J. Austral. Math. Soc. (Series A) 29 (1980), 162-176

CONGRUENCES CONTAINED IN AN EQUIVALENCE ON
A SEMIGROUP

P. R. JONES

(Received 14 November, 1978; revised 8 March 1979)

Communicated by T. E. Hall

Abstract

The main theorem of this paper shows that the lattice of congruences contained in some equivalence r on
asemigroup S can be decomposed into a subdirect product of sublattices of the congruence lattices on the
‘principal n-factors’ of S—the semigroups formed by adjoining zeroes to the n-classes—whenever these
are well-defined. The theorem is then applied to various equivalences and elasses of semigroups to give
some new results and alternative proofs of known ones.

1980 Mathematics subject classification (Amer. Math. Soc.) : primary 20 M 10; secondary 08 A 30.

1. Introduction

If S is a semigroup and = an equivalence on S, denote by A*(S) the complete lattice of
congruences on S contained in n (and by A(S) the lattice of all congruences on S). For
each n-class of S there is an associated groupoid formed by adjoining a zero to the
class. If the groupoid is associative, we call this a principal n-factor of S. If every such
groupoid is associative we say n has principal n-factors on S. The Decomposition
Theorem (see Section 2) shows that A%(S) is isomorphic with a subdirect product of
sublattices of the congruence lattices of the principal n-factors, when they exist.
In Section 3, it is shown that every congruence = has principal n-factors; so do #
and # and in important cases ¥ and #. These are considered in Section 5. For
example if S is an inverse semigroup, A”(S) is a subdirect product of ideals of the
lattices of O-restricted congruences on its principal (#-) factors. (If S is completely
semisimple it follows that every congruence contained in £ is in fact contained in
) A theorem of Clifford and Preston (1967) on the structure on A™(S) is
generalized to arbitrary semigroups, yielding an alternative (albeit longer) proof of
Lallement’s result on the modularity of A*(S). Semilattice decompositions are also
162
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considered——if 7 is a semilattice congruence on S with t-classes S;, i€ S/, then
whenever S is either inverse or a strong semilattice of the S;’s (but not generally) AXS)
is a subdirect product of the lattices A(S;), i€ S/z.

In section 6, analogous results for left congruences are considered and a result of
the author (1978a) on the semimodularity of the lattice of full inverse subsemigroups
of an inverse semigroup is generalized.

Spitznagel (1973a, b), Eberhart and Williams (1978) and others have shown how
information on A™(S) and A(S/n) (for = a congruence)} may in certain cases be
combined to give information on A(S) itself. Their actual approaches differ from ours
(although subdirect decomposition is implicit in their work).

2. The Decomposition Theorem

If S is a semigroup denote by A(S) (or just A) its lattice of congruences and by A/(S)
[A,(S)] its lattice of left [ right] congruences. Because of the obvious duality between
A; and A, we shall in fact refer to A,. The symbols ¢ and @ will denote the trivial
and universal congruences, respectively, on S. If S has a zero 0 then O-restricted left
congruences of S (those for which {0} is a congruence class) form an ideal of A(S)
[ALS)]. Clearly if S\O is a subsemigroup of S then the lattice of O-restricted
congruences on S is isomorphic with A(S\0).

For all undefined terms and notation the reader is referred to Howie (1976) or to
Clifford and Preston (1961, 1967), for semigroups, and to Birkhoff (1967) for lattice
theory.

Let = be an equivalence on S. Put A™S) = {peA(S): p S xn}. Then A" is a
complete ideal of A (Howie (1976), p. 27). Define AXS) = {peA(S): p S n},
similarly.

Suppose the n-classes of S are {S;: ieS/n}. For each ieS/x, let P, = S? be the
groupoid S; U {0} (that is if S, contains a zero, a new zero is to be adjoined) where all
products not falling in S; are 0. In general P, need not be a semigroup.

DEerINITION. For each ie S/n, P; is a principal n-factor of S if it is a semigroup. If
every P, is a principal n-factor, then n has principal factors on S.

In Section 3 we will consider which equivalences have principal factors. For now
we just comment that the principal #-factors of S are essentially the usual principal
factors of §.

