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K-Theory of Non-Commutative Spheres
Arising from the Fourier Automorphism

Samuel G. Walters

Abstract. For a dense Gj set of real parameters 6 in [0, 1] (containing the rationals) it is shown that the
group Ko(Ap Xg Z4) is isomorphic to 7°, where Ay is the rotation C*-algebra generated by unitaries
U, V satisfying VU = ™ UV and ¢ is the Fourier automorphism of Ay defined by o(U) = V,
a(V) = U~ More precisely, an explicit basis for Ky consisting of nine canonical modules is given.
(A slight generalization of this result is also obtained for certain separable continuous fields of unital
C*-algebras over [0, 1].) The Connes Chern character ch: Ko(Ay X5 Zs) — H® (Ag X Z4)* is shown
to be injective for a dense G; set of parameters §. The main computational tool in this paper is a group
homomorphism T: Ko(Ag X Z4) — R® X Z obtained from the Connes Chern character by restricting
the functionals in its codomain to a certain nine-dimensional subspace of H®(Ay X, Z4). The range
of T is fully determined for each 6. (We conjecture that this subspace is all of H*".)

1 Introduction

For 0 < 6 < 1let Ay denote the rotation C*-algebra generated by unitaries U, V
satisfying VU = AUV, where ) := ™. Denote by o the order-four automorphism
of Ay defined by

cU)=V, oV)=U"L

We shall call it the Fourier automorphism because of its close connection with the
Fourier transform of classical analysis (already used in [15] in the construction of
the Fourier module). Throughout, we shall denote the associated crossed product by
By := Ap Xy 2y, where 74 = 7./47.

The basic problem here is to compute the K-groups of By, particularly Ky(By), for
any 6, to find a canonical basis for it, and to compute (as much as possible) the asso-
ciated Connes Chern character. The difficulty of this problem is due to the fact that
there are no known tools for calculating the K-groups of crossed products by finite
cyclic groups (analogous to the Pimsner-Voiculescu sequence for crossed products by
the integers [10] and by the free group on a finite number of generators [11]). A sec-
ond problem is whether By is approximately finite dimensional when 6 is irrational,
as is the case for the flip automorphism [3], [14], and whether the Fourier automor-
phism is an inductive limit of type I automorphisms as is true for the flip [14]. (See
the Addendum at the end of the paper.) These and other questions related to the
Fourier automorphism were raised by George Elliott in private communication with
the author and have been of interest to him.
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We shall use Ay to also denote its canonical smooth dense *-subalgebra under
the canonical toral action, and by By the dense *-subalgebra of elements of the form
Z]- ajo where a; are smooth elements in Ay, j = 0,1,2,3, and W is the canoni-
cal (order four) unitary of the crossed product implementing o by o(a) = WaW 1.
(This identification is justified since both the C*-algebra and its smooth *-subalgebra
have the same K-theory, since the dense *-subalgebras are closed under the holomor-
phic functional calculus, and since it will be clear from the context which algebra is
intended.)

In [15], the author constructed nine canonical modules over By and showed (us-
ing theta functions) that they give rise to nine independent positive classes in Ky(Bp)
for each 6 (rational or irrational). This was done by examination of the Connes
Chern character

ch: Ky(By) — H (By)*

where H® (By) is Connes’ even periodic cyclic cohomology group and H® (Bp)* is its
vector space dual [5, III]. (We prefer to view the codomain of ch as above instead of
the usual cyclic homology group so as to readily use Connes’ canonical pairing be-
tween Ky and cyclic cohomology.) From ch a group homomorphism T: Ky(By) —
IR® x Z can be defined by taking the Connes Chern character ch(x) of each element
x in Ky(Bg) and restricting it to a certain (nine-dimensional) subspace of H®'(By)
spanned by the traces on the (smooth) algebra By (as in [15]) and by Connes’ canon-
ical cyclic 2-cocycle (as in [4] or [5, I11.2.3]). It was shown in [15] that T is injective
when 6 is rational. This suggests, presumably, that the subspace in question is all
of H*(By) and that ch will in fact turn out to be, after tensoring with the complex
plane, an isomorphism. (In view of this, we shall sometimes refer to T as the Connes
Chern character.)

The first result of the present paper is to show that the nine modules under consid-
eration generate (and so form a basis for) Ko(By) when 6 is rational (Corollary 6-C).
Together with Corollary 7.3-E (Section 7.3), this result yields a suitable parametriza-
tion of Ky(By) which is independent of 6. These results culminate with the following
main theorem:

Theorem There is a dense G; set of parameters 6 (containing the rationals) such that
Ko(By) is isomorphic to 7°. In addition, for such parameters,

(i)  the nine canonical modules form a basis for Ky(Bp),

(ii) the Connes Chern character ch: Ko(By) — H® (By)* is injective,

(iii) the range of T: Ko(By) — R® X Z is the integral span of the rows in the Character
Table (in Section 2.1) for all 6,

(iv) Ki(By) = 0.

In particular, these conclusions hold for many irrationals. The fact that Ky(By) =
7? for rational @ is a result of [7]. One of the results used in the proofs below (es-
pecially in Section 3) is a realization, in the rational case, of By as a 2-sphere with
singularities due to Farsi and Watling [7, Theorem 6.2.1]. (Some corrections to the
latter paper in this connection, to be used here, are noted in the Appendix below
(Section 8).)
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In Section 7, the context of the present situation (the existence of a finite num-
ber of generating modules) is generalized slightly by imposing two hypotheses on a
separable continuous field of C*-algebras {C; : 0 < ¢ < 1} so as to obtain the same
conclusion—namely, that the K-groups are the same on a dense Gy set of the param-
eter t if they are the same on a dense set of parameters t. (See Corollary 7.3-E and
hypotheses (H1) and (H2) of Section 7.1.) Also obtained are K-group short exact se-
quences involving the C*-algebra of the field I" and each fiber C, (Corollary 7.3-E(c)).
In fact, it is shown (under (H1)) that there is a canonical surjection Ko(I') — Ko(C;)
for each t (induced by the evaluation map at ¢); see Corollary 7.3-E(b).

2 Nine Modules and the Connes Chern Character
Throughout, we shall assume that 0 < § < 1 and adopt the notation
e(t) := exp(2mit).

Thus A = e(6). When considering the case that 6 is rational, we shall tacitly assume
throughout that = p/q where p < q are positive relatively prime integers.

2.1 The Nine Modules

As in [15], one has the following six projections in By
Pi(f) = 3(1+W?)

Pa(B) = L+ () W+ (554 W

Py(0) = 11+ W+ W? + W?)
(2.1.1)
Py(0) = L1+ N PUvw?)

Ps(0) = 1 + (B N tuw + (L) A VAvw?
Ps(0) = L1+ N*UW + N2UVW? + ATV ).

Note that the last three are obtained from the first three by replacing W by the (order
four) unitary \/4UW. One further has the Fourier module Fj over By (0 < 6 < 1)
obtained by equipping the Heisenberg module (see [4]) over Ay with the action of
W represented by a suitable scaling of the Fourier transform on the Schwartz space
S(R) (see [15, Section 3]). Using the dual automorphism & of By (which fixes U and
V and maps W to iW), one obtains two other modules denoted in [15] by Fy(i) and
Fy(—1), where the action of W is multiplied by i and —1, respectively. For simplicity,
we shall write (taking the module picture)

P7(0) = Fp,  Ps(0) = TFy(i), Po(0) = Fp(—1).

The algebra By has the canonical (bounded) trace = given by

7:(23: a]-Wj) = 7(agp)
j=0
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for a; € Ay, where 7(ay) is the canonical trace of ay in Ay (relative to the unitaries
U, V). In [15] it was shown that one has the following unbounded traces on By (the
smooth *-subalgebra) given by

Ty (U™V'W?) = /\7""1/25%,05&0 Ty o(U™V"W?) = A(m7")2/45m,ﬁ
(212) Tu(U"V'W?) = X"265,8:,  Tu(U"VIW?) = A=A

Tn(U"V"W?) = X265
where at other generic elements U™V "W* they vanish, and d,; is the usual -function
and 7 is m reduced modulo 2. (Note that the T;; of [15] has here been multiplied by
A/* for normalization.)
Observe that the maps T,; are self-adjoint trace functionals, but that T;; are not
self-adjoint. This unfortunate choice (made in [15] and [16]), while not incorrect,
can now be mended by looking at the real and imaginary parts of T';. Let

$o = %(TIO +T5), o= —%(Tlo — Tip)
be the real and imaginary parts of T}, respectively, and
¢ = %(Tu +T7)), ¢{ = —%(Tn - T7))

be those of T;; (where T*(x) := T(x*)).
The last invariant we need to recall is Connes’ canonical cyclic 2-cocycle given on
the rotation algebra Ay by

(2.1.3) o, x!, x%) = Zimr(xo[él(xl)éz(xz) — 52(x1)51(x2)])

(see [5, 1IL.2.3]) where d;, j = 1,2, are the canonical derivations of Ay under the
canonical action of the 2-torus T? (relative to U, V). The Chern character invari-
ant that ¢ induces is the group homomorphism ¢;: Ko(Ap) — 7Z given by the cup
product

(2.1.4) c1[E] := (p # Tr,)(E, E, E)

for E any smooth projection in M, (Ap). In [15, Section 2], this invariant was ex-
tended to By by taking the composition

(2.1.5) Cii=coW,: Ky(Bg) — 7
where U: By — My(Ayp) is the canonical injection given by, for a = Z]- ajo € By,

ao as as ay

o(a1) o(ag) o(az) o(a)
02(612) 02(611) Uz(ﬂo) 02(613)
olas) o(a) ola) o(ag)

(2.1.6) V(a) = [U_i(ﬂifj)]?.j:o =
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where i — j is reduced mod 4 and where a; € Ay. (To clarify U,, if E is a projection
in some matrix algebra over By, then W(E) is a projection in some matrix algebra
over My (Ap), hence in a matrix algebra over Ay, and thus gives a class in Ko(Ap)—e.g.
W, [1] = 4[1]k,(a,).) For example (and we shall need this later), if ey is a smooth
Powers-Rieffel projection in Ay with trace # (0 < 6 < 1 rational or irrational) then,
viewing ey as an element of By via the canonical inclusion Ay < By, one has

Cileg] = —4.

This follows since cileg] = —1, W(ey) = diag(ep, 07 (es), o%(eg),0(ep)), and
[o(eg)] = [eg] in Ko(Ap), so that U, [eg]k,B,) = 4[es]ky(ay)> Where W, : Ko(By) —
Ky(Ayp) is the induced map.

