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NOTES ON QUESTIONS OF W. VOGEL CONCERNING THE
CONVERSE TO BEZOUT’S THEOREM

by THILO PRUSCHKE
(Received 11th November 1991)

Lazarsfeld proved a bound for the excess dimension of an intersection of irreducible and reduced schemes.
Flenner and Vogel gave another approach for reduced, non-degenerate schemes which are connected in
codimension one, using the intersection algorithm of Stlickrad and Vogel and defining a new multiplicity %.
Renschuch and Vogel considered a condition to ensure that there is no degeneration for more than two
schemes. We define an integer which enables us to unify these methods. This allows us to generalize the result
of Flenner and Vogel to non-reduced schemes by comparing the multiplicities j and k. Using this point of
view we give applications to converses of Bézout’s theorem; in particular we investigate the Cohen-Macaulay
case.
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H. Flenner and W. Vogel gave a first approach to the converse to Bézout’s theorem
in [1]. Since then there has been other work on this subject (see [2, 9, 13, 14]). The
converse to Bézout’s theorem consists of an answer to the following question: under
which conditions does the situation of a proper intersection follow from a Bézout’s-
equality? In this connection, in [13, 14] a relation between the excess dimension and
dimensions of vector spaces of linear forms is considered. We want to investigate this
connection rather more deeply.

We always consider the intersection of two or more than two schemes. This transition
from the case of two schemes is not quite trivial, as the discussion of example 12.3.5 of
[3, p. 225] in [9, p. 316, Remark 1] shows. In [3, p. 225], one assumption is missed and
this is corrected by an unnecessarily strong condition. This condition is commented on
and also weakened in [4]. We give here a new condition.

In particular, in Proposition 2.4 and Theorem 29. we give generalizations of
Theorem 4.2 of [1]. These generalizations are based on Proposition 2.2 and Lemma 2.8.
In the latter we compare the intersection multiplicities j (see [3, 11, 12]) and k (see [1],
where the notation j was used). This allows us to pass from the intersection of reduced
schemes to that of general pure dimensional schemes. The main result of H. Flenner and
W. Vogel in [1] and the result of L. O’Carroll in [8] treat the reduced case. Theorem
2.9 especially has some interesting applications. For example, we use this result in
Section 3 to give a new proof of Proposition 3.12 of [2] and to study the Cohen-
Macaulay case. Also, we give in Corollary 3.3 a partial answer to the question following
Theorem 7 in [14]. We generalize the Theorem of [13] in the geometrically more
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interested case by considering all irreducible (i.e. idealtheoretically isolated) components
and not only the highest dimensional components (see Theorem 2.7). (The former are
the geometrically visible components.)

1. Notation and preliminary results

Let us fix the following notation for the whole paper. Let K be an algebraically closed
field and X,,...,X, (r=2) pure dimensional subschemes of P} with defining homo-
geneous ideals ay,...,a, in Ry =K[xq,...,Xx,]. We introduce r copies R;=
K[xi5--.,xi ), 1Li<r, of Ry and denote by «} the corresponding ideal of «; in R;.

We set

R:=K[x;;1<i<r,0< j<n],

c:=the diagonal ideal in R, which is generated by {x,;—x,;; 2<i<r,0< j<n}, and

m=(r—1)-(n+1)—1.
The join variety is given by J=(a} + - +a,) R in P}. Furthermore, we introduce new
independent variables u,;; over K, for 0<k<m, 1<i<r and 0<j<n. Let K denote the
algebraic closure of

K(ukij; ngém’ lélér’ 0§J§")9
and we set
R:=K[xij; 1Sisr, 05 j<n].

In this ring we consider so-called generic linear forms I, ...1,, with

lk:—_- Z u,u-j'(xlj—xij), for k=0,...,m.
2<5isr
05j=n

It is clear that ¢- R=(l,...,1,). We set
é:=Krull-dim J-R=Y7_,dim X;+(r—1),
d:=Krull-dim (a; + - +a,)=dim (X; n---n X,}+ 1, and
eXy,....,X,)=dim (X, nnX)-Yi_;dimX;+n-(r—1).

