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Abstract

In this paper, we study the global attractivity of the zero solution of a particular impulsive
delay differential equation. Some sufficient conditions that guarantee every solution of the
equation converges to zero are obtained.

1. Introduction

Recently, with the rapid development of the theory and applications of impulsive dif-
ferential equations, the study of the impulsive delay differential equation has attracted
the interest of many mathematicians [1-9]. The purpose of this paper is to study the
global attractivity of the following impulsive delay differential equation:

X0 +a®x(@®) =pA—e"), 120, t#£4, (L)
x(57) — x(8) = bix (1), keN, '

where a(t), p(t) € C([0, 4+00), [0, +00)), T > 0, by > —1, p(t) > O, for all
keN,t>0,0<t <t <---,withty, > +00 as k - +00.

In the special case where p(r) = aNpa(t), (1.1) has been used to model the
impulsive growth of red blood cells.

As usual, we say that x () defined in [—7, 400) is a solution of (1.1), if x(¢) is
absolutely continuous at points ¢ # # and att = f, x(#;") exists, x (¢) is left-continuous
for t > —1, and satisfies (1.1) for ¢z > 0.
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2. Main results

The main results are as follows.

THEOREM 1. Suppose that:

(i) there is a positive number p such that
pp+1/2) < 1; 2.1)

(ii) for any € > 0, there exists an integer N such that

n+m

[Ja+b) <l+e, n>N.m>0; (2.2)
k=n
(iii)
+o0 .
f p(s)el awdu H (1+ b)) 'ds = +o00; 2.3)
0

0<f<s

(iv) for sufficiently large t, we have

t
g 1 1
/ pyefe@ TT (1+b)'ds<p+ Ee_f'" a( du (2.4)
Ui t—T<f<s .
and
a(t) > a(t-1), t>T. (2.5)

Then every solution of (1.1) tends to zero as t — ©0.

THEOREM 2. Suppose that (2.2), (2.3) and (2.5) hold and for sufficiently large t,
we have

t
/ p(syele@® TT (1+b)'ds <3/2. (2.6

=T <s

Then every solution of (1.1) tends to zeroas t — ©0.

REMARK 1. Condition (2.2) is not critical; it allows the convergence of

+00
[Ta+o
k=

and the possibility that —1 < b, < 0 as special cases. Condition (2.5) allows constant
functions, nondecreasing functions and r-periodic functions as special cases.
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REMARK 2. If the impulsives disappeared and a(t) = 0, Theorem 2 is the main
result of [4]). If a(¢) = A, then the conditions of Theorem 2 are

+00 1] 3
/ p(t)e* dt = +00 and / p(s)e " ds < 3
0 -7

which improve the conditions in [5].

3. Proofs of the theorems

LEMMA 1. Suppose that (2.2) and (2.3) hold. Then every nonoscillatory solution
of (1.1) tends to zero as t — o<.

PROOF. Without loss of generality, suppose that x (¢) is eventually positive. Then
there exists 7; > Osuch that x(¢ — t) > O for¢z > Ti, t # .. Moreover, x(t) is
decreasing in (&, #4,] with 4 > T;. Let liminf,, o x(f) = «, thena > 0. We
shall prove that @ = 0. Since x(#;) is the left minimum value of x (¢), there exists a
subsequence {x (#;)} such that lim;_, ;o x (&%) = «. If « > 0, choosing € > 0 such
that @ — € > 0, again there exists T > T suchthatx(t — 1) > a — ¢, fort > T.

Then by (1.1) , we have

[T A+b07'xw) —x(T) < (1 — &) f 7 ps)eli [Ta+b0"as,
T

T5I§<l§i T<thi<s

which contradicts (2.2) and (2.3), so @ = 0. Now for any 7 > T, there exists #; such
that tkj <t< tij and tki < t’q+1 << tk1+l < t. Then

0<x(t) <x(tf,) =(1+bg4)x (8 +1) < (L +by4)x (8 ,,_)

i
=1 +by DA+ by p-)x (=) <--- < I—[(l + by +5)x (8,).

5s=0

From (2.3), there exists a constant A > 0, such that ]-[i=0(l + by, +5) < A forany l and
any k;. Hence 0 < x(#) < Ax(#;). Let t = +00. Then we obtain lim,_, 1o x (£) = 0.

