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EXTREME POSITIVE CONTRACTIONS ON FINITE
DIMENSIONAL /”-SPACES

RYSZARD GRZASLEWICZ

In this paper we give a characterization of the extreme positive
contractions on finite dimensional /’-spaces for 1 < p < oo. This is
related to the characterization of the extreme doubly stochastic operators.
In Section 2 we present the basic properties of the facial structure of the
set of doubly stochastic n X m matrices. In Section 3 we use these facts for
description of the facial structure of the set of positive contractions on
finite dimensional /’-space. Next is considered stability of the positive
part of the unit ball of operators (Section 5). In Section 7 we prove that
extreme positive contractions on /% are strongly exposed.

1. Terminology and notation. Let (X, 2/ m) be a o-finite measure space.
As usual, we denote by [”(m), 1 < p < oo, the Banach lattice of all
p-summable real-valued functions on X with standard norm and order. If
X={1,2,...,n} n < oo, and m is a counting measure we write /? in-
stead of I”(m). If X = [0, 1] and m is Lebesgue measure we write briefly
I7.  I”_(m) denotes the cone of positive functions (f = 0) in L (m). The
adjoint space [I7(m) ] is identified with I”(m), where 1/p + 1/p’ = 1.
For f € I7(m) we denote

FP70(x) = | f(x) 177! sign f(x).

Let 1 < r < oo and let (Y, %, n) be a o-finite measure space. We denote
by AL (m), L'(n)) the Banach space of all linear bounded operators
from LP(m) into L"(n). An operator T is said to be positive (T = 0) if
Tf = 0 whenever f = 0. The set of all positive operators (contractions) is
denoted by &, (I¥ (m), L' (n)) (P).

To every operator T € LI”  I1) (m, n = oo) there corresponds a
unique matrix (tl.j) ,i=1,...,n,j=1,..., m with real entries, such
that

m
(Tx), = 2 1%
j=1

Clearly the adjoint operator
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with 1/p + 1/p’ = 1 and 1/r + 1/r = 1, is determined in the same
manner by the transposed matrix ().

If an operator T € H(I”(m), L'(n)) attains its norm on f and
ITIl = |If]l = 1, then from the strict convexity of I/-spaces it follows

that
T*(Tf)(r“) — f(P_l)‘

We define the support of a positive operator T, denoted by supp T, as a
maximal set 4 C X such that T1,c = 0. For a matrix (¢;) let

supp(t;) = {J: there exists i, such that L #* 0}.

The support of an operator T will be identified with support of a matrix,
which corresponds to 7.
For T € &, (I7(m), L"(n)) we have

supp T D supp T*g where g € L'(n).
In particular, if g > 0, then
supp T = supp T*g

(note that supp f = {x € X:f(x) # 0},f € L”(m), should be read modulo
m-null sets). If T attains its norm at f then supp f C supp T.

Let T € LAULP(m), L'(n)). Let T = 3 T, be a decomposition of 7T into
the operators 7, (i.e., supp T, disjoint and supp T} disjoint). Then

TN = sup | T]I.

Moreover, T = 0 if and only if 7, = 0 for all k. Furthermore 7 is an
extreme positive contraction if and only if the 7’s are extreme positive
contractions.

Let (t;) = T be a matrix. By T " we denote transposed matrix. We say
that T is an elementary matrix if there are no nonzero matrices 7', T, such
that T = T, + T, and

supp T, N supp T, = supp 7 N supp T5 = @

(see [6] ). If T is a finite matrix, then we can represent 7 as a finite sum of
some elementary matrices 7,

ko

T= 2T,
k=1

with supp 7, disjoint and supp T disjoint. In such case we will say that
the matrix T can be decomposed into k, elementary matrices.
Let K be a convex set. We say that a subset F of K is a face if

x+ (1 —ayeF withx,y € K,0<a <1,
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implies x, y € K. Note that ext F C ext K. For x € K we define a face
generated by x as follows

F.={y € K: thereexistz € Kand 0 < a = 1
such that x = dy + (1 — a)z}.

We also define the dimension dim yx of the point x in K, as the affine
dimension dim F_ of F . The point x € K is extreme if and only if
dim px = 0.

Throughout this paper we assume | < p < ooand 1 < r < oo.

2. Doubly stochastic matrices. Doubly stochastic matrices have been
extensively studied by a number of authors (see for example [12] and
reference there). In this section we consider the facial structure of the
convex set of doubly stochastic matrices. All these properties can be
obtained by modifying the arguments presented in [2] (see also [4] ). For
the convenience of the reader we present below proofs of the basic
properties which we use in the next sections.