The latter is called the excess dimension of X,,..., X,, and we often write it simply as e.
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In the following, we describe the intersection algorithm of [11, 12]. So we define the
sequence (J - R);, for i=1,...,6—d—1=m—e, by

(J'R)_l:=J'R,

(J R)y:=l, R+ U((J:R)_,), for k=0,...,m—e,
where U(...) is the intersection of all highest dimensional primary ideas belonging to
(...

Furthermore, we set

uO: = U((J ’ R)m~e)a

U:=ngq fors=1,...,e—1,
where the intersection is taken over all primary ideals g belonging to
Uy +lpers-1)
such that ¢-R is not contained in the associated prime of q. Now we describe the
construction of the collection €(X,,...,X,) (in short, ¥) and define the intersection

multiplicities j(X,,...,X,;C) and k(X,,...,X,;C).
The collection ¥ contains irreducible, reduced schemes C of P%, which satisfy

dim(X,n--nX,)2dimC2 ) dimX;,—(r—1)'n.
i=1

To define the elements of € of dimension
dim(X,n---nX,)—i for i=0,...,e,
we decompose
UM+, cvi°R)
in the following way.
UUi+lpesir R)=ngn Uy,
where the first intersection is taken over all primary ideals ¢ belonging to
UW;+1,_.+:R), where associated primes p contain the diagonal ideal c-R. These

prime ideals modulo c- R define irreducible and reduced subschemes of X, n--- N X, in
%—the elements of the collection %.
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Such a C is defined by the prime ideal p:=I(C) in K[x,,...,x,]. The intersection
numbers of X,,...,X, along C, with C having dimension dim (X, n---n X,)—i, are
given by

Jj(Xy,...,X,;C):=length of U U;+1,,_,+;"R) 44 & and
k(Xy,...,X,;C):=length of (UQU;+1,_,4;"R)+¢ R)pse-z-

It is clear that j(X,,...,X,;C)2k(X,,...,X,;C) for all Ce¥. We also use
Cue(Xy,..., X,) (or €,,) to denote the set of all irreducible components of X, n---n X,
and €,(X,,...,X,) (or %,) to denote the set of the highest dimensional components of €.
(These are the components C with dmC=dim(X,n---nX,)). Then we get the
following inclusions:

A= =l

nwr —

Now we state the main results from [11, 12] and [1].

Lemma 1.1. Let X,,..., X, be pure dimensional subschemes in Pk. Then

[[degX,= 3 ji(Xy,...,X,;C)-degC.
i=1 (o}

=¢

Definition 1. The homogeneous ideals «,,...,a,<K[xg,...,x,] satisfy the (*)-
condition if no linear form is contained in

aiﬁ(a1+"‘+a,-_l+a,~+1+“'+Otr), fOI‘i=1,...,r.
This definition enables us to state the main result from [1].

Lemma 1.2. Let X,,...,X, be pure dimensional and reduced subschemes in P% which
are connected in codimension one. If the defining homogeneous ideals in K[xq,...,x,]
satisfy the (*)-condition, then

[]degX;2 Y k(X,,...,X,;C)-degC+e.

i=1 CeCbirr

(A scheme X is connected in codimension one if for any closed subscheme Y of X with
codim(Y, X)>1 the set X\Y is connected. For applications of connectedness in
codimension one, see [7, 10].)

We need also a bilinear property of the above intersection algorithm involving the
join construction in P%. This is given by the following so-called theorem of additivity
and reduction (see for instance [§, 13]).
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Lemma 1.3. Let X,,..., X, be pure dimensional subschemes in Py with defining ideals
Ays..ns 8, S K[Xg,...,X,). We consider the primary decomposition of a;=q’ n---ng¥, and
put p to be the prime ideals belonging to q\’. Furthermore, let X;; (respectively V;;) be
the subscheme of P defined by q\" (respectively p°) and let 1,;:=length of q\. Then

@ (g(xl"'"Xr)=U(g(len---aer,)=U‘€(V1j,,...,V,j'), where the union is taken
over all 1< j;<s;, 1Sisr,

() (X, s X CO)=Y. 145,515 j(Vijis-- -5 Vs C), where the sum is taken over all
1< ji<s;, 15i<r, where we set j(Vy;,,...,V,;,; C)=0 for C¢€(V,j,,..-, V,;).