THEOREM 2.1 (Decomposition Theorem). Let S be a semigroup and = an equivalence

on S having principal factors P,, i€ S/n. Then A™ [AY] is a subdirect product of
sublattices of the lattices A(P;) [A(P))]), ieS/n.
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PRrOOF. If p is any equivalence on S such that p S 7, let p; = p|S; U {(0,0)} for each
i(where p|S; = p N (5; % S;) and §; is the n-class associated with P)). Clearly p; is a 0-
restricted equivalence on P,. Moreover p |} {p|S; :ieS/x}.

We now show thatif p € A7 then p, is a left congruence of P,. Let(a, b) € p;,a # b,and
let seP,. If s =0, then sa = sb = 0. Otherwise seS; and a,beS; (since p; is 0-
restricted and a # b)so (a, b) € p, whence (sa, sb) € p. But p € n,so eithersa = sb =0
in P; or sa,sbeS;. In either case (sa, sb) € p;, as required.

The map p — p; of AJ(S)into A(P;)is therefore well-defined for every i. Moreover,
each map is intersection-preserving. Now let p, o€ AJ(S) and i€ S/n. Since (p v o);
contains p; and o, we have p; vig; < (p v 0); in A(P;). Conversely, let (a,b)e(p v 0);,
a#b, so that (a,b)epvio, in A(S), as above. Then there is a sequence
a= xg,Xy,...,X, = b of elements of S such that (x;_;,x)epua, 1 <i<n But
puo S rnand S;is a n-class containing X,, so each x;€S;, that is (x;_,,x;)ep; U 7;,
1 < i < n. Therefore (a,b)e p; v 6; so that (p vie); Sip; vio; in A(P)).

Hence each map p — p; is a lattice morphism of AJ(S) into A[(P).

Nowif p,c €Al and p; = o, forallie S/n, then p; | S; = 0;|S; for all i € S/n, whence
p = 0. The result for AT now follows from (for example) (11.1) of Crawley and
Dilworth (1973).

Clearly when p € A%(S), each p; is a congruence on P; and the result for A* follows
similarly. //

From the proof of the theorem it is clear that each subdirect factor of A* [A]]
consists of those O-restricted [left] congruences on the corresponding principal #-
factor which are induced by some [left] congruence contained in  (in the sense of the
theorem). In the following two situations, which will occur frequently in the sequel,
we can be more explicit. (Although we shall only state results concerning A*, the
analogues for A} are obvious).

COROLLARY 2.2. Let 7 be an equivalence on S, with n-classes S,, i € S/n, and suppose
each of these classes is a subsemigroup of S. Then A* is a subdirect product of sublattices
of the lattices A(S;), i € S/n. Each subdirect factor consists of those congruences on the
corresponding m-class which are the restrictions of congruences on S contained in n.

ProOoOF. Since each S; is a subsemigroup of the associated principal factor P;
(clearly well-defined), this follows from the statements in the first paragraph of this
section. //

COROLLARY 2.3. Let © be an equivalence having principal factors on S and suppose
that on each principal n-factor of S every O-restricted congruence is induced by some
congruence on S. Then

(1) the subdirect factors of A™ are ideals of the lattices of O-restricted congruences

on the principal n-factors;
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(ii) if, further, m is a congruence, then the subdirect factors are the lattices
themselves.

NoTE It is not assumed that the congruences are induced by congruences
contained in 7.

PRrOOF. Suppose p is a O-restricted congruence on the principal n-factor P which is
induced by a congruence p’, say, in A(S). Let 6 € A(P), ¢ < p. Then o is O-restricted
and is induced by ¢’, say, ¢’ € A(S). But then ¢ is also induced by ¢’ N p’, in A*(S), and
(i) follows from the comments after the theorem.

If n is a congruence then = itself induces the congruence (P\0) x (P\0) U {(0,0)} on
P and this is the maximum O-restricted congruence on P. Hence the ideal in (i) is now
the entire lattice of O-restricted congruences on P. //

This corollary has an obvious specialization to the situation of Corollary 2.2.

To avoid repetition of details in the sequel we will state here a lemma on the
recognition of those congruences on principal factors which are induced by
congruences of S.

LEMMA 2.4. Let ©t be an equivalence having principal factors on S and let A be a n-
class with associated principal n-factor P. Let ¢ be a O-restricted congruence on P.
Then o is induced by some congruence on S if for all (a, b) € ¢ such that a # b, and for all
s,t€S! such that sat€ A, then sbte A and (sat,sbt)e g.

