix χ ∈D and consider the neighbourhood stabiliser Γ○χ = {g ∈Γ ∣ ∃χ ∈U open∶g∣U = idU}

for the action Γ↷Â. Observe that A ≤ Γ○χ. By Proposition 5.6, the inclusion �1(IGχ ,IEχ) ⊆
C∗red(IGχ ,IEχ) is isomorphic with �1(Γ○χ/A,(χ ○ ρ) ⋅ (σ ○ (s× s))) ⊆ C∗red(Γ○χ/A,(χ ○ ρ) ⋅ (σ ○
(s× s))), where s∶Γ○χ/A→ Γ○χ is a section and ρ ∈ Z2(Γ○χ/A,A) the associated extension

cocycle. We write σ̃ = (χ○ρ) ⋅ (σ ○(s×s)).
Let (H,F) be the twisted groupoid associated with (Γ○χ,A,σ). We have an inclusion of

twisted groupoids (IG,IE)↪(H,F)↪(G,E). Let I�π(C∗red(H,F)) be the ideal generated
by C0(Â/{χ}) and observe that we have a commutative diagram

π(C∗red(IG,IE)) π(C∗red(IG,IE))χ

π(C∗red(H,F)) π(C∗red(H,F))/I

≅

We write B = π(C∗red(H,F)) and B/I = Bχ. By Lemma 4.3, the kernel of the restriction

map resχ∶L1(H,F)→ �1(Hχ,Fχ) ≅ �1(Γ○χ/A,σ̃) is the ideal J generated by the subalgebra

C0(H(0)/{χ}) =C0(Â/{χ}). Using the fact that we have a commutative diagram

�1(Γ○χ,σ)

L1(H,F) �1(Γ○χ/A,σ̃)
resχ
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we infer that the injection �1(Γ○χ,σ) ↪B ⊆A when dividing by J ∩�1(Γ○χ,σ) and I = π(J)
descends to an injection �1(Γ○χ/A,σ̃) ↪ Bχ. So the induction hypothesis can be applied,

since A being infinite, the Hirsch length of every subgroup of Γ○χ/A is at most l−1. So
we have shown that we have a commutative diagram

�1(Γ○χ/A,σ̃) Bχ

�1(IGχ ,IEχ) π(C∗red(IG,IE))χ

≅ ≅

πχ

which implies what we had to show.

We now describe several classes of groups to which Theorem 6.5 applies. Our first

application concerns the large class of acylindrically hyperbolic groups. We remark that

the �1-ideal intersection property for their group algebras can be deduced directly from

Lemma 6.2, while the general statement for dynamical systems could be deduced using
solely Lemma 6.1 and C∗-uniqueness of virtually cyclic groups.

Corollary 6.6. Let Γ be an acylindrically hyperbolic group. Then any action of Γ on a

locally compact Hausdorff space has the �1-ideal intersection property.

Proof. In order to apply Theorem 6.5, we need to check all conditions of Definition 6.4.
By [DGO17, Theorem 2.35] combined with Proposition 2.3 the first condition is satisfied.

The second and third conditions are satisfied thanks to [Osi16, Theorem 1.1], which says

that subgroups of acylindrically hyperbolic groups are virtually cyclic or contain a copy

of the free group.

In order to obtain our next class of examples to which our main result applies, we need
the following result, which is folklore. We refer the reader unfamiliar with Lie theory to

[OV90, Table 9, p. 312-317] for the classification of simple real Lie algebras and their

rank, which by definition is the dimension of a maximal R-diagonalisable Lie subalgebra.

Proposition 6.7. Let Γ be a lattice in a connected Lie group. Then there is l ∈N such
that every solvable subgroup of Γ is virtually polycyclic and has Hirsch length at most l.

Proof. Let G be a connected Lie group in which Γ is a lattice. By [Pra76, Lemma 6],

there is a normal subgroup Λ�Γ such that Λ is virtually a lattice in a connected solvable

Lie group and Γ/Λ is a lattice in a connected semisimple Lie group with trivial centre and
without compact factors. By [Rag72, Proposition 3.7] every lattice in a connected simply

connected solvable Lie group is polycyclic of Hirsch length bounded by the dimension of

the Lie group. Since every connected solvable Lie group is a quotient by a central discrete
subgroup of its universal cover, the conclusion applies to lattices in arbitrary connected

solvable Lie groups. So we may assume for the rest of the proof that Γ is a lattice in a

connected semisimple Lie group G with trivial centre and without compact factors.
Passing to a finite index subgroup of Γ, there are direct product decompositions