Consider the Connes Chern character

ch: Ko(By) — HC® (By)*

where HC® (By)* is the complex vector space dual of the even periodic cyclic coho-
mology group [5, I.1.c]. From this, one defines the map T: Ky(By) — R® x Z by
the pairing

T(x) = (75 ¢o, b5, P15 P13 Ta0s To1, T223C1), ch(x))
= (T(X); ¢0(X), ¢6(X)7 ¢1 (X), ¢{ (X); TZO(x)a T21 (X), T22 (X); Cl (X)) .

All computations below will be done in terms of this map (as was done in [15]), and
there is some justification for calling T the Connes Chern character, since there is
evidence that after tensoring with C, one eventually has an isomorphism

chc: K()(B()) QK C— HCeV(B;))*

between vector spaces of dimension nine. The evidence for this comes from the fact
proved in [15, Theorem 2.3] that for irrational 6 one has HC®(By) =2 C? and has
as basis {7, ¢o, @{, 1, #1, Ta0, T21, Taz }. These, together with the class associated to
Connes’ cyclic 2-cocycle would presumably constitute a basis for HC®(By), which
the author suspects is HC®(By) & HC?(By) modulo identifications given by the peri-
odicity operator S (in Connes’ notation) after tensoring with the complex plane over
the ring HC*((C). This further suggests that the Hochschild dimension of By is two, as
Connes showed to be the case for the rotation algebra. (Of course, for rational 6, the
group HC?(By) is infinite dimensional, but one would still expect that the periodic
cohomology group HC®'(By) to be finite dimensional—in fact, nine-dimensional.)
For the identity element and the Powers-Rieffel projection one clearly has

T(1) = (1;0,0,0,0;0,0,0;0), T(eg) = (6;0,0,0,0;0,0,0; —4).

The main result of [15] is the data of Connes Chern character values for the above
nine modules for any € shown in Table 1.
Table 1 yields the following.

Theorem 2.1 ([15, Theorem 2.4]) For 0 < 6 < 1, the nine modules {P,(9), ...,
Py(0)} give rise to independent classes in Ko(By). When 0 is rational, the map T is injec-
tive on Ko(By), and hence so is the Connes Chern character ch: Ky(Bg) — HC® (By)*.
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Projection = ¢o &y &1 & T Ta T C
p@o 5 0 0 0 0 5 0 0 0
peo L1 -1 0o 0o o o0 o o
Py L+ L 0o o o L1 o o o0
@O 4+ 0 0o 0 0 0 3 0 O
@) 3 0 0 1 —3 0 0 0 O
P 1 O 0 3 0 0 1 0 0
ORI T T
A N e e e
A I e

Table 1: Character Table

Notation We shall denote by Ry the subgroup of Ky(By) generated by the classes
{PiO)}-
Consider the element of Ko(B,/,) defined by (for relatively prime integers p, q)
Kpq = (p+aq)([P1] — 2[P5] + [P4] — 2[Pe])
+ p([P2] + [Ps] + [P7]) — 2q[Ps] — (29 + p)[Po].

(Here, each P; is evaluated at = p/q.) Itis easy to check that T(x, 4) = (0;0,0, 0, 0;
0,0,0;4q) from Table 1. Since T(p[1] — g[es]) = (0;0,0,0,0;0,0,0;4q) = T(kp4),
the injectivity of T (in the rational case, Theorem 2.1) gives the equality

(2.1.7)

pl1] — qles] = Kpgq

in Ko(Bp). In fact, in the same manner one easily checks that the Powers-Rieffel
projection ey is related to the nine modules as follows for rational 6

leg] = —[P1] +2[P5] — [P4] + 2[Ps] + 2[Ps] + 2[Po]

in Ky(By) (the right side evaluated at #). This shows that [ey] € Ry for rational 6.
Define the reduced character T': Ko(By) — R® to be the degree zero part of the
Connes Chern character T, namely,

T' = (75 ¢o, Pgs D1, 915 Taos Tar, Taa).
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Sometimes, especially in Sections 4 and 5, we shall collapse ¢;, ¢]’- back to T;; and
simply write T/ = (z; Tio, T11; Ta0, Ta1, T22). This will help simplify matters later on
and so will be more convenient to do.

Note that £, 4 is in Ker(T’) from above. Two key steps in the proofs below is to
show that in fact x, 4 generates Ker(T’) (Corollary 5-D) and that the range of T’ on
Ko (By) is equal to its range on Ry for 6 in a special dense set of rationals ) described
in Section 2.3 (Proposition 4-D). These steps lead one to the equality

KO(BP/q) = :Rp/q

from which it follows that the modules P;(p/q) form a basis for Ko(Bj,/,).

2.2 Realization of A/, as a Dimension-Drop Algebra

Begin with the following realization of the rational rotation algebra as the subalgebra
of C([0,1] x [0, 1], M) given in [2, p. 64], by

Apjg =1{f€CU0,1] x [0,1], M) : f(x,1) = oy (f(x,0)),
f(L,y) = aa(f(0,9)}

where M, := M,(C) is generated by the unitaries

(2.2.1)

Lo 0 001 0
U0: ) VO* : . . .
0 0 0 0 1
-1
0 0 A 1 0 0

satisfying VoUy = AUV, where A = e(p/q), and o, «; are the automorphisms of
M, given by

a1 (Up) = Uy, a(Ug) = wUy
a1(Vo) =wVy, ay(Vy) =V

where w = e(1/q). With this realization, the canonical generators U, V of Ay are
given by the functions

Ux,y) =elx/q)Uo, V(x,y)=ely/q)Vo

and the Fourier automorphism is given by

o()x,y) = oo(f(y,1 —x))
where oy € Aut(M,) is given by

oo(Up) = Vo, 09(Vy) = WUo_l.
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In addition, the following g x q matrices were introduced in [2]:

10 0 --- 0
00 0 --- 1
D=0 00 o s
o0 1 --- 0
o010 --- 0
1 0 0
’ 0 w 0 r I 1
WIZU()_p: ) ’ WZZVO_p :|: 0 P:|
S | Iy—pr 0
0o 0 ... il
where I, is the n X n identity matrix, and p’, p’’ are the unique integersin [1,q — 1]
such that
(2.2.2) pp’' =—1modg, pp"’ =1 modg.

In [7] the following g X q matrix was introduced (in addition to the above)

1 1 1
A\ 2 oo\l
1 2 4 2(q—1)
Wy = — A A coe N2
V4
1 M- A=D1 .. \@-1?

One has the following relations that will be used below

Wi =Ty, WoVo=U, ' Wy, WUy = VW,
(2.2.3)
WoW, = W, 'W,,  WoW, = W, W,.

It is easy to see that a;(x) = Wflxwl and ay(x) = W;lxwz. Using the inner
automorphisms og(x) = W, 'xWy and 7o(x) = ry Ty (as in [7]) the relations
(2.2.3) yield

ao(Up) =V, ', ai(Uy) = Uy, aa(Uy) = wlUy, (Uy) =U, "

(2.2.4)
ao(Vo) = Uy,  a1(Vy) =wVy (Vo) = Vo, 70(Vo) =V,

Further, if

(2.2.5) Wy = AP rww,

(which is denoted by m in [7]), then W, * = 1 and one easily checks that oo (x) =
Wxw ",

These matrices are used in [2] and [7] in their realizations of the crossed products
Ap 17, (under the flip) and By, respectively, as spheres with singularities. In Section 3
below, the basic facts related to By (when @ is rational) from [7] are recalled for use
in this paper (with some corrections made in Section 8).
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2.3 The Subset of Rationals Q'

Given positive relatively prime integers p, g, let p’, p’’ be the integers as in (2.2.2)
and write pp’ = —1+¢qp, pp’’ = 1+ qq for some integers p and . One easily checks
that p = p+gand g = p’ + p’’. In the present paper we shall be interested in the
following dense set of rational numbers in (0, 1)

(2.3.1) Q’::{%;k:l,...,zdﬂ—l,dzz}.

For such rationals, p = 2%(2k) + 1, ¢ = 4%, and one can verify directly that
(23.2) p' =22k -1, p" =27021-26)+1, p=4k* G=2kQ?—2k)+1.

This choice will facilitate the computation of the Gaussian sums that arise below. In
this case the Gaussian sum G(p, q) := Z?;Ol ¢27iP1*/4 takes the simpler form (see [8])

(2.3.3) G(p,4%) = 29(1 +iP).

2.4 The Connes Chern Character on Ay (For Rational 0)

Realizing Ay as M,-valued functions on the unit square, as in (2.2.1), where § = p/q,
the canonical trace is given by

1 pl
7(F) = 1/ / Trq(F(x, y)) dxdy
qJo Jo

for F € Ay, where Tr, is the usual trace on M, (). Also, the canonical derivations of
Ay are given by
0 0

o = Qa; 0 = qafy-

They are defined by
5 (U™V™) = 2mimU™V",  §,(U™V") = 2xinU™V".
Connes’ canonical cyclic 2-cocycle is given by (see [5, II1.2.5])

1
Soq(FOaFlan) = )

?T(FO[&(FI)%(FZ) — 5:(FH81(FY)))
11 1 1
B z_mq/o /0 Try (F°[61(F1)0,(F*) — 6,(F")61(F)]) dxdy

1 gl 1 a2 1 512
F* OF F' OF
:—q,/ / Trq(FO[—a OF _ OF OF })dxdy
2mi Jo Jo Jx Oy dy Ox
where F/ € Ay (are smooth elements). The extension of 4 to M, (Ay) is given by the
cup product

(g # Tr,)(F° ® a°, F' @ a', F* ® a®) = @, (F°,F', F*) - Tr,(a"a'a®)
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where F/ € Ay and @/ € M,(C). The Chern character invariant of Connes is then
given by: ¢;: Ko(Ap) — 7,

alQ] = ([Ql, ) = (pq # Tri)(Q, Q, Q),

where Q is a projection in M,,(Ag). For 0 < 6 < 1 the Powers-Rieffel projection ey
has ci(es) = @4(es,e9,e9) = —1 (as was shown by Connes). For § = 1, one can
show that ¢; of the Bott projection is =1, depending on the choices made for it (see
Section 5 below for details, and the footnote there).