LEMMA 2. Suppose that (2.2), (2.4) or (2.6), and (2.5) hold. Then every oscillatory
solution of (1.1) is bounded.

PROOF. From (2.4) and (2.5), or (2.5) and (2.6), we obtain

t
[ prefewn [T a+bods < m,
[ 4

<<t
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where M is a positive constant. First, we shall prove that x(¢) is bounded above. By

(1.1),
X)) +a@x(@) <p(@), t20,t#n. 3.n

Choose any sequence {c,} such that x(c,) = 0and 0 < ¢; < ¢ < ---, with
lim_, ;o0 ¢ = 400, x(2) > Ofor ¢t € [cy;-), i) and x(2) < O for ¢t € [cy, Cais1]- Let
x;= sup x(f) and X = inf x(#).
teleaioy,cail telezi cin]

We shall prove that {x;} and {x;} are bounded. First, we prove that {x;} is bounded
above; there are two cases to consider.

Case 1: x; is the maximum value of x () in [cz-1, cz;]. Then there exists ¢ €
(czi_1, ¢yi) such that £; = x(¢) > 0,x'(¢) > 0. By (1.1), x(¢ — ) < 0, so there exists
& € (c — 1, ¢) such that x (§) = 0. Integrating (3.1) from £ to ¢, we obtain

x;=x(c) < f p(t)efc"’(“)d“ n (A+b)dt <M.
£ t<p<c

Case 2: x; is not the maximum value of x(¢) in [cs—1, c;]. Then there exists
et € (Cai-1, €) such that £; = x(zf,,). We assume that ¢3;—1 < fy1 < -+ < Bipy-
There are two possible cases to consider.

Subcase 2.1: x(#4) is the left locally maximum value. By Case 1, we have
x () S M, s0 % =x(65) = (1 + bey)x (o) < 1+ bry)M. ,

Subcase 2.2: x(#,) is not the left locally maximum value. There are two possible
subcases to consider.

Subcase 2.2.1: If x(1},;) < x(fys), then x(z) has maximum value noted by x(c)
in (fr-1, trr). By Case 1, x(c) < M, so X; = x(t,) = (1 + bey)x (ter) <
(I + bey)x(c) = (1 + b )M.

Subcase 2.2.2: If x(t,;i,_,) > x (t41), we have two possible cases to consider.

Subcase 2.2.2.1: If x (#4;—1) is the left locally maximum value, then, by Case 1,
X (tepim1) < M. Thus £; = x(55) = (1 + bep)x (tr) < A + b)) (1 + b)) M.

Subcase 2.2.2.2: x (#41-1) is not the left maximum of x (¢). Repeating this process,
at the end, if x(f) is the left locally maximum value of x (), then x(#,;) < M.
Therefore

! !
Fi< o 2 [0+ baax (@) <[]0+ b M.

s=1 s=1
Otherwise, since x (c2;—1) = 0, x (#) has maximum value noted by x (¢) in (c2i-1, &+1)-
By Case 1, x(c) < M, so

i ] )
£ < [TA+ bedx (i) < [ [+ brasdx (@) < [ + bras)M.

s=1 s=1 s=1
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Then x; < AM, where A is defined in Lemma 1.

From Cases 1 and 2, we have X; < max{M, AM} = B. Next we shall prove that
{x;} is bounded below. By (1.1), we obtain

X +ax@®) =1 —-e’)p(), =0, t#n.
Using a similar method to the above, we obtain
i>(1-HM  or XK >(1-e%AM.
This shows that {x;} is bounded below, and completes the proof of the lemma.

LEMMA 3. Suppose that (2.1), (2.2), (2.4) and (2.5) hold. Then every oscillatory
solution of (1.1) tends to zero as t — +o0.