PROOF. Let o* be the congruence on S generated by the equivalence o U ig.
Clearly 0|4 < o*|A. To prove the reverse inclusion suppose (x,y)ec*|A.
Then y is obtained from x by a sequence of elementary o-transitions
X = Xy = X; = ... = X, = J, where the x; may be assumed distinct. By hypothesis,
since xo€A then x; €4 and (x4, x,)€0. By repeating this we eventually obtain
(x,y)eo. Hence o |A = 6*| A, as required. //

3. Principal n-factors

In this section many familiar equivalences are shown to have principal factors on
any semigroup. Clearly any equivalence all of whose classes are subsemigroups has
principal factors.

To avoid possible confusion we will, for the next lemma only, use the symbol * to

denote the operation on the groupoid 4% 4 < S (a semigroup) defined by
ab if a,b,abe A,
axb =< .

0  otherwise.
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LEMMA 3.1. If S is a semigroup and A < S, then A% is a semigroup if and only if
whenever a,b,c and abce A, then abe A if and only if bce A.

PRrOOF. If a,b,ce A then

(abyc if ab,(ab)ce A,
(axb)xc =
0 otherwise,
and
a(bc) if bc,albc)e A,
ax(bxc)= {
0 otherwise.

Since (ab)c = a(bc) in S, then (a* b)*c = a*(bxc) for all a,b, ¢ € A if and only if
abc and ab belong to A precisely when abc and bc belong to 4. //

Since the principal n-factors of an equivalance are formed from the equivalence
classes in just this way, we have

COROLLARY 3.2. The equivalence n on S has principal factors if
(i) m is any congruence on S,

(i) m= ¢, or

(iil) T = .

PrOOF. Let A be a n-class and suppose a,b,c and abce A, that is anbrncrabce.

(i) If = is a congruence on S, then abrb’nbc, so abe A if and only if bce A.

(i) frn=_¢ then A =J, <J,<J,=A4,that is abe A. Similarly bce A.

(iii) If = = 5 then by Green’s Theorem (see Howie (1976), Theorem 112.5) either
A* N A is empty or A is a group. In either case the result is clear. //

REMARKS. 1. The principal #-factors of S are just the principal factors in the usual
terminology (except that if S has a minimum _#-class, the zero is more usually
omitted from that factor).

2. The principal #-factors of S are either groups with zero or zero semigroups.

We will show that ¥ and # need not have principal factors on arbitrary
semigroups. However, they do on completely semisimple semigroups. (Recall from
Clifford and Preston (1967), Chapter 6, that S is completely semisimple if each
principal #-factor is completely 0-simple, in which case S is regular and 9 = £.
Every finite regular semigroup is completely semisimple.)

PROPOSITION 3.3. If S is completely semisimple then ¥ and R have principal factors.
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Proor. By duality it is sufficient to consider £.

Let A be an #-class of S and suppose a, b, c and abce A. We may consider 4 as a
subset of its associated completely O-simple principal #-factor P. Now abc # 0in P,
whence bc # 0 also., By Theorem 2.52(ii) of Clifford and Preston (1961),
bceR,N L, < A. Similarly ab # 0 and abe A. //

For arbitrary semigroups this need not be so. For example let B be the bicyclic
semigroup, represented as N x X (N is the set of non-negative integers) with product

(m,n)(p,q) = (m—n+max(n, p),q— p+max(n,p)),

and consider the #-class R =R, = {l} xN. Let a=(1,2), b=(1,0) and
¢=(1,3). Nowab =(1,1)eR and abc = (1,3)e R but bc = (2,3)¢ R. By the lemma
R does not have principal factors in B.

In fact since any regular semigroup which is not completely semisimple contains a
copy of B, on which %5 = %5 (B x B) (Hall (1972)), it follows that on a regular
semigroup S, # (and dually %) has principal factors if and only if S is completely
semisimple. (On (irregular) free semigroups, for instance, # is, however, trivial and
hence has principal factors).

The position with 2 is unclear.

4. Semimodularity

Before applying the results of the previous two sections a short digression into
lattice theory is required.

Following Crawley and Dilworth (1973) we will call a lattice L semimodular if
a> a A bimplies a v b> b for all a,be L (Here x > y means x covers y, that is
x> yandforno zin Lis x > z > y.) Following F. Maeda and S. Maeda (1970), we
call L M-symmetric if the modularity relation M on L is symmetric, where

aMb ifforall xe[a A b,b],b A(xvVva=x

We now summarize the properties of M-symmetric lattices. For proofs, or
references to proofs, see Jones (1978a), where extensive use is made of the concept.