We now give definitions for commonly used abbreviations.
Let X be a pure dimensional scheme in P% with defining homogeneous ideal
2 S R:=K[x,,...,x,]. Then
X,.q is the scheme which is given by Rad(x).

X is the scheme which is given by the ideal ([«],) which is generated by the linear forms
of a.

Let a be an arbitrary homogeneous ideal of R. Then the volume function V(-,a):Z—Z is
defined as follows

V(t, a): =dimg [a],,
where [«], denotes the vector space over K of all forms of «, which have the degree t.
(For the basic properties of the volume function see [6].)
Let X,,..., X, be pure dimensional schemes in P%. Then we put the excess dimension

e by setting

e=e(X,,...,X,)

r=dim(X, N nX,)— Y dimX;+n-(r—1).

i=1
Let Z be a closed subscheme of P}. Then we set

degZ:=Y1g (0, c)-degC,
[of

where the sum is taken over all irreducible components C of Z, and we put
1g(0z,c) =length of @ ..

2. Converses to Bézout’s theorem

In this section we give some converses to Bézout’s theorem. The main points are the
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decomposition into irreducible and reduced components using Lemma 1.3 and an
estimation of the difference of the two multiplicities j—k. This allows us to consider the

intersection of general schemes rather than just reduced schemes. First we give the
definition of the number rg and apply it to the converse to Bézout’s theorem.

Definition 2. Let X,,...,X, be pure dimensional subschemes in P% with defining
homogeneous ideals «,,...,a, < K(x,,...,x,]. Then we put

rg:=rg(X1a'--’Xr):=rg(al""’ar)

:=i V() — V(l,i cxi),
T8req: =18 ((Xl)red’ o ’(Xr)rcd)'

We obtain also by simple computation that
rg(X,,....X,)=eX,,...,X,).

Proposition 2.1. Let ay,..,«, be unmixed homogeneous ideals of R:=K[x,,...,X,]-
Then these ideals satisfy the (*)-condition if and only if rg(a,,..,a,)=0.

Proof. We compute V(1,)_, ;) using the dimension theorem for vector spaces.

V(l, i oc,->= V(l,ai)+V(1, Z': a_,-)—V(l,al.n ) “i)
i=1 i=1 j=1

j= =
i j#i

r—1 r
- Z VLo n Z a,-) (1)
k=1 Jj=k+1
k#i J#i

for an arbitrary i (1Zi<r).
If the (*)-condition is satisfied, then the latter two terms vanish, and we get

i V(l,oz,-)—V(l, Z a,->=0. (2
i=1

i=1
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On the other hand, if formula (2) holds, then certainly the second term in (1) vanishes,
i.e. the (*)-condition holds. O

Proposition 2.2. Let X,,...,X, be pure dimensional subschemes of Py with defining

homogeneous ideal a,,...,a, in K[x,,...,x,]. Then
(i) rg(ay,...,a,)=V(1,J-Rnc-R),

(ll) rg(al’- .. sar)ée(Xla'- "Xr)'
The following conditions

(lll) rg(al’ .. ’ar) =e(X1’ ce ’Xr)’

(lV) lm—e+ 1222 lmE(J, 10" ey lm—e) ’ R’

(V) l—[:=l deg Xi=zge“’k(xl’- .. aXr; C) : dcg C’ Where %=(girr=(gh’

satisfy: (iii) <> (iv) = (v).
Proof. (i): Let ¢: [J-R+c-R],—[Rg]1=[R/c]; be the restrictions map of the
natural linear map [R], —»[R/c], " ¢ is a linear map with ker¢=c and imp=[D 7, o],.

By a well-known theorem of linear algebra we get

V(1,J - R+ ¢ R)=dimg (ker ¢)+ dimg(Im ¢)

=V(L,c-R)+ V(l, Z a.-),

and therefore

V(1,J-Rnc-R)=V(1,J-R)+V(l,c-R)—V(1,J-R+c"R)

Z V(1,a)+ V(l,c-R)— V(1,c- R)+ V<1,.§': a,.>

M‘

V(l,oci)—V(l, Z a,.).

i=1

[}

i=1
(ii) and the above relations between (iii)~(v): First we need some calculations.
V(1,J-R+c-R)=V(1,J-R)+V(1,c-R)—V(1.J-Rnc'R)
=V(,J-R+m+1-V(1,J-Rnc-R)

Further, we get
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V(,(Lgs....lm-o) R)=V(1,(J,1g,-. ., by—o—1) - R)
+ V(1L () B =V(L, (1o o) Rn(l,_.) R)
=V(1,(J,lg,...,ln—e—1)" R)+1, because
VL, s ly—e1) RO(y—) R)=V(0,(J, 1o, ..., l—e—1) - R:((I,—.) - R))=0.