PROOF. Suppose x(¢) is any oscillatory solution of (1.1). By Lemma 2, x(¢) is
bounded, so let limsup,_, ,  x(#) = v, liminf,_, ;o x(t) = u, Then —00 < u < 0 <
v < 400, and by (2.2), for any € > 0, there exists N such that

n+m
]_[(1+bk)< l+¢, n>N, m>0.

k=n
Again for this € > 0, there exists 7 > ¢y such that
Uy=u—e<x(t—t)<v+e=uv, t>T.
Then (1.1) gives
XW+a@®x() <A —ep), t>T, t#4, (3.2)
XW+adx()=A—eMp@), t>T, t#t. 33

Choose a sequence {c,} such that x(c,) =0,T < ¢ <--- < ¢, &> +00,n —> +00,
x(t) =0, fort e (c2i-1, ) and x(2) < Ofort € (ca, C2i+l)- Let

#= sup x(r) and F= inf x(o).
t€(cai-1,0u) 1€(c2i,C2i41)

Without loss of generality, we assume that limsup,_, ., X; = v and liminf;_, o X; = u.
First, we prove that

£ <p(—e)(l+e) (34)
or
£ <p(—e"(1+e) 3.5)
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There are two possible cases to consider.

Case 1: x; is the maximum value of x(¢) in (cz_1, ¢z;). Then there exists ¢ €
(€2i-1, €;) such that x; = x(c) > 0,x'(c) > 0. By (1.1), x(c — ) <0, so there exists
& e (c—r1,0)suchthatx(§) =0,if t € [£, c] then r — T < §. Integrating (3.2) from
t — 1 to&, we have

-1 E ¢l
- ]'[ (14 b)x(t—1)ek ““‘)d"s(l—e"')/ p(s)ek“<">d“]'[(1+bk)ds. (3.6)
-t

t—t<n <t s<h<t

Since 1 — ¢ < —x and by (1.1), we have
() +a()x(@) < —px(@—1), 20, t#u. (3.7

Then

¢
'@y +ax(@®) < (1—e)p (t)/ p(s)eﬁ-"’(")d" 1_[ (1+by)7'ds. (3.8

=TS <S

Integrating (3.8) from § to ¢, we get

£
[Ta+b [ peeieos

1< <c

x(c)ej;a(u)du < (1 _ eul)/ p(t)efo'a(u)du
3

x ]'[ (1+ b)) 'dsdr

-t <s

¢ ‘ 1 _ .
s (1-e) [fs p(ek @ TT (1+by) (p + Ee-ﬁ-xawdu)

t<np<c

c t
X ef:-r a(u)du dt —_ / p(t)efo a(u)du I—[ (1 + bk)/ p(s)efo‘a(u)du
¢ 13

1< <c

X 1_[ (1 + by) dseJo ot du I—[ (1+b)7! dt:| .

s<h<c t-r<g<c

Using (2.2), (2.4) and (2.5), we obtain

x(c)els “@H < (1 — &) / p(tyehe@ TT (1 + by dr (l + pel "W")
¢ 2

tSn<c

_ 1 - e"‘ e_fo""' a(u)du '/tp(t)ej;’l a(u)du
1+¢€ ¢

< T] (1+bk)/ p(@)eh @ TT A+ b)dsdt
¢

t<ti<c s<t<c
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¢ ; 1 .
=(1- e“')/; p(1)eloatwdu H (1 + by dt (5 +peff-'"(")d“)

t<n<c

2
1 —e" -t 1 ¢ ‘
_ - [ a(wydu _ t Jo a(u)du 1 b.) dt .
Txe ¢ 2(/;P()¢ ||(+k)

t<np<c

In the following, we consider two possible subcases.
Subcase 1.1: [ p(Deh @] _ (14 b)dr < (14 €)eh “@4. Since the
function

1<y <c

(1/2 +pef:_,a(u)du)x —(+e)r e—for_'n(u)dux2/2

is increasing, we obtain x (c)e% *® 9 < p(1 — e*)eho 9@ (] + €). Then (3.4) holds.
Subcase 1.2: f;p(t)efol adu [T (1 + b)dt > (1 + €)els @ We choose
n € (&, ¢) such that

t<h<c

/ p(t)eﬂ'l“(")d" 1—[ (1 + bk)dt — (1 +€)eﬁ,‘:-'a(u)du.
n

<y <c

Integrating (3.2) from & to n, we have

r’ 4
xmelieot < (1= e ["p@ehews [T a+sydr
4

1< <n
Integrating (3.8) from 7 to c,

x (el “@ 4 — T (1 + bx (el 2

nsh<c

s ’ £ )
< (1 _ eun)/ p(t)efoa(u)du ]_[ (l + bk)f p(s)ef,_'a(u)du
n -t

12 <c

x ]'[ (1+ b)) 'dsdz.

t—t<n<c

Then we get

C " i
x(c)el “@h < (1 - ) [ f p@ehe@® TT (1+b)dr
4

=Tt <c

c . 5 .
+/ p(r)ehewads H a1+ bk)/ P (5)elir o du
" [ Sk 4

12 <c

x ]'"[ (l+b,‘)"dsdt].

