
O N G E N E R A L P O L Y N O M I A L S 

K e n n e t h S. W i l l i a m s 

( r e c e i v e d A p r i l 9, 1967) 

L e t d d e n o t e a f i x e d i n t e g e r > 1 and l e t G F ( q ) d e n o t e 

t h e f i n i t e f i e l d of q = p e l e m e n t s . We c o n s i d e r q f i xed :> A(d) , 
w h e r e A(d) i s a ( l a r g e ) c o n s t a n t d e p e n d i n g o n l y o n d . L e t 

(1) f(x) = x + a , x + . . . + a x , 
d - 1 1 

w h e r e e a c h a . e G F ( q ) . L e t n ( r = 2 , 3 , . . . , d) d e n o t e t h e n u m b e r 
l r 

of s o l u t i o n s i n G F ( q ) of 

f ( x . ) = f ( x j = . . . = f ( x ) 
1 2 r 

f o r w h i c h x , , x . . . , , x a r e a l l d i f f e r e n t . B i r c h and S w i n n e r t o n -
1 2 r 

D y e r [ l ] h a v e s h o w n , a s a c o n s e q u e n c e of W e i l ' s w o r k , t h a t 

(2) n = v q + 0 ( q 1 / 2 ) , r = 2 , 3 , . . . , d , 
r r 

w h e r e e a c h v i s a p o s i t i v e i n t e g e r d e p e n d i n g o n f and t h e c o n -
r 

s t a n t i m p l i e d b y t h e O- s y m b o l d e p e n d s o n l y on d — - t h r o u g h o u t 
t h i s n o t e a l l c o n s t a n t s i m p l i e d b y O - s y m b o l s d e p e n d o n l y o n d 
u n l e s s o t h e r w i s e s t a t e d . T h e y d e d u c e f r o m (2) t h a t t h e n u m b e r 
V(f) of d i s t i n c t v a l u e s of f(x) , x e G F ( q ) s a t i s f i e s 

V(f) = \ ( f ) q + 0 ( q 1 / 2 ) , 

w h e r e 

V2 , V3 , , j x d - l Vd 
Mf) = l - 7 f + 7 7 - . . . + ( - D 21 31 x ' di 
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The polynomial f is called a general polynomial if 

1 1 d-1 1 

x(f) = i - - +fr - . . . +(-i) 1 - . 

It is the purpose of this note to prove that the number N of 
general polynomials of the form (1) is given by 

d-1 
Since the number of polynomials of the form (1) is exactly q 
this shows that for a fixed d almost all polynomials are general. 

As the number of solutions x. of 
l 

f ( x . ) - f (x . ) , i = 2 , 3 , . . . , r , 
1 l 

for a given x , is <_ d we have for r ~ 2, 3, . . . , d 

J - l 
n < d q 

and so for q sufficiently large 

r- 1 
0 < v < d . 

— r — 

Hence X(f) takes a finite number & = i (d) of rational values 
between (and possibly including) 0 and 1 . Let X , . . .,\ 

denote the I X-values in ascending order of magnitude, with 

1 (-1)' 
+ . . . + L 

21 d ! 

between (and possibly including) 0 and 1 . Let X , . . .,X, 

3 in ascending order of magn: 
d- 1 

1 (-1) th 
1 - — + . . . + j ; as the k one (1 < k £ i ) . We note 

that each X. depends only on d . Let -<,. be the class of poly­

nomials f having X(f) = X . For f<£ y. (1 < i < k-1) 
i l — — 

\ k q - V(f) = ( \ k - \.)q + 0(q 1 / 2 ) 

^ f ( X k " X k - l ) q ' 

for q sufficiently large. For fe ^.(k + 1 <_ i <_ i ) 
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v(f) - xkq = (x.- xk)q + o(q
1/2) 

^ 2 ( X k + l - X k ) q ' 

f o r q s u f f i c i e n t l y l a r g e . S e t 

1 /2 
Z\i = m i n ( \ - \ , \ - \ ) 

k k - 1 k+1 k 

s o t h a t f o r fe Tp . (i 5̂  k) 
1 

{ V ( f ) - X k q } 2 > H t q 2 , 

w h e r e JJL d e p e n d s o n l y on d . H e n c e 

s{v(f) - xkq} = s s {V(f) - xkq} 
i=l u4-

> Z 2 (V( f ) - X q } 2 

1 = 1 f € (* 

> 2 S JJL q 

i = l f€ £ . 
i ^ k 

= ^ q N » 

w h e r e N^ d e n o t e s t h e n u m b e r of f w i t h \ ( f ) 4- \ . N o w 
k 

U c h i y a m a [2] h a s s h o w n t h a t 

S {V(f) - X . q } 2 = 0 ( q d ) 
f k 

d-2 , 
N* = 0 ( q a ^ ) . 

,# d - 1 
B u t N + rsT% = q so w e h a v e 
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N ^ d - S o ( q
d - 2 ) 

as r e q u i r e d . 

If d = 2, 3 or 4 we can d e t e r m i n e N exac t l y . When d 
2 

so that f(x) = x + a x (p ^ 2) , we have 

V(f) = ^ 

g i v i n g 

N = q 

3 2 
When d = 3, so tha t f(x) = x + a x + a x (p ^ 2, 3), we have 

V(f) = | q + 0(1) 

if and only if 

a - 3 a ^ 0 ; 2 1 

hence 

N = q ( q - l ) = q - q 

4 3 2 
When d = 4 , so tha t f(x) = x + a x + a x + a x ( p ^ 2 , 3 ) , w 
have 

if and only if 

hence 

V(f)= f q + 0 ( q 1 / 2 ) 

3 
a - 4a a + 8a i 0 ; 

3 2 3 1 ' 

2 3 2 
N = q (q-1) = q - q . 
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F i n a l l y we note that our r e s u l t shows that 

2 | V ( f ) - X q | n = 0 ( q n + d " 2 ) , ( n > 2 ) 
f k 

w h e r e the cons t an t impl ied by the O- symbol depends only on d 
and n . 
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