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CONSTRUCTIONS OF GENERAL POLYNOMIAL LATTICES FOR
MULTIVARIATE INTEGRATION

PETER KRITZER AND FRIEDRICH PILLICHSHAMMER

We study a construction algorithm for certain polynomial lattice rules modulo ar-
bitrary polynomials. The underlying polynomial lattices are special types of digital
nets as introduced by Niederreiter. Dick, Kuo, Pillichshammer and Sloan recently
introduced construction algorithms for polynomial lattice rules modulo irreducible
polynomials which yield a small worst-case error for integration of functions in cer-
tain weighted Hilbert spaces. Here, we generalize these results to the case where the
polynomial lattice rules are constructed modulo arbitrary polynomials.

1. INTRODUCTION

We study the problem of approximating the s-dimensional integral I,(F)

= F(z)dz of a function F by a quasi-Monte Carlo (QMC) rule Qu,(F)
(0.1)

= (1/N) NZI F(z,) using N points {zy,...,Zy-1} from the unit-cube [0, 1).

In th;s—gaper, we assume that the integrand F lies in a certain weighted reproducing
kernel Hilbert space. This space of functions, first introduced in {7], is based on Walsh
functions which are defined as follows (for more information on Walsh functions, see, for
example, [1]).

DEFINITION 1: Suppose that p > 2 is an integer. For a non-negative integer k
with base p representation k = kg + £1p + - - - 4+ Kop® with &; € {0,...,p — 1}, we define
the Walsh function ,waly : [0,1) — C by

wal(z) = e21ri(z1~o+-~+za+1~a)/P’

for z € [0,1) with base p representation z = (z,/p) + (z2/p?) + - -- (unique in the sense
that infinitely many of the z; must be different from p — 1).
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For dimension s > 2 and vectors k = (ky,...,k,) € N and = (z4,...,z,) €[0,1)°
we define pwaly : [0,1)* — C by

pwale(z) == H pwal, (z;).

i=1
If the choice of p is clear from the context we simply write wal; or waly.

Let « > 1, s 2 1, and p > 2 be fixed. We consider functions in a weighted
Hilbert space Hya,s~, where v = (7;)32; is a sequence of real positive weights. The
idea of assigning weights to the coordinates in order to model different influence on the
integration error was introduced by Sloan and WozZniakowski [22]. The Hilbert space
Hyal s~ is the tensor product of spaces Huaiy,, - .., Hwa,y, Of univariate functions (see,
for example, (5, 7] for more details on the spaces Hya,,; of univariate functions). Every
function F in the tensor product space Hy, s~ can be written as

F(z) =Y Fua(k)waly(z), where Fya (k) := F(z)wal,(z) dz.
keNg .1y
(]
For a natural number with p-adic expansion k = kg + K1p + - - - + Kp?, with K, # 0, let
VYp(k) := a. We define

N b if k =0,
T 3 7’ :=
yp~2¥»(k)  otherwise,

8
and, for k = (k,...,k,), we define r(a, v, k) := H r(a, ¥;, ki)-

=
Then the inner product in Hya ,+ is defined as

AP Gvatey = Y (0,7, k) Pyt (k) Gt ()

keNg

and the norm is given by [|F|l_, , .. = (F, F):,/im.
It can easily be proved that Hy, s 4 is a reproducing kernel Hilbert space (see [7]).
For approximating the integral of a function F' € Hya,, by a QMC rule, it is
known (see again [7]) that a suitable choice of the point set {xg,...,Zn-1} used in the
integration rule are so-called (t,m, s)-nets. A detailed theory on this topic was developed
in [14, 16]. For a recent survey article see [18].
A special construction of (¢, m, s)-nets in base p was proposed by Niederreiter in [15]
(see also [16, Chapter 4.4]). Let p be a prime and let F, be the finite field consisting
of p elements. Further, let F,((z™!)) be the field of formal Laurent series over F, with
elements of the form -
L= Z t[.'l,“l,
I=w
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where w is an arbitrary integer and all ¢; € F,. Note that the field of rational functions
is a subfield of F,((z~!)). We further denote by F,[z] the set of all polynomials over F,.
For a given integer m > 1 and dimension s > 2, choose f € Fy[z] with deg(f) = m, and
let g1, ..., gs € Fp[z]. We define the map ¢, : F,((z7!)) — [0,1) by

o0 m
(L) = > w
I=w I=max(1,w)
Let n € {0,1,...,p™ — 1} with p-adic expansion n = ng + 7p+ - - - + Nyp_1p™ . With
such an n we associate the polynomial

m-1

n(zr) = Enkzk € Fplz].

