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1. Introduction and summary. Congruences on a semigroup .S such that the corresponding
factor semigroups are of a special type have been considered by several authors. Frequently
it has been difficult to obtain worthwhile results unless restrictions have been imposed on the
type of semigroup considered. For example, Munn [6] has studied minimum group con-
gruences on an inverse semigroup, R. R. Stoll [9] has considered the maximal group homo-
morphic image of a Rees matrix semigroup which immediately determines the smallest group
congruence on a Rees matrix semigroup. The smallest semilattice congruence on a general
or commutative semigroup has been studied by Tamura and Kimura [10], Yamada [12] and
Petrich [8]. In this paper we shall study congruences p on a completely regular semigroup
S such that S/p is a semilattice of groups. We shall call such a congruence an SG-
congruence.

Since Clifford has shown in [1] that a regular semigroup S is a semilattice of groups if
and only if idempotents of S lie in the centre of S, it follows that the problem of finding
group congruences and commutative congruences on a completely regular semigroup S can
be solved provided that one can describe the SG-congruences on S.

§2 contains definitions and notation used in this paper. In §3 we determine all group
congruences on a Rees matrix semigroup and use this in §§4 and 5 to find the smallest SG-
congruence, the smallest commutative congruence and the smallest group congruence on a
completely regular semigroup.

The reader is referred to [2), [5] and [7] for terminology and concepts not presented in
this paper.

2. Preliminaries. We shall denote the partially ordered set of all idempotents of a
semigroup S by E;. A commutative semigroup all of whose elements are idempotents is
called a semilattice. If ¢ is a congruence on S such that S/o is a semilattice and each g-class
is a group, then S is said to be a semilattice of groups. A congruence p on S such that S/p
is a group (semilattice of groups, semilattice, commutative semigroup) is called a group
(SG-, semilattice, commutative) congruence. If S is a semigroup then %5, % and & will
denote the family of group congruences, SG-congruences and commutative congruences,
respectively, on S.

If, for each ae S, there exists an x&S such that @ = axa, then S is said to be regular.
S is completely regular if, for each ae S, there exists an xe S such that a = axa and ax = xa.
For a regular semigroup S, we shall denote the smallest group congruence on S by ys, the
smallest SG-congruence by g, the smallest commutative congruence by &g and the smallest
semilattice congruence by #5. Since congruences are binary relations, the set of all con-
gruences forms a partially ordered set under set inclusion. It is then seen that Eg(ng) is the
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intersection of all commutative (semilattice) congruences on S. A proof of the existence of
gg and yg for regular semigroups may be found in [3].

If ¢ is a congruence on S, then the kernel of {, written Ker, is the set-theoretic union of
all {-classes that contain idempotents of S. The following is due to Lallement [4].

LemMma 1.1. Let { be any congruence on a regular semigroup S. Any {-class that is a
subsemigroup of S contains an idempotent.

3. Group congruences on a Rees matrix semigroup. Clifford [1] proved that every
completely regular semigroup is a semilattice of completely simple semigroups. Hence we
begin with this special case. It is known by Rees’ theorem [2, 5, 7], that every completely
simple semigroup is isomorphic to a Rees matrix semigroup over a group; so we shall prove
our results for these semigroups.

We recall the construction of a Rees matrix semigroup, here denoted by # (I, G, M; P).
I and M will be index sets, G a group and S =IxGx M. On S we define an operation by

(i: a, p’)(}a bs V) = (l’ apujbs V),
where p,; is the (u, j)-th entry of an M x I matrix P with entries from G. The set S with this
operation is a semigroup called the Rees matrix semigroup over the group G. If e is the identity
element of G and if there is a fixed element 1e/nM such that

pu=e=p,; forall iel and AeM,

then we shall say that P is in normal form. Any Rees matrix semigroup is isomorphic to a
Rees matrix semigroup in which the sandwich matrix is in normal form; hence for the rest
of this paper we shall assume that all Rees matrix semigroups have their sandwich matrices
in normal form. The basic results on Rees matrix semigroups can be found in Chapter 3
of [2] and Chapter 4 of {7].