1-T<h<s
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Similarly to the argument we used in Subcase 1.1, we get

'l 1
x(c)elo W < (1 — e"‘)f p(1)ehawds ]'[ (14 by) dt
3

t1<n<c

2
1 —e* </ p(t)e./;)’d(u)du ]—[ (1 + bk) dt)

- c=T1 d
2(1 + e)eh " awan | \ J;

2
— (/np(t)efo'a(u)du I_I (1+bk)dt>
£

t-t<f<c

1 ¢ ¢ 4
+{1—-€") (5 +Pej“'a(")d"> / p(r)ehoatdu ]_[ (1+ by de
n

t<t<c

=p(1— e")(1 + e)elo

Hence (3.4) is proved.

Case 2: x; is not the maximum value of x(z) in (czi-1, ¢3;). Then there exists
tert € (Caic1, ) such that X; = x(z,,). Suppose that czioy < fry) < -++ < By
Proving that x(¢) is bounded, we obtain

i
Bz[la+bop—ed+e), j=12..,1
s=j
Then x; < (1+4¢€)*p(1 —e*). From (3.4)and (3.5), let i = 400 and € — 0to obtain
v<p(l—e€). 3.9
Next, we shall prove
u>({p+1/2)(1 —-€"). (3.10)

There are two cases to consider.

Case 1: x; is the minimum value of x(¢) in [cy, ¢2i41]. Then there exists ¢ €
(cais C2i+1) such that x(¢) = X; < 0, x’(¢c) = 0. By (1.1), x(c — ) > 0. Then there
exists £ € [c — 1, ¢) such that x(§) = 0. Integrating (3.3) from & to ¢, we obtain

x(c)eh @b > (1 — ¢m) f p(eke@® [T (1+bydr.
£

<k <c

Then by (2.2) and (2.4), we get

x> 1+e)l-e"p+1/2). (3.11)
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Case 2: x; is not the minimum value of x(¢) in (¢, ¢2i41)- Then there exists
Lyt € (€2, C2iyy) such that x; = x(t,:},). Suppose that ¢3; < iy < - < liyy
Proving that x () is bounded, we get

!
X > ]_[(1 + b )1+ €)(p + 1/2)(1 — €%). (3.12)

s=j

By (2.2),x; = (1 + €)*(p + 1/2)(1 — e"). Let i —» +oo and € — 0. By (3.11) and
(3.12), we get (3.10). From (2.1), (3.9), (3.10) and the fact that —00 < ¥ <0 < v <
+00, we get 4 = v = 0. Then x(¢) tends to zero as t+ — ©00. By Lemmas 1 and 3,
Theorem 1 is proved.

In order to prove Theorem 2, we need the following lemma.

LEMMA 4. Suppose that (2.2), (2.5) and (2.6) hold. Then every oscillatory solution
of (1.1) tends to zero as t — o<.

PROOF. From Lemma 2, x (¢) is bounded. By the proof of Lemma 3, we get (3.2),
(3.3) and (3.6). Choose {c,} satisfing the conditions in Lemma 3, withx; — v,X%; - u
as i — +00. There are two cases to consider.

Case 1: x; is the maximum value of x (¢) in (c2i_1, ¢2;). Substituting (3.6) into (1.1),
we have, forr € [§, c], t # 1,

x'() + a(®)x (1)
3
<p(@) [1 —exp (—A/ p(s)el-atndu ﬂ (1 +b)™! ds)] . (3.13)

where 1 — ' = A. Integréting (3.13) from £ to c, we get

. e ¢ ]
x(c)e";’ a(u)du < / p() [1 — exp <—A/ p(s)ef._,a(u)du 1—[ 1+ b,)“'ds)jl
4 -t

-T2 <S

x eoatw)du n (14 by)de

£ <c
< / p(0)eh @ TT (1+b)dt - / p(t)eho
E 1<y <c E
t
X n(l-f-bk)exp (—A/ p(s)el=ratrdu I—[ A+ b)) ds
1<f<c g —t<fp<s