RESULT 4.1. (i) Modularity = M-symmetry = semimodularity.

(i) M-symmetry is preserved by ideals, but not by sublattices in general, nor by
lattice morphisms.

(iii) M-symmetry is preserved by subdirect products.

(iv) For any set I, the lattice TI(I) of equivalences on I is M-symmetric.

Clearly (iii) is relevant in our situation. In fact (iii) is the only part of the result
which is not true for ssmimodularity also. (This may explain the reason for preferring
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the stronger concept here. Actually, for lattices of finite length the two properties are
equivalent).

It was shown by Lallement (1967) that A(S) is semimodular if S is completely 0-
simple. From his description of the congruences on § it is readily seen that if we
represent S as .#°(G; I,Z; P), then the lattice of O-restricted (that is non-universal, in
this case) congruences on § is a subdirect product of A4°(G) and ideals of TI(I) and
I(Z), where A4(G) is the (modular) lattice of normal subgroups of G. Hence

PROPOSITION 4.2. If S is completely O-simple, the lattice of O-restricted congruences
is M-symmetric (and hence so is A(S) itself). In particular if S is completely simple, A(S)
is M-symmetric. [/

Johnston (1978) made a similar observation regarding the subdirect
decomposition but incorrectly deduced semimodularity from it.

An alternative approach to decomposing congruence lattices has been pursued by
Spitznagel (1973a,b) and Eberhart and Williams (1978), in which subdirect
decompositions are implicit. We will not use their results but will mention results
similar to our own. However, one result which is worth quoting, in modified form, is
Theorem 1.3 of Eberhart and Williams (1978).

If L is a lattice, ze L, then z is a neutral element of L if (i) z A a=2z A b and
zva =z v btogether imply a = b, for any a,be L and (ii) the maps z —» z A aand
z—z v a,a€e L, are endomorphisms of L.

Then (Birkhoff (1967), p. 69) if z is neutral, L is a subdirect product of the ideal
L A z and the dual ideal L v z.

ReSULT4.3. If zis a neutral element of the lattice L, then L is semimodular if and only
ifboth LAzand LV z are. [/

For M-symmetric lattices this is immediate from Result 4.1. (Note that Eberhart
and Williams use a slightly different definition of ‘semimodularity’.)

S. Applications to congruences

From the Decomposition Theorem it is immediate that if = has principal factors
each of whose lattices of congruences satisfies a given identity (for instance
modularity or distributivity) then A" also satisfies that identity. Semigroups with
modular congruence lattices are rather scarce, however, and we shall be more
concerned with semimodularity (via M-symmetry). One application to modularity
is to be found by considering 5, which by Corollary 3.2 has principal factors.
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It was shown by Lallement (1966) that A” is modular for any semigroup, thus
generalizing the special cases proved by Clifford and Preston (1967), Theorem 7.58,
and Munn (1964) for inverse and regular semigroups respectively. Both Lallement
and Munn proved modularity by showing the congruences contained in #
commute. Clifford and Preston essentially proved that on an inverse semigroup A”
is a subdirect product of sublattices of the lattices of normal subgroups of its
maximal subgroups and it is this result which we may now easily generalize to
arbitrary semigroups.

An arbitrary semigroup may have no subgroup whatsoever. However with any
H'-class H can be associated the Schutzenberger group I'(H) of H : the group of all
transformations of H induced by inner right translations of S'. Then
(Schutzenberger (1957)) I'(H) = I'(H') if H and H' are contained in the same 9-class
of S. If that 9-class is regular then I'(H) is isomorphic with each of its maximal
subgroups.

THEOREM 5.1. If S is any semigroup, A*(S) is a subdirect product of sublattices of the
lattices of normal subgroups of the Schutzenberger groups of S. Hence A*(S) is
modular.

ProOF. By the Decomposition Theorem, A*(S) is a subdirect product of the
lattices of O-restricted congruences of the principal s#-factors of S.

