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Abstract

The aim of this article is to prove a symmetry result for several overdetermined boundary
value problems. For the two first problems, our method combines the maximum
principle with the monotonicity of the mean curvature. For the others, we use essentially
the compatibility condition of the Neumann problem.
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1. Introduction

We assume throughout that D C RV (N > 2) is a bounded ball which contains all the
domains we use. If w is an open subset of D, let v be the outward normal to dw and
let |dw| (respectively |w|) be the perimeter (respectively the volume) of w.

Consider the following overdetermined boundary value problem:

—Aug=1 1in <,

22 & onag.
av

Notice that since ug vanishes on 9€2 then —(dug/0v) = |[Vug|.

In 1971, Serrin [19] proved that if Problem S(k) has a solution ug € C%(Q) then
2 must be a ball and ug is radially symmetric. The method used by Serrin combines
the maximum principle together with the device of moving planes [11] to a critical
position and then showing that the solution is symmetric about the limiting plane.
In the same year, Weinberger [21] gave a simplified proof for this problem. His
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strategy of proof consists first of showing that |Vu|> + (2/N)u = k> in Q and then
deriving a radial symmetry from this. Concerning other methods, we refer the reader
to the paper by Payne [15] and the references therein. The last problem studied
in Section 5 comes from this paper. For more details about the symmetry results
see [9, Introduction] and the references therein. Fragala et al. [9], obtained their
symmetry result by combining a maximum principle for a suitable P-function with
some geometric arguments involving the mean curvature of d2. However, they
assumed the solution €2 to be star-shaped with respect to the origin. This assumption
seems to be crucial for the proof of their main results and they cannot remove it.

The method we present here needs the use of the maximum principle together
with the monotonicity of the mean curvature. Therefore, it can be extended to more
general divergence operators such as the p-Laplacian for which one can use Hopf’s
comparison principle or the operator —div(A(|Vu|)Vu) for which a boundary point
principle is considered [9]. The novelty of our method is the following. First, to
prove the main results of Section 3, we do not ask €2 to be star-shaped with respect
to the origin. Second, this method can be extended to other problems such as P(c),
see Section 4:

—Aug =1 in Q, ug =0 on 92 denoted P(£2),
P(c) { —Avg =ugq in 2, vg = 0 on dQ2 denoted Q(£2),
|[Vugql||Vvg| =c ondS2.

The problem P(c) arises from the variational problem in probability [10, 13].
Fromm and McDonald [10] related this problem to the fundamental result of Serrin.
Then, using the moving plane method combined with Serrin’s boundary point lemma,
they showed that if this problem admits a solution €2 then it must be a ball. Huang and
Miller [12] established the variational formulas for maximizing the functionals (which
they considered) over C*¥ domains with a volume constraint and obtained the same
symmetry result for their maximizers.

Section 2 contains some preliminary results which are useful for solving the shape
optimization problems presented in Sections 3 and 4. Section 3 is devoted to the
problem S(k) whereas Section 4 concerns the problem P(c). In Section 5, by using the
compatibility condition of the Neumann problem [14], we obtain the same symmetry
result for other boundary value problems for which the overdetermined condition is
not constant.

2. Preliminaries

DEFINITION 2.1. Let K7 and K7 be two compact subsets of D. We call a Hausdorff
distance of K| and K> (or briefly dy (K1, K7)) the following positive number:

dy (K1, K2) =max[p(Ky, K3), p(K2, K1)],

where p(K;, K;) =max,eg; d(x, K;),i, j=1,2,and d(x, K) =miny€1</.|x -yl
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DEFINITION 2.2. Let w, be a sequence of open subsets of D and let w be an open
subset of D. Let K,, and K be their complements in D. We say that the sequence w;,

. . H .
converges in the Hausdorff sense, to w (or briefly w, — w) if

lim dy(K,, K)=0.

n—+00

DEFINITION 2.3. Let {w,, w} be a sequence of open subsets of D. We say that the

. . K .
sequence wj, converges in the compact sense to w (or briefly w, — o) if:
e every compact subset of w is included in w,, for n large enough; and
e every compact subset of ©° is included in @, for n large enough.

