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Abstract

Several generalizations are given of the Gauss-Winckler inequality for the moments of a
probability distribution.

1. Introduction

Bounds on the moments of probability distributions are important in the area of
stochastic analysis generally and also in operations research. In this article we extend
several known results.

To fix our notation, let Q : [0,a] — [0, 1] (¢ € (0, 00]) be a nondecreasing
function with @(0) = 0 and Q(a) = 1, thatis, Q is a probability distribution function
with support [0, «]. The r-th moment v, of Q is defined by

v, = /ax’dQ(x).
0

This is naturally defined for r > 0, though we shall find that a number of results
actually hold for r > —1. In the remainder of this paper we assume that Q has the
above-mentioned properties.

In recent years a rich variety of relations has been uncovered between the moments
of distributions. The roots of this go back over a century. Thus, under the additional
constraint of a nonincreasing density function, the Gauss-Winckler inequality says
that

((r + D)7 < (s + Dwy)* forr < s.
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When r = | and s = 2, this gives
v = (4/3)v,

which is a surprising and useful strengthening of the familiar v, > v2.
Slightly more involved is the following theorem of the authors [6, 9].

THEOREM A. 1° Let a = 1 and suppose Q has a derivative of order (n + 1)
such that (~1)"*' QY is nonnegative.

(@) Forn € (1,2} the function f, defined by

fo() =1n [(' M ") v,]
n
is concave on (—1, 00).

(b) Ifn>3and (—1)"*1Q"9D1)>0fork=2,...,n—1, then f, is concave
also.

2° Ifa € Randif Q' is nondecreasing, then f, is concave.

For n = 1, part (a) says that if a distribution on a bounded interval (which we
may take as [0, 1]) has a monotone nondecreasing density function, then (r + 1)y, is
logconcave on (—1, 00). The same conclusion holds (for n = 2) if the distribution
has a concave density function. :

Similarly we derived the following result.

THEOREM B. (a) Ifa = oo and (—1)""' Q™ is positive, continuous and nonin-
creasingforn=1,2... N, thenf, (n=1,2,...,N) is convex.
(b) Ifa € Rand Q' is nonincreasing, then f is convex.

As a consequence of the concavity of f,, in Theorem A, we have for r > 0 and
riyeoo s Im ZOthat

m—1i m
r+n n+--+rantr+n l—[ ri+r+n
[( )vr] ( : )vr|+~-~+r,,+r 5 < )vr;+r- (1)
n n i1 n

When f, is convex, the reverse of (1) holds. For n = 1, the reverse of (1) was
proved by Pecari¢ [5] using Chebyshev’s inequality. It is an extension of Stolarsky’s
inequality ([7], see also [6, 4] and Section 4).

These results are suggestive of much more. We explore some of the possibilities in
this paper.

In Section 2 we give a weighted version of (1) and connect it with the Petrovié
inequality.
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In Section 3 we use a similar idea to derive generalizations of a result related to the
Gauss-Winckler inequality. These involve integrals fol S (x)dx, where f (Q(x))/x
is nondecreasing. In Section 4 we take up the common case of an exponential
distribution, standardised to unit mean, to derive new inequalities for the gamma
function. A simple choice of distribution on a finite interval similarly gives results
for the beta function. These are, of course, intimately associated with the gamma
and beta distributions. Finally, in Section 5, we derive an improvement of Stolarsky’s
inequality.

2. Weighted inequality

THEOREM 1. Let f, be a concave function (that is, the conclusions of Theorem A
hold). If r,pi, r; (i = 1,...,m) are real numbers such that 3 ;_ p;r; +r, rj +r
(G =1,... ,m)andrare greater than -1, p; >0 (= 1,...m) and

2 (Zp.-n-rf) 20, j=1...m @
=1 ’

then

Prn—1 m m Pj
r+n > piti+r+n l—-[ ri+r+n !
[( )ur] ( lp )vzrs‘piri+r _<- [( j )vr]+r] ’ (3)
n n el n

where P, =3 | pi.
Ifri (X, piri—r) <0 =1,...,m), then the inequality is reversed.

PROOF. Suppose (2) holds. Since f, is concave, for any p,q,s > =1, p > gq,
p ¥ s,q # s, we have

fo0) = £2(5) _ fn(q) = fu(5)
p—S - q-—s

(see {3, p. 2D).
Thus forp,q,s > =1, p > q,p #5, 9 # s, we get

((p:n) v, ) (p=9 3 ( (q_:,,) vq) 1/{q—s) @
() A '

Ifr;, >0then ) ;. pir; > r;andsettingp =y . piri+r,q=r;+rands = rin
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(4) we obtain

(acan™ R ()"
(")vr =\ ()
((m ):)E < (() )
(W) =\ )W,
Ifr; <Othen Y™ p;r; < rjandsettingp =r; +r,q = 3", p;ri+rands =rin
(4) we obtain (5).

By multiplication of these inequalities for j = 1, ..., m we get (3). The other -
cases can be proved analogously.

)

REMARK 1. If p; = 1,7 > 0 (i=1,... ,m) then (3) reduces to (1).