(The latter relation follows from the intersection algorithm, because
l,_.¢(J,1lo,...,1,_._1)- R) By induction we obtain:

v(1,(J,lg,...,1,_.) R)=V(1,J-R)+ m—e+1.
Proof of (ii): By (i) we have to show that
ez V(1,J-Rnc-R).

We get this directly from

V(1,J-R+c-R)2V(1,(J,lo,...,1,_.)'R) 3
and the calculations at the beginning of the proof. The equality in (3) is equivalent to

c-Re(Jly,...,lm_2)"R,

but this is the same as (iv). So we have shown the equivalence of (iii) and (iv). (v)

follows directly from (iv), because we get ¥=%, and j(X,,...,X,;O)=k(X,,...,X,;C)
for all Ce%,=¢ from the intersection algorithm. gd

For the first part of conclusion (v) (¢¥=%,) we need (iii) only for all the reduced
schemes which appear in the decomposition into irreducible components given by
Lemma 1.3, but using the original e=e(X,,...,X,) instead of the e of the reduced
schemes (see also [13]):

Corollary 2.3. Let X,,...,X, be pure dimensional subschemes of P%. Let V;, for
15 j<s;, 1Zi<r, be the subschemes which are defined according to Lemma 1.3. If

e(Xl’“"Xr):rg(Vvljl’--', V;-j,.)for all léjl'ési’ 1§l§r5 (#)
then €(X,,...,X,)=%y(X4,..., X,).
Proof. We have

e(XIV"’Xr)ge(Vljn“-, I/rj,)grg(l/ljp"': V;‘,.)-

"))
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Therefore we get by (#) e(Vy;,,...,V,;)=18(V;,,..., V,;). By Lemma 1.3 and Proposi-
tion 2.2 (iii) = (v), it follows that

(g(Xl,...,X,)=U(€,,(V1jl,..., l/,.]'r).

Also, by ((#)), we get e(X,,...,X)=e(Vyj,,..., V,;) for all 1<j;<s;, 1<i<r, and we
obtain our assertion.

Example (Example 2 from [1]). This example shows that (iii) = (v) is not reversible.
Let X and Y be defined by the following ideals:

I(X):=(x3, %0 X1, X1, X0 X3—X; " X;) and I(Y):=(x,,X3).

By Corollary 2.3 we get ¥={C}, with the intersection point C of X nY which is
defined by x,=x, =x3=0, and we have

deg X -deg Y =k(X,Y;C)-degC=2,

but rg(X, Y)=0 and e(X, Y)=1.

Proposition 24. Let X,,..., X, be reduced subschemes of P% which are connected in
codimension one, and let

rg:=r1g(X,,....X,), e=e(X,,..., X,).
Then

[TdegX,> Y k(X,,...,X,;C) - deg C+(e-rg).
i=1

CeCirr

Proof. The proof of Lemma 1.2 in [1] needs the reducedness and the connectedness
in codimension 1 of the join-variety # in P% and the (*)-condition. The (*)-condition is
especially used to ensure that the defining ideal J of the join-variety ¢ and the diagonal
ideal ¢ contain no common linear forms (Lemma 2.1 and Proposition 2.2 (i)). The first
two of the properties of the join-variety # mentioned above follow from the same
properties for X ,,..., X, (see [1]).