Let p, » be finite measures on {1, 2,..., n} and {1, 2,..., m},
respectively, such that

p({1,2,...,n}) =»({1,2,..., m}).

Let (p,j) be a positive measure on {1, 2,...,n} X {1,2,..., m} with
marginal distributions g, ». The matrix P = ( 9] is called doubly stochastic
with respect to u and ». We write P € Z(u, »).

PROPERTY 1. Let P € D(p, v) be an n X m elementary matrix. And let
suppp = {1,...,n},suppr = {1,..., m}.
Then
dim g, , P =mn —m —n+1—z
where z denotes the number of null entries of the matrix P.
Proof. The set
D,={(P+ RP=EREDuvr))}
is included in the face F, generated by P in 9(p, v) and
dim g, ,,P = dim Dj.
For R = (r,.j.) we have P = R € 9(u, ») if and only if
m
> r; =0, > r, =0 and|r] = p,

v=] v=1
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m m
dim g, ,P = dim{ (r;): 21 ry, = > r

v= v=1

= (1 — sign p,.j)rij =0,

Let

n
7,(R) = 2] ry
=

YyR) = X 1,

i=1
%(R) = (1 — sign P,‘j)"ij
be defined on the space of n X m matrices R = (’y)~ We have
dim g, ,,P = dim{R:¢,(R) = ¥ (R) = %(R) =0,
i=12,...,mj=12,...,n}

Therefore dimg(w)P is equal to nm minus the number of linearly
independent functionals in the set

{‘p]a~-',q)m"p]a---?lpn"}fi],--'a‘f;nn}'

Since
m n
2 P, = E ‘!/j,
i=1 j=1

the functional ¢, depends linearly on ¢,, ..., ¢,, ¥;,..., ¢,. We denote
Now it is sufficient to show that the functionals
(pi (i=27"'9m)9
™ v G=1....n),
# ()€ Z
are linearly independent. Suppose
m n
4R) = 2] 2l rye, + B, + y, (1 — signp,)) =0,
i=1j=

(where a; = 0), for some «,, 8, Yy in R. Now we choose inductively a
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sequence { (i, j;) }Zi']"_' where (i, j,) € Z, satisfying:
(a) i, = land (i, j) &€ Z(ie, Pij, > 0 and Yij, = 0)

lk+| S {il,...,ik} andjk+| @ {j],-"vjk}
(b) or

ey € i i yand o € {0 k)

We can construct the sequence { (i, j, )}, since the matrix P is an
elementary matrix. Note that

card{ij, ..., i} + card{j,,....j, } = k +1
k=1...,m+n—1),s0
(i ooy} = {1,..., m},
oo sdpm=d = {1 m}
Let §Y = (s, be the n X m matrix such that
Sk = Oudy
The conditions &S7) = 0 imply
a +B,/k=0 k=1...,n+m— 1.

Clearly B; = 0, since i = 1 and &) = 0. We obtain

&, = ’BJ =0
since o = ,le = 0and i, = i, or j, = j,. Continuing in this way, we
obtain

O = T T Bf =T Bjn+m_| = 0.

Thus Y, = 0 for all (i, j) € Z, since
H(SH) = 8,8,
Therefore the functionals (*) are linearly independent.

PROPERTY 2. Let P = (p;) € D(u, v) be an n X m matrix which can be
decomposed into ki, elementary matrices. Then

dim g, ,P = nm + ko — ny — my — z
where

z = card{pij:p,.j = 0},

ny = card supp p = card supp P,

m,, = card supp » = card supp P".

Proof. Let
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ko
P=Xp
k=1
be a decomposition of P into elementary matrices . We have
U supp P, = supp P and U supp P} = supp P'.
The matrices P, are doubly stochastic with respect to
(Myuppry> Vlsuppry)-
By Property 1 we have
dim g, B — nmy — n — my] = z;
where
n, = card supp P,, m, = card supp P; and
z; = card{p;:j € supp £, i € supp P’,p,.j. = 0}.
If R = (ry) € {S:P =S € D(p, v) }, then lr,.jl = Py We have

ko
R= 2 R,
k=1
where
Rk = IsuppPL RIsuppPk'
Hence

dim g, ,P = dim{R: X B, = R, € D(n, ) }
ko
- Eu dim{R,:P, + R, € D(lgyppr,r uppr) }