G =∏n
i=1Gi and Γ = ∏n

i=1Γi such that Γi ≤Gi is an irreducible lattice [Rag72, Theorem

5.22]. It hence suffices to consider the case where Γ ≤G is already irreducible. Assuming
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that G is locally isomorphic with SO+(n,1) or SU(n,1), the group Γ acts on the hyperbolic

boundary of G. Thus, every solvable subgroup of G is virtually cyclic, finishing the proof

in this case. Assume that G is not locally isomorphic with either SO+(n,1) or SU(n,1).
Then the arithmeticity theorems of Margulis for lattices in semisimple Lie groups of higher
rank presented in [Mar91, Chapter IX] and [Zim84, Theorem 6.1.2], and the arithmeticity

theorem for simple Lie groups of rank one locally isomorphic with Sp(n,1) or F4(−20) by

Corlette [Cor92] and Gromov-Schoen [GS92] applies to show that Γ is virtually linear over
Z. Say it virtually embeds into GLn(Z). Now [DFO13, Proposition 2.9] says that there

is l = l(n) such that every solvable subgroup of GLn(Z) is polycyclic of Hirsch length at

most l.

Corollary 6.8. Let Γ be a lattice in a connected Lie group. Then any action of Γ on a
locally compact Hausdorff space has the �1-ideal intersection property.

Proof. In order to apply Theorem 6.5, we have to check all conditions of Definition 6.4.
Let Λ be the amenable radical of Γ. Then by [Pra76, Lemma 6], we infer that Λ is virtually

a lattice in a connected solvable Lie group and that Γ/Λ is a lattice in a semisimple Lie

group with trivial centre and without compact factors. Since Lie groups with trivial
centre are linear, [Bre+17, Theorem 6.9] implies that Γ/Λ is C∗-simple. So the first

condition of Definition 6.4 is verified thanks to Proposition 2.3. Also, the Tits alternative

for linear groups in characteristic zero [Tit72] shows that every amenable subgroup of
Γ/Λ is virtually solvable. Since Λ is virtually solvable, this shows that every amenable

subgroup of Γ is virtually solvable. This checks the second condition of Definition 6.4. In

order to verify the last one, we can apply Proposition 6.7.

A variation of the core arguments in the previous theorem, also covers many linear
groups.

Corollary 6.9. Let Γ be a linear group over the integers of a number field. Then any
action of Γ on a locally compact Hausdorff space has the �1-ideal intersection property.

Proof. Let Γ be as in the statement of the theorem. We have to check all three conditions

of Definition 6.4. The first condition is satisfied thanks to Proposition 2.3 combined with

[Bre+17, Theorem 6.9]. The second condition holds thanks to the Tits alternative for

linear groups in characteristic zero [Tit72]. The last condition holds thanks to [DFO13,
Proposition 2.9].

Our final class of examples to which Theorem 6.5 applies are virtually polycyclic groups,

and more generally locally virtually polycyclic groups, which are precisely those groups

whose finitely generated subgroups are virtually polycyclic. We also state the result in
terms of C∗-uniqueness.

Corollary 6.10. Let Γ be a locally virtually polycyclic group. Then any action of Γ on a

locally compact Hausdorff space has the �1-ideal intersection property. In particular, every

locally virtually polycyclic group is C∗-unique.
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Proof. By Proposition 3.5, it suffices to show that every virtually polycyclic group
satisfies the conditions of Definition 6.4. The first condition is satisfied since virtually

polycyclic groups are amenable. The second condition holds, since every subgroup of a

polycyclic group is polycyclic. Finally, the Hirsch length is monotone for inclusions of
groups, so that the last condition is also satisfied. Now Theorem 6.5 applies.

Remark 6.11. It would be interesting to understand whether all linear groups have the

�1-ideal intersection property. We expect that a positive answer can be obtained. However,
the groupoid techniques employed in the present work will likely not be sufficient to prove

such a result for two reasons. First, there need not be any torsion points in the dual of an

abelian group, so that an induction like in the proof of Theorem 6.5 cannot be performed.

Second, following the strategy of the present work, there is no clear induction variable
available for solvable groups which are not polycyclic. The derived length is not suitable.

Indeed, the induction step in the proof of Theorem 6.5 only divides out a (possibly proper)

infinite subgroup of the last term in the derived series.
Concrete examples of solvable, non-polycyclic groups can nevertheless be covered by

our present methods. The arguments presented show that metabelian groups have the

�1-ideal intersection property, since each such group is an inductive limit of semi-direct
products A⋊Zni for some monotone sequence of natural numbers (ni)i. We don’t give

any details of the argument. Many metabelian groups are already known to have the

�1-ideal intersection property by [Boi+78, p. 11 Korollar].

Remark 6.12. Another interesting direction of research would approach cocycle twists

of group C∗-algebras already known to have the �1-ideal intersection property. For groups

which are finite-by-(C*-simple), this is the content of Lemma 6.2, however, for virtually
polycyclic groups, our proof techniques only apply to twists by cocycles with a finite

image. The same obstruction is inherited to the case of lattices in Lie groups.
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