If S= (1, G, M; P) and ( is a commutative congruence on S, then S/{ is (isomorphic
to) a commutative Rees matrix semigroup and hence is an abelian group. We see then, that
to discuss commutative congruences on a Rees matrix semigroup, it is desirable to study
group congruences first.

The next notion was introduced by Thierrin in [11], where he called such semigroups
* completely reflective .

DsrINITION 3.1. A subset C of a semigroup S is said to be reflective if, for any
x, yeS, ze S, xyze C implies that zyxeC.
The following is taken from [7].

LeMMA 3.2. Let C be a reflective complex of the semigroup S and let ay, ..., a,€S. If
aya,...a,eC, then a,,a,,...a,,€C for any permutation © of {1,2, ..., n}.
Our first theorem extends some results on group congruences due to R. R. Stoll [9].

THEOREM 3.3. Let S = M(I, G, M; P). Then the following statements hold.

(a) T=Kery for some ye % if any only if T is a subsemigroup of S having the following
properties:
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(0) T contains all idempotents of S
(i) For all a, x, ye S, xy, ae T if and only if xay, acT.
(b) T =Kery for some y = if any only if T is a subsemigroup of S satisfying (0), (i)
and
(ii) T is reflective.
(c) Let peYgand s, teS. Then spt if any only if there exist x, yeKer p such that s = xty.

Proof. (a) Assume that T'= Kery for some y = %,. It is clear that T'is a subsemigroup
of § that contains all idempotents of S. Let ¢ be the natural homomorphism from .S onto
S/y = S’. Now assume that xy, ae T. Then (xy)¢ = ap = ¢, the identity element of S’. So

(xay)p = (x)a)(yp) = (xp)e'(yp) = (x)yp) = (xy)p = €.
That is, xayeT.
If we now assume that a, xaye T, a similar computation shows that xyeT. Hence T
is a subsemigroup of S satisfying (o) and (i).
Conversely, assume that 7 is a subsemigroup of § satisfying (0) and (i). Let

H={heG:(i,h, W)eT forsome iel and peM}. 03]

We shall show that H<aG, that is that H is a normal subgroup of G. Assume that a, be H;
then there exist 7, jeI and u, ve M such that (i, g, p), (j, b, v)eT. But

(la e, 1)(.], b, V)(l, b—la 1) = (1’ epljbpvlb_l’ 1) = (1’ e, 1),
which is an idempotent of S. Therefore
(L e, D(, b, V)L, b1, DeT, (, b, v)eT,

which, by property (i), implies that (1, e, 1)(1, 5™, 1)eT. That is, (1, 5™, 1)eT. Hence
G,a, (1,7, 1)=(,ab~*, 1)eT and so ab~'eH. Since H is clearly nonempty, H is a
subgroup of G.

If he H and geG, then (1, g, 1)(1, 97, 1) = (1, ¢, 1)eT. By the definition of H, there
exist an ¢ and u such that (i, k, u)e T. Applying (i), we obtain (1, g, DG, &, w)(1, g~ 1) =
(1, ghg™1, 1)e T. This shows that ghg~ e H and so H<1G.

Define the relation y on S by (i, a, u)y(j, b, v) if and only if aH = bH. We shall show
that y is a group congruence on S and that Kery = 7. Consider the mapping ¢:S— G/H
given by (i, a, o = aH. Since (1, ¢, p), (i, e, 1) € E, it follows that (1, e, p)(i, ¢, 1) T and
hence p,;e H. Therefore H contains all entries in P and a simple computation shows that ¢
is 2 homomorphism from S on to G/H. Clearly, if (i, a, p), (j, b, v)€ S, then (i, a, p)y(j, b, v)
if and only if (i, a, p)p = (j, b, v)o. Hencey = @op~ . Thatisy is a group congruence on S.