ko
2 dim D
k=1

supphi ,vlsuppP’A) k

ko
= kzl (nm, —np —my +1—z)

nm — z — ny — my + ky
because

ko ko ko
z = nm — 2 (nm — z;), 2 n, = n, 2 my = my.
k=1 k=1 k=1

Birkhoff [1] has shown that in the case
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w({i})=wv({i})=1 fori=12,...,n

the set of extreme doubly stochastic matrices coincides with the set of all
permutation matrices. This result was generalized to the infinite case by
Kendal [10] (see also [9], [14] ). For arbitrary measure p, » such that

n = card supp u, m = card supp »

a matrix (p;) € D(, v) is extreme if and only if for every k X k submatrix
T of the matrix p,; the number of positive entries of T is less than 2k,
k =2,3,..., mn (n, m) (see [11], Proposition 2).

With each matrix P = ( p,.j) we associate a graph G(P) as follows.
Corresponding to row i we have a node x; in G(P) and corresponding to
column j we have a node y; in G(P). There is edge joining x; and y; if and
only if pj > 0. Then a matrix P € 9(p, ») is extreme if and only if the
connected components of G(P) are trees (see for example [3], Theorem
2.1). For generalization to the infinite dimensional case see [7].

Note that P is an elementary matrix if and only if the graph G(P) is
connected. A matrix P can be decomposed into k elementary matrices if
and only if the graph G(P) has k; connected components.

Suppose that P € 9(u, ») can be decomposed into k, elementary
matrices. Then, by Property 2, P € ext 9(p, ») if and only if

ky + nm = ny + my + z
where

z = card{pij:pij = 0}, n, = card supp P, m, = card supp P'.

3. Extreme positive contractions in the finite dimensional case.

THEOREM 1. Let | < r = p < ooandlet f € IF,(m), g € L, (n) be
Sfunctions with ||f|lp = llgll, = 1. Then the set

Ay, = {T € L (P (m), L'(n) ):Tf = g, T ' = f7,
supp 7 = supp f}

is a weak operator closed face in the positive part of the unit ball of
AL (m), L'(n)).

Proof. By Proposition 1 in [6] we have ||IT|| = 1if T € 24, We claim
that, if

T = aT, +(1-a)T26.2lfg

forsome0 <a=1and T, T, € # thenT, € bsz/f Indeed, since ||Tf]|] =
IIfH by the strict convexity of I”-space we have Tlf = Tf = g. Similarly
Trg ' =f" !. Since 7, attains its norm on f, we have supp T, D supp f.
Since T, = T/a, we obtain

supp T, C supp T = supp f.
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Therefore T € 5, and% is a face.
Now, let T be weak operator limit of a net T, € 5. Obviously T € £
Since

(T.g"™"y = im(Tf, gy = (5.8 ") = 1

we have Tf = g. Similarly T*¢’ ! = f?7! supp T < supp /. Thus
T e ,q/f g SO .;sz g is closed in the weak operator topology.

Note that if T & 2/, then supp T* = supp g. Indeed,

supp T* = U supp Th.
hE€ L’ (m)
Since Tl(suppf)" = 0, we have

supp Th C supp Tf = supp g.
Hence supp 7* = supp g. We can write
sy, = {T € L (I (m), L'(n) ):Tf = g, T ' = 77,
supp 7™ = supp g}.

THEOREM 2. Let 1 < r = p < oo, and let f € I, (m), g € L', (n) be
such that || fll = |lgll = 1. Thenﬂ is affinely isomorphic to D(p, v) where
dp = fPdm, dv = g'dn.

Proof. For every T € &, /g WE define an operator
P L%(p) — L(»)
by

(1) Poh = ¢

It is easy to see that P extends to an operator P, € 9(u, v). Conversely, if
Q € PD(p, v) then

ol

defines an operator T' € &, (L (m), L'(n) ). Moreover T € vqg Indeed,
since P acts on classes of functions modulo p-null sets, supp 7' C supp f.
We have

f(T*v)udm = fvTudn
= f vg' " Qu/f )y

= ffp_'Q*(vgl_')udm.
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Thus

T = f77'0g' ™.
Now it is easy to see that T € 7.
Therefore T — Py is an affine bijection from Jaff g onto D(u, v).