2.5 Gaussian Sums

Recall the classical quadratic Gauss sum defined by

a1 q-1
G(p,q) = Zexp(Zﬂ'ijzp/q) = Z)\J
j=0 j=0

where p, g are relatively prime positive integers and A = ¢*?/4, For relatively prime
positive integers p, g and any m € Z define the following variant of the Gaussian sum

q—1 q—1
F(p,qsm) == Z)\j mi— Z:exp(zm(j2 +mj)p/q),
j=0 =0
q—1
F(p,q) :=F(p,g;1) = z:exp(Zﬂ'i(j2 + j)p/q).
j=0

(These sums arise in our trace computations below.) Suppose first that m = 2n.
Then

q—1

F(p,q;m) = exp(—2mipn®/q) - Zexp(Zm’(j +n)’p/q)

=0
= eXP(*umz/zq) -G(p,q)

since the terms in the preceding summation are just a cyclic permutation of the terms
comprising G(p, q). Now suppose m = 2n + 1 is odd. Then by the same reasoning

one has
q—1
F(p,q;m) = exp(—2mip(n’ +n)/q) - Zexp(Zm'[(j +n)* + (j+n)lp/q)
=0

= exp(—mip(m* — 1)/2q) - F(p,q).
Therefore, in either case one has

(2.5.1) F(p,gsm) = X" 4G(p, )60 + A~ “V/*F(p, )0
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Lemma 2.5-A Let \ = &™P/9, where p < q are relatively prime positive integers.
Then for q = 4%, where d is a positive integer, one has

F(p,a%) =0, and F(p,4%m) = 241 +iP )X~ 65,.

Proof Once F(p,4d) = 0 has been proven, one uses the fact that G(p,4d) =
29(1 + i?) to get, from (2.5.1),

F(p,gsm) = X" 4G(p, q)6mo = 29(1 + i )N " 60

giving the second equality. To see the first equality, we will show more generally that
if 4 divides g (so that p is odd), then F(p, q) = 0. Dividing the sum as follows

1_4

q—1 2 q—1
Fpg) = S = SN 3N
j=0 j=0 jzg

set k = j — 2 in the second sum, and since q/4 is an integer and A2 = —1, one
obtains
g_l %—1 g—l %_1
F(p,q) = Z N4 Z AR+ yala/4) ya/2 Z N Z A+ — -
j=0 k=0 j=0 k=0

Lemma 2.5-B For relatively prime p, q one has
Te(US'VeWg) = X" (850 + (—1)P"355) ,
TUPVEWE) = LFp qm—

111

(U ViWg') = oA P AN Fp g m+ p" = ).

In particular, when q = 4% (where d is a positive integer) these become
Tr(UJ'VEWE) = 2To0(U™V"W?),
Te(Ug'VeWe) = (1 = iP)Tio(U™V"W?),
Te(UPVIW) = —i(1 — iP)AP" 92T (U VW),
Proof Since

. [0 I,
(Y

one decomposes W, into the following block form

W = nx(q—n) nXxn o [x X
"7 lg-nx@—-n (@-nxn| Vi|Y x
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where, writing out only the (relevant) diagonal entries,

1
)\qfn+l

A=)

Ala=D (1)

where j =0,1,...,n—1,and
o -

)\n+1

Y= AJO)
\g—=D(g—n—=1)
where j = 0,1,...,4 — n — 1 (the non diagonal entries here have been left blank).

From this one has

0O I_ * X Y x
mysn _ 1 mm q—n _ 1 gmm
UsVoWo = 7o Ln OHY *]ﬁUO [* X]

and since
U(;” _ diag(l, )\m7 . ,)\m(q—n—l) | )\m(q—n)7 L. 7)\m(q—l))

one obtains

q—n—1 n—1
VaTr(Uy' VW) = Z AN Z Amla—nti) | yila=n+j)
j=0 =0

Making the translation k = j + # in the first sum it becomes Zz;i k=) \K(k=n)
which has the same type of terms as the second sum. Thus (and using A? = 1),

q—1
VATHUPVEW,) = A= " =ik — \=mip(p g m — )
k=0

so that one gets
Tr(US VW) = ﬁ)\_m”F(p, q,m — n).

From this one easily gets

Tr(UVEWS) = X" Tr(U, "V, "Wo) = ﬁF(p, q,m—n)
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as required. From this one gets, after recalling that W] = AP AW, =

11t

PP /4W0U0_Pl,
THUPVEW,) = Te(UVEW, ™)
=\ A UmvIUE W)

= NPPU AN T (U VW)

— P /Aynp’ L —
=\ A \/EIF(p,q,m+p’ n).

Next we compute Tr(UF'VIWE). Since W = Iy,

10 0 0
0 0 0 1
0o I_ So— (0)
nyAz2 _ g-n| [0 O 1 0] _ |99—n+l
i =[] R
o1 - 0O
where Sk the k X k symmetry matrix
0 0 1
0 1
Sk = )
1 0 0
So
1 0 0
m
Umvnw2: 0 A 0 Sq7n+1 o _ XLZ7?’H’1 o
07070 0 0 Snfl 0 Ynfl
0 0 Ama=1
where
0 0 1
0 A0
Xq—nﬂ - . )
A=) 0 0
0 0 )\m(q—nﬂ)
0 )\m(qfn+2) 0
Yn—l - :
A1) 0 0
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Therefore,
Tr (UG VEWE) = A" 260+ A" 2650 = A2 (8 + (= 1)P"8ng) -
Specializing to the case g = 4 (so p is odd) and using Lemma 2.5-A one has
4 M m-—n 2 . m n
TH(URVEWS) = Za(1+ iAo = (14 i) Ty (UMV'W?),
Te(USVEW3) = A2 (14 (=1)™) §rp = 2A "850850 = 2Too(U"V"W?),

and (as p, p’ areodd and g = p’ + p'’, from Section 2.3)

TH(USVEW) = o NPT E(p, 4T m + p’ — n)

= ﬁ)f’ﬁ"/b\w' 2A(1 4 PN =) /5

m+p’.n

o1

= (1 —iP)\P'P +p' /A \p  (mn) /2 \(m—n)/d5___

m+1,71

= —i(1 — P\ 2T (U W)
since X(P'P""tP")/4 = \P'9/t = o(pp’ /4) = e((=1+qp)/4) = —i,asrequired. W

3 Relation Between Two Sets of Unbounded Traces

In (7] it is proved that the algebra By, for rational 8 = p/q (with (p,q) = 1), is
isomorphic to a subalgebra of C(S*, My,) of functions that commute with certain
projections at three special points (which we refer to as “singularities”). As they do,
we shall identify the 2-sphere with the triangle T (shown in the figures below) with
the appropriate edges identified. We shall use T to denote the triangle without iden-
tifying its edges and write $? to denote the triangle with its edges identified. For con-
venience, we shall view this subalgebra as the set of all functions that commute with
certain finite-order unitaries at the singular points. More precisely, By is isomorphic
to (see [7, Theorem 6.2.1])

F(0,0) «—— W, ' ®D,
(3.1) Sp={FeC(S*M,oM,):F(1,1) «— w'wy™'wy) @D,
F(1,0) «— LoW, @ D

where (0, 0), (%, %) , (%, 0) are the singular points and X < Y means that X and
Y commute, and where D = diag(1, —1,1, —i) (which is 7 in the notation of [7]).
It is easy to see that the canonical trace on Sy, which arises from that of Ay given in

Section 2.4, is given by

1
7(F) = 5//T Tr4q(F(x7 y)) dxdy.
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(Which is clearly normalized.)
To obtain the isomorphism By — Sy, one considers (as in [7, p. 1190]) the inter-
mediate algebra
g(x,x) = (1o ® Ad D7) (g(1 — x,x)) }
32) Typ:= ceC(T,M, ® My) : .
(-2 ! {g ( 1 2 g(x,0) = (a0 ® Ad Dz)(g(l — X, O))

At this point we draw the reader’s attention to the Appendix below for the corrections

to [7] to be used freely henceforth (and already included in (3.1) and (3.2) above).
There are isomorphisms

(3.3) By v T, / S

given by, for f € Ay (viewed as a function on the unit square as in Section 2),

£441 ,q
1 . - -1,

rY(f) = Z f§ ffl) f(3) f2 ) and ’Y(W) - Iq ® D= 1 1Iq ,
foh ok i,

where ,
fo=>_ %ol (f)
=0

which is restricted to the triangle T'and belongs to the vector space

Toiky . gx,x) = ifarao(g(1 — x,x))
(3.4) AG(i%) = {g € C(T,My) g, 0) = (*Payo (g1 —x,0)) |

where 7 here is our 0! (see (8.1) of the Appendix.) Conversely, if g; are functions in
Ag(ik), k =0,1,2,3, then it is not hard to see that there is a unique function f € Ay
such that f; = g for each k.

The map 3 can be described as follows (after a careful examination of the proofs
in Sections 4.2 and 6.2 of [7]). For g € Ty one defines 5(g) to be the continuous
function on T (as a 2-sphere) such that

(3.5) B(g)(s) := (R, ® Dy) - g(s) - (R; @ D)™

fors € T — {s;}, where s — R, and s — D; are unitary-valued functions on T (with
respective values in M,(C) and M4(C)) that are continuous on T — {s;} and have
edge-limits as indicated in the figure shown below. The mapping D; can be chosen
to be diagonal-valued, a fact used below. Necessarily, these functions have jump
discontinuities at the singular points, but they are carefully chosen so that 3(g)(s)
is well-defined and continuous on $*—see [7, p. 1190].

The algebra Sy has ten trace functionals that arise from the three singular points.
Given F € Sy at each such point one can take the trace of any one of the block
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Indicated unitaries are the edge-limits Edge limits of the function s — D;
of the function s — R;

11
272

111

AP DoW,

(1,0)
0,00 I (},00 oW (0,0) I 10) D’

2

Figure I: The triangle T and the 2-sphere S*

decompositions of F(s) relative to the corresponding unitary that it commutes with.
But instead of doing this it will be more convenient to consider the following trace
functionals

7ik(F) = Tr(F(0,0)(W, ' ® D)) k=0,1,2,3
Go) B =Te(F(L1) - (w'w Wy @ D)) k=0,1,23

rou(F) = Te(F(4,0) oW, @ D)) k=0,1.