Now (i, a, wyeKery if and only if alf = eH. This in turn is equivalent to ae H. It is
now easy to show that Kery = T. The proof of part (a) is now complete.

(b) Assume that T = Kery for some yesfs. Then, by part (a), T satisfies (0) and (i)
and an elementary argument shows that T is reflective.

Conversely, assume that T is a subsemigroup of § satisfying (0)-(ii). As in part (a), let

H={heG:(i,h,p)eT forsome iel and pueM}.
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Again H<aG. We shall show that commutators of G are contained in H. Let x, yeG; then
@ x, )L, x, D=0,y DLy D)=(,e )eT.
By Lemma 3.2, this yields
@, x, DA, y, DA, x4, DA,y DeT

Hence (1, xyx~'y~1, 1)eT; so xyx~ 'y 'eH.

If we define the relation y on S as in part (a), it is now easy to establish that y is a
commutative congruence on S with kernel 7. This completes the proof of (b).

(c) Assume that pe%s and spt. Then, by (a), Kerp is a subsemigroup of S possessing
properties (0) and (i). Again let H be defined as in (1). As in part (a), H<1 G and the relation
vy, defined as before, is a group congruence on S. Furthermore, Kery = Kerp. Since S is
a regular semigroup and the p-class containing idempotents is equal to the y-class containing
idempotents, it follows, by a result of Preston [2, Theorem 7.38], that p =y. Thus, if
s=(i, a, p) and ¢t = (j, b, v), we have aH = bH. That is, there exists an i€ H such that a = bH.
If welet x=(i,h, 1) and y =(1, e, u), then xty =s. The converse is clear and the proof is
now complete.

4. SG-congruences on a completely regular semigroup. We begin this section with a
summary of several results from [5] which allow us to describe the structure of completely
regular semigroups in terms of Rees matrix semigroups.

DerinNiTiON 4.1. For any semigroup S, let ¢ be a semilattice congruence on S, Y = §/o,
and {S,},.y be the set of g-classes. We then say that S is a semilattice Y of semigroups S,,
or alternatively that S is a composition of semigroups S, relative to the semilattice Y. The
semigroups S, are called the components of the composition.

ProrosITION 4.2. The semigroup S is a completely regular semigroup if and only if S
is a semilattice Y of semigroups S,, where each S, is isomorphic to a Rees matrix semigroup.

In order to discuss congruences on a completely regular semigroup, it is necessary to
have a clear idea of the way in which elements in S multiply. The following discussion will
enable us to describe multiplication in S. Here we are following the terminology and
notation of [7].

DEerINITION 4.3. Let S be any semigroup. Then A, written as an operator on the left,
is called a left translation of S if

AMxy)=(Ax)y forall x, yeS.
Also p, written as an operator on the right, is called a right translation of S if
(xy)p = x(yp) forall x, yeS.

The set A(S) of all left translations of S is a semigroup under the usual composition of
functions: (A1)x = A(A'x) for all xeS; similarly the set P(S) of all right translations of §
is a semigroup under the composition: x(pp') = (xp)p’ for all xeS.
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DErINITION 4.4, Let X be a set and G be a group. Let F(X) be the set of all functions a,
written on the left, such that « maps X into X. Analogously, define F'(X) to be the set of all
functions B, written on the right, such that § maps X into X.

If ¢ and ¢’ are two functions (written on the left) that map X into G, then we define
the product of these two functions by

(- 9N)x = (px)(¢'x) forall xeX.
For ae F(X), and ¢ as before, define ¢* by
o*x = g(ax) forall xeX.
If  and ' (written on the right) are functions from X into G, then we define their product by
x(W-y) =(C)(xy’) forall xeX.
For Be F'(X) and y as before, define Ay as the function specified by
xPy =(xp)y forall xeX.

