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1. Introduction. In this paper G denotes a non-identity finite soluble group. If 4
is an irreducible G-module, EndgA4 is a division ring by Schur’s Lemma, actually a
field, since G finite forces A to be finite. Moreover A4 is a vector space over EndgA4
with respect to aa := a(a), « € EndgA4, a € A. We let 9g(A) := dimgpg,4A. Any chief
factor of G is an irreducible G-module via the conjugation action, and it is central
precisely when it is a trivial G-module. By a refined version of the Theorem of Jor-
dan-Holder [1, p. 33] the number §5(A4) of complemented chief factors of G, which
are G-isomorphic to a given A, is constant for any chief series of G. We say that A4 is
complemented, as a G-module, if §G(4) > 0. Let

Q(G) = {non-isomorphic, irreducible, complemented G-modules}.

The following formula, for the minimal number d(G) of generators of G, can be
deduced from the work of Gaschiitz [2]:

d(G) = max he(A4),

where

hod) [sG(A) -1- %(A)} .

@c(A4)

and 65(A) := 1 if A is trivial, 65(A4) := 0 otherwise.

For what follows our reference is [1]. Let X be a Schunck class of characteristic 7
in the universe © of finite soluble groups. A m-group G is generated by its X-pro-
jectors, which are all conjugate. We let nx(G) be the minimal number of X-projectors
which generate G. In a similar way, if ¥ is a saturated formation in © and the
characteristic of & is the set P of all primes, G is generated by its §-normalizers.
Again, they are all conjugate. We denote by 7j3(G) the minimal number of §-nor-
malizers which generate G. The aim of this paper is to obtain formulas for the
functions nx and 7 similar to the one of Gaschiitz for the function d.

Let H be an X-projector of G and let 4 € Q(G). We show that, if M;/N; and
M;,/N, are complemented chief factors of G that are G-isomorphic to A4, then
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M N H < Ny if and only if M, N H < N,. In this case we say that H avoids A and
define

Qx(G) := {4 € Q(G)|H avoids A}.

For a m-group G, we obtain the formula:
G) = hg(A)f, ;.
nx(G) maX{Aini)(( ){ 6 ( )} }

In particular, when the Schunck class is a saturated formation ¥, Q%(G) actually
consists of those 4’s in Q(G) for which every H-chief factor of 4 is F-eccentric.
Now assume, more generally, that H is a subgroup of G such that H° = G. For
each @ € Endg4, a(C4(H)) < C4(H). It follows that C4(H) is a subspace of 4, as a
vector space over EndgA, and we put ¢ g(A4) := dimgng, 4 C4(H). If A is non-trivial,
C4(H) < A as H° = G. Hence ¢g(A4) — ¢c.1(A) # 0 and, for such an 4, we define

Sg(A)— 1+ sac(A)] 41
©6(4) — 96, a(A) '

he.u(A4) = [

In order to compute 7jz(G), we let
Q%(G) = {4 € Q(G)|4 is F-eccentric},

and note that any 4 € QR(G) is non-trivial. We let H be an §-normalizer and show
that

x(G) = max[ max {hG u(4)}, 1}'
AEQR(G)

Since a saturated formation § is a Schunck class and an §-projector contains an §-
normalizer, nx(G) < 7jx(G). Our formulas give nx(G) < d(G). The functions d, nx, iy
and the gaps in the above inequalities have no upper bounds. For example let G be
the semidirect product (C, x C;)"Sym (3), where Sym (3) acts on each direct factor
in the natural way. In the final section of the paper, we show that, if 1l is the for-
mation of supersoluble groups,

n—1

n(G) = d(G) = n(G) = [2] Y

on the other hand, if 9 is the formation of nilpotent groups,

n—1 -
m(G) =2, dG)= [2} +2, oG =n+2.