]
+A/ p(s)ehewa TT (l+bk)"ds) dt
14

1—T<l<S
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5/ p(nyehe@® TT (1+ b dr
§

1<y <c

_ e—}A/z\/'p(t)efo'a(u)du l_[ (1 + by)
3

1<h<c

A f; p (S)ef(; a(u)du I'[S<'k<c(1 + by ds
X exp —— = dt
efo a(u) du nr—tsn,<c(l + bk)

5/ p(tyeh @ TT (L+ by dr— e 247 (1 + €)eh aw
£

£y <c

[ (A f:p(s)efo'a(u)du [Tich <1+ B2 ds) ]
X | exp — —1].

(1 +€)elo "atdu

Case L.1: [ p(0)eh®@™[]_, _ (1+b)dt < —(1/A)In(1—A)eh ™ a®du(1t¢).

1S <c
Then
. In(1—A) (e -34/2
x(c)eﬂ’ a(u) du < _M efo a(u)du(l + 6) _ 4 _
A (1 —A) A4 e)-lefi awdu
ln 1 - A =T 1 + € Cil g
— —-—¥ef° a(u)du(l +e€)— — e—BA/Zef0 n(u)du’
SO
In(l1—-A) 342
<(I+ef- - .
x(@) =1+ )( 2 T—a

By Kuang’s method [1, (2.21)], we get

i =x(c) < (1 +e)(A— AY/6). (3.14)
Case 1.2:
¢ 1 3 =T
Jo atu)ydu Jo " a(u)du
Neh 1 b)dt < —eh 1
]; p(e ,5|,,,<| C( + by)dr < 2€ (1+e€)

l l_A -1
<nd=4) g awdu(] 4 ¢),

Then, integrating (3.13) from £ to c, similarly to Case 1.1, we get
£i=x(0) <3 +e€)/2+ U +e)?—1)/A.

By a method similar to that used by Kuang in [1, (2.19)], we get (3.14).
Case 1.3: f;p(t)efé“(""’" I1 (A+b)dt > —(1/A) In(1 —A)(1 +€)eh  atdu,
Choose n € (£, ¢) such that

‘ ' In(1 — A
/n p(r)eloatd l_[ (1+b)dt= —_(A_)(l + €)el " atwdu

1< <c

<y <c
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Integrating (3.2) from & to n, we have

x (m)eS Wi < 4 [ p@el =t TT (1 + bydr.

ISh<n

Integrating (3.13) from 7 to ¢, we have

x(@)eh @ — [T (1 + box(n)eli =

nste<c
4 §)eli-e atu)du
/ p(t)ek a(u)du’qllc(l + by) l:l — exp ( 8 I"[I,)_(rf)“q(l T ds)] dt.
Deleting x (n), we obtain
x (c)elo atw du
<A fgnp(z)efo'“‘"’d“ [Ta+b0de+ / p(tyel @ TT (1 + b dr

s <c 1< <c

t Ji, a(u)du
e f p@ehad [T (1+ by) exp( 2L dS) dr

nr r<u<:(1 + by)

/ p(t)elo 2w du n (1+bk)dt+/ p(£)eloat du ]'[ (14 by dt

t<h<c

1< <c t<n<c
l14+€ [ A
- Jo " a(u)du [l atu)du
e3A/2Ae° [CXP<1+ /p(t)e ‘Ht(l+b")d'>
<<
A
—ex P( l+e / P(I)ef a(u)du 1—[ (1+b,,)dt):|
1< <c

Then

£i=x() <A +€)e” c-r““”"/ p(t) )i st du ]—[(l+bk)dt

12 <c

+ e_f:" a(u)du/ p(t)ef'—r a(u)du 1—[ 1+ bk) dt
n

t<t—-k<c
1+€ . A < ,
_— o[l atwdu — Jo_, a(u)du
244 ¢ (exp (1 +€ /5 p (e ']’_[ (1 + by) dt)
h<c
~exp( =2 / p(Del- @ TT (1 + by dr
14¢€ - k
n<c
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<(4+e6€3BAR2-((1-A)/A)In(1—-A)-1).

By Kuang’s method in [1, (2.21)], we get (3.14).