We consider the natural ring epimorphism

¢:R-R:=R/[J-Rnc-R])).
Let J' and ¢’ be the images of J-R and c- R respectively in R’. In the projective space

P28 which corresponds to R’, the above assumptions are satisfied. The lengths of the
prime ideals which appear are preserved by the surjectivity of ¢. So we obtain
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e(f, A)=e(f,A)—1g=e(X,,...,X,)—1g. O

Corollary 2.5. Let X,,..., X, be pure dimensional subschemes of P%. Furthermore, let
X;= Uj’= 1 Xi; be the decomposition of X; into irreducible components, let V;;=(X;);.q and
let 1;; be the length of Oy, v, for j=1,...,s; and i=1,...,r, in accordance with Lemma
1.3. Then

r

[ldeg X;23 p. 3 (V... V;5C)-deg C+ Y p, (e, —18),

i=1 4 Ce¥,

where the sum is taken over all 1=(j,,...,j,), with 1< j,<s,and 1<i<r. €, p,, e, and 1g,
are defined as follows:

(g (gm(Vl“’ .y r],-)

D, =llj|."‘.l

rjrs
el:=e(V1j|’ . r;,) and (rgr —rg(Vl_ua b r],-)

(We set k(Vy;,,.. ; C) equal to zero, if C¢%,)

i ’Jr

Proof. The assumptions of Proposition 2.4 are satisfied for V;;,,...,V,;. Therefore
we get

H ViiZ 3. k(Vyjys..- V5 C)-deg C+(e,—18).

Ce%:
[T;=1deg X;=3,p, [ [i=1deg V;;, and Lemma 1.3 proves the corollary.

Theorem 2.6 Let us take the same assumptions and notation as in Corollary 2.5.
Furthermore let €?:=%, (V.. ). Then the following conditions are equivalent:

2 "Jr
(1) 1—[:=1degXiéprt'ZCG‘K:'k(Vljﬂ---"/rj,;c)'degc)
(ll) l_‘[lt=ldegxiéZxPl.ZCE‘G’.k(V'ljn---’ V;j,.;c).degca
(iii) e,=rg, for all i=(j,,...,j,) with 1 £ j;<s; and 1 ZiZr.

Proof. (i) = (ii) is trivial.
(i) = (iii) follows from Corollary 2.5.
(iii) = (i): By proposition 2.2 (iii) = (v) we obtain

Hdeg =2 k(Vi,...,V,,;C) degC.

CEV
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(i) follows in the same way as in the proof of Corollary 2.5. Theorem 2.7 shows that the
Theorem in [13] cannot be completely extended to the case ¥ =%,,,, and the subsequent
example shows the relevance of this case.

Theorem 2.7. Let X,,...,X, be pure dimensional schemes of P%. With the same
assumptions and notation as in Corollary 2.5 we get for the following conditions

(i) l—[:= 1 deg X.-=ZCE(‘“_‘_ k(Xl’ e ,X'; C) * deg C,

(i) [Ti-1deg XiS¥cee, k(X 1,.... X,;C) - deg C,

(i) e,=rg, for all 1={j,,...,j,) with 1 £ j;<s;and 1ZiZr,

(iv) ni= 1 degXi=ZCE‘€1" J(Xy,...,.X,;C)-deg C,
(i) <> (i1) = (iii), (iv).
Furthermore, the following conclusions are in general false: (iii) = (i) or (iv), (iv) = (i) or
(iii).

Proof. (i) = (ii) is trivial.

(i1) = (i), (iv) resp.:
We look at following chain of inequalities:

Y kX,,...,X,;C)-degC2[] deg X;
i=1

Cebirr

2 Y j(Xy...,X,;C)-degC (Lemma 1.1)

Cebirr

2 Y k(Xy...,X,;C)degC.

CeCirr

Therefore we get equality at every point of the chain, and so we obtain (i) and (iv).
(ii) = (iii): Because of (i) and (iv) we get ¥ =%,,, and for every Cec¥

KX,,...,X;0)=j(X,,...,X,;C).

By Lemmas 3 and 4 of [13] we get the following resuits:
1) €Wj,s...\ V) =%.(Vj,,- .., V,;,) for all 4,
@) k(Nij5-- s Vs O = j(Vajys-- -, V,,; C) for all 1.

By Proposition 2.4 and consequences 1 and 2, we deduce the following chain of
inequalities: '

l—[ deg Vl'.ii ; Z k( Vl.ix

i=1 CeCirr(Vijy,.., Vei)

Vrj,-; C) : ng C +(€, - rgx)
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= Z j(Vljl ..... ijr; C)'degC+(e,—rg,)

Ce€irclV 1jgreces V"J,) :

il
S~
—
-~
=

Vrjr; C) : deg C + (el - rgl)

.....