2. Preliminary results. We shall make repeated use of the fact that a minimal
normal subgroup N of G is abelian. It follows immediately that, if N has a supple-
ment L # G, then L is a complement of N and L is a maximal subgroup of G.
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LEmMMA 2.1. Let N be a minimal normal subgroup of G and let (Hy, ..., H,) be a
complement of N, where each H; is a subgroup. Then the set

M :={(n,....n) € N(H', ..., H") isacomplement of N}
is a union of cosets of Cy(Hy)x...x Cy(H,). Moreover, for (my,...,m,),
(m},...,m,) e M we have
(HI', .. H™) = (H", ... H")e=m; = m,mod Cy (H,), foreachi=1,....r.

Proof. We note that [Ny(H)), Hi] < NN H; = {1} forces Ny(H;) = Cy(H)),
for each i. Now let (ny,...,n,) € N' be such that (H,,...,H,) = (H", ..., H")
and assume H;# HY, for some i It follows that H; < (H;, H") < H;N,
(H;, H) N N # {1}, a contradiction. We conclude that n; € Ny(H;) = Cy(H;), for
each i. O

In the following H denotes a subgroup of G such that H° = G and, for each
homomorphism ¢, n(e(H), €(G)) denotes the minimal number of conjugates of e(H)
that generate €(G). We recall that, for a complemented minimal normal subgroup N
of G, |Der(G/N, N)| coincides with the number of complements of N in G.

LEMMA 2.2. Let N be a minimal normal subgroup of G = HC and let
r:=n(NH/N,G/N). We have
1) r<nH,G) <r+1;
(1) if n(H, G) =r+ 1, H is contained in a complement of N and

|N/Cn(H)| < |Der(G/N, N)|;
(ii1) if N is complemented and every complement of N contains a conjugate of H,

|N/Cn(H)|"= |Der(G/N, N)|
and

n(H, G) = r + 1<=|N/Cy(H)|'= |Der(G/N, N)|.

Proof. (1) Clearly r<n(H,G). Let (1,g,....2)€G" be such that
G = (N, H, H®, ..., H%), and assume that r < n(H, G). Then L := (H, H*, ..., H*)
is a complement of N. In particular N does not normalize H, for otherwise N would
normalize L, contrary to the assumption that G is generated by the conjugates of H.
Hence there exists ne N such that H < (H,H") < HN. It follows that
(H, HYN' N # {1} and G = (H, H", H®, ..., H*). We conclude that n(H, G) = r + 1.

(i1) In the previous notation, L is a complement of N that contains H. Moreover,

for each (ny,ny,...,n,) € N",(H", H®" ..., H%") is a supplement and hence a
complement of N. By Lemma 2.1 the complements of this form are exactly
|N/Cn(H)|".
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(iii) Let ¢, = 1 and let L = (H", H®, ..., H") be a complement of N that con-
tains H. The first part of the statement follows from Lemma 2.1 if we show that each
complement Y of N is of the form Y = (H', H>, ..., H"), where y; = {; (mod N),
for each i. For this purpose, we may assume that H < Y. Denote by ¢ : G — Y the
projection such that y; := ¥(¢;) = ¢; (mod N), for each i, and (H”", H*2, ..., H) is a
supplement of N contained in Y. We conclude that Y = (H", H>, ..., H”).
Combining  this with (i) we have that n(H,G)=r+1 forces
|N/Cn(H)|'= |Der(G/N, N)|. Conversly let |N/Cy(H)|'= |Der(G/N,N)| and
assume G = (H, H*®, ..., H®%), for some (1, g2, ...,g,) € G". If L is a complement of
N that contains H and XA:G— L is the projection, we have
L =MG)= (H,H"®) .. . H%) By what has been proved above, each comple-
ment of N is of the form (H™, H*&)m  F*eIny for some (ny, ns, ..., n.) € N'.
On the other hand, by Lemma 2.1 and our hypothesis, the subgroup
(H™, H¥&m - HMEy must be a complement of N, for each (ny, 1y, ..., n,) € N'.
From g; = A(g;) (mod N), it follows that G = (H, H%>, ..., H%) is a complement of
N, a contradiction. O

As above we let

Q(G) = {non-isomorphic, irreducible, complemented G-modules}

and, for each non-trivial G-module 4 € Q(G), we let

So(A) — 1 + wc(A)] |
@6(A) — 96,u(A) '

he.u(A) == [

Moreover we say that a complemented chief factor M,/N; of G avoids H when
MiNH<N;.