DEFINITION 2.4. Let {w,, w} be a sequence of open subsets of D. We say that
the sequence w, converges in the sense of characteristic functions to @ (or briefly

p

IOC(RN ), p#Z o0 (¥ is the characteristic

L . .
w, — ) if x4, converges to x, in L
function of w).

DEFINITION 2.5 ([3]). Let C be a compact convex set. The bounded domain w
satisfies C-GNP if:

(1) @ D int(C);

(2) dw \ C is locally Lipschitz;

(3) for any ¢ € 9C there is an outward normal ray A, such that A, N w is connected;
and

(4) for every x € dw \ C the inward normal ray to w (if exists) meets C.

REMARK 2.6. If Q satisfies the C-GNP and C has a nonempty interior, then Q is
connected.

Put
Oc¢ ={w C D | w satisfies C-GNP}.

THEOREM 2.7. Ifw, € Oc, then there exist an open subset w C D and a subsequence

(again denoted by wy,) such that (i) w, L w, (1) w, i) w, (ii1) Xy, converges to X
in LY (D) and (iv) w € O¢. Furthermore, the assertions (1), (i) and (iii) are equivalent.

Barkatou proved this theorem [3, Theorem 3.1] and the equivalence between (i), (ii)
and (iii) [3, Propositions 3.4, 3.5, 3.6, 3.7 and 3.8].

PROPOSITION 2.8. Let {wy, } C O¢ such that w, N w. Let u, and u, be
respectively the solutions of P(w,) and P(w). Then u, converges strongly in HOl (D)
to uy (u, and u,, are extended by zero in D).

This proposition was proven for N = 2 or 3 [3, Theorem 4.3].
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DEFINITION 2.9. Let C be a convex set. We say that an open subset w has the C-SP
if:
(1) w 2 int(C);
(2) dw \ C is locally Lipschitz;
(3) for any ¢ € dC there is an outward normal ray A, such that A, N w is connected;
and
(4) forall x € dw \ C K Nw = B, where K is the closed cone defined by

{(yeRN | (y—x)-(z—x) <0, forall z € C}.

REMARK 2.10. K, is the normal cone to the convex hull of C and {x}.

PROPOSITION 2.11 ([3, Proposition 2.3]). w has the C-GNP if and only if w satisfies
the C-SP.

DEFINITION 2.12 ([8]). We say that a domain w satisfies the e-cone property if for all
x € dw there exists a direction vector & € R such that the cone C(y, £, £) C w for all
y € B(x, &) Nw. ¢ denotes both the angle and the height of the cone.

Denoting by O, the class of domains which have the e-cone property, we have the
following lemma.

LEMMA 2.13 ([8]). If w, € O, then there exist an open subset w C D and
a subsequence (again denoted by w,) such that (1) wy i) w, (1) w, i) ,

(iil) Jdwy i) dw, (iv) xu, converges to X, in LY(D), (v) we O, and (vi) U,
converges strongly in HO1 (D) to ug (ug is the solution of P(w)).

PROPOSITION 2.14 ([5, Theorem 3.5]). Let v, and v, be respectively the solutions of
the Dirichlet problems P(w,, gn) and P(w, g). If g, converges strongly in H~'(D)
to g then v, converges strongly in HO1 (D) to v, (v, and v,, are extended by zero in D).

LEMMA 2.15 ([6, 17]). Let w, be a sequence of open and bounded subsets of D.
There exist a subsequence (again denoted by w,) and some open subset w of D such
that:

(1) w, converges to w in the Hausdorff sense; and
(2) |0w| < lim inf,,_, o5 [0y |.