LEmMMmA 1. Let T € £, (I, I’) be an elementary operator. Then
. o fmm =g —my —z+1 ifITI =1
dim T = {nm ~: Il <1
where
ny = card supp T, m; = card supp T*, z = card{tij:tij = 0}
with T = (t;).
Proof. Let ||T|| = 1. There exists a unique positive vector [ = ( fj)
of norm 1 such that T attains its norm on f and supp T = supp f (see
Theorem 4 in [6] ). The face generated by T in Zis included in Jag} T Hence

the face generated by T in £ coincides with the face generated by T in
A 11 Since the face Jff’rf is affine isomorphic to 9(p, v), where

W) =12 W iY) = (TfY
we have
dim 5T = dim g, ,P,

where P is defined by formula (1). Operators in 9(u, v) C ,Sf’(l,',, l,ln) are

identified with doubly stochastic matrices. Then to the operator T there
corresponds a matrix ( 29 such that

Py = TNyl
We have

and ( Py is an elementary matrix, too (i.e., k, from Property 2 is equal to
1), so

dim g = nm — ny — my —z + L.
Let ||T|| < 1. Now
dim 57 = dim lin{S:||T = S| < 1, T = § = 0}
= dim Lin{$:T = § = 0}.

The condition T = § = 0 is equivalent to Isl.jl = 1 for all (i, j). Thus
s; = 0if 1, = 0. Therefore

dim I = mn — z.

https://doi.org/10.4153/CJM-1985-036-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1985-036-4

/”-SPACES 691

As a consequence of Lemma 1 we obtain:

TueoreM 3. Let 0 # T € L, (", I?), n, m € N, be an elementary
operator. Then T is an extreme positive contraction if and only if
Tl =1 and nm + 1 =ny + my + z,
where
ny = card supp T, m, = card supp T*, z = cardfz;:1; = 0}.

Let T = X T,, where T, are elementary operators. Then the operators
T € ext 2if and only if every 7, € ext 2. Therefore the above theorem is
a characterization of the extreme positive contractions in the finite
dimensional case.

For an operator T € LA(L7(m), L' (n)) we define

J(T) = {supp f: TfI| = IITI I/}

(see [6] ). Note that if p = r, one of L” spaces is finite dimensional and
T € ext &, then

supp T € J(T) and supp T* € J(T*).

Remark. Now we give the value of dim ,T. Let T € £, (/%, I” ) be a

n’ n
contraction, which can be decomposed into k, elementary operators,

ko
T=2T1.
k=1

We may assume that ||7;|
k =k, + 1,..., k. Let

1 for k = 1,..., k; and [[T|| < 1 for

n, = card supp T,, m; = card supp T}

and let
N = Enk,M= Emk.
The numbers N and M are the cardinalities of the maximal elements of
J(T) and J(T*), respectively. Then
dim T = nm + k., — N — M — z,
where
z = card{z;:1; = 0}.

The above equality follows from the following equalities:
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ko
dim 4T = X dim 47,

k=1
dim g, = nm —ng —m, + 1 -z, fork =1,. .k,
dim I, = nm — z, fork =k, + 1,..., kg

ko
z=nm— X mn— z,
k=1
where z, denote the number of null entries in the matrix corresponding
to 7;.

Example. There exists an extreme positive contraction T such that T
does not attain its norm on some vector. Let T € L+(12, 12) be defined
by

] 1

1
T(x), X3 X3,...) = (—\7_—2— Xy, E(Xl + x,), E()c2 + x3),...).

We define

o(x) = IllF — ITxll* =

[ou—
—

2 (X, — x2)2 + (xy — )c3)2 +]

fiA

Obviously ¢(x) = 0, hence ||T|| 1. For every nonzero vector x € 2
there exists an i such that x; # x,,,. Then ¢(x) # 0 i.e., T does not attain
its norm on any vector in 2. Weclaimthat T € ex 2 LetR € 3(12, 12) be
such that

T+=R=0 and |ITER||=1
It follows that
Rx = (r; x|, ry31X| + FppXy, F3pXy + Fy3xy, .. 0).
Since
2IRx|? +2 ITxI? = [ (T + R)xI> + (T — R)xI* = 2|IxI’,
we obtain
(2) IIRx|* = o(x)
and analogously
(b) |IR*x* = ¢*(x)
where

o*(x) = |IxII? — [|T*x

I

%[(\/le - x2)2 + (x; — x3)2 + (x5 — x4)2 +... ]
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We put
1 2
") = (1 L., 1,1—--1 ~—,...,0,0,...),
y S S p p
2 1 2
2 = (—\C Ll L,1——-1-2..00,...
2 T n n
for n € N. If x = y in (a) then we obtain
1 1
P (ry + ) +...§-[(1 — 1)? +] = —.
4 4n
Thus
rm=0 and r = —ryfork=273....
Now we use the inequality (b). By a similar calculation for z(") we
obtain
2
% rn = —ry and ry = —ryy, for ko= 2, 3,....