THEOREM 2.3. Let G = HY and assume that H satisfies the following conditions:
(1) if M,/N, is a complemented chief factor of G that avoids H, then every
complement of M/N, in G/N, contains a conjugate of N\H/Ny;
(1) if M1/N, and M,/ N, are G-isomorphic complemented chief factors of G, then
M\ /N, avoids H if and only if M,/N, avoids H.
Then the set Qu(G) := {A € Q(G)|H avoids A} is well defined and

n(H,G) = maX{Agslzil,)((G){hG’H(A)}’ 1}.

Proof. We note that Qy(G) is well defined in virtue of (ii). The result is clear if G
has prime order, and so we argue by induction on the order of G. Let N be a mini-

mal normal subgroup of G and let G :=G/N, H:= NH/N. As H satisfies the
hypothesis above as a subgroup of G, we may assume that

n(H, E)Zmax{ max {haﬁ(A)},l}.

A4€Q(G)

Each 4 € Qﬁ(é) is, by inflation, an irreducible, complemented G-module which
avoids H. Moreover, if 4; and A, are distinct elements of Q7(G), they are not
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isomorphic as G-modules. It follows that Qﬁ(é) can be considered as a subset of
Qpu(G). A chief series of G that includes N gives rise, in a natural way, to a chief
series of G. Considering this fact, it follows easily that for each 4 € Q7(G) that is
not G-isomorphic to N, 8G(4) = §¢(A) and hg, n(A) = hg 7(A). On the other hand, if
A is G-isomorphic to N, then §G(4) — 1 < §5(A) < 56(A).

Case 1. N is not complemented or NN H # {1}.

Clearly Qp(G) = Qz(G) and, for each 4 € Qu(G), we have hg (A4) = hg 7(4).
Hence, by Lemma 2.2 (ii)

n(H,G)=n(H, G) = maX{AS;aﬁ)((E){hGﬁ(A)], 1} = maX{Agz?,)((G){hG'H(A)}’ 1}.

Case 2. N is complemented and NN H = {1}.

Each complement of N contains a conjugate of H. In particular, N is not cen-
tral, as H° = G. By Lemma 2.2, n(H, G) = n(H,G) :=r, or n(H,G) =r+ 1. Also,
we have

|Der(G, N)| < [N/Cx(H)|'= |[EndgN|(#e—sen)r
and equality holds if and only if 5(H, G) = r + 1. Now, by [2, Satz 3],
|Der(G, N)| = [NI|EndgN|% ™= |EndgN|#¢(V+oeM=1,

It follows that

o6(N) +86(N) — 1 <,
©6(N) — 6. u(N) —

with equality if and only if n(H, G) = r + 1. Hence either /¢ y(N) <r = n(H, G) or
he.y(N) = n(H, G) = r + 1. In both cases we have

n(H, G) = max{hg u(N), r}.

We may assume that Qy(G) = Qﬁ(ﬁ) U{N}. As hg u(N) > hz 5(N) and, for each
A € Qpu(G) — {N}, hg,u(A) = hg 7(A), we obtain

4€95(G)

n(H, G) = max{h y(N), r} = max{hG,H(N), max_ {hgﬁ(/l)}, 1}

AeQ(G)—{N}

= max:hG,H(N), max {haﬁ(A)}, 1} = maX{Agslzi)((G){hG’H(A)}’ 1}. 0

3. The function nz. Let © be the universe of finite soluble groups. A class X in
© is said to be a Schunck class if it consists precisely of those groups whose primitive
epimorphic images are in X. Here, by a primitive group, we mean a group P with a
maximal subgroup M such that Corep(M) = {1}. A subgroup H of G is an X-pro-
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jector if €(H) is X-maximal in €(G), for any homorphism ¢. In particular e(H) is an
X-projector of €(G). The X-projectors of G form a unique conjugacy class, denoted
by Projx(G). See [1, 3.21]

LEmMMA 3.1. Let M/N; be a complemented chief factor of G. For any
H € Projx(G), the following conditions are equivalent:
(1) every complement of M|/N| in G/N, contains a conjugate of HN/Ny;
(1) H avoids M/Nj.