Ce(g(Vul ..... Vrjr)

= H deg Viji +(€, - rg,)
i=1

for all 1=(j,,... j,) with 1 £ j;<s; and 1 <i<r. Therefore we obtain (iii).
Counterexamples for (iv) = (ii) or (iii) and (iii) = (ii} are contained in [13]. Therefore
we need for the proof of the theorem a counterexample to (iii) = (iv):
We set I(X)=(x%-x,;) and I(Y)=(xq x?) in K[xg,X,x,]. Following the method of
decomposition we get

I(X ) =(x3), I(X;)=(x,) and I(Y;)=(xo), I(Y;)=(x}).

So it follows that

1 fori=j .
L= =7r.. f s J= 1, 2.
éj {O otherwise} Ty fOrLJ

Therefore (iii) holds, and by an easy computation using Lemma 1.3 we know that (iv) is
false. a

Example. Let X and Y be subschemes of Py with defining ideals
HX)=(xg,Xxy,%3) N (X3,X4,X5) ané I(Y)=(xy,X3,X3).
X and Y are reduced, e(X,Y)=2, rg (X,Y)=0 and
IX)+ I(Y)=(xg,X1,X2,X3) N (X1,X5,X3,X4,X5).
By Lemma 1.3 we get

%= {Clsz=xl =x2=X3=0, Cz:xl =x2=X3=X4=xS=0}
and
degX-degY=2-1=1+1=degC,;+degC,.
We note that this example shows once more that the formula of Lazarsfeld (see [3, Ex.
12.3.5]) cannot be extended to reduced schemes.

For the following key lemma which we use to generlaize Proposition 2.4 to schemes
which are connected in codimension one (see Theorem 2.9) we need some notation. Let
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o be a homogenous ideal in K[x,,...,x,]. H(t,a) denotes its Hilbert function. This
function is for large ¢t a polynomial in ¢ and this polynomial can be written in the
following form:

Hea)=hoo)- () +m@) ()

where d=Krull-dim «—1 and the so-called Hilbert coefficients hy(a) >0, h(a),..., hy(®)
are integers. (For some properties of the Hilbert function and its coefficients see [6,
(1.41)] or [12,Ch. 1 C])

Lemma 28. Let X,,...,X, be pure dimensional subschemes of P%. Then for all
components C of the collection €(X 4,...,X,)

j((Xl)reda v ’(Xr)red; C)_k(‘[.xl)rcda e ’(Xr)red; C)
é.l(Xl’9Xr’C)_k(X1”Xr’C)

Proof. By Lemma 1.3 (i) €(X )reqs---»(X)rea) =€(X,-..,X,). So the intersection
numbers (X )reas---> (X )rea; ©) and k(X )reas- - -» (X, )req; C) are defined. Multiplying
both sides of the above inequality by hy(p+c), where p is the defining ideal of C in
K[xo,-..,x,] and c is the diagonal ideal of R, we get the equivalent inequality:

ho(‘]) - hO(qred) —2- hO(q + C) - hO(qred + C),
where g (resp. g,.q) is the primary ideal corresponding to p+c which is constructed in
the intersection algorithm for X ,..., X, (resp. for (X )reds- - - (X )red)-
Let dim C=dim (X, N - X,)—i. Then we know by the definitions of Section 1 that

q+c=(q71m—e+i+l,«-'alm)’ and

Gred +c =(qrcd’ lm—e+ i+1s°0 lm)’ respectively.

We define for m—e+i< j<m
qm:=(q,1m—e+i+1,---,lj—l) and
4941 =(4sear bp—etits-osljo1)-
Claim. ¢YVcq¥, for all m—e+i<j<m.
For the proof of the claim it is sufficient to show that

q gqrcd'

For two ideals « and b of a Noetherian ring R of the same dimension d we note that an
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inclusion a €b is transferred to inclusions of such d-dimensional primary components of
o and b belonging to the prime ideals of b. This one can see by localization.
Let ay,...,a, be the defining ideals in K[x,,...,x,] of X,,..., X, respectively. Then it
is clear that
Ji=ai+ - +a,=Rad(e;) + - +Rad(a,) =:J, 4.