Let H be an »#-class of S. For each O-restricted congruence (on the associated
principal factor) which is induced by some congruence ¢’, say, of S, define an
equivalence E(o) on I'(H) by

E(0) = {(A, u)eT(H)x T(H) : (hA,hu)e o for all he H}.
Let (4, u) € E(c) and let n e I'(H), n = p,| H,say, where se S' and xp, = xsforallxeS.
Then for all hin H
(h(An), h(un)) = (hA)s,(hp)s)e o’ | H = o,
and
(h(nA), hinu)) = (hn) 4, (M) e o,

since hn € H. Thus (A, un) € E(6) and (n4, nu) € E(o). So E(o) is a congruence on I'(H).
It is easily verified that the map ¢ — E(o)is an embedding of the associated subdirect
factor of A” into A(I'(H)), that is into the lattice of normal subgroups of the
Schutzenberger group of H. //

Turning now to #, it is immediate from the Decomposition Theorem that A”*(S) s

a subdirect product of sublattices of the congruence lattices of its principal (#-)
factors. We will consider inverse semigroups first.
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In a completely semisimple inverse semigroup (see Sectiorr 3) each principal factor
is a Brandt semigroup and on such a semigroup every O-restricted congruence
separates idempotents (since if e and fare related idempotents eithere = foref =0).
Hence it is immediate from the Decomposition Theorem (and the comments
following it) that every congruence contained in £ is idempotent-separating. Thus
we have

COROLLARY 5.2. On a completely semisimple inverse semigroup every congruence
contained in ¢ is contained in X, that is A = A”.

In general this need not, of course, be true even for inverse semigroups, as any
simple inverse semigroup which is not a group has ¢ = w and # < #.

To obtain deeper results for inverse semigroups it is necessary to further analyse
the subdirect factors (along the lines of Section 2). The extra hypotheses in the next
lemma will be used in the sequel.

LEMMA 5.3. Let S be an inverse semigroup and let n be either # or a congruence
containing #. If Pis a principal n-factor of S then everyO-restricted congruence on P is
induced by some congruence on S.

Proor. Before commencing the proof proper, we will show that if g, in S, is such
that satra for some s,teS?, then saa™ ' nara ! at.

Now sat = (saa™")a(a™" at), 50 J o5 < Jygo-r < J,. If w = £ then clearly saa™
If = is a congruence containing #, note that there exist idempotents e of J,,,, f, g of
Jaa-1 and h of J, such that e < fand g < h (by, for example, Exercise 3 of Clifford
and Preston (1967), Chapter 8). Then since ,# < n we have ensatnanh and fng,
whence e = efngh = g, so that ansatnsaa™'. Similarly a”'atna in either case.

To apply Lemma 2.4, let A be the associated n-class of S, let ¢ be a O-restricted
congruence on P and suppose (a,b)€ o, a # b, and sat € A for some s,teS".

Then satma so that saa™!, a 'ateA by the above. Therefore
sat = (saa" Y a(a” ' at)o(saa ") b(a 'at)e A (since o is O-restricted). Similarly
saa"'bb~ ', b~ 'ba " late A so

saa 'ba " 'at = (saa"'bb~)b(b~'ba~ ' at)o(saa ' bb " 'ya(b~ ! ba! ar)
— (sbb~Y)a(b~ ' br)e A.
Again sbb™ !, b™1bte A and so
(sbb™ "y a(b~ ' bt) s(sbb™ ') bib~ " bt) = sbt.

' ra.

So sbte A and (sat,sbht)e 6. By-Lemma 2.4, every O-restricted congruence on P is
induced by some congruence on S. //
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THEOREM 5.4. If S is an inverse semigroup then A”(S) is a subdirect product of ideals
of the lattices of (O-restricted) congruences of its principal (#-) factors.

ProoF. Apply Corollary 2.3 to the Decomposition Theorem, using the lemma. //

Since M-symmetry is preserved by ideals, the theorem shows that if each principal
factor of S has an M-symmetric lattice of (O-restricted) congruences then A”(S)is M-
symmetric (whence semimodular). However, 0-simple inverse semigroups need not
in general have semimodular lattices of (0-restricted) congruences (see Scheiblich
(1970)).