k=0

Then the point set P(g, f) is defined as the collection of the p™ points

for 0 < n € p™ — 1. Due to the construction principle, P(g, f) is often called a poly-
nomial lattice and a QMC rule using the point set P(g, f) is often called a polynomial
lattice rule (modulo f). The vector g is called the generating vector of P(g, f) or the
generating vector of the polynomial lattice (rule), depending on the context. Note that
the generating vectors g in the construction principle for polynomial lattice points can
be restricted to the set

g € G5, = {h € F,lz] : deg(h) < m}’,

which is what we shall assume in the following.

Using a more general terminology, the construction principle for polynomial lattice
rules outlined here yields polynomial lattice rules of rank 1. For the precise definition of
the rank of polynomial lattice rules, see, for example, [11, 13]. We refer the interested
reader to a number of further papers in which polynomial lattice rules in different settings
are studied {3, 4, 9, 10, 11, 12, 13, 17, 19].

If we use a point set P with N points for QMC-integration of functions from Hya , 4,
we define the worst-case error by

ena(P)i= _sup  |L(F) - Qu.(F)].

€ Hopatyoy

[1Fll s, 0,4 €1
In this paper we study the worst-case integration error of polynomial lattice rules. In
(5], Dick, Pillichshammer, Kuo and Sloan studied the construction of polynomial lattice
rules for those cases where f is an irreducible polynomial over F,. Here, we wish to gen-
eralise their results to the case where f is not necessarily an irreducible but an arbitrary
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polynomial over F,. In particular, we are going to give an existence result for polyno-
mial lattice rules modulo arbitrary polynomials with small worst-case integration error.
Furthermore, we outline a component-by-component (CBC) construction of polynomial
lattices such that their worst-case error is small. The idea of a CBC construction of point
sets with low worst-case integration error is mainly due to Sloan and his collaborators,
see, for example [8, 20, 21].

In [5], the authors also studied the integration of functions in certain Sobolev spaces
(see [5, 7]) and gave construction algorithms for randomised polynomial lattice rules
modulo irreducible polynomials with low mean square worst-case integration error with
respect to these function spaces. We remark that our general results for the Hilbert space
Hyal s~ can easily be transferred to the case of Sobolev spaces as well.

2. PRELIMINARIES

We summarise some notation and results that will be needed throughout the pa-
per. Here and in the following section we always assume p is a prime. For arbitrary
k= (ki,...,k;) and g = (g1,.-.,9,) in F,[z]*, we define the vector product

8
k-g:= 2 kig;.

i=1
and we write g = 0 mod f if f divides g in Fy[z]. Furthermore, we define for f € F,[z],
deg(f) = m,

Gy m(f) := {h € Fyz] : deg(h) < m, ged(h, f) =1}.

For f,g € F,[z] we write from now on simply (f, g) instead of ged(f, g) for the greatest
common divisor of f and g.

Further, as above, we often associate a nonnegative integer k = kg + K1p+ - - - + kp'
with the polynomial k(z) = ko + K12 + - - - + ;2! € Fy(z] and vice versa. In this sense we
have 9,(k) = deg(k).

The following lemma was shown in [5].

LEMMA 1. Let f € Fy[z], deg(f) =m, and let g € Gj,,. Then the squared
worst-case error for integration in Hya) ,~ using the polynomial lattice P(g, f) satisfies
the equation

e;za”‘,s(P(g7 f)) = Z r(a, Y, k);
keD
where D = {k € F,[z]’ \ {0} : k- g = Omod f} is the so-called dual net (or dual
polynomial lattice) of P(g, f).