REMARK 2. The Petrovié¢ inequality (see [3, p. 11)) states the following.

Suppose f is convexon I = la,b] (0 € INand r;,p; (i = 1,...,m) are real
numbers such that r; Z;’;l priel(p; =20 fori=1,...,m. If (2) holds, then

f (ZP:":‘) 2 Zpif (r)+ (1 = P.)f (0).
i=l1 i=1

If f is concave, the inequality is reversed.

In our case f, is concave and f,(0) = Invy, = 0, so the inequality becomes

m o m ' pi
Z (p’r‘ + n) UZL] piritn > I_[ ((r‘ + n) vr,») . . (6)
n i=1 n .

i=1

Also putting r = 0 in (3) gives (6).

REMARK 3. When f, is convex, that is, when the conclusion of Theorem B holds,
then the inequality is reversed.

3. Some further results

The following theorem was proved in [2].

THEOREM 2. Let f : [0, 1] = R be nondecreasing and positive. If f (Q(x))/x is
nondecreasing, then form < r

o (Brrwa)”
< .
(o)
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If f (Q(x))/x is nonincreasing, then the inequality is reversed.

Using the idea in the proof of Theorem 1, we obtain the following.

THEOREM 3. Ler f : [0,1] — R be nondecreasing and positive. Let p; (i =
1,...,m) be positive real numbers and r; (i = 1, ..., m) real numbers such that r;
(i=1,...,m)and ;| pr: are greater than —1. If f (Q(x))/x is nondecreasing
andifr; (X, piri—1r;)>0(G =1,...,m), then

Ve pir, < fOIfE:-'Llpin (x) dx
m pPj — 7
IR (fol fri(x) dx)

7

Ifr; ( S piri— rj) <0( =1,...,m), the inequality (7) is reversed.
If f (Q(x))/x is nonincreasing, the above results are reversed.

Let us mention some special cases when (2) holds.

1° For f =1wehave v, 4..4p,, = VP -- - V2m,

m — “rn

2° For f (x) = x and Q(x)/x nondecreasing, we have
(Z piri + 1) Vs o < I—[(r,- + DFivps,
i=1 j=t

while if Q(x)/x is nonincreasing, the opposite inequality holds.
3° For f (x) = x'* (k > 0) and Q(x)/x* nondecreasing, we have

e ot + Kk mo e 4 k\P
pin+t -+ pmlm+ Vpiridtpmtn < H ( J ) VoI
j=1

k k ]

When Q(x)/x* is nonincreasing the opposite inequality holds. The case p, = p, =
-++ = pn, = 1 can be found in [6].

4. The gamma and beta functions

Ifa =o0and Q(x) =1 — e, then Q satisfies the assumptions of Theorem B(a)
for any N € N, so f, is convex for any n € N. In this case v, = I'(r + 1) and we
derive the following inequalities for the gamma function.

COROLLARY 1. (a) Suppose p; (i = 1,...,m) are positive real numbers and
ror; (i = 1,...,m) are real numbers such that r > —1, Z;’;lp,-r,- +r > —1and
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ri+r>-=1forj=1,...,m. If 2) holds, then

+ Fnt mpir+r+ “
((rn")r(r+1)) (Z"'prn i ")I‘(§p.~n+r+1)

= (i +r+n\" __
> o (r; + 1). 8
> 1}( . ) (p+r+1) ®)
M) Ifp; (i = 1,...,m) are positive real numbers and r; (i = 1,...,m) real
numbers such thatr; (i =1,... ,m)and Y ;| p;r; are greater than —1, then

r (Zp,-ri + 1) >T]r~ ¢+ 1) &)
i=1 j

Jj=1

and

i Piritk (< (R o
s=ss——T ;p.-r.-+1 =[[{+—) Mo+ a0

Jj=1

fork = 1.
If inequality (2) is reversed, then so are (8)—(10).

Ifa =1and Q(x) =1— (1 —x)**' (a > 0), then Q satisfies the assumptions of
Theorem B(b) and we derive inequalities for the beta function.

COROLLARY 2. Suppose p; (i = 1,...,m) are positive real numbers and r, r;
(i = 1,...,m) are real numbers such that r > -1, Z;":,p,-r,- +r > —1 and
ri+r>-=1forj=1,...,m If 2) holds, then

i=1 i=1

((r + DB(r+1,a+ )™ (Zp.-r.- +r+ 1) B (Zp,-r,- +r+1l,a+ 1)

>[{e +r+ 7B +r+1,a+1),
j=1

where B(x + 1,y + 1) = [, (1 — 1)” dt.
®) If p; (i = 1,...,m) are positive real numbers and r; (i = 1,...,m) real
numbers such that r; (i = 1,... ,m) and Z:-"=1 pir; are greater than —1, then

B (Zp;r,--i—l,a-{- 1) > @+ D' [[B%¢; +1,a+1)

i=1 j=1
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and

i=1

l:ipiri + 1] B (szpi"i +1l,a+ 1)
i=1

> @+ D[] + D7 B? (r; + 1,a+ 1).

Jj=1

Reversal of the direction of inequality (2) reverses those of the above conclusions.