(These are in fact tracial maps on Sp.) To simplify, denote the underlying unitaries in
each case by w; ® Z; and the respective singular points by s; = (0,0), s, = ( %, %) ,
So = ( %, 0) , so that (3.6) can be written as

7i(F) = Tr(F(s;)(w; ® Z))F) .
LetY := {so, 51,5, }. Fixing f € Ay and expanding v(f) as

3

Y(f) =1 (fo ® I+ Z fi ® (matrices with zero diagonal))
=1

onehas,forsinT —Y,
6(7(]()) (s) = (Rs ® Dy) - y(f)(s) - (Rs ®Ds)_l
3
= H(RAHGR) @L+1> (RSf(5)R)

j=1

® (matrices with zero diagonal)
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and since B(v(W)) = B(I; ® D) = I; ® D (viewed as a constant function on T) and
Z; are all diagonal (being powers of D), one gets

e 8(0w) ) =7 (B(1(9) ty 2 DY)

Tr<ﬁ(fy(f)) (), ® D) (w; ® Z]-)")

lim Tr( B(7()) ()4, @ DY (w; © 2))")

SETJY

=1 Jim T ((RAOR) @ L) (1, @ D) (w; @ Z))"|
SETJY

=1 lim Te( (RAGR W) @ (D'Z))
SETJY

= lim Tr (R fo(s)RIw5) - Te(D' Z5).

seT—Y

=

|

Now near each singular point s; the unitary R, can approach either of the edges join-
ing at s; (see the left figure above); and although it is not continuous at the edges, the
limit of the trace Tr(RS fo(s)R? Wl;) will be independent of which edge it approaches
(since R; fo(s)R; is continuous). Thus one can let s — s; “toward” either edge. For
example, for s; = (0, 0) one can let R, — I, so that (since Z; = D and w; = WO_I
from (3.6)) one has

ILm Tr(RSﬁ)(s)R;"w’f) = lim Tr(fo(s) ~R;"WO_kRS) = Tr(fO(O,O)WO_k)
séTilY séTilY

since fy is itself continuous on T. Hence, one gets the first set of traces

i B(HAYWN) ) = FTr( fo(0,00Wg ) - Te(D"™)

where
To(D") = 0 ?fn Z 0(mod 4),
4 ifn=0(mod4),

Similarly, one gets

1—k

Tzk(ﬁ(’)’(f)’y(wr))) = iTr(fo(%, Lyw,
zoe( B(YDYWN) ) = 1T ( fo(4,0) ToW2)¥) - Tr(D™2).

) - Tr(D™F)

There is no danger of confusion to denote by U, V, W the unitaries in Sy corre-
sponding to the original unitaries U, V, W in By under the isomorphism S~. With
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f = U"V" these yield
Ti(UV"WT) = L Tr(£o(0,0)W, %) - Tr(D™F)

(3.7) UV W) = LTe(fo(, 5 Wi ) (D)

T U"VW) = § Tr(fo(%» 0) (Fowz)k) - Te(D™2F).

We are now ready to relate the set of evaluation traces {7 jx} with the original traces
(T
Proposition 3 With q = 49 and p odd, where d is a positive integer, one has
T = 4(1 — ip)Tlo, T2 = —41'(—1)[;(1 - ip)Tllv
712 = 8T, Ty = —8T7, To1 = 4Ts.
In particular, for p/q € Q/, these yield

1

_ 1+ _ -l 1 _ _1
Tio= S, Tnu="%7a, Tw=gz7T02 Tu=-372 Tn= %0

Proof In this proof we will make free use of Lemma 2.5-B and equations (2.2.3), and
in the computations to follow we shall take f = U™V™" so that

3
fo=> UV =U"V"+V"U T+ UV +VU"
j=0

or
folx,y) = e((mx + ny)/q) ugvy + e((—nx+ my)/q) ViU, "
+e(—mx — ny)U, "V, " + e(nx — my)Vy "U.

This will be used below in evaluating the expressions in (3.7). For 71; (and r = 3 and
since Tr(D*) = 4) one has, using (2.2.3) and Lemma 2.5-B,

T (U"V'W?) = Tr( fo(0,00W, 1) = 4 Te(UJ'VEW,) = 4(1 —if) - Tio(U"V'W?),

which holds for all m, n. For 7,; one takes r = 3 and gets (and recalling that p’ is
odd and that Wy is given by (2.2.5))

T (UV'W3) = Tr(fo(%, 1) w0’3)

= de((m+n)/2q) TH(UIVIW)

= de((m+n)/2q) - (=i)(1 — iP)AP 2Ty (UMY W ?)

= 4e((m+n)/2q) - (=i)(1 —i")e( pp'(m+n)/2q) T (U"V"W?)
e(qp(m+n)/2q) - (—4))(1 — i) T (U"V"W?)

= (—=DPU . (—4i)(1 — iP) T (U V"W?)
= —4i(-1)P(1 — i")T;,(U™V"W?)
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where the last equality holds since m+n is odd when Ty (U™V"W?) does not vanish.
For 71, one takes r = 2 to obtain

T(U"V'W?) = Tr( fo(0,00W5) = 4Tr(Uy'ViWg) = 8Ta(U"V"W?).

s

For 71, one uses the identity W/> = A~2'? /ZV(f”Ué)/Wg and the fact that p, p’,
p’’ are odd (see Section 2.3), and that p = 4 + p, to obtain
T (UMV"W?) = Tr(fo( 1 1) wo’z)

272
= 4e((m+n)/2q) T (U VIWS)

= de((m+n)/2q) X2 Py - vE UE W)

s

— 46((71’1 + n)/2q) APP /ZAP/(nJrP//)Tr(U6n+p/Vg+p//W§)

and using the first equation of Lemma 2.5-B this becomes

i

= 4de((m+n)/2q) \P'P

/2)\P’n)\f(m+p’)(n+p”>/2(5 + (= 1)Pmtr) s

n+p’’,0 n+p”.ﬁ)

111

= de((m+n)/2q) AP'P2NP NS Om D0 2 (1)) 6y
= AN (] — (—1)") &5,
= 8(—1)’%13)\_”1"/25%,15%,1
= 8(—1)P T, (U"V"W?) = —8T, (U"V"W?).
For 7, one has (recalling that W, = VO_P”)
T (UMV"W?) = Tr(fo( 10) FOWZ)
= 2e(m/2q) Tr(Ug'ViToW,) + 2e(—n/2q) Te(VU, "T\W3)
= 2e(m/2q) TH(UIVEVE " W2) + 2e(—n/2q) Te(VIU;"VE ' W2)
= 2e(m/2q) Te(UIVI? ' W2)
+ 2e(—n/2q)\™"™" Tr(U(;"Vgn+pllW§)
= 2e(m/2) A" (14 (1)) G
+2e(—n/2q) AN DR (14 (1)) 6
= 2(=D)T"N""2 (1 4+ (=1)™) 6ay
+2(=DTNT"2 (1 4+ (=1)") 654
= AN 0Oy + AN 26 00
= AN

= 4T (U™V"W?).
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When p/q € Q/, the second set of equations in the statement of the Proposition
follow immediately from the first set using (2.3.2). [ |

4  An Auxiliary Basis for Ko(B,/,)

As a step toward showing that the modules P;(0)) generate Ky(By) (for rational ),
we consider in this section an auxiliary basis for Ky(By) that arises naturally from the
realization of By as a sphere with singularities and which enables one to show that the
range of the reduced character T’ on Ky(By) (as defined in Section 2.1) is equal to its
range on Ry. To do this, we shall assume that 6 is in Q’, as defined in Section 2.3.
(See Proposition 4-D.)

Assume that § = p/q is any rational in (0, 1). Let F; be a rank one subprojection
of the spectral projection of W, ' corresponding to the eigenvalue 1. Similarly, let
F, be such a projection for W, IWO’_IWO, and Fy for I'yW,. These are all projec-
tions in M, (C), and we think of them as being “located” at the singular points (0, 0),
(%, %) , (%, 0) , respectively (¢f. definition of Sy in (3.1)). Thus, by definition, one
has WJIFI = F, (and similarly for F, and F;). Now let

e,]( :=F; ® E

for j =0,1,2and k = 1,2, 3,4, where E;, € M,(C) is the diagonal matrix that has 1
at the k-th diagonal entry and zeros elsewhere. These all have rank one in M; ® M,.
It will be convenient to introduce the following notation. If e, f, g are projections of
equal rank, denote by [e, f, g] a smooth projection-valued function on $? such that

[e7fag](%7%) =e [e7fag](070):f7 [e7fag](%70) =&

(Such a function clearly exists since the projections have equal rank.) So [e, f,g]
defines a projection in Sy, and hence a unique positive class in Ko(Sp). Now consider
the following eight projections in Sy:

(el ], [B+eel+el,ed+ell,
(4.1) le3, €5, €], [e +el,e5+es,e)+el],

(e, €5, €3], le3,e1,€)],

[eﬁ,e}heg], [eg,e{,eo].

We claim that these projections, together with one other class in the kernel of T’,
which will be x, 4 given by (2.1.7), form a basis for Ko(Sp) = Ko(Bg).

Since W, ' D has order four, let 1y, ny, n3, n4 be its spectral dimensions cor-
responding to the eigenvalues 1, —1, i, —i, respectively. (So, >_ inj= 4q.) Simi-
larly, let m; be the spectral dimensions of (W~ 1WO’ _IWO) ® D, and k, 49 — k those
of TyW, ® D? (which has order two). The commutant of W~ ' ® D (respectively,
WO*IWO’ﬂWo) ® D) in My ® My is isomorphic to @j M,,; (respectively, @j My).
For ['y\W, ® D? the commutant algebra is isomorphic to My & My, (Although
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these dimensions are known from [7] and [2], their exact values will not be needed
here.) Identifying each commutant in this way with its corresponding matrix algebra
direct sum, one has the surjective evaluation map

E:5) — F:= (@Mmj) @ (@Mn]> ® (My © Myg—i)
j j

(42) e(F) = ((F(4,3):F0,05F(1,0) )

where F( %, 0) € My @ Myy_i. Under &, the eight projections in (4.1) are mapped as
follows:

e, &1, €l] — (F2,0,0,0); (F1,0,0,0); (Fo,0), (0,0)
le3,e3,€5] — (0,F,,0,0); (0, F;,0,0); (0, Fy), (0, 0)
(e3, €3, €3] — (0,0, F,,0); (0,0, Fy,0);(0,0), (F, 0)
[e3, e}, €] — (0,0,0,F,); (0,0,0, F1); (0,0), (0, Fo)
[e3 + €3, e + 5, e) + €3] — (0, Fy, Fy,0); (Fy, Fy,0,0); (Fo, Fy), (0,0)
(&5 + €5, e +e5,e) +e)] — (0,0,F, F,); (0,Fy, Fi,0); (0, Fy), (Fy, 0)
(€3, e}, ] — (0, F3,0,0); (Fy,0,0,0); (Fy,0), (0,0)
le3,el, €3] — (0,0, F,,0); (F;,0,0,0);(0,0), (Fo, 0).