Proof. We show that (i1) implies (i), the converse being obvious. Since
HN;| /N € Projx(G/N)), we may replace G by G/N;, H by HN|/N; and assume that
N, = {1}, M, is a minimal normal subgroup of G. Let L; be a complement of M,
and let K be an X-projector of L. Then HM /M, and KM,/M; are X-projectors of
G/M,, so that up to conjugation, HM| = KM, . It follows that H is an X-projector
of KM, by 3.22 (a) of [1]. As M is nilpotent, KM;/M; ~ K is in X and H avoids
M;; from 3.23 (c) of [1] we have {K} = Proj;(K) € Projy(KM,). Hence K is an X-
projector of KM ;. We conclude that H and K are conjugate in KM. O

LEmMA 3.2. Assume that M|/N, and M,/N, are G-isomorphic complemented
chief factors of G. For any H € Projx(G), H avoids M/N, if and only if it avoids
M3/ N;.

Proof. Let C := C5(M,/N1) = C3(M>/N>) and consider the following semidir-
ect products. Relative to the conjugation action, we have

El =M /N1)(G/C) >~ Ey := (M»/N>)(G/C).

Note that M;/N; is the unique minimal normal subgroup of E; as it is self-
centralizing (i = 1, 2). Let L;/N; be complements of M;/N; in G/N;, and consider the
homomorphisms

€. G= Ml'Li d El‘ such that I’Vl,[jH(N,’Wli, CZZ»), (l = 1, 2)
Clearly

Gi(M,‘) = M,‘/N,‘ and Gi(L,‘) = CL,/C: G/C as M,‘ < C.

In particular €; and €, are epimorphisms. Suppose that HN M| < N;. By the pre-
vious lemma we may assume that H < L; and hence ¢;(H) < G/C. It follows that
€1(H) intersects trivially the unique minimal normal subgroup M;/N; of E|. As
€;(H) is an X-projector of E; (i=1,2), e,(H) also intersects trivially the unique
minimal normal subgroup M;/N, of E;. On the other hand, e;(H N M;) < M,/N>.
Hence HN M, < kere; = CN L,. We conclude that HN M, < M, N L, =N,. [

We recall that, for a class X, the set 7 of prime numbers p such that Z,, is in X is
called the characteristic of the class.

THEOREM 3.3. Let X be a Schunck class of characteristic w and let G be a mt-group.
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(i) G is generated by the X-projectors;
(i1) For H € Projx(G), the set Qx(G) := {A € Q(G)|H avoids A} is well defined.
Also

nx(G) = max{AIE?gi(G){hG(A)}, 1}.

§g(A) — 1
Moreover, for each A € Qx(G), 86(A) = 0. Hence hg(A) = [%} + 2.
G

Proof. The image of H in G/HY is the identity subgroup and it is ¥-maximal. It
follows that G/HC is a 7’-group; i.e. G = HY. Combining this observation with 3.1
and 3.2, we see that H satisfies the hypothesis of Theorem 2.3. For 4 € Qx(G), let
M/N; be a complemented chief factor of G that is G-isomorphic to 4. Now
HN| /N, € Projz(G/N,) is selfnormalizing in G/N, by 4.8 of [1]. From this fact and
the condition H N M| < Ny, it follows easily that CM] /Ny (H) = {1} = C4(H). Hence
0a.n(A) = 06(A4) = 0, for each 4 € Qx(G). The result 1s now a special case of 2.3. []

Comparing this Theorem with the result of Gaschiitz for the minimal number
d(G) of generators for G, one has immediately the following result.

COROLLARY 3.4. nx(G) < d(G).