2.1. Shape derivative In this subsection, we use the standard tool of the domain
derivative to write down the optimality conditions. Before doing this, recall the
definition of the domain derivative [20]. Suppose that w is of class C2. Consider
a deformation field V € C2(RV; R") and set w; = {x +1V(x) | x € ®}, t > 0. The
application Id 4 ¢V (a perturbation of the identity) is a Lipschitz diffeomorphism for
t small enough and, by definition, the derivative of J at w in the direction V is

dJ(w, V) = lim J@) = J(@)
t

—0 1
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As the functional J depends on the domain w through the solution of some Dirichlet
problem, we need to also define the domain derivative u), of u:
Uy, — U
ul, = lim ———.
t—0 t

Furthermore, u,, is the solution of the following problem [20]:

, CIT (2.1)

Now to compute the derivative of the functionals we consider below, recall the
following [20].

(1) The shape derivative of the volume is

/ V.-vdo. (2.2)
dw

(2) The shape derivative of the perimeter is
/ (N —1)H,V -vdo. (2.3)
w

(3) Suppose that u,, is in HOI(D) and w is of class C2.
(a) If F(w) = f » ug) dx, then the Hadamard formula gives

dF (w, V):2/ uwu;) dx.

[0

But v, isin HO1 (D) and —Av,, = u, in w, so by Green’s formula we obtain

dF(w, V) :2/ Vit [VUo|V - v do.

dw

(b) If G(w) = fw |V, |? dx, by the Hadamard formula we get

dG(w, V) :/ [Vie|?V - v do.
ow
Since the set w satisfies some geometric property (the e-cone property or the C-
GNP), we ask the deformation set w; to satisfy the same property (for ¢ sufficiently
small). To keep the e-cone property any direction is admissible. The aim in what
follows is to prove the same thing for the C-GNP. With @ having the C-GNP, by
Proposition 2.11, it satisfies the C-SP. Then

forallx e dw \ C: Ky Nw = 0.
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For ¢ sufficiently small, let w; = w + tV (w) be the deformation of w in the direction V.
Let x; € dw;. There exists x € dw such that x; = x + 1V (x). Using the definition of
K, and the equality above, we get (for ¢ small enough and for every displacement V)

forall x; € dw; \ C : Ky, Ny =1,
which means that w, satisfies the C-SP (and so the C-GNP) for every direction V when

t is sufficiently small.

3. Problem S(k)
3.1. Auxiliary lemmas
LEMMA 3.1. Let B, be a solution of S(k) so then p = Nk.
PROOF. Let u, be the solution of P(B,). Using polar coordinates, u, verifies

N -1

r

—u;; — u;) =1 forre]0, pl,

1 (p) =0.

By the first equation, (rN’lu;))/ = —rN=1 Since u,(p) =0, we get

P
rN_lu;)(r) = pN_lu’p(,o) + / sVl ds.
r

Asr— 0, rV ’lu;)(r) — 0 (otherwise we get a distributional contribution to Au, at

the origin). Thus
1 L P
—u (p) = —/ sN=lgs =L,
p pN—l 0 N
Now if B, is a solution of S(k) then —u;](p) = k. Thus p = Nk. O
LEMMA 3.2. Let Q2 be a solution of S(k). Let w D 2 and let u,, be the solution of
P(w). If 0w N 02 # W and if |Vuy| <k on dw N Q2 then w = Q.

PROOF. Suppose by contradiction that €2 is different to w. As w D 2, dw # 9L2. But
dw N I # @, so applying the maximum principle to u,, and ug and using the fact that
€2 is a solution of S(k), we obtain

k=|Vug| < |Vue| <k ondwn g,

which gives the contradiction. o
As a consequence, we have the following corollary.

COROLLARY 3.3. Let w and Q2 be two solutions of S(k). Suppose that Q2 C w and
dw N o # @, then w = Q.

https://doi.org/10.1017/51446181108000163 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181108000163

[7] Symmetry result for some overdetermined value problems 485

3.2. Shape optimization problems Let 2 be a solution of S(k). Let B, be the
ball centred at the origin of radius p. Denote by B the greatest ball contained in €.
Denote by Op (respectively Op ,) the class of all domains which satisfy the B-GNP
(respectively the B,-GNP). Set

Oqgq={DD>wDQ|weOg},
O%={wcQcCD|weO,),

and
Op={DD>wDB,|we0p,}.
Consider the following functionals:
. N 5 1 2
Ji(@) = mk [0w]| — 3 /;U Vil

and

'()—k2|| I/IV B
]3a)—2a) zwuw.

