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Abstract

We consider the random series—parallel graph introduced by Hambly and Jordan (2004
Adv. Appl. Probab. 36, 824-838), which is a hierarchical graph with a parameter
p €0, 1]. The graph is built recursively: at each step, every edge in the graph is either
replaced with probability p by a series of two edges, or with probability 1 — p by two par-
allel edges, and the replacements are independent of each other and of everything up to
then. At the nth step of the recursive procedure, the distance between the extremal points
on the graph is denoted by D, (p). It is known that D,,(p) possesses a phase transition at
pP=pc:= %; more precisely, % log E[D,(p)] = a(p) when n — oo, with «(p) >0 for
p > pe and a(p) =0 for p < p.. We study the exponent «(p) in the slightly supercritical
regime p = p. + &. Our main result says that as ¢ — 0T, a(p. + €) behaves like \/Z(2) €,
where ¢(2) := %2.
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1. Introduction

1.1. The model and the main result

Hierarchical lattices were studied in the physics literature [5, 7, 13, 24] as lattices tailored
for real-space renormalization techniques to become exact; in the absence of disorder, they
allow one to calculate exactly critical points and exponents, by analysing the neighbourhood of
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2 X. CHEN ET AL

FIGURE 1. At each step of the construction of the hierarchical lattice, each edge of the lattice is replaced
by two edges in series with probability p or by two edges in parallel with probability 1 — p. The left
shows graph Graphg(p) and the right shows the two possibilities for the graph Graph; (p).
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FIGURE 2. An example of the first four graphs in the sequence (Graph,(p))n>0.

fixed points of some dynamical systems. In the disordered case, like in the problem of directed
polymers or interfaces in a random medium [6, 8, 11] as well as their simplified versions [9,
16], disordered spin models [22], or percolation clusters [15], the hierarchical structure allows
one to formulate the problem as a recursion for a probability distribution. Despite this simple
and elegant formulation, these recursions are often hard to analyse, especially near transition
points. This is why most models with disorder on hierarchical lattices remain unsolved.

The series—parallel random graph, investigated by Hambly and Jordan [14], is an example
of a hierarchical lattice with disorder. The original motivation was to view this graph as a
random environment which can be studied as a dynamical system on probability measures; see
the introduction in [14] for more details.

To define the series—parallel random graph, we fix a parameter p € [0, 1], and consider two
vertices denoted by a and z, respectively. The graph Graphg(p) is simply composed of ver-
tices a and z, as well as a (non-oriented) edge connecting a and z. We now define Graph,,(p),
neN:= {0, 1, 2, ...}, recursively as follows: Graph,,(p) is obtained by replacing indepen-
dently each edge of Graph,(p), either by two edges in series with probability p, or by two
parallel edges with probability 1 — p. See Figure 1.

The graph Graph,(p) is called the series—parallel random graph of order n. See Figure 2
for an example.

Let D,(p) denote the graph distance between vertices a and z on Graph,(p), i.e. the
minimal number of edges necessary to connect a and z on Graph,(p). Since n+> Dy(p) is
non-decreasing, we have D, (p) 1 Doo(p) := sup;- Di(p) (which may be infinite). It is known
[14] that Dso(p) < 0o almost surely (a.s.) for p € [0, %), and Doo(p) =00 a.s. for p € [%, 1].
As such, there is a phase transition for D,(p) at p =p. := % In this article we focus on the
slightly supercritical case: p = p. + ¢ when ¢ > 0 is sufficiently small.

Let us fix p € [0, 1] for the time being. There is a simple recursive formula for the law of
Dy, (p). In fact, Do(p) = 1; for n € N, by considering the two edges of Graph;(p), we have

Dui1(P) "2 (Du(p) + Du(p)) &, + min (Du(p), Du())(1 — &), (1.1)
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where “"2 denotes identity is distribution, Bn(p) is an independent copy of D,(p), &, is
a Bernoulli(p) random variable P(&, =1)=p =1 — P(&, =0), and D,(p), ﬁn(p), and &, are
assumed to be independent. Equation (1.1) defines a random iterative system. There is an
important literature on random iteration functions, see for example [12, 17, 19, 23, 25].
Equation (1.1) is also an interesting addition to the list of recursive distributional equations
analyzed in the seminal paper [3].

Let us briefly explain that the limit lim,—, % log E[D,(p)] =: a(p) exists. To this end, we
fix m, n € N. By definition, at step n, there exists a certain path I', on Graph,(p) of length
D, (p) (i.e. number of edges) connecting vertices a and z. After m additional steps, edges in I,
are transformed into independent copies of Graph,,(p). Accordingly,

D,
Dn+m(P) = Z Aiy

i=1

where, given D,(p), the A; are (conditionally) independent having the same law as D,,(p).
Taking expectation, we get that E[D;4,,(p)] < E[D,(p)] E[Dn(p)]. Since D,(p) <2" and by
the Fekete lemma on subadditive sequences, we obtain that

alp) = nl;rgo % log E[D,(p)] = ;ng % log E[Di(p)] € [0, log 2], (1.2)

exists. An easy coupling also implies that p — «(p) is non-decreasing on [0, 1]. The main
result of the paper concerns the behaviour of the exponent «(p. + €), when ¢ > 0 in the neigh-
bourhood of 0. Let us mention here that the results stated in this article concern the law of
the D,(p) only and that they hold true for any sequence of random variables satisfying the
distributional equation (1.1).

Theorem 1. Let (D, (p))nen satisfy (1.1) with Do(p) = 1. Let «(-) be as in (1.2). Then

(1.3)

Proof. See Sections 3 and 4. U

We have not been able to prove a convergence of }l log D,, when p € (%, 1), However, we

prove the following theorem which provides a partial answer as p |, p. = %

Theorem 2. Let (D, (p))nen satisfy (1.1) with Do(p)=1. Then there exists a function
@[3, 11— [0, log 2] such that lim, o+ &(pc + £)/ /€ = 7/+/6 and P-a.s.

a(pe + &) <lim inf logD (pc +¢) <lim sup log Du(pc +¢) < a(pc + ¢). (1.4)
n—0oo

n—0oQ

Thus, P-a.s.

1 1 1 1 T
lim — liminf — log D, = 11m — lim's log D =—.
e—0t /& >0 1 & Dulp) = + /e ]nﬁol:)pn g Du(p) J6

Proof. See Section 5. O

(1.5)
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1.2. Existing results and other problems

Considering Graph,(p) as an electric network (as in [10] or [20]) and assigning a unit
resistance to each edge, the effective resistance R,(p) of Graph,(p) from a to z is such that
Ro(p) =1 and that for each n > 0,

P(Ru11(p) = Ru(p) + Ru(p)) =p=1—P = Rp))’
(Rus1(p) = Ru(p) + Ru(p)) = p (Rn_H(p) Rn(p)+Rn(P)>

where ﬁn(p) denotes an independent copy of R, (p). It is known [14] that E[R,(p)] — oo for
p> % and E[R,(p)] — 0 for p < % As such, the effective resistance has a phase transition at
p= % as for the graph distance (Hambly and Jordan [14] proved that p = % is also critical for
the Cheeger constant of Graph,,(p), though we do not study the resistance nor the Cheeger
constant in this article). On the other hand, it is a straightforward observation that at p = p,,
R,(pc) has the same distribution as 1/R,(p.). Hambly and Jordan [14] predicted that for all
y>x>0,

P(Ru(pe) € [x, y]) >0, n— oo. (1.6)

Even though (1.6) looks quite plausible, no rigorous proof has been made available yet: it
remains an open problem. Let us also mention that a more quantitative prediction has been
made by Addario-Berry et al. [2] (see also [1]): at p =p,, % would converge weakly
to a (shifted) beta distribution, with an appropriate but unknown constant ¢ € (0, 00).

For all p €[0, 1], Hambly and Jordan [14] also conjectured the existence of a constant
0(p) € R such that 1 log R,,(p) — 6(p) in probability.

Hambly and Jordan [14] also studied the first passage percolation problem on Graph,,(p),
which amounts to study the same recursion (1.1) as for the graph distance D,(p), but with a
more general initial distribution instead of Do(p) = 1. As far as the distance D, (p) is concerned,
we mention that weak convergence for D,(p) at criticality p = p. := % has been investigated
by Auffinger and Cable [4]. Let us also mention that the hierarchical structure in Graph,,(p)
turned out to be very convenient for study of the ‘ant problem’ for reinforcement [18].

The rest of the article is structured as follows. In Section 2, we present some heuristics lead-
ing to Theorem 1, and give an outline of the proof. The lower and upper bounds in Theorem 1
are proved in Sections 3 and 4, respectively.

2. Heuristics and Description of the Approach

This aim of this short section is two-fold: the first part describes some heuristics about what
led us to the conclusion in Theorem 1 and the second part provides an outline of the proof of
Theorem 1.

2.1. Heuristics for Theorem 1
Letp € (0, 1). Write
ap(k):= P(D,=k), n=>0, k>1.

By (1.1), we get, for k> 1,

a1 =p Y an(i)antk — i)+ (1 —p)(zan(m(l -y an(i>> —an<k>2). @.1)

1<i<k 1<i<k
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Letp=p.+¢e= % + ¢ and assume that for large n and for k such that log k = @ (/n) that a,,(k)
takes the following scaling form:

(k) = — ( Ing), 22)
i\

with an appropriate bivariate function (¢, x) — f(¢, x). This scaling was already used by
Auffinger and Cable [4] in the case p = p.. Using the fact that

11 1+ 1
ik—0 k\i k—i)’

we show that (2.1) implies heuristically the following equation (the details of the derivation of
(2.3) from (2.1) are given in Appendix A)

YVt
8t 28x

— Kf — f+ t( 2f~|—4f/ f@, y)dy) (2.3)

where

6
For ¢ =0 one can solve (2.3) exactly for an arbitrary initial condition, F(x) =f (o, x) at
time fo > 0. It is in fact easy to write the solution in a parametric form at arbitrary time ¢ > fy:

t t o o
ft, )= —Fo(y); x=K <‘/— —,/—) Foy) +y,/ —- (2.4)
fo fo t t
[ (,/——,/’°>Fo<>+,/ ]dy, 2.5)
fo

and if Fp(y) vanishes at the boundaries, then one can see that

110g(1%) 2
K::/ =z
0 u

If one writes

/ b0 de= / Foly) dy, 2.6)

so that the normalization of Fy is conserved. However, after a finite time * > #g, given by the
first time for which dx/dy as in (2.5) vanishes for some y i.e.

f=rn|l ! L
=t|1——=max —— |,
K y Fy»

the solution F of (2.4) becomes multi-valued (see Figure 3 below). Then the solution is still
given by (2.4) for some ranges of x with one of several shocks as on the right of Figure 3. In
the example of Figure 3, if f, (¢, x) > f(¢, x) > f.(¢, x) are the three expressions of f(¢, x) given
by the parametric form (2.4) in the region (x1(¢), x2(f)) where f(¢, x) is multi-valued, the true
solution is

fa(t, x) for x| < x < x4,

[, x)=

Je(t, %) for x, <x <xo,

https://doi.org/10.1017/apr.2025.10023 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10023

6 X. CHEN ET AL

1 1
08} g 08
06} g 06
041 E 0.4
0.2} E 0.2 \\
% 0.5 1 15 2 25 3 3.5 % 05 1 15 2 2.5 3 35

FIGURE 3. On the left, solution F(¢, x) using the parametric form (2.4) at times #g, 3t9, 5t, and 7#y for
Fo(z) = ze 2. The same with the shock on the right.

with x,(¢) determined by

X4 (1) x2(1)
[fa(t’ x) _fb(tv -x)] dx= [fb(tv -x) _.fC(ts x)] dx.
x1(0) X(1)
With this choice of x,(f) the normalization (2.6) of f is preserved.
In the long time limit, in that way from (2.4) one obtains that

for 0 < x < x4(00),

ft, x) = with x,(00) := v2K. (2.7)

o -

for x > x4(00),

For ¢ =0, this is in agreement with the description in [4].
For ¢ # 0, we did not succeed in solving (2.3) for an arbitrary initial condition. However, if
one starts at = 0 with the ¢ = 0 solution (2.7), one can solve (2.3) explicitly:

1 et et
f(t, x) = m\/; sinh (2)6\/;) . (28)

Since Z,fil ay(k) =1 for all n, the function x — f(#, x) is a probability density function for all
t. By analogy with the case ¢ =0, we assume that (2.8) is valid only for x € [0, x,(¢)], where

X () is such that
w01 et [et
/ /g sinh | 2x il dx
0 e2er — 1V K K

and we take f(¢, x) =0 for x > x,(f). When t — oo, we have

x4(t) ~ vV Ket.