With the notation of Section 1 we get from the above remark that

U((J-R),cU((J,ea" R),) forallpy=—1,...,m—eand

u, cured for all v,
where the U’ is constructed in the intersection algorithm by using J,., instead of J.
Now the claim follows from the last inclusion for v=i by localization.

Now we complete the proof of Lemma 2.8. We get (cf. [12, (1.36)])
ho(qP, 1;) = ho(g?) — ho(qP: ;) and

ho(q%, 1) = ho(q¥2s) — ho(gDs: ;), respectively.
Therefore
ho(q(jJr l)) - ho(qu 1)) = ho(‘lw’ lj) - ho(qg)d, lj)
=ho(q?) —ho(q) — (ho(g?: ) — ho(q%y: )
where we set those hy of gU:1; or of ¢¥,:1; equal to zero, if their dimensions are lower

than dim (p +¢).
By the claim we get hy(gV: ;) = ho(q4:1;), and so

ho(g¥™ V) — ho(gha V) S ho(g?) — ho(g ).
This gives us a chain of inequalities and proves the lemma.

Theorem 2.9. Let X,,...,X, be pure dimensional subschemes of P% which are con-
nected in codimension one. Then

H degxlg Z k(Xl,--'aXr;C)'degc_*_(e_rgrcd)
i=1 Ce€irr

Proof. For brevity we set
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kC: = k(Xla LK) Xn C)a k::ed: = k((Xl)red’ LR} (Xr)red; C)
and

jC:=j(Xla---’Xr; C), jrCed:=j((Xl)rcdy'”y(Xr)red; C)

By Proposition 2.4

I—I deg (Xi)red g Z erCd : deg C + (e - I.gn:d)'
i=1

Ce%irr
Rearranging this inequality we get by Lemma 1.1.

Y (JE'—kgY)-degC+ ) j&'-degCze—rg.q

CeCirr Ce €\ Girr

By Lemma 1.3 we get j-= j©¢; therefore we obtain the assertion, by Lemma 2.8.

Corollary 2.10. Let X,,...,X, be as in Theorem 2.9. Then the following conditions are
equivalent:

(l) 1—[;=1 degXiéZCe‘&n—k(Xl’---aXr; C)deg C’
(ll) ],_I:=l degXiéZCs‘fnk(Xl,'-er; C)deg C.

Proof. (ii) = (i) obvious.
(i) = (ii): By Theorem 2.9 we get e=rg,.4, and by Proposition 2.2 (v)

l:l deg (Xi)red = Z k((Xl)red’ LERE (Xr)red; C) : deg C.

Ce¥n

In particular this shows €=%,,,=%,. O

3. The Cohen-Macaulay case

In this section we apply Theorem 2.9 to the case of Cohen-Macaulay schemes and we
discuss particularly the so-called general Bézout’s Theorem. This theorem is a generali-
zation of the case of the intersection of hypersurfaces. This is important, because
hypersurfaces are in general neither reduced nor irreducible. First we transfer Theorem
2.9 to this case.

Proposition 3.1. Let X,,..., X, be subschemes of P which are connected in codimen-
sion one. Let the local Rings Oy, - be Cohen-Macaulay for all Ce%,, and all i=1,...,r.
Then
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n degXt;dEg(Xl NN Xr)+(e—rgred)'
i=1

Proof. By the Cohen-Macaulay property and [1, Proposition 3.8]
k(X,,....X,;0)=I(X,,...,X,;0)

for all Ce%,,,. (Here I(X,,...,X,;C):=length of Oy, ....,x, c) Our assertion follows
from Theorem 2.9.
We deduce a new proof of [2, Proposition 3.12].

Corollary 3.2. Let X,,...,X, and the notation be as in Proposition 3.1. If rg,.,=0,
then the following conditions are equivalent:

(i) deg(X, f\"'an)ZH;=1degXi,
(i) deg(X,n---nX,)2[]i-,degX,,
(i) e(X,,...,X,)=0.

Proof. (i) = (i1) is trivial.
(ii) = (ii) follows from Proposition 3.1 and rg,.,=0.
(iii) = (i): Since e=0 we get the following consequences:

(1) €=%, and
Q) jX,,....X,,O)=k(X,,...,X,;C) for all Ce¥.