Here u,, is the solution of P(w).
We then have the following propositions.

PROPOSITION 3.4. Suppose N € {2, 3}. There exists Q1 € Ogq which is of class C>
such that:

(1) j1(21) = min{j; () | w € Oq} and ug, is the solution of P(21);

(2)

v < Nk*H. on Q2 NI,
{I ug,| < 30 1 3.1

|Vug,| = Nk>Hyq, ondQ )\ dQ.

PROOF. To get item (1), we use Theorem 2.7, Proposition 2.8 and item (2) of
Lemma 2.15. For item (2), using the same notation as in Section 2.1, to get Q2 in
(21) (for t small enough) the admissible directions V must satisfy

V-v>0 on I N JY;.
Notice that, for 9€2; \ 92, each V is admissible. Now since ug, vanishes on 9€2y,

(2.3) and 3(b) above imply

dji(Q1. V)= | (NHygk*> —|Vug, )V - vdo.
0921

Since dji (21, V) > 0 for each admissible direction V, according to the preceeding
calculations we obtain (3.1). O
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PROPOSITION 3.5. Suppose that N > 2. There exists Qy € O% such that:

(1) j2(2) =min{ p(®) | © € OF);
(2) if 2 is of class C? then

NkHaQ2 <1 ond2 NI,

(3.2)
NkHyo, =1 ondQ, )\ 0Q.

PROOF. The first item is obtained by using (iv) and (v) of Lemma 2.13 together with
item (2) of Lemma 2.15. The continuity with respect to the domains for the Dirichlet
problem P (£2,) is obtained by (vi) of Lemma 2.13. For the second item, on d€2; \ 92,
any direction V is admissible whereas V must satisfy

V.v<0 onoQ2Na2.

Then, arguing as above, (2.2) and (2.3) imply (3.2). i

PROPOSITION 3.6. Suppose that N € {2, 3}. There exists Q3 € O, which is of class
C? such that:

(1) j3(23) =min{j3(w) | w € Op} and ug, is the solution of P(23);
(2)

v <k ondf23NoB,,
{l uqQ,| < 3 0 (33)

[Vug,| =k ondQ3\ dB,.

PROOF. The first item is due to Theorem 2.7 and Proposition 2.8. For the second item,
the admissible directions V must satisfy V - v > 0 on 92 N 9€23. Then (2.2) and 3(b)
imply (3.3). O
REMARK 3.7. The C2 regularity obtained for €2 and 23 is due to [4, Theorem 1.4].

REMARK 3.8. The continuity-compactness result obtained by Bucur and Trebeschi
[5] allows us to extend the previous propositions to other divergence operators such as
div(a(x, Du)), especially for the p-Laplacian case.

3.3. Main results Let 2 be a solution of S(k).

THEOREM 3.9. Suppose that N = 2. Let Q2 be as in Proposition 3.5, then Q = )
= Byg.

The proof of this theorem uses the following lemma.

LEMMA 3.10 ([7, Section 30.4.1]). Suppose that N =2 and let 2 be a simply
connected domain which is of class C>%. If Hyq < 1/0 then Q contains a ball of
radius o.