Il
—_

This implies that for n — oo,
log E[D,(p. + €)] = ~/Ken.

Consequently,

1
a(pe+ €)= nlingozlogE[Dn@C+e)]%JKe, e— 0T,

which leads to the statement of Theorem 1.
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2.2. Outline of the proof of Theorem 1

It does not seem obvious how to turn the heuristics described in Section 2.1 directly into a
rigorous argument. Our proof goes along different lines, even though the ideas are guided by
the heuristics.

To prove Theorem 1, we study the following dynamical system on the set M of all proba-
bility measures on R* := (0, oo): we use the notation a A b := min{a, b}. Let p € [0, 1]; for
all u € M, we define the probability measure W,(u) as follows:

W, (w) is the law of (X + X)&+ (X AX)(1 — &), (2.9)

where X, ?, and & are independent, X and X have law i, and &is a Bernoulli random variable
with parameter p (all the random variables mentioned in this article are defined on the same
probability space (2, .%, P) that is assumed to be sufficiently rich to carry as many independent
random variables as needed). We observe that if u, stands for the law of D, (p), then p,4+1 =

Wy, (un) and po = 4.
Let us briefly mention two basic properties of W,,. First, ¥, is homogeneous; namely,

forall @ eRY, forall ue My, W,(Mg(1))=Mo(¥p(1)), (2.10)

where, for all § € R? and for any random variable X with law u € M1, Mg(i1) denotes the law
of 6X.

st
We next observe that W, preserves the stochastic order < on M that is defined as fol-

lows: usgtv if u((x, 00)) < v((x, 00)) for all x € R (which is equivalent to the existence of two
random variables X and Y whose laws are respectively i and v and such that X <Y, P-a.s.).
Indeed, for all u, v € Mj,

st st
(12 = v) = (Up(1) = Wp(v). @11)
In the rest of the article, it will sometimes be convenient to abuse slightly the notation

by writing X;Y for any pair of random variables X and Y to mean that the law of X is
stochastically less than that of Y.

2.2.1. Strategy for the lower bound in Theorem 1. We fix p = % + ¢ and denote by u, the law
of Dy(p) as defined in (1.1). As already mentioned, 14,41 = W,(it,,) for all integers n > 0 and
wo =261.Let 0, B € RE, and ng € N*. Suppose that we are able to find an M ;-valued sequence
(Vn)n=n, such that for n > ng,

st st
MG(Vno) = MUny and Mﬂ(vn+l) = \yp(‘)n) (2.12)

We call the v, the lower bound laws. For all integers n > ng, let Y, and U,, be random vari-
t

ables with respective laws v, and W,(v,). Then (2.12) can be rewritten as 6, S§Dn0 (p) and

ﬂY,,H;Un. By (2.10) and (2.11), for all n > ny,

st
Mgn—no (vn) < pn;

st
in other words, 88" ~""Y,, < D,(p), which, in turn, implies that

E[D,(p)] = 6" ™E[Y,], n=no. (2.13)
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Here, 8 and E[Y,,] turn out to be sufficiently explicit in terms of n and ¢ to provide a good lower
bound for E[D,(p)] and, thus, for a(% +¢&):= lim,_ rlllog E[D,(p)]. To find appropriate
lower bound laws v, (i.e. laws such that (2.12) holds), we are guided by the heuristics described
in Section 2.1.

Remark 1. In the proof of the lower bound in Theorem 1 in Section 3, we need to fix several
parameters in (the law of) the random variable Y,, introduced in the strategy in the previous
paragraph. Even though we are guided by the heuristics in Section 2.1, the choice of these
parameters is not obvious, and is in fact rather delicate, resulting from a painful procedure of
adjustment. A similar remark applies to the proof of the upper bound in Theorem 1.

2.2.2. Strategy for the upper bound in Theorem I. The strategy is identical, except that the
values of the parameters ng, B and 0, are different: suppose we are able to find an M;-valued
sequence (v),),>n, such that for n > ny,

st

st
Ing = Mp(vy) and  W,(vy) < Mp(vy, ) (2.14)

we call v), the upper bound laws. For all integer n > ng, let Z, and V,, be random variables with
respective laws v;, and \pr(v,’l). By (2.10) and (2.11), for all n > ny,

st
Hn EMgﬂﬂ*"o(V,;ﬁ (2.15)

i.e. Dy(p) ; 6p"~"Z,, which, in turn, implies that
E[D,(p)] < 08" ™ E[Z,].

As in the lower bound,  and E[Z,] will be sufficiently explicit in terms of n and ¢ to provide
an upper bound for E[D,(p)] and, thus, for oz(% + ¢). To find appropriate upper bound laws v},
(i.e. laws such that (2.14) holds), again we follow the heuristics described in Section 2.1.

3. Proof of Theorem 1: The Lower Bound

3.1 Definition of the lower bound laws

In this section we construct lower bound laws, i.e. an Mj-valued sequence (V,),>1
satisfying (2.12).

First note that the polynomial function P(n) = (1 — n)(1 + 1)? is such that P(0) = 1 and that
P'(0) =1 > 0. Thus, there exists 19 € (0, 1) such that

- 120+
vie©m), (A—mi+n’>1, f=——s—<l 3.1)
‘We recall that
(=3 _
- n 6
n>1
Let € € (0, %). We set, forn € N,
s§= L(l +n)/e and a,= l(1 —2e +n8%)" = l(1 —2(1 —7e)" (3.2)
NRO) "4 4 ' '
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The following increasing function ¢s: [1, co) — R plays a key role in the rest of the
paper:
1
@s(x):= cosh (8 logx) — 1= E(xa +x7%) =1, xell, o). (3.3)
In the following lemma, we introduce the laws v,, and provide basic properties of these laws.
They are shown to satisfy (2.12) in Lemma 2, the proof of which is the main technical step
of the proof of the lower bound in Theorem 1. Let us mention that the notation O, ¢(ay)

denotes an expression which, for fixed (n, ¢) is O(a,). The remark also applies to forthcoming
expressions such as @, (-) or Os(-).

Lemma 1. Let n € (0, no) and let ¢ € (O, %) Let § and (a,)neN be defined in (3.2). Recall

the function @s from (3.3). For all n € N, let A, € (1, 00) be the unique real number such that
2a,0s(Ay) = 1 and let v, = vy(n, ¢€) be the unique element of My such that

(0, 1)=0 and v,((0, x]) =2a,05(x A Xy), x€]1,00). (3.4)
Then the following hold.
(i) We have A, = a;1/8(1 + (9,,,8(51,,)) as n— oo.
(i) We have lim,,_, o0 2a,0s(n'/°1,) = n.

(iii) There exists e1(n) € (0, %) such that for all ¢ € (0, €1(n)) there is n1(n, €) € N satisfying
Mpl — An+ 1 <8A, foralln>ni(n, ¢).

(iv) Let Y, be a random variable with law v,. Then

AT —1 a1
E[Y,]=$ L —— 35
Y] a”( 1+ [ ) G:3)
Furthermore,
1 —log (1 —2(1 —)e) 1-7
— lim -logE[Y,]= V@) — Vve¢®2). (3.6
ﬁnl)rgonog (Y] NG o f()1+n;0—+> £(2). (3.6)

Proof. Recall that the inverse on R of cosh is the function arcosh(y) = log (y + /2 — 1),
y € [1, co) and that arcosh(%) =logy—y 2+ O(y~*) as y — oco. Thus, we get

1 1+ 2a, a2 at
Slog A, = h( 1 =1 — L o 1
0g A, = arcos ( + 2an> og ( @ > (11 2a,2 + 1+ 2a)7

1
= 10g —+ (977,8(6111)7
dn

which immediately implies (i). Since ¢5(x) ~x— 00 %x‘s, we get 2an<p5(n1/ 8 20) ~nes 00 nankfl
which tends to 1 as n — oo. This proves (ii).

Let us prove (iii). Recall here that n € (0, no) is fixed. To simply notation, we set p :=
(1—-2(1 —me)~! > 1, so that a, = %p’". It follows from (i) that

Antl = dn = (010 = DAy(1 4 Oy £(a@n)),  n—> oo, (3.7)
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We also set ¢ = 2{(2)_1/2; thus, 8§ = c(1 + 1)+/e. We observe that

logp 2(1—Me+ 0> 21—
5 cl+me  A(l+n)?

§+0,¥%, e—0". (3.8)

Therefore,
20-%) 2 =2

—=—x<1

lim 8~ '(p!/% — )= == 1
im0 (e R A )

and there exists €;(n) € (0, 1/2) such that for all €€ (0, e;(n)(n)), p'/® —1 <&, which,
combined with (3.7), yields (iii).
Let us prove (iv). Observe that

A

An n
ElY,]= / 2a,¢5(x)x dx = 2a,8 / sinh (6 log x) dx
1 1

log Ay log An
=2a,5 / sinh (8u)e" du = a,$ / (e”(H"S) — e”(l_‘s)) du,
0 0

which implies (3.5). By (i), we thus get E[Y,] ~yo0 (8/1 + 8)a, /°. Since a, = 1 p™ with
p=(1—-2(1-"me)"!, this implies that lim,_, o n~! log E[Y,] =8"log p, which readily
yields (3.6) by means of (3.8).

The following lemma asserts that the laws v, defined in Lemma 1 satisfy the right-hand side
of (2.12) with 8 = 1.

Lemma 2. Let n € (0, ng) and let € € (0, %). Let § anﬂ (an)nen be as in (3.2) and let vy, be
defined by (3.4). For all n € N, we denote by Y, and Y, two independent random variables
with common law v,,.. Then there exists e(n) € (0, %) such that for all ¢ € (0, 2(n)), there is
na(n, €) € N such that for all integers n > ny(n, €)and all y € R*Jr,

1 - 1 2
(5 +e> IP’(Y" +Y, >y) + (5 —8) P(Yn >y) —1 +IP<Y,,+1 §y> >0. 3.9)

Proof. See Section 3.2.

Proof of the lower bound in Theorem 1. Let us admit Lemma 2 for the time being and prove
that it implies the lower bound in Theorem 1.
Recall that p= % +¢e, so (3.9 implies for all n>mny(n,¢e) that v,41((y, 00)) <

st
W, (vp)(y, 00)) forall y € R* ,i.e. vyt1 qS\Il,,(vn). On the other hand, we note that a.s. Y, ¢) <
Any(n,e) and 1 < Dy, .60 (P). Thus, a.s. Yoy n.6)/Ann(n,e) < Dna(y,e)(P), which implies

st
M@(Vnz(n,s))fﬂnz(n,s) ,

where 0 := 1/XA;,;,¢) (as before, w, stands for the law of D,(p)). As such, the laws
v, satisfy (2.12) with no=ns(n, €), 0 =1/A4,4¢ and B=1. It follows from (2.13)
that for all n > ny(n, &), E[D,(p)] > 6 E[Y},], thus a(% + 8) =lim,_, » (1/n) log E[D,(p)] >

limy— o (1/n)log E[Y,] and we get liminf, o+ a(3+¢)/ve>+/2(2) by (3.6) in
Lemma 1. O
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3.2. Proof of Lemma 2

We fix n € (0, no) and ¢ € (0, %). Writing LHS 3 9y for the expression on the left-hand side
of (3.9), we need to check that LHS(3 9y > O for all large n, uniformly in y € [1, A,41] because
this inequality is obvious if y € [0, 1) and y € (41, 00). Let n3(n, ) be such that n'/%3,, > 2
for all n > n3(n, €). Thus, to prove (3.9), we suppose that n > n3(n, €) and we consider three
situations:

Casel:ye[l, nl/‘s)»,,], Case2:ye (nl/‘s)\n, Anl, and Case3:ye (A, Apt1l-
For the sake of clarity, these situations are dealt with in three distinct parts.