5. Integral inequalities involving derivatives

Stolarsky [7] has established the following theorem.

THEOREM C. If f : [0, 1] — [0, 1] is nonnegative and nonincreasing, then for
positive a and b

1
0

1 3
(a+b)/ x 7 (x) dx zab/ x“"f(x)dx/ XU (x)dx.  (11)
0 0

In probabilistic terms, this gives the following. Suppose fol f(x)dx =1, that is,
f is a probability density on [0, 1]. If this is nondecreasing, then
(a+ b)voyp1 = abv,_yvp_y.

In the first section we mentioned that (1) is an extension of Stolarsky’s result (11).
In this section we give another improvement of (11).

THEOREM 4. Let f : [a, b] — R be of bounded variation and g, h : [a, b] > R

nonnegative and nondecreasing with continuous first derivative and g(a) = h(a) = 0.
If0< f(b) < f(x) < f(a)forallx € [a,b), then

b b b
f@ f @Oh®Y f () dt = / g (Of (1) dt / HOfOd.  (12)

If0 < f(a) < f(x) £ f (D), the inequality is reversed.

PROOF. If 0 < f(b) < f(x) < f(a), then we may without loss of generality
assume that f (b) < f (a), because if f (b) = f (a), then f = C and (12) holds. The
following inequality of Chebyshev type, established in [1], will be used.
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If fi, f> : [a, b] — R are nondecreasing and continuous and f : [a, /] = R of
bounded variation such that f (a) < f (x) < f (b) for all x € [a, b], then

b b b b
/ df(X)f S1@x)f2(x)df (x) 2[ fx(x)df(X)f f2(0)df ). (13)

Now integration by parts and (13) give

b
f (@R f (1) dt (14)

b
=f(b)g(b)h(b)+f g(Oh(®)d(—f ()

a

> f (D)g(Bh(®) + [f (@) - f B)]™! _/abg(t)d(—f)(t) [h(t)d(—f)(t)-
From the identity
(a,—a2)(by—by)p1p2 = (p1+p2)(aibipr+arbapr) — (@ pr+axp2) (bipi+bipy) (15)
we have

(p1+ pP2)(Prarby + paayby) > (pray + paar)(p1by + p 1 b2) (16)

for (ay = a, b = by) or (ay < @, by < by) and py, p, > 0. This is the discrete

Chebyshev inequality.
We now set

pi=f®), a=g®B), b=hb), p=fa)—fb),
1

1 b b
=—— [ swdnw®. b= ———0 [ hwdc-
“ f(a)—f(b)./a $OADO. b= s [ H0ACDE

in (15). To use (16), we need only check that @; > @, and b; > b,. We have

b b
(@ —a)(f (a)—f (b)) =g(b)(f(a)—f(b))—g(t)(-f)(t)L—/f(t)g'(t) dt
b b
~f @g®- [ f0g®adr= [ @-F g
By assumption the last expression is nonnegative, so a, > a,. The other statement

is proved similarly.
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We combine (14) and (16) to obtain

b
/ (RS (1) dt
1 b b
> (f B)gb) — / g(t)df (t)) (f B — f h()df (,))
1 b , b ,
=5 | #Or0a f WOf () dt,

which establishes the first part of the proof.
IfO0 < f(a) £ f(x) < f(b)forall x € [a, b], a similar proof applies, the only
difference being that in place of (16) we use

(pr + p2)(praiby + prayby) < (pray + p2a2)(Prby + prby)

for p; = 0, p, < 0and a; > a,, b; > b,. This is a consequence of (15).

REMARK 4. If 0 < f(b) < f (x) 5-f (a) for all x € [a, b] and f, g, h satisfy the
assumptions of Theorem 4, then the condition g(a) = A(a) = 0 can be omitted. For
define functions % and g by

h(x) = h(x) —h(a) and g(x) = g(x) — g(a).

Then h(a) = g(a) = 0 and k, g satisfy the assumptions of Theorem 4, so
b
7@ [ ohwys @ ar
b b
=f(a) / @GOR@)Y'f (t)ydt + / (h(@)g'(t) + g(@h (tNf (1) dt

b b b
> f@ [ @R a2 @ [ goroa [ Koo,
The result below now follows by an easy induction on n.

COROLLARY 3. Let f : [a, b] — R be of bounded variation and x; : [a,b] - R
(i =1,..., n) nonnegative, nondecreasing functions with continuous first derivative
andx;(a) =0@(=1,...,n).

IfO< f(b) < f(x) < f(a)forall x € [a,Db), then

b n ! n b
f @)™ / (Hxi(t)) Fwdr=]] / X(OF (@) dr.
a i=l1 i=| va

IfO< f(a) < f(x) < f(b)forall x € [a,b), the inequality is reversed.
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REMARK 5. Setting a = 0, b = 1, g(x) = x% h(x) = x4 f(0) = 1 in (4)
gives Stolarsky’s inequality, but with a weaker condition on f. In Theorem C f is
monotonic, but in Theorem 4 f is of bounded variation and f (x) € [f (b), f (a)].
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