REMARK 3.11 ([7, Section 30.4.2]). The result of the previous lemma cannot be
extended to N > 3.
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PROOF OF THEOREM 3.9. Item (2) of Proposition 3.5 gives Hyq, < 1/Nk on 9$2,.
Since 2, C 2 and N =2, Lemma 3.10 implies that By, C 2, C Q. Without loss
of generality we may assume that By; touches 02 tangentially at a point xg, so
that they have the same outward normal vector vy (otherwise we shift By;). So
|Vup, (x0)| =k = |Vug(xp)|. Suppose now that By; # 2. As Boy C 2, 0By # 0%2.
Now as —Aup, =1 = —Aug in By and up, < ug on 9By, the maximum principle
gives [Vup, (x0)| < [Vug(xo)| which is absurd. It then follows that Q = Q3 = By O

THEOREM 3.12. Suppose that N € {2, 3}. Let Q3 be as in Proposition 3.6, then

Q3 = Q = Bpyyg.
PROOF. By C 23 C Q2 by the definition of O,. Then using the same arguments as
in the proof of Theorem 3.9, we obtain the same result for €2, 23 and Byy. d

THEOREM 3.13. Suppose that N € {2, 3}. Let 21 and Q2 be as in Propositions 3.4
and 3.5. If 9021 N 92 # ¥ then 2] = Q2 = Qy = Byk.

PROOF. Since Q27 C Q2 C 1, 921 N9 # @ implies 921 N9y NI #B. Sup-
pose by contradiction that €] # €2, then 927 # 2. According to (3.1) and (3.2), the
monotonicity of the mean curvature together with the maximum principle implies

k=|Vug| < |Vug,| < Nk*Hyq, < Nk*Haq, <k ondf; NI N,
which is absurd. So 2] = 2. Therefore (3.1) gives k = |Vug| < Nk%Hjq on 9.
Thus 1 < NkHjyqu which can be combined with (3.2) and the monotonicity of the
mean curvature to get Hyo, = 1/Nk on 02, that is 2, is a ball with radius Nk [1].

Now Lemma 3.1 implies that €2; is a solution of S(k) and, since 92 N 3Ry # @,
Corollary 3.3 gives 2 = €2». O

4. Problem P(c)
4.1. Auxiliary lemmas
LEMMA 4.1. Let Bg be a solution of P(c), so then R = VN3 (N +2)c.

PROOF. Let ug (respectively vg) be the solution of P(Bg) (respectively Q(BR)).
On the one hand, replacing p by R in the proof of Lemma 3.1, one obtains
—u's(R) = R/N. Then a simple calculation shows that

1
ug(r) = E(RZ —r?) forre]0, R[.

On the other hand, there exists a radial function v satisfying
N —1

r
vr(R)=0

1 R N [(R\’
/ _ N—1 _
_vR(R)_—RN_1 /0 s ug(s) ds_—N+2(—> .

Therefore, since By is a solution of P(c), R = v/ N3(N + 2)c.

ve=ugr forre]l0, R[,
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LEMMA 4.2. Let Q* be a solution of P(c). Let w D Q* and let u,, (respectively v,,)
be the solution of P(w) (respectively Q(w)). If 0w N IR* £ @ and if |Vuy||Vue| < c¢
on dw N IQ* then w = Q*.

PROOF. Suppose by contradiction that w # Q*. Since w D Q*, dw # IQ*. On the
one hand, Q* is a solution of P(c) so the maximum principle implies 0 < ug+ < u, in
Q* and |Vug+| < |Vuy| on dw N 92* which is nonempty. On the other hand, one can

apply the maximum principle to v,, and v+ and obtain |[Vvg«| < |Vu,| on dw N 9Q2*.
Therefore,

¢ = |Vug+||Vvar| < |Vuy||Vve| <c ondwNIR*,

which gives the contradiction. o

COROLLARY 4.3. Let w* and Q* be two solutions of P(c). Suppose that Q* C w* and
dw* N IQ* £ @, then w* = Q*.

4.2. Shape optimization problems Let Q* be a solution of P(c). Denote by B the
greatest ball contained in Q*. Replacing Q by Q* in Oq (respectively in O%)) we
obtain the definition of Qg+« (respectively O%"). Set

OR={DDCUDBR|G)EOBR}.