Case 2: If x; is not the maximum value of x(¢) in (cz_;, ¢3;), then there exists
eyt € (Cai-1, C3) such that X; = x(#4,). Suppose that ¢;;_; < fi4; < -+ < yy. Then
we can obtain

!
£ <[+ b+ 4 - AY6), j=1,2,...,1
s=j
Then by (2.2), we get £; < (1 + €)%(A — A%/6). By (3.13) and (3.14), let i — +00
and € — O to obtain v < (1 — e*) — (1 — €*)%/6.
Next we prove

u>(1-e")—(1—e"?e. (3.15)

There are two cases to consider.

Case 1: x; is the minimum value of x(¢) in (c¢y;, ¢2:41). Then there exists ¢ €
(¢, €2i+1) such that x(¢) = x; < 0, x'(c) < 0. There exists § € (¢ — t, ¢) such that
x(£) =0.Ift € [£, ], then ¢t — T < &. Integrating (3.3) from ¢ — t to £, then

-T s L
= I a+box—1)eh “<“>d“23f p(s)efa@® TT (14 by)ds,

t—t<t <& Lot =TS <S5

where B =1 — e. By (1.1), we get, forr € [§, c], t # &,

£ Ji. a(u)du
X'(1) + a(@)x (@) = p(2) (1 — exp (—B p(s)e ds)) . (3.16)

t—1 n:—rsqq(l + by

There are three subcases to consider.
Subcase 1.1: f; p(D)elra@du ]
£ to ¢, we have

(1+ by dt < 1+ €. Integrating (3.7) from

s <c

&=ﬂazprmJ“WIIa+mwn
13

1< <c
Then
% > (14+¢€)B > (1+ €)(B — B?/6). (3.17)
Subcase 1.2:
c . 3 In(l-B
1+e€< / p(t)el- ot du I"[ (1+b)de < (— + "(—3> (1 +¢).
§ tsp<c 2 B
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Integrating (3.3) from £ to ¢, we have

fi=x@ 2 8 [ pweln []a+bydr

s <c

>3<-+————'"“_ )>(1+e)>(1+e)(3—132).
- 2 B - 6

Hence (3.17) is proved.
Subcase 1.3:

3 c . In(1
-2-(1+e)2/€ p (1) ele-a@ du I—[(l+bk)dt <2+i3——)-) (1+e).

t<h<c

Choose i € (£, ¢) such that

3 In(l1-B
/p(t)ef <t du n(l'i'bk)dt—(i'*‘n—(B—))(l'*'e)

1<y <c

Integrating (3.3) from £ to n and integrating (3.16) from 7 to ¢, we obtain

x; =x(c)

/ p(r)ele@d TT (1+bk)dt+/ p(tyel @ TT (1 + by de

t<fr<c < <c

_e—3B/2f p(t)ef- a(u) du I_[ (1+bk)

t<h<c

x exp( / p(s)ef-'“(")d“ n (1 +bk)ds> dt

s<h<C

f p(t)elrewa TT (1+bk)dt+f p(Defre@® TT (1 + by dt

tsp<c t<n<c

1+e€ B () du
‘ﬁ(?(ﬁf Pyl ﬂ<1+bk>dt)

< <c

—ep( f_ /p(t)ef-'“(")d" l—[(l+bk)dt>>

1<y <c

>(1+e)( B——((l—B)ln(l——B)+B)) 2(1+e)(8—é82>.

Then (3.17) is proved. The last inequality is obtained by the method used by Yu in [6,
page 234].
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Case 2: x; is not the minimum value of x(¢) in (¢, ¢2i41). Then there exists

ter1 € (Caiy C2ipy) such that X; = x(¢,,). Suppose that ¢z; < iy < -+ < 4. Then
we can obtain %; > [T,_; (1 + biss) (1 + €)(B — B2/6),j = 1,2,...,1. By (2.2), we
have

%; > (1 + €)*(B — B%/6). (3.18)

From (3.17) and (3.18), let i —> 400 and ¢ — 0 to obtain (3.15).
Letl —e“=x,1—¢e" = —y. Then (3.15) and (3.16) become

In(l +y) <x —x?%/6, ln(l—X)Z—y—y2/6,

By [6, Lemma 1.4] ,x =y = 0,s0 u = v = 0. Then x (¢) tends to zero as t — 00.
By Lemmas 1 and 4, we obtain Theorem 2.
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