Proof of Lemma 2: first case y € [1, 171/ 3).,]. In this case, we first note that
IP)(Yn +/Y\n >y) >1 _P(Yn S)’Q/Y\n §Y) =1 _P(Yn fy)z-

Therefore, writing F,(y) := P(Y, <y), we obtain
1 2 1 2
LHSG9) > 3 +e )1 =F.»0)" )+ 3¢ (1= Fa()” = 14 Fug1(»)

= —(1 = 2&)F,(y) — 26 F,(9)* + Fps109).

For ye[l, n'/%4,], we have y <X, <Ant1, thus F(y) = 2a,95(y A Ay) = 2a,95(y), and
Fpi1(y) = 2a,4105(y) = (1 — 2& + n8%)2a,95(y). Accordingly,

LHS3.9) > 2082a,05(y) — 26(2a,05(»)*.

Observe that 82 /(2¢) = 12(1 4+ n)? /7% > 1, thus % > 1, which equals lim,_ o0 2a,05(n'/°1,,)
by Lemma 1(ii). Thus, there exists n4(n, €) > n3(n, €) such that for all n > n4(n, ¢) and all

ye[l, n'/%x,], we have
2

né
2a,05(y) < —,
2¢e

which implies that
2

né
LHS30) 2 208%a,05(y) = 265 —~20,95()) =0,
as desired. O

Proof of Lemma 2: second case y € ['/%),,, A,]. In this case and in the next case, the con-
volution term Y,, + Y, matters more specifically; we use the following lemma to get estimates
for the law of Y,, + Y,,. This is a key lemma where the constant ¢ (2) appears.

Lemma 3. We keep the previous notation and we recall, in particular, 5 from (3.2). Let r €
(0, 1]. We define

rx—1 , 2
cvla,r(x):=f1 @50 (@s(x) — ps(x — 1)) dr, xe[;, oo). (3.10)

2

Forr e (0, 1], we also set k(r) := Z}:O:I kﬁZ and for x € [;, oo),

1 2
ks r(x) 1= K (r — —) — — —¢p 6 coth (§ log x),
x x
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1 1 1 ds

Then, forr € (0, 1] and x € [2/r, 00),

with

ks (x)(8 sinh (8 log x))* < cv15 () <k (r) (8 sinh (8 log x))*. 3.11)

Proof. We first prove the upper bound in (3.11). Let @s5(u) := ¢s(e*) = cosh (§u) — 1, for
ueR,. We fix re (0, 1] and x € [2/r, 00). Since @5 is convex on R, we get @s(logx) —
@s(log (x — 1)) < (log x — log (x — 1))¢gs(log x) for t > 0 and x > 7 + 1. Thus,

rx—1 rx—
~ ~ - x
cvls  (x) = / @5 (1) (Ps(log x) — s(log (x — 1)) dt < @ s(log x) / @5(1) log — dr.
1 1 -
By definition, ¢ §5(log x) = & sinh (8 log x), and ¢§(1) = ¢ smh (8log ) < & sinh (8 logx) if 1 <
rx — 1. Thus,

rx

rx—1 1 1
cvls, (x) < (8 sinh (8 log x))2 / — log g < (8 sinh (8 log x))2 / — log X &
1 t xX—1 o ¢ xX—1

r 10 L
= (8 sinh (8 log x))* / 28T gy,
0 u

By Fubini-Tonelli,

1
/ ChET —“ du _Z/ ——du_/c(r) (3.12)
0

k>1
which yields the upper bound in (3.11).
We turn to the proof of the lower bound in (3.11). Since on R, all the derivatives of @ are

positive, @5 and g’b’é are convex which implies for all b > a > 0 that

gs(b) — @5(a)

T 2 B(@) = F(6) — @) — (@) = F(b) — (b~ )F (b).

We suppose that 1 <7 <rx — 1. Taking b =logx and a =log (x — 1), we get that

rx—1
cv1s(x) > / o}(0) <log i) (ag(log x) — (log i) @} (log x))
1 xX—1 xX—1

(e8] 2)
= RHS(3 13) RHSG 13)° (3.13)
where we have set
M N rx—1 X
RHS ;5 := @5(log x) /1 @5(1) <10g x— t) dr,

2
RHS®? =3 (logx) @) (log ——) dr
(.13) -— PsU0g X ‘/’5 T .
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We first look at RHS(3 13)" Since ¢5(1) = smh (blogn <= 8 sinh (8 log x), we have

re—1 x 2 X 2
/ 0] <log _t> dr < § sinh (6 log x) / ( t) dr.
1

‘We observe that

el x ) Y1 x\° ' 1
—| log dr < log dr= —| log ds =:cy.
1 t x—t 0 t x—t 0o S 1—s

Therefore,

RHS(3 ;) < ¢18 sinh (8 log 1)@} (log x) = ¢18” sinh (8 log x) cosh (8 log x). (3.14)

We now turn to RHS%)H) and look for a lower bound. We still assume that 1 <¢<rx— 1.
Since the function sinh is convex on Ry, we have sinh (6 log ¢) > sinh (6 log x) — §(log x —
log #) cosh (& log x). Therefore,

rx—1 1 X
§ sinh (6 log t)— (log —— ) dt
/] sinh ( Og)t(ng—t)

)dt

! (log %) log X
t

rx—1
>4 / (sinh (6logx)—§ (log )—C> cosh (6 log x)) (log
1 t

rXx—
=4 sinh (8 logx)/ —“dz 8% cosh (8 logx)/ =L dr.

Let us look at the two integrals on the right-hand side. The second integral is easy to deal with:

/&d /wm:/wd e (0, 50)
1 t 0 0 ’ .

t N

The first integral is handled as follows: let r| := r — )lc € (0, r). Then rx — 1 = ryx, so that

=1 oo —X_ rx Jog - 1 log X 1
/ hdt:/ hdl—/ —x_tdl‘ZK(rl)—K<—>,
1 t 0 t 0 t X

since for % log (1 — W du=k(r) by (3.12). Consequently,

rx—1
1 1
/ 3 sinh (8 log 1) n (log al t) dr > (K(Vl) —K (—))8 sinh (6 log x) — 282 cosh (6 log x).
1 X — X

This implies that

1
RHSG)H) > g5 (log x) ((K(rl) —K ( ))8 sinh (6 log x) — 282 cosh (6 log x))

= (4 sinh (4 log )c))2 (K(rl) —K (%) — ¢38 coth (8 log x)).

Now observe that XK( ) <(2) <2. Together with (3.13) and (3.14), this yields the lower
bound in (3.11) with ¢p = ¢1 + ¢2, and completes the proof of Lemma 3.
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Let us now proceed to the proof of (3.9) (i.e. Lemma 2) in the second case y € Y%, Al
We write

LHS;.9) = (% + 8) (1 - P(Yn +/Y\vn Sy)) + (% - 8) (1 - Fn(y))z =1+ Fp1(y)
- —(% + s)IP(Yn + Y, <) — (1 = 26)F,(y) + (% - e)Fn(y>2 + Fpi109)

1
:EIn(y)+II,,(y)+sIII,,(y), (3.15)
where we have set
L) 1= Fu() = P(Y, + Y, <),
I11,(y) := Fy+1(y) — Fp(y) (which is negative),
LT T,(y) 1= 2Fu(y) — Fa(y)* = P(Yy + ¥, < ).
We first look for a lower bound for I,(y). Note that Fj, (y)2 >F() Fp(y— 1=
Fu(y) [~ Fi(t)dr and that P(Y, + ¥, <y) = [~ F/(t)F,(y — 1) dr. Therefore,

y—1
L) > /1 FL0)(Fay) — Faly — 1) dr

y—1
=4aﬁ/1 @5 (0s() — ps(y — 1)) dt =4aZcvls 1(y),

where cvls ; is defined in Lemma 3. By the first inequality in (3.11) of Lemma 3, cvls 1 (y) >
Kks,1(¥)(6 sinh (8 log y))? for y € [2, 00). Since

forallte Ry, cosh(#)>sinh(#) > cosh () —1>0, (3.16)

we have cvls 1(y) > K(s’](y)az(p(;(y)z. Thus, I,,(y) > K(g,l(y)(SzF,,(y)z. Since the function coth
decreases to 1 and since «;,1 is increasing on [2, oo), we get, fory € [n]/ Shns Anl,

K5.1(0) > k510" °A)

1 2 1
_ _ _ _ /8 —
—K<1 771/8)"11) e cod coth (8 log (n°/°Ay)) —>n_)oo Z(2) — cob,

because « (1) = ¢(2). By definition, § = 2¢£(2)~/2(1 + n)/e, thus
lim 8%ks,1(n'/°hn) = 82¢(2) — c08” =4(1 + n)’e — 8cog (2)7/2(1 + )’/
n—oo
Let e3(n) € (0, %) be such that for ¢ € (0, e3(n)),
4(1 4 n)%e — 8oz (2)32(1 +1)’e¥/? > 4e.
Therefore, there exists an integer ns5(n, €) > n4(n, €) such that

for all n > ns(n, &), forally e [n"°h,, Anl,  Li(y) > 4eFn(y)*. (3.17)
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On the other hand, since a,+1/a, =1 —2¢(1 — 7)), we get
IL,(0) = 2(an+1 — an)ps(y) = —2(1 — NeFu(y),
L) = 2(Fa(y) = Fa)?) +1a0) = 2Fay) = Fa(y)?).
Thus, for all € € (0, £3(n)), all integers n > n5(n, ) and all y € [nl/‘skn, Anl,
LHS(59) = 26Fu(y)” = 2(1 = DeFu(y) + 26(Fa(y) — Fa(0)?) = 276 Fa(3) = 0.
This completes the proof of Lemma 2 in the second case y € [nl/ 3 dens Al

Proof of Lemma 2: third and last case y € (1,;, A,41]. Here again the law of ¥, + /Y,, matters
specifically and we use Lemma 3 to handle it. Let us fix ¢ € (0, e3(n)) and n > n5(n, €). We
first observe that

LHS ()2 3 B+ T >3) = 1+ i) 2 5 PV + Ty > 2t) = 14 Fasi )
Since F11(Ay) = (1 —-2(1 — ?])S)Fn(kn) =1-—2(1 —7)e, we get for all y € (A;;, Ans1] that
LHS(39) > % P(Yy + Yn > Ans1) — 2(1 = Me. (3.18)
We now look for a lower bound for P(Y, —i—?n > An+1). By Lemma 1(iii), there is e4(n) €

(0, €3(n)) such that for € € (0, e4(n)), there exists an integer ng(n, €) > ns5(n, &) which satisfies
Ant1 — A+ 1 < 8y, for all n > ng(n, €). We have

P(Yy + Yo > dnt1) = Py — 1> Yo > Apst — Ans Yo + Y > A1)

n—1
= f Fy(0(1 = Fy(rupr — 1) dr.
A

n+1 —An

Writing 1 — Fr,(Apq1 — 1) = Fr(Ay) — Fy(Ap41 — 1), this leads to

P(Y, + Y, > hyy1) > 4a? /;n_l @50 (0s(hn) — @s(hnt1 — 1) dt
n+1—4*n
=RHS(}, —RHS?; —RHS{}), . (3.19)
where:
o RHS(,), == 4a2 ["™" 0j(1)(¢50n) — 05 — 1)) d1:
o RHSZ),) = 4a2 [ ™4 @40 (0s(hn) — @s(hn — 1)) di;
o RHS() = 4a2 [~ L, 0f(0)(¢s(hu1 — 1) — gs(hy — 1)) d.