It follows that R = 0.
An analogous example in L2[0, 1] is obtained by letting

V2

S0 t €0, 1/2)
(Tf)0) =
i?fm—n+%ﬂ0 e/,

The operator T is an extreme positive contraction on L0, 1] which does
not attain its norm on any unit vector. Some additional information about
extreme positive contraction on /7 can be found in [8].

4. Extreme positive contractions in £(/?, I} ).

LEMMA 2. Let T € &L, (I8, I} ) where | < r <p < ocoandn, m € N.
Then

. _fnm + kg —nyg —my — z iflITI| =1
dmﬂ‘{m—z ifFITI < 1,

where
n, = card supp T, m;, = card supp T*, z = card{tij:tij = 0},

kg is the number of elementary operators into which the operator T can be
decomposed.
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Proof. Let ||T|| = 1. Then there exists a unique vector f = (jj-) = 0 such
that || f|| = 1, T attains its norm at f and supp T = supp f. Let us put

p,’j = (Tf),r‘lt,jfj-
By an argument analogous to the one in the proof of Lemma 1 we have
dim gT = dim Q(F,”)(pij)
where p, » are measures such that
p({j}) =11 v {i}) = (TIf);
and we use Property 2.
If ||IT]] < 1itis easy to see that dim T = nm — z.

CoroLLARY. Let | < r < p < oo,n,m € Nand 0 # T €
L2, ). Then T € ex P if and only if

Tl =1 and mn + ky = ny, + my + z,
where
ny = card supp T, my = card supp T*, z = card{z,:1, = 0}

and k, denote the number of elementary operators into which T can be
decomposed.

5. Skeletons in the set of positive contractions. The k-skeleton of a
convex set Q is the set of all points x € Q such that dim ,x = k. A convex
compact set Q in Euclidean space is called stable if all the k-skeletons of Q
are closed (see [13]). The set of extreme points is the 0-skeleton.

Example. Let T € £(15, 1), 1 < p < oo, be defined by
1
T(x, x5) = (ax] + bx,, 3 xz).
For every 0 = a = 1 there exists b € [0, 1] such that ||T|| = 1. Let 0 < q,

<a,<...<lwithlimg, = 1and0 = b, = lbesuchthatHY;,Hp =1,
where

an bn

= [0 1/2]'

Fix k € N. Let @, 8 = 0 be such that 7, attains its norm on (a, 8) €
14 and || (a, B) ”,, = 1. We have

1 p
V=T lI) = (@4 a + by B + (5 B)
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1\
= @@ + b + (@) — aa + By = bRV + (5 B) |

Hence b, ;| = b,. Since b, Z (, there exists lim b, = b;. Moreover by =10
since otherwise we would have

[1 by |
0 1/2]

The operators 7, are extreme positive contractions (Theorem 3) and

[t o _1('1 0] [1 0])
11mn_[0 121 =3\o 1] T lo o

1S not extreme.

Using the above example it is not hard to see that the set of extreme
positive contractions in L(/?, I \(n, m = 2,1 < p < o0) is not a closed
set. Therefore the set of positive contractions in A%, 2 )(n, m = 2,
1 < p < 00) is not stable.

I = lim||T|| = ‘> L.

PrROPOSITION. Let 1 < r < p < oo n, m € N. The set of all positive
contractions in L(I% 17 ) is stable.

Proof. We need to prove that for every positive contraction 7T there
exists € > 0 such that for every S € £ the condition ||S — T|| < e implies
dim »S = dim 4T (see [13], Theorem 2.3).

Let ||T|| < 1 and

e = min(1 — ||T|, {tij:tij # 0}).
If ||S — T|| < € then

ISl <1 and |s.. — tijl < e

Sij
The numbers of the null entries of § = (sij) are less than or equal to the
number of the null entries of T = (t,.j).

By Lemma 2 we obtain dim S = dim g7

Let ||T|| = 1. We put

€ = min{tij:tij # 0}.

If |[S — T|| < e then null entries of matrix (s;;) can be only on that place
on which are null entries of matrix (tij)‘ If ||S|| < 1 then dim &S = dim 4T
(Lemma 2).