Letting ] denote the kernel of £, one has the short exact sequence

(4.3) 0 J— s —& o F 0

where j: | — Sy is inclusion. Under the induced map
£ Ky (Sy) KB =22 'e (2 2),
one gets (since F; has rank one)

lel, 1, €] — (1,0,0,0);(1,0,0,0);1,0
(63, 5,€5] > (0,1,0,0);(0,1,0,0);1,0
[e3, €}, €3] — (0,0,1,0);(0,0,1,0);0,1
le2, s, €3] — (0,0,0,1);(0,0,0,1);0, 1
(4.4)
[e5+e5,e] +ey,e) +e)] — (0,1,1,0);(1,1,0,0);2,0
[ +el,ey+e5,e)+e3] — (0,0,1,1);(0,1,1,0);1,1
[e3,el,e"] — (0,1,0,0);(1,0,0,0);1,0
(€3, €], €3] — (0,0,1,0);(1,0,0,0);0, 1.
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Remark 4-A Since ] is the ideal of all functions $* — M, vanishing at the three
singular points s;, it is isomorphic to Ry ® My, where

(4.5) Ry :={f € C(T,C) : f(s) = f(s1) = f(s2) =0}.

Hence Ky (J) =2 Ko(Rg) =2 Z, as can easily by checked. (See also the proof of Lemma 5-
B below.) Similarly, one has K, (J) = K, (Ry) = 72. |

Now consider the following part of the six-term exact K-theory sequence associ-
ated with (4.3)

(46) 72 Ky(]) —2— Ko(S) —2 Ko(F) —2— Ky() =22 — 0

where dy, the connecting homomorphism, is surjective (as K;(Syp) = 0, by [7]). Since
Ko(Sp) =2 7° and as the elements in Z'° given by

(4.7) (1,0,0,0);(0,0,0,0);0,0 and (0,0,0,0);(0,0,0,0);0,1

together with those in (4.4) constitute a 10 x 10 matrix whose determinant is 1, it
follows that &, (Ko(Sg)) is spanned by the images of the eight projections in (4.1).
These, together with the image under j. of a generator & of Ky(J), constitute a basis
for Ko(Sp). The remaining basis element j, (&) will be shown to be +x,, (Corol-
lary 5-D).

Remark 4-B By showing that the two Kj-elements corresponding to (4.7) are
mapped onto generators of K; (]) via d, one actually gets another proof, using (4.6),
that, for the rational case, Ky(Sp) =2 7° and K, (Sp) = 0.

Now let us calculate 713, 721, T12, T22, To1 on these eight projections. We do this
only for 7y, since for the others the computation is similar and shall only state the
results for the other 7;;. For k = 1,2, 3, 4 one gets

Tiilet, e, €] = Tr(eg(Wy ' @ D)) = Te(F,W, ' ® ED)
= Tr(F,W, ") Tr(ExD) = Tr(ExD)

since Tr(F, W(fl) = Tr(F;) = 1 (by the choice of F;). And as Tr(ExD) = 1, —1,1i, —1i,
for k = 1,2, 3, 4, respectively, one gets the value for 711 [¢f, ¢, €} ]. In the same man-
ner,

Tnlel +e5, el +ey, ) +e)] = Tr((e] +eb) - (W, ' @ D)) =0
rn[e§ + eie% +e§,eg + eg] = Tr((e; + eé) . ((W(Tl ®D))=—-1+1i
rll[eg,e{,e?] =1
T1lel el e)] = 1.

Doing the same for the other traces one can summarize the data in Table 2:
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Projection T Ti To1 T12 T To1
[e3,el, €] i 1 1 1 1 1
[e2, e}, €] i —1 -1 1 1 1
[e2, e}, €d] é i i -1 -1 -1
[e2, e}, ed] é —i —i -1 -1 -1
(&3 +e3,el +eb,ed +€d] 2_1q 0 i—1 2 0 2
[e2+ed, el +el,ed + €] zlq i—1 0 0 -2 0
[e2,el, ¢! i 1 -1 1 1 1
[e2, e}, €] i 1 i 1 —1 -1
Table 2

(The canonical trace values are immediate from the expression for = following
equation (3.1).) We now assume that § = p/q € )’ and use Proposition 3, together
with Table 2, to obtain Table 3 for T".

One is now in a position to check that each of these T’-images is in the Z-span
of T'(Pj), j = 1,...,9, as given in Table 1 (recall that in Table 1, ¢;, (b; are the real
and imaginary components of T} ;). In so doing, however, for the projections of trace
1/4q (in Table 3) one encounters equations of the form

pdn+1)—gb=1

to which integral solutions n, b are required, where b is given a priori to be in 47 + ¢
for some already prescribed § = 0, 1, 2, 3. This is guaranteed by the following simple
fact.

Lemma4-C Ifq=4% p = 4k + 1, and & € 7 are given, then there exists a € 47+ 1
and b € 47 + § such that pa — gb = 1.

Proof Pick integers a, b such that pa — gb = 1. Since q is even, a is odd, so write
a = 2a’ + 1. Substituting this into (4k + 1)a — 49b = 1 implies that a’ is even, so
that a € 47 + 1. Now for any integer t one has p(a + 4%) — q(b + tp) = 1, and
b+ pt = b+ 4kt +tisin 47 + ¢ if one chooses t = § — b, done. |
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Projection T Tio T T Ty Ty,
[e%ve}ae(l)] 4_1q % 7é1;+l 213 _é i
ERR e
T
R
(&3 +e3,el +eb,ed +ed] 2_1q 0 —1 i 0 i
(&2 +e2,el +el,ed+el] 2_1q -1 0 0 i 0
[e3, e, €] R 1= Lo
A

Table 3: Values of T for p/q € Q'

For the other two projections of trace 1/2g one requires integer solutions n, b to
p@2n+1)—1b=1
where b is prescribed to be in 4Z + §. This however can be solved in exactly the
same fashion. For completion we do this. Since g = 44 pick integers a, b such that

pa— 1b = 1. Again ais odd, so write a = 2a’ + 1 so that p(2a’ + 1) — b = 1. Now
for any integer t one has

p(2a" +1+%t) = (b +pr) =1
where 2a’ + 1 + 4t is clearly in 27 + 1 and b + pt = b + 4kt + t which can be chosen
in 47 + § by taking t = § — b. We have therefore proved the following.
Proposition 4-D  For any 6 € )/, one has T'(Ko(By)) = T'(Ry).

5 The Connes Chern Character of a Bott Projection

The objective of this section is to identify the generator of Ker(€,) C Ky(Sp), com-
pute Connes’ canonical cyclic 2-cocycle, and therefore show that this generator is
+5, 4 (as defined by (2.1.7)). This is done by proving the following.

Proposition 5-A  For any positive rational § = p/q < 1, the class k, o € Ko(Sp) is the
image of a generator of Ko(J) = Z under the canonical map j.: Ko(J) — Ko(Sp).
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First we need the following lemma.

Lemma 5-B  With R, defined as in (4.5), the group Ko(Ry) = 7 is generated by an
element of the form & = [Py] — [1] where

(5.1) Py = [lgf ﬂ

and f, g are smooth and rapidly decreasing functions at the boundary of T.

Proof Consider the short exact sequence

«

0 —— Co(T) —— Ry

Co((0,1)) ©Co((0,1)) —— 0

where Cy(T) is the subalgebra of R, of functions vanishing along the boundary of
T, and where «, here, restricts a function to the two line segments connecting the
singular points (0, 0), ( %, %) and (0, 0), ( %, 0) . Looking at the corresponding exact
sequence of K, groups one gets

Ko (Co(T)) - Ko(Ry) —=— K0<Co((0,1)) @Co((O,l))) =0

SO j is onto, and since KO(CO(T)) > 7 = Ky(Ry), one deduces that j, is an iso-
morphism. Since it is known that a generator of Kj (CO(T)) has the form [Py] — [1],
where Py has the form (5.1), one gets a generator of Ky(Ry) that has exactly the same
form. Finally, since the smooth rapidly decreasing functions at the boundary of T are
dense in Cy(T), and are closed under the holomorphic functional calculus, one can
modify Py so that f and g are smooth and rapidly decreasing. ]

Lemma 5-C One has Cl(j*(f)) = +4q.

Let p: Ry — J denote the homomorphism p(f) = fe;; where e;; = eﬁ? ® eﬁ) S
M, ® M,. Then the induced map p.: Ko(Ry) — Ko(J) is an isomorphism and so
mapping & to a generator £ of Ky(J). More precisely, letting p: Ry — J denote the

unitized map associated with p (J being the unitization of J), so that p(f + z1) =
fen + 2zl (f € Ry), one has

(5.2) & = pu(&0) = p«([Po]=[1]) = pu([Po]—[1]) = [p(Po)]—=[p(1)] = [P]—[I4]

where

L —feu gen
5.3 P:=|"_
(53) { gen fen}

is a projection belonging to M,(J) C M,(Sy). Thus, C,(£) = C,(P). To calculate
C,(P), one takes P back to By via the isomorphism (v (of Section 3), then following
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it by the injection ¥: By — My (Ay) and so obtain C;(P) = ¢ (\I/((ﬁ’y)*l(P)) ) (as
defined in Section 2.1). Now

(ﬂ’y)_l(P) — lBg - (57)71(f611) (ﬂfy)l(gell)]

(67) " (Zenn) By~ (feun)

and since fe;; = if(eﬁ) QL) Ig+;®D+I1;® D? + I, ® D?) one gets

B fea) = BN LfE @ 1)) - (1+ W+ W2+ W?)
=y (L RTETR@L) - (1+ W+ W2+ W?)
= 1F1+W+W?+W?)

where F is the unique function in Ay such that y(F) = f - R_leﬁ)R ® Iy. Similarly,
let G be the function in Ay such that v(G) = g - R 'R ® I,. Let f := - R 'e\YR
so that it is easy to check that it belongs to Aj. Letting T}, T5, T3, T denote the closed
triangles formed by the diagonal lines y = x, y = 1 — x of the unit square (with T;
being the left, T; the top, T3 the right, and T the bottom triangle) one sets

ao(f(y, 1 fx)) if (x,y) € T3
B ag(f(l—x,l—y)) if (x,y) € T,
f(x,y) if(x,y) eT

where 0y is the order-four automorphism of M, defined in Section 2.2. (It is easily
checked that F is well-defined and belongs to the fixed point subalgebra of Ay under