Let X be a nonempty set and G be a group. The left wreath product of F(X) and G,
denoted by F(X)wlG, is the set

{(2, 9): 0eF(X), 9 : X > G}
together with the multiplication

(o, 9)o', ¢) = (e, 9% - @).
The right wreath product of F'(X) and G, denoted by Gwr F'(X), is the set

{¥,p:BeF'(X) and yY:X-G}

together with the multiplication

W, B)- W', B)Y =%y, BB).
‘We now rephrase Theorem V.3.11 from [7].

PROPOSITION 4.5. Let S = A(I, G, M; P), A(S) be the semigroup of left translations on S
and P(S) be the semigroup of right translations on S. Then

() A(S) = F(wIG.
(i) P(S) = Gwr F/(M).

From this we see that, if $ = #(I, G, M; P), then a left translation of S can be considered
to be a pair («, @), where

a:I—-1 and «is written on the left,
¢:I- G and ¢ is written on the left.

Also a right translation of S can be considered to be a pair (¥, f), where

V: M->G and is written on the right,
B: M—>M and B is written on the right.
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Let S be a semilattice of Rees matrix semigroups S,(yeY) and o, feY with o = §.
Then, if aeS,, the function A* defined by A% = ab for all beS; is a left translation on S;.
By virtue of Proposition 4.5, we shall write (e, @,) instead of A%, Analogously, a right
translation (¥,, f,) can also be defined on S;. Notice that from the notation («,, ¢,) it is
not clear which component of the composition we are dealing with. We could use a notation
of the type (4, ¢%) which indicates that we are considering a left translation of S,; however,
we avoid this complication since the context will always make it clear which component
we are talking about.

The following is taken from [7].

LemMa 4.6. If S=.4(, G, M;P), (a, ¢)eA(S), (¥, H)eP(S) and (i, a, u)eS, then
(@, @), a, 1) = (i, (9i)a, ) and (i, a, W, B) = (i, a(uy), uB).
It is immediate that, if a = f, ae S, and (j, b, v)€ S, then
a(j, b, v) = (a.j, (9a))b,v),  and

(J, b, v)a =(j, b(wW.), vBa).

Hence the multiplication in a completely regular semigroup can be given, using the functions
(2, @) and (Y, B,) satisfying certain conditions that will not be used here explicitly. For
the remainder of this paper, S will be a completely regular semigroup and therefore may be
assumed to be a semilattice Y of semigroups S, = #(l,, G,, M,; P,) (e Y). Also, P, will
be assumed to be in normal form for all e ¥ and e, will be the identity element of G,. If p
is any congruence on S, then p, = p | s.» 18 the restriction of p to S,.

By the relation # on S we mean the usual Green relation: a £ b if and only if a and b
generate the same two-sided principal ideal of S.

DerINITION 4.7. If S is a completely regular semigroup and T is a semigroup of S
satisfying

(0) T contains all idempotents of S, and

(i) For all x, y, ae S such that xy£a, we have xay, acT if any only if xy, aecT
then we will say that T is a o-subsemigroup of S.

LEMMA 4.8. Let S be a semilattice of semigroups S,= (I, G,, M,; P) (x€Y), and

let T be a o-subsemigroup of S. Then for a<pB, we have (1,(@yi)(@yj)~ " 1) and
(1, )y ™1, DeT for all be Sy, i, jel, and p, ve M,.

Proof. Let beS;, c=(i,e,1),d=(j,e, 1) and s=(1,(g;j)"", 1). Then ¢,deT and
bs,deS, Thus bs=d(mod #) and bds=b(j, e, 1)(1, (@p)) ™", 1) = (o), (@) @s) ", 1) =
(), €, 1)€T.

Now bds, de T implies by (i) that bse T. Since ce T and bs #c, we have, using (i) again,
that bese T. That is b, e,, 1)(1, (¢,j) ', 1)e T. Computing this we get
' (oshs (051 (05) ™", DET,
and, since (1, ¢,, 1)e T, by multiplying the above on the left by this element we get

(1, (@si)(@sj)~, DeT forall beS,,i,jel,.
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The proof of the other statement of the lemma is carried out analogously.