Consider the following functionals:

|dw] — o],

B = e |aw|—§[uw, h(w) =

-1 N -1

and

By the Green formula,

and

1
J3(w) = clw| — 3 f Ve
w

uy and v, are respectively the solutions of P(w) and Q(w).
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PROPOSITION 4.4. Suppose that N € {2, 3}. There exists Qf € Ogq« which is of class
C? such that:
(1) J1(27) =min{J1 (o) | € Og+} and g (respectively UQT) is the solution of
P(Q7) (respectively Q(27));
(2)

4.1
|VMQT||VUQT| = CRHBQT on BQ’f \ oQ2*. .1

{|WQT||VUQT| <cRHygr on Q7 N0Q*,
PROOF. (1) Let u p be the solution of the Dirichlet problem P (D). By the maximum
principle, 0 <u, <up so Ji(w) = —(1/2) fD u% and inf J; exists. Let 2, be a
minimizing sequence in Ogq+. Since €2, C D, then there exist an open set 7 and
a subsequence of €2, (still denoted by €2,,) such that 2, L QT Now according
to (iii) of Theorem 2.7 and Proposition 2.8, |7, u? xq, converges to I ué* Xq; and

1
by item (2) of Lemma 2.15 we get J1(]) < liminf,, o J1(£2,). Then, according
to (iv) of Theorem 2.7, Q7 € Ogqx; therefore J1(Q7]) = minyeo,,. J1(w). Now, on the
one hand, Proposition 2.8 implies that ue: is the solution of P(2}). On the other
hand, Proposition 2.8 together with Proposition 2.14 implies that vg: is the solution
of Q(2).
(2) Since ug+ = 0 on 92*, (2.3) and 3(a) above imply that

dJi(Q*, V)= /

(cRHyg: — |Vugy||Vvg: )V - v do
Ik

for all admissible directions V. Thus we obtain (4.1). d

PROPOSITION 4.5. Suppose that N > 2. There exists 2} € O such that:
(1) J2(3) =min{/r(w) | w € (’)Q*}, o3 (respectively UQ?) is the solution of
P(Q}) (respectively Q(23));
(2) if Q3 is of class C? then

RHygs <1 ondQ5 N0, i
RHygs =1 ond<\ 9. “4.2)

PROOF. (1) The first assertion is due to Lemma 2.13 and item (2) of Lemma 2.15.
Then (vi) of Lemma 2.13 together with Proposition 2.14 gives the continuity with
respect to the domains for the Dirichlet problems P(Q;) and Q(Q;).

(2) Arguing as in the proof of Proposition 3.5 and using (2.2) and (2.3), we
obtain (4.2). O
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PROPOSITION 4.6. Suppose that N € {2, 3}. There exists Q5 € Og which is of class
C? such that:
(1) J3(23) = min{J3(w) | 0 € Or} and gy (respectively UQ§) is the solution of
P(S23) (respectively Q(23));
(2)
|Vugs|[Vvg:l <c  on 0Q3 N 0Bk,

43
Vugs|[Vvgs| = ¢ on 92\ 3B (4.3)

PROOF. (1) Theorem 2.7 and Proposition 2.8 imply the existence of the minimum Q;
Propositions 2.8 and 2.14 give the continuity with respect to the Dirichlet problems
P(23) and Q(Q23).

(2) Arguing as in the proof of Proposition 4.4, (2.3) and 3(a) above imply (4.3). O

REMARK 4.7. The C? regularity obtained for Q7 and Q7 is due to [4, Theorem 1.4].

4.3. Main results Let Q* be a solution of P(c). By applying the maximum principle
to (ug+; ve+) and (up,; vVB,), the proofs of the two first theorems are similar to those
of Theorems 3.9 and 3.12.
THEOREM 4.8. Suppose that N =2. Let Q} be as in Proposition 4.5, so Q* = Q3
=B, e
THEOREM 4.9. Suppose that N € {2,3}. Let Q3 be as in Proposition 4.6, so
Q¥ = Bp.