We apply Lemma 3 to RHSE;)IQ) to get that

RHS!

Gaoy = 4arcvls ()= 4anks 1(he)8” sinh (8 log A,)?

by (3.16)
> k5.1 on)82 (2anps(Mn))* = k5.1 (0n)8>.
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Note that lim,,_, o /ca,l()»,,)(ﬁz =4(1 + n)%e — 8¢ (2)73/2(1 4 n)?e3/2. Therefore there exists
es5(n) € (0, e4(n)) such that for all ¢ € (0, e5(n)) there is an integer n7(n, €) > ne(n, €) satisfying

1
forall n > n7(y. £),  RHS() > (1— §r,)4(1 +n)%e. (3.20)

Iget ushnext provide an upper bound for RHSE?]()). For n > ny7(n, €), we have A,y1 — A, + 1<
An; thus

Shp—1
2
RHS?Y, < 4a; /1 051 (05(hn) — @5(hy — D) di = dancvls 5(hn)

by (3.11) by (3.16)
T 42k(9)8 sinh (S log 1) < k(8)82(2an@s () + 2an)?

= «k(8)8%(1 + 2ay)* — K(8)8% = () ke (8)4(1 + n)*e = 0, (e).

Therefore, there exists e6(n) € (0, £5(1)) such that for all & € (0, e6(n)), there is an integer
ng(n, €) > n7(n, €) satisfying

1
foralln > ng(y, €), RHS(), < 3740+, (3.21)

We finally look for an upper bound for RHSEg?lg). Since @j4(1) = % sinh (6 log 1), we have

Apt1—t

An—1

n 8 8

RHSS)W) = 4a;, f dr — sinh (§ log 7) ds — sinh (8 log s)
An1—n An—t s

Inmbde A=t ds

< 44287 sinh (8 log A,)* /A N A
n+1—"%n n—

A=l Nog (kg1 — 1) — log (A — 1) "
t

< 622atn s (h) + 200 /

)"Vl+l —An

1 10g (Ant1 — 1) —log (A — 1
0

Since A1 — Ay + 1 <8Xy, we get A1 < (1 + 8)A,, and thus

An — ) — _
¥ / log (1 + &)A, — 1) —log (A, — 1) dt
0

3) 2
RHS(“()) <é6(1+2a -

Uog (1468 —5)—log (1 —s)
ds
s

<82(1 + 2a,)? /
0

ds =o0y(e).

32/1 log (148 —s)—log (1 —s)
n— 00 0 N

Thus, there exists £7(n) € (0, g¢(n)) such that for all ¢ € (0, £7(n7)), there is an integer ny(n, ) >
ng(n, ) such that

1
for all n > ng(n, ¢), RHSS,)H) < §’7 4(1 4 n)2e.
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Combined with (3.20) and (3.21), it entails that
1 1 1
1 2 3
RHS(;),) —RHS{, —RHS? > (1 - 3;7)4( 1 +n)e — 7740+ e — J401+ e

by (3.1
= (1= +m2e " S 4.

Returning to (3.18), we obtain LHS3.9) > 2¢ — 2(1 — %)¢ = 2ije > 0, which proves Lemma 2
in the third and last case y € (A, Ap41]-
4. Proof of Theorem 1: The Upper Bound
Compared with the previous section, in the following proof, the numbering for the constants

ni(n, €), nix1(n, €), ...and ;(n), €i+1(n), . . . starts again from i = 1.

4.1. Definition of the upper bound laws

Recall from (3.3) that for all g€ (0, 1) and all x€[l, 00), we have set ¢@4(x):=
cosh (g logx) — 1. The following lemma gives a list of properties of the function ¢, that are
used to define the forthcoming laws v;,. These laws are proved to satisfy (2.14); see Lemma 6
that is the key technical step in the proof of the upper bound in Theorem 1.

Lemma 4. Let g € (0, 1).

(1) We have cp(’]([l, 00)) = [0, Myl with Mg := sup;, o) (p;(y), and

. 1+q 1/2q)
xq = Tq

is the unique x € [1, o0) such that (p(;(x) =M,. Moreover, x;, — ¢ and My ~ e_lq2 as
qg— 0T

(i) The function <p£1 1, x] = [0, MylisaC ! increasing bijection whose inverse is denoted
by £4:10, M1 —[1, x4] and (p(; H[xg, 00) = (0, My] is a C! decreasing bijection
whose inverse is denoted by ry : (0, My] — [x4, 00). Asy — 0T, we get

L) =14¢ (1 +0,0) and ry5)~ Qy/g) T,

(iil) Forally € (0, Myl, we set @4(y) = q(rq(y) — 0q(£q()). Then &4 : (0, Myl — Ry isa
C! decreasing bijection whose inverse is denoted by <I>q’1 Ry — (0, My]. As x— oo,

we ger 710 ~ (g/2)20) 7,

—1 l —1 1 _l;q _ﬂ
rg(®, ) ~ Q207 and  Ly(P, (x))=1+2—q(2x) T (14+0,(x 7))

(iv) Leta e R’ and forall x € [1, 00) set g(x) = ¢4(x + a) — @q(x). Then, limy_  g(x) = 0.
Moreover, suppose that there is x* € [1, 00) such that g'(x*)=0. Then, g is strictly
decreasing on [x*, 00).

Proof. See Appendix B. O
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Wefixne(, 1)and e € (0, %) and write

2
S

We keep the notation in Lemma 4, and set

1 1 1
oo () (s () (o (3 e

Then

(1—n)ﬁ<% and by, := %(1—(2+n)e)", neN. “.1)

2bn((ﬂy(0n + ) — §0y(an)) =1 and 90)//(071 + )= 90)/, (on)s

and these two equations characterize o, and 7,,. By Lemma 4(ii) and (iii), o, decreases to 1, 7,
increases to oo, and

Y

1 Lr Iy _1
o,,:l—l—gbny (1~|—(9,],5(an )) and t©,~b,”, n— oo. (4.3)

By Lemma 4(iv), x € [0y, 00) = 2by (@), (x + T,) — ¢y, (x)) decreases to 0. Therefore, there
is a unique measure v, € M such that

,((0,0,) =0 and v} ((x, 00)) =2bu(@y (x + Ty) — ¢, (x)), X € [0y, 00). 4.4
In the rest of this section, Z, denotes a random variable with law v,’I, and

Gu(2):=P(Zy <2)=v,((—o0, 2]), z€R.

Lemma 5. We keep the previous notation. There exists €1(n) € (O, %6) such that for all € €

(0, e1(n)), there exists ni(n, €) € N satisfying E[Z, /\/Z\,,] <21, for all n > ni(n, €), where Z,
is an independent copy of Z,.

Proof. Observe that
e o0 o0
E[Z, A Z4] = / P(Z, > x)* dx < 1, + / P(Z, > x)* dx.
0 Tn

For all sufficiently large n, 7,, > 0, so that for x € [t,,, 00),

P(Z, > x) =2by (Qoy x+ ) — oy (x)) <by ((x + ) — x)/)
xX+T,
= ybn f y U dy <y 7).
x

Since y — 0 as ¢ — 0, we choose £1(n) € (O, 31—6> such that for all ¢ € (0, £1(n)), we have
2(1—y)>1(.e. 1 —2y > 0)and that y2/(1 — 2y) < 1. Therefore,

7/2

1_27/7—'11,

)/2
— 2)/

2
(bn":;i/) Tn ~n—o0

o0 o0
f P(Z, > x)? dx < (ybu1n)? / x 20V gy = ;
Tn Tn

by (4.3). Thus, for all £ € (0, £1(1)), there is n1 (7, €) € N such that [ P(Z, > x)* dx < 1, for
all n > n1(n, €), which entails the desired inequality. U
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The following lemma, which is the key point in the proof of the upper bound in Theorem 1,
tells us that the laws v), satisfy (2.14). Its proof is postponed to Section 4.2. The proof of the
upper bound in Theorem 1 relies on this lemma, as well as on the arguments in Section 2.2 and
on Lemma 5.

Lemma 6. We keep the previous notation. There exists €2(n) € (0, €1(n)) such that for all
e €(0, &3(n)), there is an integer ny(n, €) > n1(n, €) satisfying, for n > ny(n, &) and z € [(1 +
nY)on+1, OO),

1 ~ 1 z
(E +8) P(Zn +7Z, > Z) + <§ _£> (1 - Gn(Z))2 -1 +Gn+l<1 T m/) <0, 4.5)

where Z,, is an independent copy of Z,,.
Proof. See Section 4.2.

Proof of the upper bound in Theorem 1. We recall that p = % + ¢. We admit Lemma 6
and prove that it implies the upper bound in Theorem 1. We keep the previous notation. Fix
n€(0, 1)and e € (0, &2(n)). Note thata.s. Dy, (y.¢)(p) < 2m2(m:8) < 2”2(’7’5)2,12(,7,8) because Z, >

0 > 1. Then ju,y < My(v),) with ng = na(n, &) and 6 = 2m201),
For n>ny(n, ¢)and z € [0, (1 4+ ny)ou+1), we have

(Wy(v)I((z, 00)) < 1=P((1 +ny)Znt1 > 2).

Combined with (4.5) that holds for z > (1 + 1y )o,,1, this implies that W, (v},) Sft M1+,W(v;l+] ).
Thus, the laws v, satisfy (2.14) with 8 =1+ ny. By (2.15),

Du(p) 22091 4 gy TmOOZ, > (€. 4.6)

We denote by D, (p) (respectively, Z,) an independent copy of D,(p) (respectively, of Z,). Then
for n > na(n, ¢,

1 ~ 1 -
E[Dn1(p)] = <§ + 8) E[Du(p) + Du(p)] + (5 - 8) E[Du(p) A Du(p)]

< (14 20)E[D,(p)] + 27251+ y)* "R [Z, A Z,]
< (14 26)E[D,(p)] + 22O (1 4 pyy =87, (by Lemma 5).

Iterating the inequality yields that for n > ng := n2(n, ¢) and using the fact that j > 7; is non-
decreasing, we get

n—nop—1

E[Da(p)] < (1+26)" ™E[Dyy(]+ Y (1+26)2 (14 nyy ' 0g,
i=0

< (1 428" ™E[Dyy(p)] + n(1 + 2&)" + 20T (1 + 5y)',.
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By (4.3), for € € (0, &2(n)),
o G + e) = lim_ n~og E[D,(p)]

1
<log(l+2¢)+log(l+ny)— ;log(l —(2+77)8)

R
:<2n(1 n +_2ﬁ”/@>\/5+(9n<e>,

VE£Q2) 1
which implies the upper bound in Theorem 1, as 1 > 0 can be made as small as possible.
Provided Lemma 6 holds true, it also completes the proof of Theorem 1. U

4.2. Proof of Lemma 6
This section is devoted to the proof of Lemma 6. We fix n € (0, 1) and ¢ € (0, £1(n)).
Recall from (4.1) the definition of y and b, and from (4.2) the definition of o, and
To. By (43), limymo 0p =1 <1+ ny =limy oo (1 + 9y)ons1 < limy oo (n6)!/7 7, = 00.
Therefore, there is an integer n3(n, &) > n1(n, €) such that
20, <21+ nY)onp1 <)Vt < yPra <V nzmn.e). 4.7)

Writing LHS(4 5y for the expression on the left-hand side of (4.5), we need to check that
LHS@4.5 <0 for all small enough &> 0, all sufficiently large integer n and all z> (1 +
ny)ou+1. This is done by distinguishing four cases:

Case 1: (1 + ny)onp1 <z < (ne)/71,, Case 2: (ne)/7 1, <z < y?1,,

Case 3: yzrn <z< el/ﬁt,,, and Case4:z> el/ﬁrn.