LeMMA 49. Let S be a semilattice Y of semigroups S,= M(I,, G,, M,; P,), T=Kero
Jor some 0€S %5, 0 < B, a, be TSy and (i, ¢, p)6,(j, d, v). Then
a(i, ¢, p) 0, b(j, d, v),
(i, ¢, wa o, (j, d, v)b.

Proof. Since T is a subsemigroup of S and (i, e, 1), (j, e,, 1)€ T, we have a(i, e,, 1),
b(j, e,, VeTAS,. However, TnS, = Kerg,, and S, is simple. Hence o, is a group con-
gruence on S, and there is only one o, class that contains idempotents. It follows that

a(i’ ea’ 1) aa b(j! ea’ 1)'
But we have also assumed that

(i, ¢, w0, (J, d, v);

[a(is € 1)(i’ c, ﬂ)] O [b(]s €qs 1)(./: d: V)]

hence

Therefore
a(i, ¢, u) o, b(j, d, v).
The proof of the other statement of the lemma is carried out similarly.

DeriNiTION 4.10. If S is any semigroup and T is a subsemigroup of S, then we define
the relation ¢7 on S as follows:

For a, be S, ac” b if and only if ee ThT and be TaT.

Let a, be S and let 55 be the smallest semilattice congruence on S. We define a < b if
and only if aeN,, be Ny and o < B where, N, and N, are the 7g-classes containing a and b,
respectively.

THEOREM 4.11. Let S be a completely regular semigroup. Then

(a) T=Kerp for some pe¥Ys if and only if T is a -subsemigroup of S.
(b) For a given c-subsemigroup T, the relation T is the smallest congruence in S%

with kernel T.

Proof. Assume that T = Kerp for some pe ¥%;. Then obviously Eg = Kerp.

For x, ye S, assume that xy # a and xy, acKerp. Let ¢ be the natural homomorphism
from S on to S/p = §’. We know that S’ is a semilattice of groups and that ag, (xy)p € Eg.;
so, by Clifford’s result [1],

(xay)p = (xp)ag)ye) = (x@)yo)(ap) = (xy)p(ap) € Es..
Hence xayeKer p.
If xay,aeKerp and xy #a, then (x))¢ £ap. This yields (xay)p, apeG'NEg for
some group component G’ of S’. Let e’ be the identity element of G'; then

Cy)e = ((xy)p)e’ = (xp)e'(yo) = (xp)ap)yp) = (xay)p = €'
This implies that xye Ker p and the proof that T has property (i) of Definition 4.7 is complete.
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Conversely, assume that 7' is a og-subsemigroup of S. We define the relation ¢7 as in
Definition 4.10. The fact that T is a g-subsemigroup of S implies that Trn S, is a subsemigroup
of S, that satisfies the following conditions:

(a) TS, contains all idempotents of S,.
(b) For all x, y, aeS,, xy, ac TnS, if and only if xay, ae TnS,.

Therefore, by Theorem 3.3, TnS, = Kery for some ye%s,. It is then clear, by Theorem 3.3,
that o] (=0"|s,), o7 restricted to S,, is a group congruence on S,. Since 67 Sng, 67 is an
equivalence relation on S.

1. Assume that a<B, (i, a, W) ol (j, b, v) and ceS;. By Lemma 4.8, we have
(1, (@)™, 1)eT.

But then, (1, (¢.i)(@.j)"%, 1) and (1, e,, 1)e TS, which is the kernel of 67. Since 67 is a
group congruence, it follows that