The question remains how the sum over all k € D can be computed or at least
bounded effectively, such that we can search for polynomial lattices with low worst-case
integration error. The following lemma gives an answer to this problem, provided that
the generating vector g satisfies some additional conditions.
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LEMMA 2. Let P(g, f) be a polynomial lattice modulo f € F,[z], deg(f) =
with generating vector g € (G} .(f ))’. Then

> (e, k FH (1+26,0%) + D r(a, 7, k),
keD i=1 keD"
where c;0 = (p—1)/(1 —p* ™) and D* :={k € G 2 m\{0}:k-g=0mod f}.

PROOF: The result follows by the first part of the proof of [2, Lemma 2], and [16,
Lemma 4.40], and by noting that the generating matrices of P(g, f) are regular provided
that g € (G (f))". 0

Lemma 2 implies that if one wants to obtain upper bounds on the worst-case inte-

gration error of P(g, f) with deg(f) =m and g € (G m(f) ) it is sufficient to consider

the term Y r(a,«, k).
keD-
For short, we denote the sum Y r(a,<, k) by S,~(g, f) in the following. Using
keD~
the same arguments as in [6, Section 4] one can show that

lp(g’f)l Z Hva 17-(1::

z€P(g,f) =1

Sa,‘y(ga f) -

where z = (z,,...,z,) and for any z = & /p + £2/p* + --- and v > 0 we have

Y i—1)a— .
1+ p———(a—l)(io—l) (Cp,a p(to 1)(a-1) _ 1) - 1) ifé=---= €21 = 0 and
Xpma () = &, # 0 with 1 < ig < m,
1+ p(a_umcr, a(p™eV — 1) ' otherwise,

where ¢, is as in Lemma 2. Hence S, (g, f) can be computed in O(sp™) operations.

3. EXISTENCE RESULTS AND CONSTRUCTION ALGORITHMS FOR POLYNOMIAL
LATTICES MODULO ARBITRARY POLYNOMIALS

The following lemma gives, for a polynomial f € F,[z] with deg(f) = m, a bound on
the average of S, (g, f) over all vectors g € (G m(f) ) From this result we are going
to deduce that polynomial lattice rules with “low” worst-case error must exist.

LEMMA 3. Suppose thatm 2 1, s > 2, and f € Fp[z] with deg(f) =m. Then

G 2 Seale)) (H(1+7. 2 -1),

9€(Gy,m(N)* =1

where ¢, is defined as in Lemma 2.
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PROOF: The proof is based on ideas from [16, Proof of Theorem 4.43]. Without
loss of generality, G m(F)| = 8p(f),
where ¢,(f) is the analogue of Euler’s totient function for the field F,[z] (see [16, p. 77)).
We have

1
M(f) = 57 Sen(9, f
G;,m(f)l 96(0§(!))l 7(9 )

1 s
=Gy 2 2 Iremwh)

9€(Gp,m(N)* heGy m\{0) i=1

g h—O mod f
1 8
= W Z Hr(aa Yis hi) Z L
P heGs ,\{0} i=1 9€(Gy m(f))°

h-g=0mod f
3
If h =0, then []r(a,v, ki) =1 and

i=1
IRE

9€(G; m(f))*
h-g=0mod f

Gom|” = (8(5)".

Therefore,

= (e Tr(es 4 b -
Ms(f)—((¢p(f)),hz:H(a,'y.,h,) 3y 1) L

€Gh,m =1 9€(G} m(f))*
h-g=0mod f

Forall h € G?

pm

— v
Y 1= Y Y X,(?h~g),
9€(G ()’ g€(Gpm(N)Y v€Gp,m
h-g=0 mod f

where X, is defined as in {16, p. 78]. We obtain

S [Irewh) Y 1

heGpm i=1 9€(Gym(NY
h-g=0mod f

z Hr(a,'y,,h) Z Z X( )

hGG; m =1 FE(G} o (1))* VEGp,m

- VD VD MR AN LI

UGGp m hEG M QE(Gp m(f)).