0.) A similar formula holds for G in terms of § := g - R_legc{)R. By definition, one
easily checks that v(F) = f ® I and v(G) = ¢ ® I4. One thus has
U((By) (fen)) = LU (F1+W+W?+W?)) =F®E

where E is the rank one projection

NNy
—
—_ = = =
—
—_ = = =

Hence,
I, L —FQE GRE

Q=9 ((BN~(P) = G*QE FQE

and belongs to M, (M4 (Ag)) . (Here, I, is the identity element of Ay.)
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Now it is clear that we need to compute (¢, # Try # Tr;)(Q,Q,Q) = ¢ #
Tr,(Q, Q, Q), where ¥ := ¢, # Try and ¢, is given in Section 2.4, and show that
it is divisible by 4. Thus, using the cyclicity property, one obtains
alQ] = (g #Try # Tr2)(Q, Q, Q) = ¥ # Tr2(Q, Q, Q)

=y(—FQE, —-FQ®E -FQE) +¢Y(-F®E G®E,G"QE)
+Y(GRE G QE -F®E)+Y(GREFRE,G QE)
+Y(G*®E,~F®E G®E)+(G*"®E,GR®E,FRQE)
+Y(FREFREFQE +Y(FREG ®E GR®E)

=3)(—FQE G®E,G* QE) +3)(FRE,G* ®E,G® E)

=3(p # Try)(—FQE,GRE,G" ®E) +3(py # Try)(FR E,G* ® E,GR E)

— —3p,(F,G.G") + 3p,(F.G", G)

which by the expression for ¢, in Section 2.4 becomes
1 gl
q 0G 0G*  0G OG*
=-3— Tr | F| = ————| ) dxd
27ri/0 /0 r( [&c dy Oy Ox x4y
1 1 *
q 0G*0G 0G* 0G
3— Te(F|o— —— — —F— || dxd
" 27ri/0 /0 r( {&c Oy Oy Ox ahed
_ .1 F1 0808 080
=g //T o (f {&c dy Oy ox dxdy
a [og og oz og
12- 4 [T S22
" 2mi //T r\/ [ Ox dy Oy Ox dxdy

=4 (=3p,(f,8.8) +304(f,8".9)

(5.5)

where, in the last equality, f and g (and hence f, §) have been extended to the unit
square by defining them to be zero outside the triangle T. (Since f, g are smooth and
rapidly decreasing at the boundary of T—Lemma 5-D—the resulting extensions are
smooth on the unit square.) Letting P’ denote the projection

[l g

whose entries belong to the subalgebra A = A+ ClI; of Ay, where U := M,; ®
Co((0,1)?), one has

—304(f,8,8°) +30,(f.&".8) = (¢ # Tr)(P', P, P').
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Now [P'] — [I,] is in Ko () 22 Z, which is generated by [Ppoy] — [I;], where

(q) (q)
o [I_feq gel?‘|
PBott o
gell fen

as is easily checked. So there is an integer # such that [P'] — [I;] = n([Ppot] — [14]) in
Ko(). This still holds in Ky(Ag). Continuing with our computation in (5.5) above
we have

C1(j+(9) = arlQl = 4o # To)(P', P, P') = 4([P'], 0q) = 4([P"] = [Iy], )
= 4n<[PBott] - [ q]v@q>

= 4”(<Pq # Tr2) (Pgott, Photts Ppott)
(q) (q) (q) (q)
= 4”[_39%(](31[{ ,gen ,gerr) + 3§0q(f611 ,ger1,ge)]

= 4”(76)80q(f31ql 7gelq1 7§elq1 )

agn- & 0g 08 J308
dan- 271'1// {Bxay Oy Ox dxdy

= —4qn - ([Po], 1)

where Py is given by (5.1) (with f, g extended as above), and ([Py], ¢;) is an integer.!

Therefore, C; ( j*(f)) = ¢[Q] is divisible by 4q, which proves Lemma 5-C. To
complete the proof of Proposition 5-A, it is easy to see directly that j.(£), given
by (5.2) and (5.3) and using (3.6), maps to zero by the components of T’. Thus
Ker(€,) C Ker(T’) and from the above calculation,

T(j«(€) = (0;0,0,0,050,0,0; —4gN)

where N = n([Po], ¢1). But we already know (from Section 2.1) that T(k,4) =
(0;0,0,0,0;0,0,0;4q), thus T(j.(£)) = —NT(kp,). As T is injective on Ko(By)
(since 6 is rational), one gets j,(§{) = —Nr, 4 in Ko(By).

Corollary 5-D For § € Q), one has Ker(T') = 7.j,(§) = Zkp 4.

Proof It was already shown in Section 4 that the eight classes in Table 3, i.e., of (4.1),
together with j. (), yield a basis for Ky(Sp). Since the values of T’ (given by Table 3)
are independent and T’ vanishes on . (&), it follows that 7, () generates Ker(T’).
But since j.(§) = —N&kp4and T'(k,4) = 0 it follows that N = +1, so that j,(§) =
t+kp 4. Thus, Ker(T') = Zj.(§) = Zkp 4. [ |

This completes the proof of Proposition 5-A. (Note that in the above computation
n = £1and ([Py], 1) = %1 hold automatically.)

! Although Connes [4] showed that ¢; is integer-valued for 0 < # < 1 by computing it for the Powers-
Rieffel projection, this can still be done in the case # = 1 for the Bott projection (5.1) to obtain the same
result. In fact, one can show that ([Py], 1) = 1, but we shall not need this here.
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6 Conclusions

Proposition 6-A For 0 € Q', the set {P\(0),...,Ps(0)} is a basis for the group
Ko(Bp).

Proof Since the modules P;(f)) are already independent (for each ), it is enough
to show that they generate. So pick any x in Ky(Sp). From Proposition 4-D (since
0 € Q') one can write T'(x) = Z?:] n;T'([P;]) for some integers n;. Therefore, by

Corollary 5-D, one gets
9

x = Z n;[P;] + mrp,
j=1

for some integer m (where @ = p/q). The result follows since x4 is, by definition,
in Ry. |

The conclusion of this proposition will in fact remain true for all rationals as will
be seen from Corollary 6-C below.

Remark 1t is not hard to see that the unbounded traces T}; on the smooth *-sub-
algebra B, (as defined by (2.1.2) with respect to the canonical unitary generators U,
Vi, W;) are strongly continuous in the parameter ¢, in the sense that if £ is a locally
defined continuous section of the continuous field of smooth *-subalgebras {B, } (so
its values are smooth elements), then the map ¢ +— T! i (5 (t)) is continuous. Further,
the same can be seen to hold for Connes’ canonical cyclic 2-cocycle

o' (%', x*) = ﬁrt(xo[t?ﬁ(x‘)tsé(xz) — 85(x")8} (x)])

on the smooth rotation algebra A;, where ¢!, 0% are the canonical derivations asso-
ciated with the unitary generators U;, V;, and 7, is the canonical trace on A,. That
is, if ¢/, j = 0, 1,2 are locally defined continuous sections of the continuous field of
smooth *-subalgebras {B,}, then the map t — ¢' (£°(t), £'(t), £%(t)) is continuous.

Theorem 6-B (Range of the Connes Chern Character) Forany 0 < 6 < 1 one has
the range of the Connes Chern character:

T(Ko(By)) = T(Ry)

where Ry is the subgroup of Ko(By) generated by {P1(0), . .., Ps(6)}. More specifically,
the range is spanned by the rows in Table 1.

Proof Equality holds for 6 € Q' in view of the preceding proposition which has
Ko(By) = Rp. So fixany 0 < 6 < 1 and fix a positive class [e] € Ky(By), where e
is a smooth projection in some matrix algebra over By. Let t — ¢, be a continuous
section of smooth projections of the continuous field of matrix algebras over By (all
of the same size), defined in a neighborhood of 6, such that ¢y = e. The values
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of canonical traces t — 7;(e;) defines a continuous function which takes values in
i(Z + 7t) for each t. There are integers m, n (independent of t) such that

Ti(e) = Y(m+nt) and Ci(e) = —n

for ¢ near 6 (where we wrote C} to specify the dependence of Cy, as in Section 2.1,
upon t). To see this, note that Ci(e;) is a constant integer, by the continu-
ity of Connes’ cyclic 2-cocycle ¢' as easily seen from Ci(e,) = (¢' # Tr) -
(\I/t(et), \I/t(et),\Ilt(et)) (where ¥, = W is given as in (2.1.6)). As 7,(e;) is itself
continuous, the result follows.

Now write

Tt([et]) = ( i(m + nt); ¢6(et); ¢6t(et)7 Qstl(et)a Qsit(et); Téo(et)a Tél(et), T£2(et); *”)
where T* denotes the Connes Chern character on Ky(B;). Fort € Q’, Proposition 6-
A and Table 1 show that d);-(et), gb}t(et), T: j(et) can only take values in éZ, and since
these are continuous in ¢, they must be constant for ¢ in a neighborhood of . Now
note that for each such ¢ one has

(6.1) T ([e:] — n[P7(1)] — m[P5(1)]) = (05 a9, ag, a1, aj; b, by, by; 0)

for some constants ay, a4, a1, a1, bo, by, by € %Z Letx; = [e;] — n[P;(¢)] — m[P5(1)].
Evaluating (6.1) at a rational r in Q' near 6, one gets

(0s a9, ag, a1, ay; by, by, by;0) = T"(x,) = T'(g,)

for some g, € R,, by Proposition 6-A. Writing

9
g = mlPr)]
k=1
for some integers ny, define g := 22:1 ng[Pr(t)] so that g, € R, for each t. Now it
follows that for each t
T'(g:) = (0; ao, ag, ar, ai; by, by, by; 0).

To see this, note that C7(g,) = 0 implies 17 + ng + 19 = 0, so that the canonical trace
of g (for arbitrary t near 0) is

1 1 1 1 1 1 t
1’[124‘7’1254‘1’[31+T’l4z+7’15§+1’l61+(1’l7+713+1’19)1 = 0.