U, (pcide Nt Dol (1, e, 1),
and thus

(1’ ¢Ci’ 1) o’:‘ (1’ (pcj» 1)'
Therefore
1, @i, 1), a, p) o7 (1, @), 1), b, v),
which implies that
(1, (ocda, p) o7 (1, (9c)b, v).
Since (o, e,, 1)o7 (2. J, €,, 1), we can multiply to obtain
(i, (@ci)a, 1) of (@i, (9ai)b, V).
Thus .
c(i, a, p) o5 c(j, b, v).
The proof that
(i, a, We o (j, b, v)e
is carried out similarly.
2. Assume that a<p, ao; b and se S,. By Theorem 3.3, there exist ¢, d, g, he Ker o;
such that a = cbd and b = gbh. By Lemma 4.9, dsaghs, and, from part 1 of this proof, we

get bdsal bhs. Using Lemma 4.9 again, we obtain cbdse? gbhs. That is asaT bs. Dually,
sac! sb.

3. General Case. Assume that aoj b and seS, Let a=(i,x,u), b=(j,,v) and
s=(k,z,m). Then a=a(l, ey p), b =0(1, e, v) and s = (k, e,, 1)s. Now

(1, eg, p)(k, e, 1), (1, eg, V)(k, €, 1) € TSy,
which is the kernel of af,,. Accordingly, as before,
(1, eﬂa ”)(k: €u 1) O-Z;Y (1) eﬂs V)(k, €as 1)
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Part 1 implies that

b(l: eﬂa H)(k, Ca 1) O.;I‘p b(ls eﬂ: V)(k, €as 1)
By part 2,

a(lx efb ﬂ)(k’ €5 1) o-;rﬁ b(l’ ep’ ﬂ)(k, €2 1)
Hence

a(l’ eﬁ3 ﬂ)(k: €as 1) UZ;I b(l, eﬂa V)(k’ €as 1)
Applying part 1 again, we get

a(l, ey, p)(k, e, 1)s 055 b(1, e5, VXK, &, 1)s.
That is

as a2 bs.

Similarly we can show that sa af,, sb. This shows that ¢7 is a congruence on S.

Since idempotent classes of S/ are clearly in the centre of S/o”, it follows that S/o”

is a semilattice of groups. We also observe that
Kero"= (JKerol = J(TnS)=Tn{) S,=TnS=T.
acY aeY aeY

All that remains to be shown is the minimality of 67. Assume that ¢ is another SG-
congruence on S such that Kero = Kero” = 7. Also assume that ac”b. Then there exist
X, ¥, z, we T such that a = xby and b = zaw. Let ¢ be the natural homomorphism from S
onto S/o. Then

ag = (x@)(be)(ye),

by = (zp)(ap)(wy).
These imply that xp > b and y¢ > bp. Since S/o is a semilattice of groups and x¢, yo,
zp, we are idempotents of S/o, it follows that ap = bp. Therefore ach and so o' S o.
We have shown the minimality of ¢” and the proof of the theorem is complete.

In general there is no one-to-one correspondence between ¢-subsemigroups of S and
elements of #%;. Let S = {1, 0} with the usual operation of multiplication. Then clearly S

is a g-subsemigroup of S. However %, the universal relation on S and i the equality relation
on S are distinct SG-congruences on S, and Ker% = § = Keri.

COROLLARY 4.12. Let S be a completely regular semigroup and let Ty and T, be two
o-subsemigroups of S. Then

T,cT, ifandonlyif o™ <o

Proof. Assume that T, and T, are g-subsemigroups of S and that 7, =7,. Then, by
Definition 4.10, it is clear that o™ < ¢". Conversely, assume that ¢* ¢’ Then
Ker 6™ = Ker ¢™2. But Kero™ = T, and Kero™ = T,; hence T, < T,.

COROLLARY 4.13. Let S be a completely regular semigroup and T be the smallest o-sub-
semigroup of S; then " is the smallest SG-congruence on S.
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Proof. Let pe#%s. Then T < Kerp and, by Corollary 4.12, 67 < 6%*'?. But 6% c p;
so a7 < p. Tt follows that 67 is the smallest SG-congruence on S.