= E IIY"’(v il

VEGp,m i=1
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with
YOw =3 3 X(zhe)rienh).
h€Gp,m g€G; m(f)
Now
Y0, ) = ¢p(f) D iy h);
heGpm
thus
Z HT(C‘, Yi, hi) Z 1
heGy ,, i=1 9€(Ch m(M))*
h-g=0 mod f
(m(f))’H( > ramm) + o ¥ [[YO6N,
heGp,m vEGp,m i=1

v#0

Let u, be the Mobius function on the multiplicative semigroup S, of monic polynomials
over F,. Note that p, is multiplicative. For fixed v € F,[z] with 0 < deg(v) < m we

obtain
YOwf)= 3 rlawh) Y X(5he) 3 m)

he€Gpm 9€Gp,m i{g./)

= 3 ranh X md) Y X(Fh)
h€Gp,m 0 gezclv'g,,..

= > rlewmh) Y mld) Y X,,(;hal)
h€Gp,m ir a€Gp deg(f/1)

= Z T(a,’)’i,h)z#p(‘j}) Z Xp(;iha),
hE€Gpm us a€Gp, aeg(l)

where, in the last step, we changed ! into f/l. Applying (16, (4.51)] to the innermost
sum, we obtain

YOwf) = 3 rlamnh) Y m(4)p0

he€Gp,m lllll”l
v
I\, des(t) -
= E y,p(-l—) g E r(a, i, h).
If he€Gp,m
livh

Now [ divides vh if and only if [/(l, v) divides h; thus

YO, f)=3 u,;(%) 00 g0 (Il_lv_) f),

s
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where, for an a € S, dividing f, we put

EOa,f)=) r(a%h)
he(‘f;.m

If a = f, then E®(a, f) = r(a,7:,0) = 1. Now let a # f; then

E(') (a, f) =1+ E T(ax Yis ab)

b€Gp,deg(f/a)
b0
We have
Y rlemab)=y Y, predee

bEG, deg(f/a) bEGp,deg(f/a)
b#0 b0
- ,y'_p—adeg(a) Z p—ndeg(b)
bEGp,deg(f/a)
b0
deg(f/a)-1
=yp ¥ (p-1) > (")
) k=0

(1-a)deg(f/a) _ 1
— ~p-adeg@), NP "2
=vp “p-1) ) .

Note that, if a = f, then deg(f/a) = deg(1) = 0, so in this case

pli-a)deg(f/a) _
pl—a -1 =

Thus, for all a € S, dividing f, we have

pli-a)deg(f/a) _

E(a, f) =14 vp sl (p — 1) el

Applying this formula with a = ?l.lT)’ we obtain

p{l-a)(m—deg(i/(tv))) __ 1

YO, f)=> ({)p"e“"’ (1+ yproces/@D(p — 1)
7

=3 (%) P50 (14 P deg(t/ o) p(1-a)(m—deg(t/(Lu))

l-a 1
is p

_Illp—adesu/a,v»)
pl—a — 1

p—1 —a)m—
=3 h(%) ples() (1 + 7‘;;1_-11———1”(1 a)m—deg(t/(1.0)
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_%._2‘_1_ —cdesa/(z,u)))

p‘“—lp

-1
=y ”p( ) deg(t) Z iy ( ) pies)y, P_:l_p(t—a)mp— deg(t/(1,v))
us
-1 _
-3 “"(7) deg(‘)7’;a_-fip adeg(l/(1,v))
zu

= ¢p(f) + %p S p“""’"‘ Z y.p( ) deg((1,))

Z #p( ) pl1=a)deg(t) o deg((v))

pl—a -

For short we write

’U f) —Z“ ( )p(l—o)deg(l)padeg((tv))
is

HO, ) =3 ( ) deg((1:v))

us

and

From these we can write
YO(v, £) = ¢p(f) = %" e HV (v, £) + YicpaH (v, f),

where ¢, 5 := (p— 1)/(1 — p').
For v € F,[z] with 0 < deg(v) < m, we have H()(v, f) = 0 as in [16, pp. 82f], and
so we obtain

YO(v, £) = ¢p(f) + VicpaH (v, f).