Returning to the extra hypotheses of Lemma 5.3, a congruence 7 on § containing
F is just a semilattice congruence (Howie and Lallement (1966)) in which case each
congruence class S; is an inverse subsemigroup of S and S is a semilattice of the
subsemigroups S;, i € S/t. Thus, applying Corollaries 2.2 and 2.3 we have

THEOREM 5.5. If S is a semilattice of inverse subsemigroups S, i € I, with associated
congruence 1, then AY(S) is a subdirect product of the lattices A(S;), iel. [/

This theorem can also be interpreted in the opposite direction : a necessary
condition that AY(S), indeed A(S) itself, satisfy some lattice identity is that the
congruence lattices of the inverse semigroups in any semilattice decomposition (in
particular that corresponding to the least semilattice congruence) also satisfy that
identity. _

We now consider semilattice decompositions of arbitrary semigroups. In general,
the results are not as definitive as Theorem 5.5, even for regular or completely
semisimple semigroups. If S is a semilattice of subsemigroups S, i € I, with associated
congruence 7, then AY(S) is of course a subdirect product of sublattices of the lattices
A(S,), ieI (by Corollary 2.2) but the subdirect factors need not even be ideals.

EXAMPLE 5.6. Let R = {s,t} and K = {a,b, ¢,d} be right zero semigroups and let
S=RuUK,withsx = tx = xforallxinKandas = a = cs,bs = b = ds,at = ¢ = ct,
bt = d = dt. It may be verified that S is a band. Further ¢ = {(a,b),(b,a)} Ui, is a
congruence on K. But (at, bt) = (¢, d) ¢ 0,50 g is not induced by any congruence on S.
Since wy is induced by the congruence # on S, the congruences on K induced by
congruences on § contained in # do not form an ideal of A(K).

If, however, S is a strong semilattice of the S;’s we now show the analogue of
Theorem 5.5 is true. (Recall (Petrich (1973)) that if S is a semilattice Y of semigroups
Sii€Y, then S is a strong semilattice of the S/s if there exist maps ¢, ;: S; = §;
whenever i > j, satisfying

(i) @;; is the identity on S,
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(i1) PijPik = Piys izjzk,
(iii) if a€ S; and beS; then ab = (ag; ;) (be; ;).

LEMMA 5.7. If S is a strong semilattice of the semigroups S,, i € Y, with associated
congruence t, then for each i, every congruence on S; is the restriction of some
congruence on S.

PRrOOF. Let i€ Yand o€ A(S;). Let (a,b)€a, a # b, and suppose sat e S; for some
s,teS'. We may assume s, # 1 (the proof being similar if s = 1 or t = 1). Suppose
seS;and teS§,, j,keY.

Now sat = (s@; ;) (aQ; ;z) (t@, i), 50 ijk = i. Hence sat = (s@; ;) alte, ;). Similarly
sbt = (s@; ;) blte, ;) (for (sat,sbt)et implies sbteS;). Since sp;; and tg, ; are in §,,
(sat, sbt)e 0. The result follows from Lemma 24. //

THEOREM 5.8. If S is a strong semilattice of semigroups S,, i€ Y, with associated
congruence T, then A¥(S) is a subdirect product of the lattices A(S;), ie Y.

Proor. This is now immediate from Corollaries 2.2 and 2.3. //

In particular if the congruence classes are all simple then T = # (Petrich (1973),
Theorem IL1.4.5). As noted earlier, little is known about congruence lattices of simple
semigroups in general. However by Proposition 4.2 the lattice of congruences on a
completely simple semigroup is M-symmetric. Now it is known (Petrich (1973),
Theorem 1V.4.3) that the strong semilattices of completely simple semigroups are
precisely the normal bands of groups, that is the unions of groups in which 4 is a
congruence and S/ is a normal band. (A band is normal if it satisfies the identity
abca = acba.) We have therefore proved

COROLLARY 5.9. If S is a normal band of groups then A”(S) is M-symmetric, whence
semimodular. //

This generalizes the theorem of Baird (1972) that A”(S) is semimodular on a
normal band. Using the techniques described in Section 4, and other methods,
Eberhart and Williams (1978) claimed (Theorem 2.7) that A’(S) was in fact
semimodular on any band of groups. For the non-normal band of Example 5.6
(where the methods of this section fail), however, A”(S) is not semimodular as we now
show.

ExaMPLE 5.10. Let S be the band of Example 5.6. The atoms of A”(S) are
@ = {(a,0),(c,)} UL, B = {(b,d),(d,b)} U and p = {(a,b),(c,d), (b, ), (d, )} U 1. Note
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thate v f = a U B ¢ wy U i(the Rees congruence modulo K), but wg Ut > p. Thus
p Vv a = wg U1, which does not cover a. Let t be the congruence p U {(s, ), (¢, s)}. The
diagram for A”(S) is given in Figure 1.

| 7

Wg U1

auf

1
FIGURE 1.

6. Applications to left congruences

In this section we consider the left congruences contained in #. Since # does not
in general have principal factors the discussion will be confined to the completely
semisimple case. (See Section 3).