Proof of Lemma 6: first case (14 ny)o,1 <z < (ne)'/V1,. Here & € (0, £1(n)) and n>
n3(n, €). We use the trivial fact IP’(Z,, +7Z, > z) <1, so that

LHS <1+ + ! (1 G())2 1+G ‘
“4.5) = 3 3 n\Z n+1 1 ny

=Gy (L) + (1 — e) Gu(2)* — (1 — 26)G(2)
1+ny 2

Z 1 2
< Gnt1 (1 n m/) + 560" = (1 = 26)Gn (). (4.8)

Recall the notation G,(z) := P(Z, < z). Then

Go@ LV 1 = 2b, (0 (4 ) — 0 D)
D b (@) — (@ 2+ Tw) — @y (O + ) — @y (o)
< 2bu9,(2). 4.9
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We have used the fact (by (4.7)) that z > o0}, in the last inequality. Since ¢, (z) < cosh (y log z)
and z < (ne)'/7 1, we get that

1 1 , by@3)
Gn(2) < 2b,, cosh (y 1og (1€)'Y 1)) ~nso0 bu((e)'7 7,) — e

Thus, there exists n4(n, &) > n3(n, ¢) such that G,(z) < 2ne for all n > n4(n, &) and for all
ze [+ ny)on+1, (ne)l/Vrn]. Thus, we get
Gn(2)

1
EGn<z>2 —(1=26)Gy(d) = =(1 = @+ Me)Ga(@) = ~2bps1 — =

By (4.8), this leads to

LHSus) < Guyi < ) —2by11 (‘Py(z) - ((py(Z + ) — @y (on + Tn)) — @y (Un))

14+ny

by (4.9)
=< 2bn+l§0y

= 201 (0 @+ T) = 9y (00 + ) + 9y (00) - (‘DV(Z) B (py<1 +Zm/>>>

1 +ZW> — 2b 419y (2) — 9y 2+ Ta) + @, (00 + Tw) — 9y (00))

We claim for all sufficiently small ¢ and large n, and all z € [(1 + ny)o,+1, (ns)l/y 7,,], that

1 z
(Py(Z+T11)_(Py(Jn+Tn)§E(@y(z)_(py<1+ny>> and

1
%/(Un)fz(wy(z)_(ﬁ/(l_ﬁny))» (4.10)

which will readily imply Lemma 6 in the first case.

To check the second inequality in (4.10), we look for a suitable upper bound for ¢, (0;) :=
cosh (y log 0;,) — 1. We note that cosh (A) — 1 < 222 for A € [0, 2] (indeed, since cosh (2) < 4,
the second derivative of A € [0, 2]+ cosh (L) — 1 — 242 is negative, so is the derivative, and
the function itself is decreasing). Since o, — 17 as n — oo, there exists ns5(n, &) > n4(n, &)
such that y log o;, € [0, 2] for n > ns5(n, €); accordingly,

@y (00) < 2(y log ,)% < 2y % (o — 1)7, (4.11)

since logx <x— 1 forx> 1.

We now look for lower bounds for ¢, (z) — ¢, (ﬁ) Using the formula cosh (a) —

cosh (b) = 2 sinh (#) sinh (“2;1’), we get that

Z

m) — 2 sinh (% log (1 + ny)) sinh (y log z — %log(l n ny)).

Py (2) — Py <
Since z € [(1 + ny)ont1, (ne)/Y 7,1, observe that

ylogz— S log(1+n) =y log (1 +ny) +y log o — 2 log (1+7y) 2 0. (4.12)
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Since sinh (x) > x (for x e R;) and log (1 + x) > %x (for x € [0, 1]), we have

. . 4
2) — >y [log (1 + sinh logz — =log (1 +
@y (2) ¢y<1+ny>_y[ g (1+ny)] <V g > g ( m/)>
| 14
ZEW sinh ylogz—Elog(l—i-m/) (4.13)
byl y 1 5
> Sy legz—EIOg(Hny) ZZUV log (1 + ny). (4.14)

Since 2y2%(o, —1)> = 0 as n— oo, there exists ng(n, €) > ns(n, ) such that 2y2(c, —
1)? < %ny3 log (1 + ny) for n > ne(n, €); in view of (4.11), this implies the desired second
inequality in (4.10):

1
@y (on) < E(‘PV(Z)_%/( )) n>ne(n, ), z€[(1+nY)ons1, 1)/ 1y).

Z
1+ny
We now turn to the proof of the first inequality in (4.10). Observe that

7+,

, dx
Oy @@+t —@plont+ )=V / sinh (y log x);

On+Tn

—+Tn _ —
)’/Z dv __ y@—ow) _yG 1)’ @.15)

<
T 2 Joptr, X1V T 200+ )Y T gl
since o, > 1. Consequently, for z € [(1 + ny)ops1, €/7),

yE¥7 —1)

21_”17}/ n— 00

1
0y (2 + ) — @y (0 + Ty) < 0< gny3log(l+w)~

Thus, by (4.14), there is n7(n, €) > ne(n, €) such that for n>n7(n, ¢) and z e [(1+
ny)ons1, €¥7),

1
0y @+ 1) — @y (0n + Tp) < E(‘PV(Z) %% <1 +Zm/>>_

To complete the proof of the first inequality in (4.10), we still need to consider z €
[e¥7, ne)!r1,) (with n > n1(n, €)). Noting that %log (1+ny)<1, we have ylogz—
% log (1 4+ny)>ylogz—1=>1.By (4.13), and writing cp := infye[2, o0) [67* sinh (x — 1)],

z 1, 1 271
- > — h(ylogz—1)> = yloez,
@y (@) %(1 +ny> Z 5Ny~ sinh(y logz—1) = Scony e
. _ -1 .. .
Since e 108< = a7 2 ((ns)lz/y ;.)]‘V - y(nS)(ll‘V’/V Vr(j_y)’ this implies that
Py —¢ < : )>lc ny? n al=n re-l
— = =00 == )
AN A A (D e I N T
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with ¢; := mco Since % — 00 as ¢ — 07, there exists €3(n) € (0, £1(n)) such
n
that m > 2 for € € (0, £3(n)) and there exists ng(n, €) > ny(n, &) such that for

n>ng(n, ¢) and z € [e¥7, (ne)!/" 1),
z y(z— 1) by (4.15)
7) — >2 X
@ (py(ler/)

=y = 2(<Py(Z+ Tn)_‘py(gn+fn))-
This yields (4.10) and, thus, implies Lemma 6 in the first case (1 + 7y)0,41 <z < (ne)/" 1,

21,

Proof of Lemma 6: second case (¢)!/" 7, < z < y?1,. We first prove the following lemma.

Lemma 7. We keep the previous notation. For 0 < a < b < 0o, we have

1+b)Y —1
limsup sup |G,(01,)0 7" —1|= L 4.16)
n—00 Gela, b] by

Proof. We remind the reader that lim,—, ~ b, 7/ =1 and that lim,,_, oo b,7,, © = 0. Then, for
0 € [a, b], we have

Gn(07n) = 2b (90 (2a0) — @y (00) — @y (Ta(1 4 0)) + @y (0 + Tn))
=byt) 07 +by1, Y077 — 2by — 26,9y (00) + bt} (1 — (1 +60)) — b1, V(14 6)77
+at) (14 007, ) = 1) + byt (1 + 07, )77
=bpt) 07 + byt (1 — (1 +6)) + b7, 7 (077 — (1 4+0)77) +un(n, ©),
where u,(n, €) does not depend on 6 and satisfies lim,_, o u, (1, €) = 0. Thus,

(14+6) —1

G087 — 1=~

+ Rn(nv % 0)7

where

(1+60) — 1) + butn (077 = (14+6)77) + ua(n, £)

A y _ _
Ry(n, y, 0):= (bnt, 1)<1 o =

Since limy,— o0 by7), =1 by (4.3), we have lim,,_, 5 SUPgerq, b] IR,(n, v, 8)] =0, which implies

that v
limsup sup |G,(87,)0 Y —1|= &
n—>00 @ela, b] 0¢la, b] oY
Note that (1+6) s fo = 1+ = which is increasing in 6. This entails (4.16). t

We now turn to the proof of Lemma 6 in the second case. Applying Lemma 7 to a=
$0&)'/7 and b=y?, and since lim, o+ y >y "2 ((1 + y%)? — 1) =1, it follows that there
exists e4(n) € (0, €3(n)) such that for ¢ € (0, €4(n)) there is an integer n9(n, €) > ng(n, &) such
that for n > ng(n, €) and z € (%(ns)l/y T, yzt,,),

a-2)(7) sG@=a+a) ()" “.17)
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We recall that LHS 4 5 stands for the expression on the left-hand side of (4.5). Then

1~ ~ P
LHSus5) = 3 L(2) + 11,(2) + e 11 1,(2),

where:
o T,(2) = Gu(2)* —P(Zy +Zn < 2);
o 1,@= G (155 ) - Gul@:

o 111,(2):= 2Gn(2) — Gu(2)* = P(Zy + Z, < 2) = 2Gn(2) — 2Gn(2)? +T1,(2).

We claim that there exists e5(n) € (0, €4(n)) such that for € € (0, e5(n)) there is an integer
nio(n, €) such that for n > nig(n, ¢),

T,) <41 — e Gu(2)*,  z€[e) 10, ¥210). (4.18)

To see why (4.18) is true, we recall that G,(z) = f (fn G, (1) dt and that P(Z, + Z, <z)=
/ (fn_g” G, ()Gy(z — 1) dt. Since G,(0,,) = 0, by definition of G,,, we thus get

0,

T4(2) = Ga(2)(Gu(z) — Gulz — o)) + / n G (10(Gn(2) — Gu(z — 1)) dr.

On

To get an upper bound for the first term on the right-hand side, we observe that

Z z z
Gu(z) — Gulz —0y) = / G;,(t) dr= f 2Dy, (fﬂ; ® - 90]// (t+ Tn)) dr < f 2bn<p; () de.
i—0n i— {—0p

On

For t € (z — 0y, z), we have

n

o (1) =L sinh (y log ) < sinh (y log2) < —— 77,
Y t 2(z — op)

so that for z € [(ne)'/7 1,,, ¥21p),

Y
Gu(2) — Gz — o) < bza_"];iy < (n;)’j’fy";zi —= £ﬁ8<5> .
By (4.17), this yields that
Gol®) = Gz — o) < — DTG,
(1 =2y3ety (e)l/y — 2
Let e5(n) € (0, £4(n)) be such that 6)/3 < n for € € (0, &5(n)). Note that
4t =) (n—6y%) + (14 6r%) 41 = )? <4(1 = ). (4.19)

Let e € (0, &5(n)). Since

i 0 and  Lim DnTYon _ -1
e 2 0 M A ey —a =T

Tn
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by (4.3), whereas 4(1 — n)(n — 6y3) > 0, there exists n11(n, €) > no(n, €) such that for n >
ni(n, €),

Gn(2)(Gn(2) — Gz — 0)) <41 — ) — 6y) eGu(2)?,  z€[e)/V 10, y?1a).  (4.20)

The specific choice of the factor in front of £G,(z)? in the right-hand side member of the last
inequality is justified further.
To deal with f(fn_a” G, (1(Gn(2) — Gu(z — 1)) dr, we recall that G,,(7) < 2b,¢), () and we note

that G,(2) — Gu(z — 1) < [ 2bag), (5) ds = 2ba(9y (2) — ¢y (z — 1)), 50

Z—0,

/ " G(0(Gul) = Galz — 1) dr < 42 / "0 0(0y@) — gy = D) di

On

z—1
<4b, /1 9, (0(py (@) — @y (z — 1)) dr.