Thus,
M) = 7 (= 0o’ H(he;,mr(“‘ wh))
+p—1,; Z H(¢p(f) + 7:‘011,01{(”1 f)) -1
vEGp,m i=1
v#£0
i 1
HE()(l n+ _ue%,,:m.l}(l + Wicpadn(v, £)) = (1 - p—m) -
v#0 .

where Jy(v, f) := H(v, f)/#,(f). Let us now analyse H(v, f). First note that H(v, f) is
multiplicative in f.

In the following, let b be a monic, irreducible polynomial over F,. We define e,(v) as
the largest integer z such that b* divides v. From the definition of the Mobius function,
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it follows that

H('U, bk) = p(l—a) deg(b")padeg((b“,v)) _ p(l-—a) deg(b"")padeg((b"“,u)‘
Hence, if ey(v) > k, it follows that H(v, ) = 0. Otherwise, we have
H(’U, bk) = paeb(v)deg(b)p(l—a) deg(b")(l _ p(a—l)deg(b))'

In the following, we assume f = b’l“ e bf‘, where the polynomials b; are monic, irreducible
and pairwise distinct. From our observations, we obtain

t
Hw = B H (0.555") e, (0) <en(HVi=1,...,1,
’ = Jj=

0 otherwise.

We now define

Hi(f) = ¢p(f)™ E  H(v, f)
v€Gp,m
v#0

t
= ¢p(f)—i Z Hp"aebj (v) deg(f’j)pi(l—-a)des(b?) (1 _ p(a—l)deg(bj))i

vEGp,m i=1
v#£0, ep; (v)<k; V5

. . | t
= ¢p(f)-" Hpi(l—a) dex(b;’)(l — p(o-l)deg(bj))i Z I‘Ipiacbj(v) deg(b;)

i=1 vEGy m i=1
v37£0, es; (v)<k;Vj
t
=: ¢p(f)—i Hpi(l—a) deg(b;j)(l _ p(a—l) deg(bj))iE‘ (f)
j=1
Now,
k-1 ke—~1
ORS S DINED v | sl
=0 =1 (a,f"')=1 J=1
deg(a)<m~Y%, deg(})
k1—-1 ke—1 ¢t
280 201 (D SR
=0 =1 j=1 (a,f):l .
deg(a)<m—3}., deg(s/)
We have

> t=alpiy)- H¢p yb),

@h=t
deg(a)<m—E., deg(t})
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Hence

k1—1 ke—1
U] o
2'(f) = Z L. Z H i deg(b; )¢p(b§) l:)
hL=0 =1 j=1
kim1 k=l t N ot 1
= pmdes(b,-’)pdes(b,-’ ’)(1 _ __)
ki—1 ke—1 ¢
- ¢p f) Z Z Hp(m l)cleg(b'Y

=0 =} j=1

p(in—l)deg(bj’) _1

= ¢p(f) - plia—1)deg(b;) _ 1~

We arrive at

plia=1) deg(t;’) _ ¢

. ¢ : L :
Hi(f) = 8,(f)'~ [[ =80 (1 - plo sy
j=1

t .
— des(b'f")(l—i)( — _1_)1" i(1—a)deg(d’?)
= H” ’ 1= Samen) P ’

p(ia-l) deg(b;) _ 1

'p(ta 1) deg(b; ’) 1
pla-T)deg(t;) — |

t 1—1
_ H( ) (1—plo-deglyi____1 __
n pdes(b ) plia—1)deg(b;) _ 1
i

X (1 —_ p(a_l) deg(bJ ))

t
x H pdeg(b;j)(l-i)pi(l—a) deg(6}7) (p(ia—l)deg(b;j) ~1).
Jj=1
Therefore,

t

1—-1 . 1
: (a-D)deg(b)) _ 1y~
|H:(f)] H( deg(,,,)) (pfo= et 1)‘p(a,_1,deg(bj) — <L

j=1
This means
1 . m 1
= 3 [N +read® ) - (1-1/p") = o > wdhHu(H
pm vei,sm i=1 uC({l,...,s},u#0
< im Z YuCp |u|
p uC{l,...,8},u#0
1 8
= — 14+ 7cpa)— l).
pm(g< Yicpa)
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On the other hand,