5. Group congruences and commutative congruences on a completely regular semigroup.
We are now in a position to determine yg, the smallest group congruence on S. The following
is due to Munn [6].

LeMMa 5.1. Let S be an inverse semigroup and let a relation o be defined on S by the rule
that xoy if and only if ex = ey for some idempotent ¢ in S. Then ¢ is the smallest group
congruence on S.

Before finding y; we recall the following definition. If p and p’ are congruences on S
such that p < p’, then the relation p’/p on §'/p is defined by

p'lp ={(xp, yp): (x, y)ep'}.
It is easy to show that p’[p is a congruence on Sjp.

THEOREM 5.2. Let S be a completely regular semigroup and let T be the smallest o-sub-
semigroup of S. Then, for a, beS, aygh if and only if there exists ec Eg such that eac” eb.

Proof. Recall that since o7 is the smallest SG-congruence on §, then a7 < y5. It is
clear that, if ¢ is the natural homomorphism from S on to (S/e")/(ys/c"), then poe~?! is

the smallest group congruence on S. Consider the following diagram

§——————>S/q7

0
@

(SlaN)(ysla™)

where ¢ and 6 are natural homomorphisms. It is immediate that ¢ = 6. Assume that
there exists ee Eg such that eac” eb; then, by Corollary 4.13, we have (ea)y = (eb)y. This
yields (ey)(ay) = (e¥)(by). Now ey is an idempotent of S/s”; so, by Lemma 5.1, we must
have that (ay)8 = (by)6. That is, ap = bep. Thus aysb.

Now assume that aygh; this implies that (ay)f = (by)d. Applying 5.1 again, we see
that there exists an idempotent FeS/o” such that F(ay) = F(by). By Lemma 1.1, there
exists an idempotent fe(F)y~!. Thus

(fb)ay) = (fb)bY),

and so
(fa)y = (fb)y.

But then face” fb, and the proof is complete.
We note that, when S is a semilattice of groups, the smallest o-subsemigroup of S is Ej.
In this case the statement eao” eb reduces to the single equation occurring in 5.1.
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DefnNiTION 5.3. If S is a completely regular semigroup and T is a subsemigroup of S
satisfying the conditions

(0) T contains all idempotents of S;
(i) for all x, y, ae S such that xy _# a, we have xay, ae T if any only if xy, aeT;
(i) T is reflective,

then we shall say that T is a {-subsemigroup of S.
Note that every {-subsemigroup of S is a g-subsemigroup of S.

THEOREM 5.4. Let S be a completely regular semigroup. Then
(a) T=XKerp for some pesd if any only if T is a {-subsemigroup of S,

(b) for a given {-subsemigroup T, the relation T is the smallest congruence in of s with
kernel T.

Proof. (a) Assume that T = Ker{ for some {es/5. Every commutative congruence on
a completely regular semigroup is an SG-congruence; so it follows, by Theorem 4.11, that
T satisfies conditions (0) and (i) of Definition 5.3.

If x,yeS and zeS' and xyzeT, then, since { is commutative, xyz{zyx. Therefore
zyxeT; so T is reflective.

Conversely, assume that T is a {-subsemigroup of S. As before 6" € #%; and, if «e Y,
then TnS, = Kery for some group congruence y on S,.

The fact that TS, is reflective implies that y is also a commutative congruence. Thus
S/a” is a semilattice of abelian groups and is therefore commutative. Hence 6" eo/s. The
congruence o7 is the smallest congruence in %, (and therefore the smallest congruence
in o/g) such that Kerg” = T. The proof is now complete.

COROLLARY 5.5. Let S be a completely regular semigroup and T be the smallest {-sub-
semigroup of S; then o” is the smallest commutative congruence on S.

Proof. The existence of such a T is clear since the intersection of any family of {-sub-
semigroups is a {-subsemigroup of S. The rest of the proof is immediate from Corollary 4.13.

The author would like to express his thanks to Professor M. Petrich for the comments
and suggestions he made during the writing of this paper.
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