From the Cohen-Macaulay property it follows as in Proposition 3.1 that
k(Xl"",Xr;C)=1(X15'~"Xr;c)' D

Corollary 3.3. Let X,,...,X, be arithmetically Cohen-Macaulay schemes of Pk of
dimension 2 1. Then

[1deg X, 2deg(X; NN X,)+(e-Tgccq)-
i=1

Proof. By Theorem 5 of [10] we get that the X; are connected in codimension one.
Proposition 3.1. completes the proof.

Since [10] is sometimes not readily available we want to give here a short sketch of a
proof of this fact under our assumptions.

Claim. If V is an arithmetically Cohen-Macaulay scheme of P% of dimension=1. Then
V is connected in codimension one.

Proof. Let V be defined by the homogeneous ideal « of R:=K[x,,...,x,}. By our
assumption we get that all the local rings R,/a"R, for every prime ideals p with
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oS p< R satisfy the condition S, by Serre. By [7, Corollary 2.4] and Remark 1.3.2 we
get our assertion if we know that V is connected. For this we consider the affine cone X
over V. X is a connected noetherian topological space. Let X be the vertex of X. We set
Y:={x}. By [7, Theorem 2.2], we get X\{x} is connected, since depth Oy ,>2 because
of the Cohen-Macaulay property. Therefore V is connected.

~ For arithmetically Cohen-Macaulay schemes we can improve Corollary 3.2 to the
following general Bézout’s theorem.

Theorem 34. Let X,,...,X, be arithmetically Cohen-Macaulay schemes of Py. Then
the following conditions are equivalent.

() deg(X,n--nX)2[[- degX,

(i) deg(X,;n--nX)=[]i- deg X,

(iii) e(X,,...,X,)=rg(X,,...,X,).

Proof. By Corollary 2.10, (i) and (ii) are equivalent.
(i1) = (iii) is Proposition 2 from [13].
(iii) = (ii): By Proposition 2.2, we get that property, (v) in Proposition 2.2 holds, and as
in Proportion 3.1 this proves the theorem, using the Cohen-Macaulay property.

Remark. By defining E(X,,...,X,):=e(X,,...,X,)—1g(X,,...,X,) we get following
“geometric” statement:
Let X,,..., X, be arithmetically Cohen-Macaulay schemes of P%. Then the following
conditions are equivalent.

(i) deg(X;n--nX,)2[[i-,degX,,
(i) deg(X;n--nX,)Z[]i-, degX,,
(iii) E(X,,...,X,)=0.

Now we list some interesting consequences.

Corollary 3.5. Let X,,...,X, be arithmetically Cohen-Macaulay schemes of Py. If
e#rg, then

[1deg X, 2deg(X, n---nX,)+1.
i=1

For intersections of hypersurfaces we get:

Corollary 3.6. Let X,,...,X, be hypersurfaces of P%, which are defined by forms
F,,...,F of degree d,...,d,. Then the following conditions are equivalent.

(l) hO(Fl"'WFr):l_[;:ldi’
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(i) e=number of linear forms in the set {F,,...,F,} —number of linearly independent
linear forms in {F,...,F,}.

For r=2 we obtain directly from Theorem 3.4 a result of W. Vogel (Proposition 3 in

[13)).

Corollary 3.7. Let X and Y be arithmetically Cohen-Macaulay schemes of Pk, which

are defined by the homogeneous ideals a, b of K[x,,...,x,]. Then the following conditions
are equivalent.

(i) deg(X nY)=deg X-deg¥,
(i) deg(X nY)=deg X -deg,
(1)) e(X,Y)=V(l,anb).

Proof. Apply the dimension theorem for vector spaces.

Now we show the result of B. Renschuch and W. Vogel from [9].

Corollary 38. Let X,,...,X, be as in Proposition 3.4, where X; is defined by the

homogeneous ideals o; <= K[x,,...,x,] for i=1,...,r. If the o; satisfy the (*)-condition, then
the following conditions are equivalent.

(i) deg(X,n N X,)2[]i-,deg X,,
(ii) deg(Xlf\"'ﬁX,)gH,leegX,-,
(iil) e(X,,...,X,)=0.

Proof. This follows from Proposition 2.1 and Theorem 3.4.
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