3

THEOREM 4.10. Suppose that N € {2, 3} and R = y/N3(N + 2)c. Let Q7 and 3 be
as in Propositions 4.4 and 4.5. If 97 N 0Q3 # ¥ then Q] = Q* = QF = Bg.

PROOF. Since Q35 C Q* C QF, Q] N 925 # @ implies that IQ] N 95 N IR* # P.
Suppose by contradiction that Q7 # Q*, then 0Q7] # dQ*. Using (4.1) and (4.2), the
monotonicity of the mean curvature together with the maximum principle imply that

¢ = |Vugs|[Vvgr| < [Vug:||Vug:| < cRHyg:
< cRHygs <c on a2} N9} N AN,
which is absurd. So QF = Q*. Therefore (4.3) gives ¢ = [Vuq«||Vvg:| < cRHyqx

on d2*. Thus 1 < RHyg+ which can be combined with (4.2) and the monotonicity
of the mean curvature to get Hyox = 1/R on 923, that is €25 is a ball with radius R.

Since R = v/N3(N + 2)c, Lemma 4.1 implies that 23 is a solution of P(c) and since
0Q2* N Q5 # ¢, Corollary 4.3 gives Q* = Q7. O

5. Other problems

This section is concerned with several overdetermined boundary value problems for
which the overdetermined condition is not constant. The aim here is to prove for them
the same symmetry result obtained for S(k) and P(c).
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THEOREM 5.1. Let ug be a solution of P(2) such that (x - V)|[Vugl? =c(N +2)
on 02. Let vg be the solution of Q(2). If (1) |Vugl|Vvg| <c on a2 or if
(1) |Vugl||Vvg| = c on 92 then Q2 is a solution of P(c). As a consequence 2 is a

ball of radius </ N3(N + 2)c.

PROOF._The proof needs the well-known Rellich formula [18], valid for any
veCl(Q)N H(Q),

av 5
2 (x-Vv)—do — (x -v)|Vv|“do
90 dv 90
zzf(x.vu)m dx+(2—N)/ |Vv|? dx. (5.1)
Q Q
Replacing in (5.1) v by uq and using Vug = —|Vug|v on the boundary, we find that
f (x-v)|VuQ|2d0=—2/(x-VuQ)dx+(2—N)/ |Vugl*dx.  (5.2)
a0 Q Q

But the Green formula gives

/ (x - Vug)dx = —N/ ug=-—N / |VuQ|2 dx.
Q Q Q
We then obtain the identity

/ (x-v)|VuQ|2dG:(2+N)/ ug dx. (5.3)
02 Q

By the Compatibility Condition of the Neumann Problem (CCNP), there exists a w
solution of

—Aw=ug inQ2 and — — ()c~v)|VuQ|2 on 0%2.

v N+2
Put i = vg — w. Then Ah =0in 2 and

8h_8vg+ 1
v dv N+2

Multiplying (5.4) by dug/dv and using —dugq/dv = |Vug|, we obtain
oh dug _ dvg Jug 1

v oy ov v N+2
Now (x - v)|Vug|® = ¢(N + 2) on €2, so (5.5) becomes

oh d dvg 0
2fe _Tee . onaq. (5.6)
dv dv av adv
Since dug/dv = —|Vug| < 0, (i) or (ii) implies that d#/dv has a constant sign on 9€2.
But / is harmonic in €2 so by the Green formula |. 90 (0h/3v) = 0. It then follows that

oh/dv =0 and so (dvg/dv)(dug/dv) = c on 32, that is €2 is a solution of P(c) and

so it is a ball with radius v/ N3(N + 2)c. O

(x - v)|[Vugl> ondQ. (5.4)

(x -v)|Vugl® ondQ. (5.5)
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For the following theorems we recall that ugq (respectively vg) is the solution of
P(2) (respectively Q(£2)).

THEOREM 5.2. Suppose that |Vugl||Vvg|=c(x-v) on 2. If (a) |Vug| <
Jc(N +2) on 0Q or if (b) |Vug| > /c(N +2) on 92 then Q is a solution of
S(J/c(N + 2)). As a consequence 2 is a ball of radius N 3/c(N + 2).