4. The function 3. We need some technical definitions and results: for con-
sistency and proofs we refer to [1]. Let % be a saturated formation in ©; i.e. a non-
empty class of finite soluble groups, closed with respect to epimorphic images and
subdirect products, with the following additional property: whenever F/®(F) is in §,
then also Fis in § (®(F) being the Frattini subgroup). We assume further that i has
characteristic the set P of all primes. Under these assumptions,  is a Schunck class
and there exists a function f: P — {formations} with the following properties. For
each prime p, (1) f(p) C § consists of those groups which have a normal p-subgroup
with quotient in f(p); (2) a group Fis in & if and only if F/Cr(L/K) € f(p), for each
chief factor L/K of F such that p||L/K]|.

A chief factor M;/N; of G is called F-central if and only if
pl|Mi/Ni| = G/Co(My/Ny) € fip). If this is not the case, then M;/N; is F-eccen-
tric. Since {1} is in f{(p), for each p, any central chief factor is $-central.

Let X be a Hall system of G and, for each prime p dividing the order of G,
denote by G,y the Hall p’-subgroup of G in ¥. An F-normalizer H of G can thus be
defined by

H:= () No(Gy n GP),
rliG

where G/ denotes the unique normal subgroup of G minimal with respect to
G/G") in f(p). The F-normalizers of G form a unique conjugacy class. Moreover, if
H is an §-normalizer of G, then €(H) is an §-normalizer of €(G), for each homo-
morphism e.

LeEMMA 4.1. Let H be an §-normalizer of G and let M|/N| be a complemented
chief factor of G. Then the following conditions are equivalent:
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(i) My/Ny is F-eccentric;
(i) H avoids M|/Ny;
(iii) every complement of M|/Ny in G/N; contains a conjugate of HN{/Nj.

Proof. (1) <= (ii). See [1, p. 401].

(il) = (iii). As HN;/N; is an §-normalizer of G/Nj, as usual we may assume
that Ny = {1} and M, is a minimal normal subgroup of G. We need a definition. A
maximal subgroup K of a group F is called §-critical if F/Kr ¢ & and F = K Fit(F).
Now let L be a complement of M, and let T be an F-normalizer of L. Then T € §
and there exists a chain

T=L.<...<L =L,
where each L; is maximal in L;_; and §-critical by [1, 3.8]. Since the p-group M, is
&-eccentric, G/Cg(My) & f(p). Now Lg < Cg(My) gives

G/Lo N
CG/rg(LaMi/ L) CG(M )

¢ fp).

As LM /L~ M, is a minimal normal subgroup of G/Lg, it follows that

G/Lg € & and L is §-critical in G. Hence the chain T= L, < ... < L < G is §-critical

and, again by [1], T'is an §-normalizer in G. We conclude that T is conjugate to H.
(iil)=>(ii). This is clear. [

THEOREM 4.2. Let § be a saturated formation of characteristic P.
(i) G is generated by the §-normalizers;

(i) 73(G) = max{max ;g . n()}. 1],
where Qﬁ(G) = {A € Q(G)|Ais %—eccentric} and H is an §-normalizer.

Proof. Since ¥ has characteristic P, H = G by [1, p. 401]. By the previous
Lemma we can apply Theorem 2.3, with Q(G) = Qx(G). O

In the case of a saturated formation, the set Qx(G) of Theorem 3.3 is better
characterized in the following way.

LEMMA 4.3. Let H be an §-projector of G. Then
Qy(G) = {4 € Qu(G)|every H-chief factor of Ais F-eccentricin AH}.