Now suppose that ||S|| = 1. The numberd = nm + ky, — ny — my — z
from Property 2 denote dim 4 of operators T and S. Consider now the
value of d, when we change one of the null entries in an n X m matrix to a
non zero entry. Let A = (a;) be fixed n X m matrix. We put

n, = card supp A, m, = card supp A', z = card{a;:a; = 0}.
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k, denotes the number of elementary matrices 4, into which matrix A can
be decomposed,

ko
A= 2 A
k=1

Let (i, j) be the index of a null entry which we change to a non zero entry.
We consider the following five cases:

19 i € supp 4,, j € supp A%. Then ny, my, k, do not change. :
decreases by one. Hence d increases.

20 i € supp Ay»J € supp A;(Z, k, # k,. Then ny, my do not change. k
decreases by one, since in place of two elementary matrices 4, , 4, there
appears one elementary matrix. Hence d does not change.

3. i € supp 4 4J € (supp A'). Then n, k, do not change. m; increases
by one. Hence d does not change.

£ i € (supp A), j € supp AL. Then my, k, do not change. n,
increases by one. Hence d does not change.

59 i e (supp A),j € (supp A')“. Then my, ny, k, increase by one, since
there appears a new elementary matrix which possesses only this non zero
entry. Hence d does not change.

Therefore we obtain dim »S = dim 7.
Note that the unit ball of LI, I?), n = 2, is stable if p = 2 and is not
stable if p # 2, 1 < p < oo (see [5]).

6. The case of /'- and /®-spaces. Assume that 1 < p < co. For a matrix
T we put

oT) = > signlt,.jl = mn — z.
iJ

It is not hard to see that the following equalities hold:
If T e 2, 1)), then

dim 5T = o(T) — N,
where
m
N = card{j: X 1, = 1}
i=1
If T € L), I%), then
m
dim 5T = > > sign L
JEJ i=1

where
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If T € £, I7), then
dim T = card{ (i, j):t; € (0, 1) }.
If T € L%, 1)), then

o) = ny WfITI =1
dim oI = {o(T) it |7 < 1
where ny = card supp 7. Note that |[T]| = [IT*1]|,. If T € LU, 17,

then

n

dimy T = X X sign 4

j=1 i€l
where
n
_ ;. P
I, = {1. 21 t,j < I}.
j=

If 7€ 2, 1), then

o(T) it |ITI = 2 <1
dim 5T = i

oT) — 1 if[ITIl = X1, = 1.
i
If T € A7, 17), then

. ~ [am) if |7T]] < 1
dim 5T = {o(T) —my if|IT] = 1

where m, = card supp T". Note that
m n p ]/p
Il = Tl = (E (2 r,-,) ) :
i=1 Vj=1
If T e LU, ), then
dim 4T = o(T) — M,

where
M = card{i: > l;, = 1}.
Jj=1

Remark. Using the above equalities and arguments similar to that which
we use in Section 5 it is not difficult to check that the set of positive
contractions is stable for all cases which we consider above.
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7. Strongly exposed points. A point x, in a convex set K is called
exposed if there exists a linear functional £ such that §(x,) > &(x) for all
x € K\{x,}. An exposed point x, € K is called strongly exposed if for any
sequence x, € K the condition §(x,) — §(x,) implies x, — x,,.

THEOREM 4. Let 1 < r = p < oo. Each extreme positive contraction in
AP, 1) is strongly exposed.

Proof. In a compact convex set each exposed point is strongly exposed.
Therefore we need to show that each extreme operator is exposed.

Let 0 # T = (1) € L%, I') be an extreme positive contraction.
Then there exists a vectorf = (f) = 0 such that || f]|| = 1, T attains its
norm at f and supp T = supp /. We define a functional £ by

§s) = 3 (TN (SS), — Es,,(l — sign 1,),

i=1

S = (s;) € LI, I ). Suppose that S is a positive contraction. Then, by

n’

Holder’s inequallty,

&8) = NTfCDILAISAN, = Zs,(1 = signg) = 1,

ij

and

«T) = 1T VILNTSI, =

Now suppose that £(S) = 1 for some positive contraction S. Then S = 0
if 7, = 0, and

2 @NV S, = T VIS, =

Therefore the zero entries of (s; ;) and (z;) coincide and Tf = Sf. Because
the graph of an extreme doubly stochastlc matrix determines this matrix
(see [3], Theorem 2.1), and positive contractions are related to a doubly
stochastic matrix (cf. proof of Theorem 2). We obtain S = T, i.e, T is
exposed by &.
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