PROOF. If [Vug||Vvg| = c(x - v) on 92 then (5.5) becomes

oh dug .

1 3
—_ - — ——|Vugl 082. 5.7
5 gy — & V)[c N+2| uszl] on (5.7)

Since x - v > 0, (5.7) with (a) or with (b) implies that d4/dv = 0 on 92 and so

|Vug|=+v/c(N +2) ondSQ.

Therefore Q is a solution of S(Jc(N +2)), that is © is a ball with radius
NJc(N +2). O

THEOREM 5.3. Suppose that (H1) |Vugl||Vvg| = (03/(N + 2))r4(8r/8v) on 0. If
(1) |Vug| <cr on 02 or if (2) |Vug| > cr on 02 then |Vug|=cr on 0Q2. As a
consequence S2 is a ball.

PROOF. Let r = |x|, then Ar? =2N. An integration by parts gives

—ZN/ g (x) dx:/ V(rz)-VuQ:2/ dug (5.8)
Q Q

r—-.
Q ar

But A(r(dug/dr)) = —2, so by the Green formula we obtain

0 ad d dug 0
/ 2ug—r£=/ —uqQA et —I—rﬂAuQ:/ et do
Q or Q ar av g Or dv

By (5.8) we get the identity

9
(N+2)/ MQ:/ r L\ Vug)? do. (5.9)
Q aQ OV

Now, as in the proof of Theorem 5.1, the CCNP implies the existence of a function
w solution of the following Neumann problem:

) ow 1 or 5
—Aw=ug inQ and — — = r—|Vug|® onodS2.
v N+2 9dv

As above, if h = v — w then & is harmonic in €2 and

oh dug _ dvg dug 1

v dv  dv v N+2

ar 3
ra—IVuQI on 2. (5.10)
v
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or again using (H1),

— — \Y 0Q2. 5.11
5 3y N+2r8 "ler)® — [VugP] on (5.11)

Now arguing as above, (1) (or (2)) allows us to get d2/0v = 0 on 9<2. It then follows
that |[Vug| = cr on 92 and so €2 is some ball [2]. O

THEOREM 5.4. Suppose (H2) (N + 2)(x - v)?|Vug||Vva| = (Cor? + C1)3 on 9.
If 3) (x-v)|Vug| < Cor>+Cy or if (4) (x-v)|Vug| > Cor?>+ Cy on 32 then
(x -v)|Vug|=Cor? + C; on 9Q. As a consequence 2 is a ball if 2(NCo — 1) is
not a negative integer while it is an ellipsoid if Co = 0.

PROOF. Applying (H2) to (5.5), we obtain
h du
(N +2)(x.v)? a_a_ = (Cor’ + C1)® = (x - v)*|Vug|® onag. (5.12)
Arguing as above, (3) (or (4)) implies that di2/dv = 0 on 92. Then

(x - V)|Vug| = Cor>+C; ondQ,

which gives the conclusion [15]. O

REMARK 5.5. Suppose that ug is the solution of P(2). If |Vug| = cr on 92 then
one can prove that €2 is a ball. In fact, replacing |Vug| by cr in (5.9), one can obtain

2 2 4
0 0
cz(N—I—Z)/rz:C—/ A(r4)zc—/ ﬂ:c"‘/ r3—r:(N+2)/uQ
Q 4 Jo 4 Jaq dv s Ov Q
So
/MQ=C2/72.
Q Q

Put u =uq and ¢ = u;u; — c 2 A simple calculation [2] shows that A¢ >0 in @
and [ ¢ = [qua —c? [orP= —0. Then the maximum principle gives ¢ =0 in Q.
One can derive that u is radially symmetric and €2 is a ball.

REMARK 5.6. Because of the use of the compatibility condition of the Neumann
problem, Theorems 5.1, 5.2, 5.3 and 5.4 can be extended to the divergence operator
div(a(x)Du(x)) [14].
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