(Indeed, (4.7) implies that if z > (ne)!/” 7, then z > 20,, > 2.) The integral on the right-hand
side is cv1, 1(z) by our definition in (3.10). By Lemma 3, we get that

/ T GUO(Ga(2) — Gtz — 1) dr < 45202y (sinh (7 log )™

Observe that 5
Y
4(sinh (y log 2))* <2 =127 <i> ,

Tn
which is bounded by (17 /(1 — 2y*)?)G,(2)? (see (4.17)). Therefore,

(b fr)z/ )2

RS

Z—0p
/ GLD(Ga(@) — Gale — 1)) di < £2)2
On
Recall that £(2)y2 = 4(1 — n)%e, and that lim,_, o0 b, 7} =1 (see (4.3)). Since 1/(1 —2y3)? <
1+ 6y3 (because y < %), there exists n19(n, €) > ni1(n, €) such that for n > nio(n, ¢€), we
have

Z—0p
f G (0(Gn(2) = Ga(z — 1)) dt < (1 + 6y )41 — )’ 6Ga(2)*,  2€[(09)' " 10, y7 1),

o 4.21)
We obtain (4.18) by (4.20), (4.21), and (4.19).

Let us consider INI,,(z). Let € € (0, e5(n)), n>nyo(n, €), and z € [(ne)l/yr,,, yzr,,). We
start with the trivial inequality IT,(z) < Gn+1(z) — Gu(2), and look for an upper bound for
Gri1(2) — Gu(2). Since lim,_ o+ (1 — (24 n)e)'/Y =1 and lim,_, o+ (y3/¢) =0, there exists
&s5(n) € (0, min{es(n), n/2}) such that

1 1
S <(-+ me)’” and 53 < 16 £ €0, es(m). (4.22)

We fix & € (0, e6(m). Since lim, 0 22 = (1 — (2 + me)' Y (by (4.3)), there exists an integer
e6(n, €) > ny1(n, €) such that

Tn

1
> [—
Tn+1 2
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for n>n12(n, €), which implies that z € (%(}78)1/)/ Tat1, yzan); so applying (4.17) twice

leads to y s
Z 142y° 1
Gur1(2) < (1 +297) < - ——G(2).
Tn+l 1 =2y T+l
Note that s
142y 3
1+5
123 P
(because y < %), and that
14
b
lim — = lim 2% 24
iz
n— 00 ‘[n+1 n— o0 n

(see (4.3)). Thus, there exists an integer £13(n, €) > nia2(n, €) such that G,4+1(z) <1+
573)(1 — 2+ n)e)Gu(2) for n > ni3(n, €) and z € [(ne)/7 1, y%1,); consequently,

1,(2) < Gui1(2) — Gu(2) < [(1 +5y°)(1 — 2+ me) — 1]Ga(2).

Since (1+5y%)(1 — 2+ n)e) — 1=5y> — 2+ n)e — 5y3(2 4+ n)e < 5> — (2 + n)e, which
is smaller than —(2+ %n)s (by (4.22)), we deduce that for n>ni3(n, ¢) and ze€
(1) T, y210),

~ 1
I1,(z) <— (2 + En) eGp(2). (4.23)
Finally, we turn to mn(z), which is easy to estimate:

[T1,(2) =2G(2) — 2G(2)* +T(2)
< 2Gu(2) — 2G(2)* + 4(1 — n)eGu(z)?
<2Gu(2) — 2G,(2)* + 46G,(2)*. (4.24)

Assembling (4.18), (4.23), and (4.24) yields that for ¢ € (0, €6(1)), n>n13(n, ¢€), and z €
[(ng)l/y.[n’ szn),

1~ . __
LHS(s5) =3 i@ + 1T, + & [TL,()
1
=201 = eGa(@) = 2+ 51eGa(@) +26Gu(2) — 26Gu()* + 46°Ga(2)?
1 2
=—71€Gn(2) — 2(n — 26)eGu(2)",

which is non-positive since ¢ < g¢(n) < % This completes the proof of Lemma 6 when z €
[(ne)l/” T, yztn) (i.e. in the second case). O

Proof of Lemma 6: third case yzrn <z<el/VVg,. We easily check that there exists gg €
(0, %) such that for all g € (0, go) the following holds true.
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27
2q
(e‘/«/’?+ 1) <143/7<2, (4.25)
G —e VIS P s eV (4.26)
q3 q
(- q)<7> >1- /4. 4.27)

For any g € (0, go], we define the function
g0 = O+ 1)7-67, 0eR = (0, ). (4.28)
Since limg_,+ g4(6) =1, limg_. o g4(6) =0, and g,(6) =q((@ + 1)7~' =69 1) <0 for 6 €

R?, it follows that g, is a decreasing bijection from R’ onto (0, 1).
We collect some elementary properties of g,.

Lemma 8. Let g € (0, qol. Then the following holds true.

(i) Forae(0, e V)Yand 6 € [a, e'/V1],

64 log L
84(0) < m 1”. (4.29)
(i) For0elqg’, e'/Viandrell, 2],

) 1- — 1) —q(r—1y
gq<7) —80) = d ﬂ)(re + i e ’ (430
(iii) For 6 €10, e!/V4],

0
/ (2
/0 gy (1 (846 — 1) — 4(6)) dr < (1 + 3«/5)612m- (4.31)
Proof. See Appendix B.

O
We proceed to the proof of Lemma 6 in the third case. Let g € (0, %) be the small constant
ensuring (4.25)—(4.27) hold. Fix n € (0, 1). We set

B . 4n(1 —n)?
cx =cx(n):= n(5—2n) + NN

> 0.
Let € € (0, &7(n)), where e7(n) € (0, min{eg(n), %}) is such that

(4.32)

y=vyle n:= %(1 —mVEE(0, qo), (1+ny)(1—Q2+ n)e)fé <2, (433)

(%ﬂ) (1+3ﬁ)51+2f,

N

(4.34)
2+n)e _
CiE > (m/ + %)(7/3/2 +0y + @+ ne) + 2y (2) + 126y /2 + 1667 HVY.

(4.35)
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The seemingly complicated form of the right-hand member of (4.35) is justified in the follow-
ing: it is the sum of several explicit inequalities. We could have used slightly simpler terms,
but the price would have been an extra layer of numbered constants, which we wanted to avoid
for the sake of clarity.

We want to check (4.5) in Lemma 6 when z = 7,,x, with x € [y'2, e!/v¥). To this end we first
need to find a lower bound for P(Z,+| > x7,,/(1 + ny)). More precisely, in the third case (4.5)
is equivalent to prove that there exists &’ € (0, oo) (depending on 1) such that for all ¢ € (0, &’)
there is n(¢) such that for all n > n(¢’) and all x € [y2, e!/V7):

(W1, I, 00)) <P (Zn+1 > fn y) : (4.36)

where W), is the transformation in (2.9).
To this end, we first study the tail probability of % Let a > 0. By (4.4), for all sufficiently
large n such that at, > 0, and all 6 > a,

P(Zy > 0T0) = byt (0 + 1) —67) — b7, 7 (077 — (0 + 1))
=gy(0)(baT) — byT, 7OV O+ 1)),

where g, is the function in (4.28). Hence,

sup gy (0)'P(Z, > 01,) — 1] < |byT) — 1| + byt Ya .

O€la, o)
Since lim,,_, o0 b, 7, =1 and lim,_, o b, 7, © =0 (by (4.3)), this implies that

lim  sup |g,(0)"P(Z, > 01) — 1| =0. (4.37)

=0 gela, o)

Note that supye(y o0) 8y (0) = 8y (a) < 00; thus, we also have lim,, 00 SUPge(y, o) |IP’(Z,, >
0tn) — 8y (9)| =0. Taking a = %e"‘/ﬁ yields the existence of a positive integer n14(n, €)
such that for n > ny4(n, €)and 0 € [%e"”x/?, 00),

gy (0)'P(Z, > 07,) — 1] <e 2V, (4.38)

|P(Z, > 01,) — g, (0)| <e™2/V7. (4.39)

In order to deal with P(Z,4 > xt,/(1 4+ ny)) on the right-hand side of (4.36), we write

Tntl
on(y):= (1+17y) ';* :

n

By (4.3), lim,— byt =1, whereas by definition, bgl =1-—(2+n)e. By using the
inequality (1 —y)™*> 1+ yzfory € (0, 1) and z > 0, we therefore get

Bim pu(y)=(1+ny)(1 = Q40)e) 7 = (1 + m/)(l 4, @tme t”)g) byt _(“y”)?
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In addition, by (4.33), lim,_ » p,(y) <?2. Therefore, there exists an integer nis(n, &) >
ni4(n, €) such that for n > ni5(n, ¢),

24+ne
1+’7)’+T<Pn()/)<2~

Letxe [yz, el/V7). We have

XTy _ XTpal
L+ny  paly)
and )
* v s
enly) 2 72
(by the elementary inequality z> < e*VZ, for z > 1), so we are entitled to apply (4.39) to 6 :=
x/pn(y) to see that
= al =217 x 27
P\ Znt1 > >2g( )—e V2g< )—e . (4.40)
< " I+ny "\ on(y) "\1+ ny + &tme

Y
To prove (4.36), we need to find an appropriate upper bound for [ 1y g(v,’l)]((xt,,, 00)). Let

VARES % and let Z* denote an independent copy of Z*. For 6 € (v3, e!/V7), we define the
event B,(0) := {Z} + Z* > 0}, and note that

P(B.(0) <P(Z: > 0) + P(Z; = 0;Z) <0) +P(Z} <0;Z; <0;Bu(9))
=2P(Z: >0) — [P(Z} = 6)1* + P(Z; <6;Z; <6;B,(6)).

Therefore,

1 1
[‘If%ﬂ(v;,)]((xtn, 00)) = (5 + 8) P(B,(x)) + (5 - 8) [P(Z; = X))

<(1+428)P(Z" > x) + (% + e)IP(Z’; <x;ZF < x; By(x)). (4.41)

We first get an upper bound for the second term in the right-hand side member of (4.41).
To this end, we write x] := x — e V7 so by (4.26), x; > y2 —e VY > y3 > e VVY, We
consider {Z} < x} as the union of {Z} < e /vy, {Z; e [e=*V7 x1]}, and {Z¥ € (x1, x)}. On

-~

{Zy < e VY } N B, (x), we have Z,, > x1. This implies that
(W), )], 00)

<(1+26)P(Z; = x)+ (1 +2)P(Z} € (x1, x))

" (% +8)P(2;; e[V, x| 2t € (v~ 25 X))

=(1+28)P(Z} > x1) + (% +8)P(Z*; ele™ V7, 1]zt e (x—Z3, x)).  (4.42)

We then estimate the two probability expressions on the right-hand side. Since we have proved
that x; > e~ !/v7 (4.39) applies with § = x; and we get P(Z* > x;) < gy(x1) + e 2/V7 By the

n —
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mean-value theorem, g, (x1) — g, (x) = —(x — x1 )g;, )= —e_4/~/7g;/ (y) for some y € [x1, x].
Since —g;,(y) =yly I -+ DI <y 07 < ()07 < 173071 <2
(we have used the fact that x| > y3), we obtain that

gy () =gy () <y e VT <eVY (4.43)
(here, we have used also the elementary inequality 2 < e2vZ for z > 1). Therefore,
P(ZF > x1) < g, (x) + 2" 2/V7.
By (4.29) (applied to a = e V/V7 and g =y, which is possible since y < qp), gy (x) < %.
Since 2(1 + 2¢) < 3, this implies that

(14 26)P(Z; > x1) < 8, (x) + 268, (¥) + 2(1 + 2e)e V7

12ey1/2
<g,(0+ J’r’ —+3e 7T, (4.44)

X

We next prove an upper bound for ]P’(’Z\;: ele=/VY, xi1; Zie(x— /Z\;," , X)) thanks to (4.39).
We fix ¢ € (0, x1) and we first observe that x> x —t > x — x; = e~ /¥ Then (4.39) applies
with 6 equal to x and x — r and we get

PZe(x—1, \)=P(ZI> x—1) —P(Z} > x) <g,(x — 1) — g, (x) + 2" 2/V7,
To simplify, we next denote by fz:(-) the density of Z; and we set y; := e~#v? =x — x|. Then

PZ €y, x1);Z e x—ZF, x)) = /R T2z Oy, o) (OP(Z) € (x — 1, x]) dt

- /R 1y 1 Of75(O(8y (6 — 1) — g () di + 26~ V7.
(4.45)