Therefore, T’( le;] — n[P;(t)] — m[P3(t)]) = T'(g), and the result follows upon
evaluating this at t = 6. ]

Corollary 6-C  For each rational 0 < 0 < 1, the set {P1(0), ..., Py(0)} is a basis for
the group Ko(Bp).
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Proof This follows from Theorem 6-B since T is injective on Ky(By) (Theorem 2.1)
and since Ky(B,/,) = 72’ (see [6]). [ ]

Remark Although P (), ..., Ps(t), given by (2.1.1), are continuous sections of the
field of C*-algebras {B, : 0 < ¢ < 1}, the same is not as immediate (though it is true)
for the Fourier module P;(¢t) = JF; as a function of ¢. This explains the reason for the
argument to follow. The author has shown (in unpublished work [17]) that in fact
there is a finitely generated projective module over the C*-algebra of sections of the
field which, at each t € (0, 1), gives the class of F;. However, it will not be necessary
to use this result here.

For each rational r € (0, 1) there is a closed interval N, containing r (in its inte-
rior) such that [P;(r)] = [5]’(1’)] in Ko(B,), j = 1,...,9, for some projection £’ in
some matrix algebra over I'|N;,, the C*-algebra of all continuous sections of the field
of C*-algebras {B; : t € N, }. Thus, if&;: I'|N, — B is the evaluation map att € N,
then €, [5;] = [Pj(r)] so that the induced map

Erxt K()(F|Nr) — KO(Br)
is surjective.

Claim For each j and t € N, one has T(Pj(t)) = T(g;(t)) . Moreover, for each
t € N, N Q) one has [fg(t)] = [P;(t)] in Ko(B;). In particular, if t € N, N Q, then the
induced map &, : Ko(T'|N;) — Ko(B;) is surjective.

Proof Clearly, from Table 1, for each fixed j there are integers m, n and constants
ag, ay, a1,a;, bo, by, by € %Z such that for each t € (0, 1)

T(P;(t)) = (3(m+nt)a,aq,ar,a15bo, by, by; —n) .
As in the first paragraph of the proof of Theorem 6-B one can write, for each t € N,
T(f;(t)) = ($(m" +n't);c0,c0, 1, ¢35 g, di, dy; —n')

for some integers m’, n’ and constants ¢, ¢;, d; independent of ¢. Since [¢(r)] =
[Pj(r)], evaluation at t = ryields n’ = n, m" = m, ¢x = ax, ¢, = aj, d; = by. Thus,
T(Pj(t)) = T({;(t)) for each t € N, and the result follows from the injectivity of T
when ¢ is rational. [

We now appeal to the slighly more general results obtained in Section 7—the con-
ditions for which were modelled on the current problem.

From the above claim it follows that by applying Corollary 7.3-E(a) to the field
{B; : t € N,} and the classes {[&]],...,[&]} in Ko(T'|N,), one obtains a dense G
subset G, of N, such that for each t € G, the set {[&](¥)], ..., [£(#)]} is a basis for
Ky(B;). Since from the above claim we have T(P]-(t)) = T(f;-(t)) foreacht € N,,

and since from Table 1 above T(Pj(t)) are independent over Z, it follows that T is
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injective on Ky(B;) and thus [E;(t)] = [Pj(t)] so that {[P(¢), ..., [Po(t)]} is a basis
for Ky(B;) for each t € G,.

Since the countable union of Gy sets is also a Gy set, the union G = (J{G, :
r € Qn(0,1)} is a Gs subset of (0, 1), which is clearly dense in (0,1). Therefore,
{[P1(D)],...,[Ps(0)]} is a basis for Ko(By) for each 6 in G. One thus obtains the
following.

Theorem 6-E There is a dense G; subset G of (0, 1) (containing the rationals) such that
the set {P1(0), ..., Po(0)} is a basis for the group Ko(By) for each 0 € G. In particular,
Ko(Bg) = 7°.

The result for K; is much easier since one essentially invokes a Baire category ar-
gument and uses the fact that it holds in the rational case [6]. (More precisely, see
Theorem 7.2-B below.)

Theorem 6-F Thereis a dense G set of parameters 0 in (0, 1) (containing the rationals)
for which K;(By) = 0.

Now we can say something about the K-groups of the fixed point subalgebra Aj of
the rotation algebra under the Fourier automorphism. (But not about the generators
of its Ky—save using the isomorphism Ky (A§) = Ky(By) implemented by the strong
Morita equivalence between Aj and By.)

Corollary 6-G For a dense Gs set of parameters 0 in (0, 1), containing the rationals

except for i, %, %, one has Ko(Aj) = 7° and K;(Aj) = 0.

Proof For the rational case the result was shown in [7, Corollary 3.2.6]. The ir-
rational case follows from Theorems 6-E and 6-F since in this case the fixed point
subalgebra and the crossed product By are strongly Morita equivalent [12]. ]

It now appears, using Theorem 6-E and Table 1, that techniques similar to those of
[13, Theorem 4.1], could be carried out to show that the positive cone of Ky(By) (for
0 in a dense Gs) can be characterized as the set of elements of positive trace. This,
together with the vanishing of K, would be further evidence that By is an AF-algebra
for irrational §. From this it will follow that the ordered group Ky(Bp) is unperforated
and is a dimension group. But these considerations will be left for a future paper.

7 Continuous Fields of C*-Algebras

In this section we generalize the situation we have so far obtained above to two hy-
potheses on a continuous field of C*-algebras. Under these hypotheses certain K-
theoretical data which are known to hold for a dense set of fibers, of a continuous
field of C*-algebras over [0, 1], are shown to continue to hold on a dense G subset of
the parameter space. For example, such data can be the free-rank of the Ky-group or
the vanishing of the K;-group. The basic result is that under these hypotheses there
is a surjection Ko(I") — Ky(B;) for each ¢, induced by evaluation, where {B;} is the
field and I' the C*-algebra of the field.
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7.1 A Slightly General Situation

Let {B;} be a separable continuous field of unital C*-algebras with parameter space
[0, 1], so that I, the C*-algebra of continuous (global) sections of the field, is sep-
arable. (We will need the separability of I' so that Ko(I') and K;(I") are countable
groups.) The two hypotheses are:

(H1) There are positive classes [P ], .. ., [Py] in Ko(I') and a dense subset Q of [0, 1]
such that: for each t € Q and each x € K (B;) there is a positive integer 1, ,
such that

My x € L[Py(t)] + -+ Z[Pn(t)].
(H2) There is a dense subset Q of [0, 1] such that for eacht € Q

K; (Bt) =0.

Under each of these assumptions, separately, it will be shown in this section that
they continue to hold on a dense Gy set containing Q (Theorems 7.3-C and 7.2-B).
The main result will be to show that under (H1), the canonical map e, : Ko(I') —
Ky(B;), induced by the evaluation map &;: I' — B; at ¢, is almost surjective for all
(Theorem 7.3-B), in the sense that each element in Ky(B;) has a non-zero integral
multiple in the span of [Py (t)], ..., [Pn(t)].

Clearly, of particular interest is the case m; , = 1 (since in the Fourier case dealt
with above the nine modules form a basis for Ky(By) when 6 is rational—Corollary 6-
C). In this case the map &;. is surjective for each t. Furthermore, under both (H1)
and (H2), one obtains the short exact sequence

0 —— Ki(Jy) —2— K(I) —=— Ki(B,) — 0

foreachtin [0, 1] and fori = 0, 1, where J; = Ker(e;) and j: J; — I is the canonical
inclusion. (See Corollary 7.3-E.)

Presumably, these hypotheses can be tested and applied to similar situations such
as the order three and order six automorphisms of the rotation algebra and the result-
ing crossed products. These examples are discussed briefly at the end of this section.

Notation For each t let R, be the subgroup of Ky (B;) defined by
R, :i=7[Pi(t)] +---+Z[Pn(D)].

All sections of the field {B,} are assumed to be continuous. By a ‘global’ section
is meant one that is continuous and defined over [0, 1]. We will say that a group
homomorphism K — H is almost surjective if for each h € H there is a positive
integer m such that mbh is in its range.

7.2 The K;-Group

The results of this section are simple and probably well-known, but are included here
for completeness (and since the author was unable to find a reference in the literature
from which to derive it).
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Lemma 7.2-A Let {B, : t € [0,1]} be a continuous field of unital C*-algebras such
that Ky(B;) = 0 for each t in a dense subset Q of [0, 1]. Then for each 0 the canonical
map K1(I') — K;(By) is surjective. More precisely, for each 8 in [0, 1], a positive integer
n, and each invertible w in M,,(By), there exists a positive integer m and a global section
& of the field {M,,+,,(B;) : t € [0,1]} such that £(¢) is invertible for each t and £(0) =
w @ I,

Proof First, choose a section ¢ — w(t) of the field defined on a small enough open
interval J containing # and consisting of invertible elements such that w(f) = w. Fix
r,s € QN Jsuch that r < 6 < s. Since the Kj-groups of B, and B, are zero, there
exists an integer m such that
w(r)® 1, € GL), (B,), and w(s) @I, € GLY,, (B,).

Each can be written as a product of exponentials w(r) ® I, = e - - - e, w(s) B I, =
et .. % for some T; € Myim(B:), Si € Myym(B;), and some integers k and £. Now
extend each T to a global section T;(t) (of the field {M,,+,,(B;) : t € [0,1]}) so that
T;(r) = Tj, and similarly S; to a global section S;(¢) such that S;(s) = S;. Define a
global section ¢ of invertible elements by

el .. T <t<r,
£(t) = qw(t) © I r<t<s,
S LS < <

By construction, £ is well-defined at r and s, continuous, and so defines a global
section of invertible elements with the required condition. ]

From the short exact sequence

0 by — 1 =, B, 0

where Jy = {€ € T': £(6) = 0}, g9(§) = £(0), and jy the canonical inclusion, one
has its associated six-term exact sequence

Ko(Jy) —2 Ko(T) —%— Ko(By)

il Lo

Ki(By) —2— Ky(T) —“— Ky(Jy)

Theorem 7.2-B Let {B; : t € [0, 1]} be a separable continuous field of unital C*-
algebras such that Ky(B;) = 0 for each t in a dense subset Q of [0, 1]. Then there is a
dense Gs subset G of [0, 1] containing Q such that Ky(By) = 0 for each 6 € G.
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Proof Let [¢!], [€%],... be an enumeration of the elements of K, (T"). By the six term
exact sequence above, and since K;(B,) = 0, for each r € Q there is a surjection

jr*: Kl(]r) - Kl(r)
For each r € Qand each n = 1,2,... choose [n'] € K;(J,) such that j..([n']) =
(1] = [€"]) in Ky (T). Thus €"(p?) " € GLY(T) so that £"(1) (5(1)) ~ € GLY(B,)
for each t. Now since 1(r) is a matrix with scalar entries and ¢ — 7"(t)"! is

continuous, it follows that there is an open interval [,(r) containing r such that
£"(t) € GLY B,) for t € I,(r). Now let

W, = | J (),
reqQ

a dense open set in [0, 1], and consider the dense Gy set

n=1

Now for 8 € G one has K;(By) = 0. To see this, fix § € G so that for each n, 8 € I,,(r)
for some r € Q. So, £"(#) € GL°(By). Hence, [£"(6)] = 0 in K;(By) for all n. Since,
by Lemma 7.2-A, the map (evy);: Ki(I') — K;(By) is surjective for all 6, so that
[E1(0)], [£€2(0)], . .. constitute all the elements of K; (By), it follows that K; (By) = 0.

|

7.3 The K,-Group
Throughout this section we shall assume that {B; : t € [0, 1]} is a given continuous
field of unital C*-algebras.