Proof. Let A ~ M,/N,, a complemented chief factor of G. The H-chief factors
of A coincide with the HM/N;-chief factors of the normal subgroup M;/N; of
G/N;. Now HN; /N is an §-projector of G/N; and hence of HM/N,. As M,/N is
a normal nilpotent subgroup of HM/ /Ny, with quotient H/(H N M) in &, it follows
that HN;/N; is an §-normalizer of HM//N;. (See [1, 4.2].) Hence HN,/N, covers
the F-central chief factors of HM /N, and avoids the §-eccentric ones. By definition

HNl M,

1

=1.
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We conclude that 4 € Qx(G) if and only if all the H-chief factors of 4 are -
eccentric. ]

5. Examples. Denote by 9t the saturated formation of nilpotent groups. I is
local with respect to the formation function f such that f{p) = {1}, for each prime p.
It follows that a chief factor is central if and only if it is Jt-central. The -projectors
are the Carter subgroups and the Jl-normalizers are the system normalizers. If
A= M;/N; is a chief factor and H is a Carter subgroup of G, then H avoids
M;/N<—=C, (H)={1}. As a matter of fact, HNM; <N; implies that
C4(H) = {1}, since HN;/N is selfnormalizing in G/N;. On the other hand,

H M
HligN1:>{1}<z<%) ! <
1

Hence, in this case, we have
Qu(G) = {4 € QG)|C4(H) = {1},
where H is a Carter subgroup of G, and
Qu(G) = {4 € Q(G)|4 non trivial G-module}.

REMARK. Let & be a saturated formation of characteristic 7, G a m-group and H
an g-projector of G. Then Ng(H) = H so that, for each minimal normal subgroup N
of G, we have

HNON= {1} = Cy(H) = {1}.

However, the converse is not true in general. For example, if 1l is the formation of
supersoluble groups, G is the symmetric group Sym (3) and N is the alternating
group Alt (3), then

H=G,Cy(H)={1}, HNN = N.

Denote by 1l the saturated formation of supersoluble groups. 11 is local with respect
to the formation function f such that f{(p)= {abelian groups of exponent dividing
(p—1)}, for each prime p. A chief factor is lI-eccentric if and only if it is not cyclic.
By Lemma 4.3

Qu(G) = {4 € Q(G)|4 has no cyclic H-chief factor},

where H is a U-projector. On the other hand we have
Qn(G) = {4 € (G)|Anoncyclic).

1. Let G be the symmetric group Sym (4). Consider the chief series

Ny ={1} < N3=C, x C; < N, =Alt(4) < Ny = Sym (4),
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and let 4; be a G-module G-isomorphic to the chief factor N;/N; i, 1 <i < 3. The
Carter subgroups of G are the Sylow 2-subgroups and the system normalizers are
the subgroups generated by a 2-cycle. It is easy to see that

QG) = (A1, 42, A3},  Q(G) = {42},  Qu(G) = {41, 43},

with /lG(Al) = 1, hG(Az) = /’l(;(Ag,) =2 and hG,H(Az) = 2, hG,H(A_;) = 3, where H is a
system normalizer. It follows that

d(G) =nn(G) =2, nu(G) =3.

2. Let G be the semidirect product (C, x C;)"Sym (3), where Sym (3) acts on
each direct factor in the natural way. In this case Q(G) = {4, 4,, 43}, where

Ay is G-isomorphicto ((Cy x C)"'Sym (3))/((Cy x Cp)"Alt(3)),

A is G-isomorphicto ((C; x C2)'Alt(3))/(Ca x Cy)"

and A; is G-isomorphic to Cy x C,. Since 8g(A4;) = 8g(A2) =1 and §g(A43) =n we
have

ha(d) = 1, ho(A) =2, he(ds) = [”; 1] +2.

Again the Carter subgroups of G are the Sylow 2-subgroups while the subgroup H,
generated by a 2-cycle of Sym (3) is a system normalizer. In this case we have

Qu(G) = {42},  Q(G) = {41, 43},

and /’l(;y)r-]l (Az) =2, hG,H] (Ag) =n+ 2. It follows that

n—1

m(G) =2, dG)= [ } In(G) =n+2.

On the other hand the lI-projectors and the 11-normalizers coincide and are precisely
the complements in G of the normal subgroup (C; x C,)". We have

Qu(G) = Qu(G) = {43}

and hG(A3) = hg u,(43) = ["5%] + 2, where H; is a U-normalizer. It follows that

R R e R
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