Then, by Fubini, observe that

/R 1y 1 Ofz:(0(8y (x — 1) — 8, (x)) dr = fR dr fR ds fz: (D1, 1 (O10,0(x — $)( = &, (5))
X
=j(; du/Rdth;’{(t)l[yl‘xl](t)l[u,oo)(t)|g;/(x_u)‘

X1
=/ ‘g;,(x —w|P(Z; €[y vV u, x1]) du
0
Note that if u € [0, x1], thenx; >u VvV y1 > y1 > %e“”xﬁ. Thus, (4.39) applies and we get

X1 X1
/0 g, (= w|P(Z; € [y1 V u, x1])du < /0 |8}, (x = w)|(gy (v 1) — gy (x1) + 2~ /V7)du

< /O g, — w)|(gy (W) — gy () du +2¢72/V7 /0 g, (x — w)| du, (4.46)
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since gy is decreasing. Then

X1
fo g, (x —w)|P(Z € [y1 V u, x1])du
< /0 18,0 (gy (x = 1) — g, (0))dr + 26 7>/V7 (g, (1) — gy (x1))

<(1+3/7)y? )%2)1 +2e7HVY (4.47)

by (4.31), Lemma 8(iii) (with g=y <qo and 6 =x < e!/v7), and since x —x; = y; and
&y (1) — gy (x1) < gy (y1) < 1. By (4.45) and (4.47) we then get

. - 2
B cln, ubZ; e (-2 0= (430707 S0 42T,
X
Since (3 +&)(1+3/7 ) < 1 +2/7 by (4.34) and § + ¢ < 1, it follows that
1 ~ ~ 1 2
e PZ el vl Z e -2 W< (24207 )P S eV,
2 2 x+1
Combined with (4.42) and (4.44), we obtain that

_ 12¢p'2 (1 @
’ 2/J7 - 2 2/
(W1 4 ODNT, 00)) = gy (0) +3e7V7 4 ——— +<2+2ﬁ>y Tt

12ey1/2 4+ (% + 2ﬁ>y2§(2)

=gy + o +7e7 VY,
In view of (4.40), this yields that
XTy
]P<Zn+1 > m) - [‘I’%_,_S(V,/l)]((x'lfm 00))
12 , (1 2
- x B (x)—efz/ﬁ—lzgy +(G+2/v)y {(2)_7672/\”
=8 Q+me & 1
I+ny+ = X+

14 l+’77+@ 4 x+1

We easily check that we can apply (4.30) with g=y < qo, 0 =xe[y>,e!/V¥], and r=1+
ny + @ € [1, 2]. Then we get

82/ V7.

2
x y(=y12) (ny + EE) — y (ny + 222%)

— X) >
gy<1+ny+—(24;")s) &= x+1

my?+@+me = (ny + ) 32 4 ny? + 4 )
B x+1 ’

https://doi.org/10.1017/apr.2025.10023 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10023

32 X. CHEN ET AL

Asa consequence,

ny?+Q+me— L2y2 R
x+1

XTp
P Z
< n+1 => 1+

) — W1, (pI((xTs, 00)) > —8e MY,
y 2

where
2+ne
R = (ny—f-Tn G2 0y + @+ me) +2¢ (@) + 126y 2,

Recall that n € (0, 1) is a constant and recall from (4.32), (4.33), (4.34), and (4.35) that y =
(2/v/Z@))(1 —n)y/e. Thus,

2
ny:+ @2+ ne — %Vz =cie,
where
4n(1 — n)?
cs=nl5-2n+ —>0.
¢(2)

Since 8(x + 1)e~2/V¥ < 8(e!/V¥ 4+ 1)e™2/v¥ < 16e~1/V7 it follows from (4.35) that

v+ Q+ne — 2y —R,
x+1

—8e /W7 5.

Therefore, we have found &7(n) € (0, 1) such that for all ¢ € (0, &7(n)), there is n15(n, €) such
that (4.36) holds true for all n > n15(n, €) and all x € [y2, e!/v7], which completes the proof
of Lemma 6 in the third case yzrn <z<el/V7e,.

Proof of Lemma 6: fourth (and last) case z > e¢!/v71,. Let , ¢ € (0, 1) and recall the def-
inition of y from (4.1): namely, y =y (e, n) := 2;(2)_1/2(1 —n)/e. We fix n and we easily
check that we can find e3(n) € (0, 7(n)) such for all € € (0, e3(n)), the following inequalities
hold true:

(14 2e1/6v7)?

1
y<—1, (1+2¢) < (1=2¢"VON) (1 = @+ pye) =17,

400° 1 —2e~ 1@y
(4.48)
The following lemma gives an estimate of P(Z, > 7,0) when 0 is sufficiently large.
Lemma 9. Let n € (0, 1). Let ¢ € (0, eg(n)) and n > ny5(n, ¢€). Then
1/ 077 2 1/
1-2e7 V) < = P(Z,>1,0)<1+e 2V, gele/V ). (4.49)
14
Furthermore,
B(Z, > eV g,) <e 3/, (4.50)

Proof. For 6 € R*, write as before

1
y du
0):= @O+ 1)) —0"= .
sy @)= ) GI_V/O 1+ 5t
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Thus,
ol
—gy@) <1
14
On the other hand,
o'~ (9)>/‘ du >/1 du 0
y = v E T 11l T 1w e
Thus,
-y
foralld e R, —— < 0)<1.
or a T 116= gy( )<

By (4.38), for n > ni5(n, ¢)and 6 € [%674/«/7, 00), we get
0 ol-v
A—e 2V~ <2 PZ,>1,0)<14+e V7, 4.51)
1+6 4

If > /O, then [l <} <e VAP, so (1 e 2V7) 2y = 1 - (g —e 2P =1
2e~V@VY) and (4.49) follows.

To get (4.50), it suffices to take 6 := e3/4V7Y) | and note that in this case,

whereas 1 +e~2/v7 <2, 50 (4.50) follows from the second inequality in (4.51).

We proceed to the proof of Lemma 6 in the fourth case: z > el/ﬁrn. Lete € (0, eg(n)),n>
ni5(n, €),and x € [e!/V7 | 00). We write as before Zr = f—: where ’Z\,’f denotes an independent
copy of Z¥. We have, for x’ € (0, x),

P(Zi+Z; > x) <PZ: > X))+ PZ: > X))+ P2 >x—x, ZF >x—X)
=2P(Z > ¥) + (P(ZF > x —x))’.

We now take x = (1 —e V&7Y))x, so x' e[e/@VY), 00) (because 1 —e VEVY) >
e /2P g5 y < 21—0 according to (4.48)) and x — x' € [e3/(4~/7), o0). By (4.50),

P(ZF > x —x) <P(ZF > /YD) <o 34V, (4.52)

Hence,
P(ZE +Z; > x) <2P(Z; > x) + e /WD PZE > x ).

We easily check that we can apply (4.49) to = x" and to 6 =x — x/, which yields

> N vy (X T ke
P(Zi+Zf>x) < (2 (;) +edGVY — FEyYeN P(Z; > x).

We have

x\1-v x 1 1
x x__ v ~1/5y7)
(3) =3 [ agp < 1te
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(noting that (1 4 e~1/GvP)(1 — e~ 1/4VP)) > 1 because /7 < 55 by (4.48)),

1—
()7 = e
X

x—x —x
Thus,
x\1-r X I—y
2(—/) +e3/GVY) (—/) <2(1 +e*1/(5m)+e*1/(2ﬁ)§2(1 +2e*1/(5ﬁ)),
X X—X
which implies that

1+e2/V7

P(Z; +Z; > x) <2(1+2e71/6VD) e
— z€

P(Z; > x)

2(1+ 267 1/6VN)?
<

*
e /07 P(Z,; > x).

LetV,:= (Z, + Z)é”n +(Z, N Z,)(l — &), where &, denotes a Bernoulli random variable
that is independent of (Z,, Z,) and such that P(&, = 1) = % + &. Then

P(Vn = x1y) = (5 + s) P(Z;+Z; >x) + (5 - 8) (P(Z; > x)".

We use the trivial inequality 3 —e < 1. By (4.52) P(Z} > x) <P(Z; > x —x') <e ¥/,
Therefore,

(1420~ 1/5/P)?

P(V, > x1,) < (1 + 2¢) P(Z} > x)+e /D PZF > x)

= 1 — e 1/2y7
(142 1/6VP)
= (1428) 5 - PZ > .

To complete the proof of the lemma, we observe that

X
LHSqs5) :=P(V, > x1,) — IP><Z,Zle > Tnm)

T X
=PWV,>xt,)-PlZ" , > )
(Vn = xt) < T g L4y

(1420~ 1/6VP)?

<(1+2¢) 2o 10D

We can apply (4.49) to x> e!'/v7 > e!/2V7Y) and we get P(Z} > x) < (y /x' 7)1 + e 2/V7),
which is bounded by (y /x!77)(1 + 2e~1/GVP). Thus,

(14267 V/6UPY* .
LHS (s = (1426) —— 15— = —IP’(Zn > rn+1x)' (4.53)

We look for a lower bound for P(Z7 11 > (Ta/Tut1)x). By definition, limy—, o0 Tn/Tn+1
= (1—Q2+ne)/7 and lim,_, o+ (1 — (2+n)e)!/” = 1. Therefore, there exists &9(n) €
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(0, eg(n)) such that for € € (0, e9(n)), there is an integer n7(n, €) > n15(n, €) such that for
alln>nye(n, €,

IS V@YD) and (ﬂ)l_y > (1= 2¢" /D) (1 = 2+ ey 17
Tn+1 Tn

Since %xZel/(zﬁ), (4.49) applies to 6 := —“-x and for all ¢ € (0, g9(n)) and all n>

n+ Tn+1
ne(n, &), we get

- x) >(1- 26_1/(2«/7))(ﬂ>1_y 14

T, xl-v

> (1-2e7 VD)2 (1 = @+ ey =77 )%

Going back to (4.53), for all € € (0, e9(n)), all n > n16(n, €), and all x € [e!/V7 | 00), we obtain

(142 1/6v7)?
1 —2e~1/2V7)

LHS(s) < ((1 +2¢) —(1-2e7VV? (1 - 2+ n)s)‘“"”””) ——
X
which is negative according to (4.48). This implies Lemma 6 in the fourth case, and thus

completes the proof of the lemma. (|

5. Proof of Theorem 2

Let (Graph,(p)).en be the sequence of graphs that are constructed as explained in the
introduction, i.e. Graph,(p) is obtained by replacing each edge of Graph,(p), either by two
edges in series with probability p = % + ¢, or by two parallel edges with probability 1 —p =
% — &, whereas Graphg(p) is the graph of two vertices connected by an edge.

Let m be a non-negative integer. We construct a Galton—Watson branching process (Z,(('") VkeN

whose offspring distribution is the law of D,,(p), such that Z(l'") = D,,(p) and such that
P-as. forallk €N, Dyu(p) <Z™. (5.1)

Indeed, suppose that Dy,(p) §Z,(<'”). Then Graph1ym(p) is obtained by replacing each
edge of Graphy,(p) by an independent copy of Graph,,(p). Choose a geodesic path in
Graphy,(p) and denote by Dy, j(p) the distance joining the extreme vertices of the graph
Graph,, j(p) which replaces the jth edge of the specified geodesic path of Graphy,(p)
in the recursive construction of Graphgyy,(p) from Graphy,(p). Conditionally given
Graphy,(p), the Graph,, ;(p) are independent and identically distributed (i.i.d.) with the same
law as Graph,,(p), as mentioned previously. It entails D4 1)m(p) < Zl <i<Din(p) Dy, j(p). Let
(A(k, Dk jen be an array of ii.d. random variables with the same law as D,,(p). Assume,
furthermore, that (A(k, j))i jen is independent of the graphs (Graph,(p))sen. Then, we set
Dy j(p) = A(k, j — Dyo(p)) for all integers j > Dy(p) and we set Z,(c'fﬁl = ZliisZ,(f") Dy j(p).
Therefore, D 1ym(p) < Z,"}, and conditionally given Z,”, Z/")| is distributed as the sum of
Z,(("') i.i.d. random variables having the same law as D,,(p). This completes the proof of (5.1).
For all ke N, we set W,"” =Z" /E[D(p)I*. Then (W;")ien is a martingale which is

bounded in L? (here the support of the law of D,,,(p) is finite). Therefore, P-a.s. limy_, oo W, =
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W >0 (because there is no extinction since P(D,,(p) =0)=0). Since (Dp(p))nen is a
non-decreasing sequence of random variables, we P-a.s. get for all n € N that

Da(p) = Digum(p) = Wiy EIDm()I®  where we have set k(w) = Ln/m] + 1.