If S is any inverse semigroup then A¥(S) & £ #(S), the lattice of full inverse
subsemigroups of § (Meakin (1975) : an inverse subsemigroup of § is full if it contains
all the idempotents of ). The author showed (1978a) that £ % (S) is semimodular if §
is completely semisimple and each 2-class either is combinatorial (¢ = i) or is itself
a group with semimodular subgroup lattice. We will generalize this result to
completely semisimple semigroups in general. The first step is the analogue of
Lemmas 5.3 and 5.7.

LEMMA 6.1. Let S be a completely semisimple semigroup and let R be an R-class of S.
Every O-restricted left congruence on the associated principal Z-factor is induced by a
left congruence on S.
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PROOF. Let ¢ be a O-restricted left congruence on the principal %#-factor and
suppose (a,b)e g, a # b, and sae R for some seS'. Since # is a left congruence on S,
sbeR.

Now S is regular, so a has an inverse @ in S, and ¢ = ad'%a : in fact e is a left
identity for R. Now (sa) @’ = se and (se) a = sa, so se € R. Hence sa = (se) b = sb. The
result now follows from the analogue of Lemma 2.4 for left congruences. //

THEOREM 6.2. If S is a completely semisimple semigroup then A is a subdirect
product of the lattices of O-restricted left congruences on its principal R-factors.

ProoF. Apply the analogue of Corollary 2.3(ii) for left congruences.

If the #-class R consists of a single J#-class, then since S is regular, R is a group,
whence the corresponding subdirect factor is just its lattice of subgroups. Now
suppose R is combinatorial.

LEMMA 6.3. Let R be a combinatorial R-class of a completely semisimple semigroup
S. Then every equivalence on R is the restriction of aQ-restricted left congruence on the
associated principal ®-factor P.

PROOF. Let a be an equivalence on R and let p = a U {(0,0)}, a O-restricted
equivalence on P. To show p is a left congruence on R, let (x, y)e p, x # y (so that
x,y€R) and let re R. If rxe R then since P is contained in a completely O-simple
principal (#-) factor of S, rxeRn L,, whence L N R, that is H,, contains an
idempotent. (See Clifford and Preston (1961), Theorems 2.52 and 2.17 respectively).
But since R is combinatorial, r is that idempotent and is therefore a left identity for R,
so that (rx,ry) =(x,y)ep. If rx =0 then ry =0 similarly. Hence p is a left
congruence on P, inducing a.

THEOREM 6.4. If S is completely semisimple semigroup in which each &-class either is
combinatorial or is a group with M-symmetric lattice of subgroups then AJ\(S) is M-
symmetric, whence semimodular.

Proor. The lattice of O-restricted congruences on a combinatorial principal %-
factor is, by the lemma, isomorphic with the full lattice of equivalences on the
corresponding %-class, whence it is M-symmetric, by Result 4.1. Theorem 6.2 may
then be applied. //

COROLLARY 6.5. In any combinatorial completely semisimple semigroup, AY is
semimodular. In particular A]! is semimodular in any free inverse semigroup and in any

band. [/
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In any semigroup, if an #-class is combinatorial so is every #-class in the same 2-
class. Thus the condition that every #-class be either combinatorial or a group is
equivalent to the condition that every 2-class be either combinatorial or a left group
(that is a direct product of a left zero semigroup and a group), for if D is a non-
combinatorial 9-class, then each #-class is a group and D consists of a single #-
class, whose idempotents form a left zero semigroup. (See Petrich (1973), Theorem
IV.3.9) For inverse semigroups this reduces to the condition stated earlier.

By methods similar to those used in Jones (1978a) it may be shown that the
convgrse to Theorem 6.4 is true, that is AJ(S) is M-symmetric if and only if each 2-
class of S either is combinatorial or is a left group whose associated group has M-
symmetric lattice of subgroups. For a full discussion, including the special cases of
modularity and distributivity, the reader is referred to the above paper, and for the
non-completely semisimple case to Jones (1978b).

Modularity and distributivity of the lattice of left congruences on a band have
been studied by Dean and Oechmke (1964).
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