1
om

1 7 o6 1
—TJ[E®Q,f)- =<

i=1

This yields the result. 0

(f[(l + %iCpa) — 1)-

i=1

THEOREM 1. Suppose that p is prime and f € Fy[z] with deg(f) = m > 1 and
o > 1. Then there exists a vector g € (G},.(f))’ such that

21/A 8§ N I/A
Sunts. ) < 2oz (T[0 + ) - 1)

i=1
forany 1/a< A <1,
Proor: This result follows from Lemma 3 together with the fact that for all
X € (1/a,1] we have
Sarr(g: ) < (Sarmr (9, 1),
where v* = ('y;-‘)j>1, which in turn follows from Jensen’s inequality which states that

A
for a sequence (ax) of non-negative real numbers we have (2 a,,) < Y ap, for any
0<A<L 0

Theorem 1, together with Lemma 1 and Lemma 2, implies the existence of generating
vectors g yielding polynomial lattices with squared worst-case integration error of order
p~*™*¢ for any € > 0. Furthermore we remark that the bound on the worst-case error can

be made independent of the dimension if 3~ 9} < oo. This is known as strong tractability,
izl

see [22]. For a more detailed (strong) tractability discussion of this problem just follow

the proof of [5, Corollary 4.5]. Now we introduce an algorithm that provides a way of

finding such vectors explicitly. The algorithm is based on a component-by-component

construction.

ALGORITHM 1. Given a prime number p, a dimension s, an integer m > 1 and weights

v = (V)in-
1. Choose a polynomial f € Fy[z] with deg(p) = m.
2. Setgr=1.

3. Ford = 2,3,...,s and g;,...,9;_, found in the previous steps, find
g3 € Gj(f) by minimising the quantity Sa((g},.--,9)_,,94),f) as a
function of g,.
THEOREM 2. Suppose that p is prime and f € F,[z] with deg(f) = m > L
Suppose (gi,...,9}) € (Gpnm(f))’ is constructed by Algorithm 1. Then for all
d=1,2,...,5 we have

1

d
s L1+ 726,00)' 7

i=1

Saq((g1,---,93), f) €
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for all A € (1/a,1).

Proor: Without loss of generality, we may assume that the polynomial f is monic.
We prove the result by inductionond =1,...,s.

Since g; = 1 and since there is no polynomial k € G,,, \ {0} such that k = 0
(mod f), it follows that S, (9], f) = 0. Hence the bound holds trivially for d = 1.

Assume we have already shown that

d
. 1
Sar(8", ) < 55 T +x2ee
=1
ford>1landany 1/a < A< L
We have

Sa,‘y((g" 9d+1)7 f) = Z T(a’ Y, (k1 kd+1))

(Rkgy1)ecEEN(0)
kg*+kis19441=0 (mod f)

= Sa,#(g.! f) + o(gd+l)7

where

g(gd-H) = Z r(a, Y (ks kd+l))~

(k/kg41)ECRH
kd+l¢°
hg*+k441944150 (mod f)

As g, is chosen such that S, ((9*, ga+1), f) is minimised and since S, (g*, f) is inde-
pendent of gs4; it follows that for all g441 € G} ,,(f) and all A > 0 we have

9(924-1)'\ < 9(9d+1)A

and therefore together with Jensen’s inequality we obtain for all 1/a < A € 1,

s < (55 L Oaan))
%p(f) 94+1€G} m(f)
1 1/A
< (;F(f_) Z Z r(aX, v, (k,kd+1))) .
P 4411€G3 m(S) (o gy p)eGEH!

kgy #0
hoo®4kgyy 944+1=0 (mod f)

We now consider

1
e ST ek

94+1€G3 m(f) (nkgy)ecitl
kqy1 70
hg* +k441944150 (mod f)

d+1

= ¢ptf) Z H T(a’\v '7:\1 kl) z L.