Therefore, for all m > 2,
. 1 1
P-a.s. limsup —log D, (p) < — log E[D,,(p)],

n—oo N m

which implies the last inequality in (1.4) in Theorem 2.

Let us prove the first inequality in (1.4). To this end, let ¥, be a random variable with law
vy, as defined in Lemma 1. As already explained in the proof of the lower bound of Theorem 1,
for all n € (0, no), there exists €, € (0, 1/2) such that for all ¢ € (0, &), there is n, . € N and

0y, that satisfy Gn’gYn%Dn for all n > n, . and, thus,
P(Dy < 0y,6n~ 2 0,) <P(Yn <0 224,) = 2a,05 (1™ 1),

where we recall from (3.2) that ¢5(x) = %(x‘S +x %) — 1, that
1
5§ =202 2(1 +n)/5, thata,= J(1-20+ ns®)", neN.
and that A, is such that 2a,ps(1,;) = 1. Since lim,_, a,,)\,‘z =1 (by Lemma 1(i)) we get
2a,05(n"% 1) ~p—soo n~2 and anl P(D, < Gn,gn’z/‘s)»n) < 00, which implies by Borel-

Cantelli that
P-.a.s. for all sufficiently large n, D, > 9,7,8n*2/ 8)»,1.

Since lim,,—, 5 @,A = 1, it implies for all 5 € (0, no) and for all ¢ € (0, &,) that
o1 1 5
P-.ass. liminf —log D,(p) > —< log (1 — 2e 4 nd~) =: Y, (e).
n—-oo n 8

Then observe that

yn(e) «/C(2)< 2 2)
NG et T+ 1 g(z)n(lJrn)

—> V2.
n—0t

This easily entails the existence of a function &(-) as in the statement of Theorem 2.
Then we derive (1.4) from (1.5) by noticing that for all p, p’ € [0, 1] such that p < p’, we
have

Du(») <D,

which is an easy consequence of the equation (1.1): we leave the details to the reader.

Appendix A. Heuristic derivation of (2.3) from (2.1) using the scaling form (2.2)

For p = % + &, we can rewrite (2.1) as

any1(k) — an(k) = S1 + €52 + 53,
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where
Si=a S aniantk — i) — 2an(h)
2 =

1<i<k

Sz = —2an(k)+ D an(i)(antk — i) +2a,(k)) and S
1<i<k

~(1 = plan(ky’.
Using the scaling form (2.2)

)= 1 ( log k)
a
= m I\
with f regular and bounded, and the fact that
1 n 1
ik—1i) ki k(k—1i)’
we have

> an(ank —i)= 2

1
1<i<k " kn Z _f< Ogl)f<n’
and, thus,

log (k — 1)
1<i<k ﬁ

=)

_ Nz ) log (k — 1) _ log k
=i ;k ; [f (” o))
Writing log k = x/n, we get that

) %)
o (e ) [ (2 ) ]

%f(n, X) 8xf(”’ x) M

Jn
By taking i = ku, we get that, for large n
1 1 log(1—14)
S~ , X) 0f(n, x) —
! knﬁf(n ) 0df (20 ¢ 1§<:k i/k
1 Ulog (1 — u)
~ , X) 0xf(n, ———d
knﬁf(n x) xf(n x) /0 . u
Similarly, we can show that

S

S ! |:—2f(n, %) +4/(n, x) /0 " y) dy:| .
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1 1
%mf=;@<p>,

—=0f (n, x) —

On the other hand,

and

ang1(k) — an(k) ~ ——f(n,x)—

VF Zka ZkVF

By neglecting terms of order @ (k~2) and of order k’lo(n’3/ 2), we can rewrite (2.1) as

5= 0 (1, ).

. f|:n8J(n Xx) — f(n, Xx) — %axf(n, x):|

1 log (1 —u)
:knﬁf(n, x)axf(n, x)/o Tudu

+kf/ﬁ|:_2f(n’ x) +4f (n, x) /Oxf(n, y)dy],

and this leads to (2.3).
Appendix B. Proofs of Lemmas 4 and 8
Proof of Lemma 4

(i) Observe that (p;(x) = (g/x) sinh (g log x) that is non-negative on [1, co0). Since (p;(l) =
0=1im,_ o (p;(x), there exists x, € (1, 0o) such that goé[(xq) = SUP.c[1.00) go;(x) =:M,.
Then

q 2
9 x0) = = cosh (qlog x)(g — tanh (g log x)) = = cosh (g logx)( i (1 - q)).

144\ /2D . ) .
Thus, x, = ( — , and (i) follows immediately.
q 1—q

(i1) Note that (p;/ is positive on [1, x,) and negative on (x,, 00), which implies the existence

of the inverse functions ¢, and r, as in (ii). As y — 0T, £,(y) — 1 and r,(y) — 00. Set
A ={4(y) — 1 and observe that

g((1+1)7—(1+1)79)
2(1+ 1) B

y=g,(1+1)= (14 0,0)),

which implies the estimate in (ii) for £,(y) as y — 0T. Similarly, observe that

/ 1 (-
y= (Dq(rq(y)) ~y—0t T3 ) D) q(y) ~y—o0t _rq(y)

q(y

which implies the estimate in (ii) for r,(y) as y — ot.
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(iii) Observe that £,(M,) =ry(M,) = x4 and, thus, ®,(M,;)=0. Note for all y € (0, M)

. _4
that @/ (y) = y(r;,(y) — £,()) < 0. Since ®y(y) ~ 37, ~ 3(2y/q)” =7 asy — 0T, the
function ®,: (0, My]—> R, isaC ! decreasing bijection and the estimates for <I>;1(x),
Zq(d>;1(x)), and rq(CDq_l(x)) as x — oo are immediate consequence of the previous
equivalence and of (ii).

(iv) First note that
2g(x) =x7((1 + ax 7 — 1) +x79((1 + ax ™1 — 1)~ gax— 179,

Thus, g > 0 and g(x) — 0 as x — oo. Suppose there exists x* € [1, 00) such that g’(x*) =
0. Then with y* := (p;(x*), we have x* = £,(y*) and x* 4+ a = r,(y*). Let us check that
g <0on (x*, 00). Assume there exists X' > x* such that g’(x") > 0. Since

2
Zd®) zx—(l—Q)((] + ax—l)—(l—LI) _ 1) _x—(1+4)((1 + ax_l)_(l+q) _ 1)
q

~ysoo —(1 = Q)ax7(27q),

which would imply that g’'(x) <0 for all sufficiently large x. Therefore, there would
exist x” € [x/, 00) such that g’'(x”) = 0. This would imply that x” = £,(y") and x” + a =
rq("), with y":= @ (x"). But yr> ry(y) — £4(y) being increasing, we would have
Yy’ =y* and, thus, x* =x", which would be absurd. Consequently, g'(x) <0 for all
x € (x*, 00), which proves (iv).

Proof of Lemma 8

Fix ¢ € (0, qol. (i) Leta€ (0, e~') and 0 € [a, e!/v4]. By definition, g,(0) = (6 + 1)7[1 —
e=7108 (7+D] Since 1 —e~* <x (for x € RY%), this yields that g4(0) < (0 + 1)?qlog (1/a +
1). By observing that log(é 4+ 1) =log é +log(1+a)<log(l/a)+ 1 <2log(l/a) (for a e
0, e~ 1)), we get that

1
84(8) <2(6 + 1)qlog e

On the other hand, let us write

)= fld_“
8= )y O

L e+ @+
@+wl-2= 64+u — 6

Since

for u € [0, 1], we get that
g4 a4
8O =@+ 1T 2 <20+ 1) .

Therefore,

1

1) 20+ 1) 1
—w(e—i—l)min{log—, —}.
a

. 1
84(0) <2(6 + 1)? g min {log o —} ==

0 0
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By (4.25), (04 1) <('/vi+1)7<+/2. We claim that (6 + 1)min{log(1/a), 1/6} <
2log (1/a). This is obvious if 8 < 1 because in this case, (60 + 1) log (1/a) < 21og (1/a); this
is also obvious if 8 > 1, in which case (8 4 1)(1/6) <2 < 21log (1/a) (recalling that a < e .
The inequality (4.29) is proved because 4+/2 < 6.

(i) Let r € [1, 2] and 6 € [¢°, e'/v4]. Then

; 1 0 dr
8q <;> —8q(®) =4l _Q)/o a /r”@ (- up=e

| 1 0 dr

_ ~1pyq _

O R
0+r

_ _ —19\q '

=q(1—q)(r "0) 10g<9+1)-

Since (1 — @)(r~10)? > (1 — g)(¢*/2)? > 1 — /g (by (4.27)). We next apply the inequality
log(14+x)>x— x2/2, which holds true for all for x € [0, 1], to x:= (r — 1)/(6@ + 1) and we
get

0 (r—1y
8q (;) gq(9)>q(1—f)——q( VD53 26T
This yields (4.30) because
=1 (-1
2(8+1)2 041

(iii) We set 1y(8) := —gl,(0) = (69" — (@ + 1)7") = q(1 — ) [y 7' (dw/w?9). Then we
get

(1-Va)

0 0 1
/ hq(t)(gq(Q—t)—gq(Q))dtzq/ dthq(t)/ du(@+1—t—w?'—@+1-wi")
0 0

O@+1—v—u)4
_q(l—q)/ dth (t)/ du/ (9+1—v—u)2

<q@+1)7 | drhy dftL
=4l +)/0 q()/o B T p—

For t € (0, 6], we have

o [y
t

qu)—q(l—q)f o)

This leads to )
/O (0846 — 1) — 84(0)) dr < (0 + D2J(O),

Je__/G dr /ld /1 du
O = o Y Griov—wr

By (4.25), (0 + 1)* < (/V1+ 1 < 1+ 3./3.

where
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It remains to check that J(9) < ¢(2)/(6 + 1) for all & € R, . By definition

A2t
| t ¢ 0 —log (1_(1—1)(14:))
J() = 1 1——— ) —1 1—— dr = dt
©) /O t(t+l)<og< 9+1> Og( 9)) /O

(t+1)
where we have set A := 1/(6 + 1) € (0, 1]. By means of the change of variables

B A2t
T =00 =2
we get that
Ulog1 A2
J6)= f oel/v — dv.
o 1—v 1—=(0-=1)
Since

1
[ o RS R

n>0 n>0

this implies that

A((Z)—J(Q):/l log § (A— » > dv
o 1—v 1—(1—)\2)1)

1
2 3
_(I—A)/ 1—(1—/\2) — A)/

Forall r € (0, 1),

! log 5 1 s 1 [ log
L dv— / V! log dv_ —/ =7 gy
[ iz 2> :

2
=0 (n +1) r v
Therefore, A ¢(2) — J(0) = K(A), where

1-22 1o 1100 L
K(x)::/ e Vdv—(l—x) gy
0 v 1

dv, xe]0, 1].

We want to prove that K(x) > 0 for all x € (0, 1]. Since K(0) = K(1) =0, it suffices to show
that K is concave:

1 1— 1 +x2
K//(x)=41+x (1+x2+logx> 41t;(tanh(y)—y)§0,

where y := — logx € R... This proves that
2
L) —J@®)=0
0+1
for all 6 € R, which yields (4.31).
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