(hkgypeciil =1 . 8d+1€Ghm(f) .
kg1 #0 hg* +kgp19441=0 (mod f)
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Since
> = > —= Z X ( (k-g"+ ka+1g))
94+1€Gp m(f) 9€Gp, m(f) ”ch m
kg* +ki+194+1=0 (mod f)
we have
(XY, k)Xl <k - g"
¢p(f m ve; ke%‘: (o 7 (f )
X (kz Z r(aA, 72+1,k)Xp(;—kg) —¢p(f)).
€Gp,m gEG}, m(/f)
Let

Z z r(ai, ’Y¢+1, )Xp(;kg).

k€Gp,m 9€G} m(f)

Then we have

Y(0,f) = (f) Y (@i k)

kEGp,m

and from the proof of Lemma 3 we know that

Y (v, f) = ¢p(f) + VarrcparH (v, f),

where ; -
H(’U, f) = 2 l‘p(T)P(l_a'\)deg(')p" eg((}v)
I

Thus

1
M = — A, /\,k X
Y rleny )p > %(3k-9)
keGg ., vEGp,m

Y ren ' RY (O, f)

¢p(f "‘kEGd
1 1 *
+¢_(_ﬂp S Y renk) ( 'g)Y(v,f)

vGGp m\{o} kGG

- Y r a/\'y"k)—ZX(f ) Zr(a)\'y

kE€GE . v€Gp,m keG:’t..‘
1
+17n— Z E r(a\, ¥, k)X( )
vEGp,m\{0} kG,

+5ﬁ;1,;vsﬂcp.ax Y rlern k) Y HHX(Fko8).

keGY m vEGy,m\{0}
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Since

;1-”7 3ty k)X( )

vEGy,m\{0} kEGE ,,

= 5 ren, k)— Y x (f )—;1,; 3 r(ad k).

keGY,, vEGp,m keGd .,

we have 1 1

=— Y Yk - Y rlen k) + KX(f)

p keG‘,’,,*;,} P kEGg_m

where

d 1 1 A
K = gy pinta 3 r@A R 3 H@N%(7k-9")

" kEGE m vEGpm\{0}

Now we consider

T(f) =

S H, f)X,,(E;,-k- g‘)‘

vEGp,m\{0}

W

As lX,,((v/f)k . g‘)' =1 for all v € Gpm we have |T(f)| € |Hi(f)|< 1 (see the
proof of Lemma 3) and therefore we have

’Yfi\ 1%p,0)
Kp(f) < 2% > rlank)

keGd ,,
and
1 A 1 A
ML — r(aA v, k) — — Z r(aA, ¥, k)
p kecg:';,} p kEGg’m
A
+1’L::'”‘3i Z r(ar, v, k)
p keGd .,
1
= — Z T(a)\, 'YAak)( Z r(a’\v7é\+1a k)—-1+ 7&\+1Cp,a)«)-
p keGd kEGpm _
We have
Z (@A 1as1, k) € 141600
kEGpm
and
d
37 rlen k) < JJQ +Repan)
keGE i=1
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where ¢, o = (p — 1)/(1 — p'~**). Hence
, 8
M < ﬁ H(l + 'Y:\Cp,u»\)7:1\+12cp,a>‘-
i=1

From the induction hypothesis together with another application of Jensen’s inequal-
ity we obtain

d /A
1
Sa,-y((g', 9a+1)s f) < (F H(l + 7:{\2%,0:,\)) + MY
i=1

d d
1 1
< (IF H(l +726,m) + o H(l + ¥'cp,an) Va+12Cp,02) >
i1 i=1

g
< = H(l + 7 2cp00) .
p i=1 D

4. CONCLUSION AND OUTLOOK

In this paper, we show the existence of general polynomial lattices with squared
worst-case integration error in the space Hyq s~ of order p~®™*¢ (¢ > 0). The bound is
independent of the dimension if a certain condition on the weights holds. We also give a
component-by-component algorithm for the construction of such point sets.

Another possible algorithm for the construction of the generating vector g could be
a Korobov-type algorithm, at least for special cases, for example, if f is the product of
two different monic irreducible polynomials. Such algorithms were also studied in (3] in
a different setting. We remark that directly transferring the observations in {3] to the
setting considered here does not seem to be possible. Therefore, we leave the examination
of Korobov-type algorithms open for future work.
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