Lemma 7.3-A  Assume the field {B, : t € [0,1]} satisfies the hypothesis (HI). Let
e: (a,b) — U, B; be any local section of projections of the field. Then eachr € QN(a, b)
has a neighborhood on which m,.[e(t)] € R, where x = [e(r)].

Proof Putm = m,,. Since r € Q, m[e(r)] € R,, so that one can write

mle(r)] = > n;[P;(r)],
j

for some integers n;. By continuity, this equation holds in a neighborhood of 7, which
gives the result. ]

Theorem 7.3-B  Assume that the field {B, : t € [0, 1]} satisfies the hypothesis (H1).
Fix 0 and a projection e in a matrix algebra over By. Then there are global sections
of projections py(t) and p,(t) of the field {M,,(B;) : t € [0, 1]} (for some m) and a
positive integer ny such that

[p2(0)] — [p1(0)] = ngye]

in Ko(By). In particular, for each 0 the canonical map Ko(I') — Ko(By) is almost
surjective. The integer ny is the least common multiple of two integers of the form m,.
appearing in (H1).
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Proof Choose a section e(t) of the field defined on a sufficiently small interval I
containing € such that e(t) is a projection for each t € I and e(f) = e. Pickr,s € QNI
such that r < 6 < s. Using the projections Py, ..., Py of (H1), there exist global
sections Ry, Ry, 1, S, of projections (in possibly different matrix-size algebras) whose
classes at each t belong to R, and such that

mle(r)] = [Ro(r)] — [Ri(r)] € R,, m'[e(s)] = [S2(s)] — [Si(s)] € R,

where m = m, (o)) and m’ = m, o). Let n = lem(m, m’), so that by suitably
modifying R}, S; one can assume without loss of generality that

(7.3.1)  nle(r)] = [Ry(r)] — [Ri()] € R,, nle(s)] = [S2(s)] — [S1(5)] € Rs.

These equations in fact hold in a neighborhood of r and s (with # held fixed), respec-
tively, in view of Lemma 7.3-A. Without loss of generality one can assume

size(R,) = size(R;) + nsize(e) and size(S,) = size(Sy) + n size(e).

From (7.3.1) there exists positive integers p, g, p’, 9" and invertibles w and u in some
matrix algebra over B, and B;, respectively, such that

(7.3.2) e(N™ @ R(r) DI, ® Oy = w[Ry(r) ® I, ® Of]lw™"
(7.3.3) e(s)™ @ Sy(s) ® I,y & O = ulSy(s) B Ips & OprJu~".

One can assume that w and u have the same size k after suitable enlargements. Letting
R;(t) =Rj(t)® I, ® O and S;(t) = §;(t) @I, © Oy, for j = 1,2, these become

(7.3.2") e(r)™ @ R (r) = wRy(r)w™!
(7.3.3") e(s)™ @ S{(s) = uS(s)u~"

and equations (7.3.1) are unchanged when R; and S; are replaced by R]{ and SJ’-, re-
spectively. Choose global sections of invertibles £(¢) and 7(t) in some matrix algebra
over the field such that £(r) = w @ w~! and 7(s) = u @ u~!. (This is possible since
w @ w! is in the connected component of the identity, so is a product of exponen-
tials, and hence extends to a global invertible section.) Thus (7.3.2’) and (7.3.3”) can
be written as

(7.3.2"") e()™ ®R{(1)® O =wadw ) (Ry(r)®O) (wdw ™!
(7.3.3") e(s)" © S(s) ® O = (u® u~")(S4(s) D OR) (wdu ")~
Adding S](r) to both sides of (7.3.2"’) and adding R;(s) to both sides of (7.3.3’’) one
obtains

e(r)" ® R{(r) ® Oy @ S(r)
(7.3.2'")

=wew ' @ Ly)[R(1) ® O ®S|(N(wd w ' @ 1L,)""
e(s)™ @ S](s) ® Ox @ R} (s)

(7.3.3""")

=wou ' LS COSROudu I,
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where m; is the size of S| and n, the size of R{. Now let
pi(t) = R{(t) ® O ® Si(1).

Let C(¢), for r < t < s, denote a continuous path of invertible matrices over the
complex numbers such that C(r) = Identity and C(s) the permutation matrix such

that
CHXDYDODZIC(S) '=XDZDOrDY.
Now put
(60) ® L) [RY(H) @ Ok @ S{(D] (£() ® L) 0<t<r
pa(t) = < C()[e(t)™ @ R{(t) @ O ® S{(1)]C(t)~! r<t<s
(n®) & L,) [S5(6) ® Ok @ Rj(O] (1) @ 1,) ' s<t<1.

It easily follows that p; (¢) and p,(t) are well-defined continuous sections, by (7.3.2"'/)
and (7.3.3""’), and that [p,(0)] — [p1(0)] = n[e] € Ky(By) is the canonical image of
[p2] — [p1] in Ko(I). [}

Remark Note that the class of p;(¢) is in R, for each ¢, whereas the class of p,(t) is
in R, for all t outside some neighborhood of 6.

Theorem 7.3-C  Assume that the continuous field {B,} is separable and satisfies the
hypothesis (H1). There is a dense Gs subset G of [0, 1] containing Q such that for each
0 € G and each x € Ky(By) there is a positive integer Ny (x) such that

Ny(x) - x € Z[P(0)] + - - - + Z[Pn(0)].

In addition, the integer Ny(x) is a product of two integers, one of the form m,, and the
other a least common multiple of two integers of the form m,, (which appear in (HI)) .

Proof Let x;,x;,... be an enumeration of the elements of Ky(I'). By Lemma 7.3-
A, for each x; and each r € Q there is an open interval I;(r) containing r such that
Mrxr) - Xj(t) € Ry fort € I;(r), where x(t) := &.(x) (here, &, is as defined in

Section 7.2). Let
u]' = U Ij(i’)
reQ
a dense open set, and consider the dense Gj set

G=NU;.

DX

-
I

Now pick any element y € Ky(By) where § € G. Then by Theorem 7.3-B there is a
positive integer ng with ngy = x;(0) for some k. Now € being in Uy is in I;(r) for
some r € Qso that m,y, () - xk(0) € Rg. Thus M, (r) - 119 - Y = My () - X(0) € Rp s0
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that the result holds with Ny (x) = 1, (s - ng is of the exact form as in the statement.
|

Remark From the preceding proof we note that if Ko(I') is finitely generated, then
the conclusion of Theorem 7.3-C holds on a dense open subset of [0, 1].

Corollary 7.3-D (Conservation of Torsion-Free Rank) If, in addition to (H1) for a
separable continuous field of C*-algebras, the groups Ko(B,) have torsion-free rank n for
each r € Q, then there is a dense Gs subset G of [0, 1] containing Q such that Ky(B;)
has torsion-free rank n for t € G.

‘We now arrive at and state the main result of this section as follows.

Corollary 7.3-E Assume the hypotheses (H1) and (H2) hold for a separable continu-
ous field of C*-algebras, and that m,, = 1 for each r € Q and x, so that the classes
[Pi(t)], ..., [Pn(t)] generate Ko(B;) for eacht € Q.

(a) There is a dense Gs subset G of [0, 1] containing Q such that for each 0 € G, the
classes [P1(0)], ..., [Pn(0)] generate Ky(Bp).

(b) The canonical map €g..: K;(I') — K;(Byp), induced by evaluation, is surjective for
each 0 in [0, 1] and fori =0, 1.

(¢) Foreach 6 in [0, 1] one has the short exact sequences of K-groups

0 —— Ko(Jy) —2— Ko(T') —— Ko(By) —— 0

0 —— Ki(Jy) —2— K(I) —=— Ki(By) —— 0.

Proof Part (a) follows since ny = 1 in Theorem 7.3-B and Ny(x) = 1 in Theo-
rem 7.3-C. Part (b) follows from Theorem 7.3-B and (c) from the above six term
exact sequence, (b), and Lemma 7.2-A. [ |

Remarks Corollary 7.3-E holds with “generate” replaced by “form a basis for”. Note
that the conclusions in (b) and (c) hold for all § and not just on the G5 set. Also, for

a dense Gs of §’s, conclusion (c) implies that there is an isomorphism j.: K;(Jy) —
K (T).

The Fourier Automorphism Case

Going back to the Fourier case with By = Ay X, Z4, Corollary 6-C shows that the
nine canonical modules form a basis for Ky(By) in the rational case, so that by Corol-
lary 7.3-E(a) one has Ky(By) =2 7° for 0 in a dense G; and that the nine modules
(evaluated at #) form a basis for it. In addition, Corollary 7.3-E(b) shows that for
each 0 there is a canonical surjection

o« Ki(I') — Ki(By).
Also, Corollary 7.3-E(c) entails an isomorphism

Ko(T) 2 7° & Ko(Jp)
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so that, in particular, all the groups Ky(Jy), for 6 in the Gj, are isomorphic. It seems
reasonable to expect that these should hold for any —under the hypotheses (H1)
and (H2).

Since for rational 0, K;(By) = 0, Theorem 7.2-B implies that the same holds on
a dense Gs (containing the rationals), and so Corollary 7.3-E(c) yields the isomor-
phism j,.: K;(Js) — Ki(I') (induced by the canonical inclusion) for each € in the
dense G;. (In particular, all such ideals Jy also have the same K;-group.)

Other Finite-Order Automorphisms

A few applications for other finite order automorphisms of the rotation algebra can
be made as follows.

Example 1 Consider the flip automorphism of the rotation algebra, given by ¢p(U) =
U™, ¢(V) = V1. The associated crossed product, Cy = Ay X, Z, was studied by
several authors. In [9], Kumjian was able to use Natsume’s exact sequence for K-
groups of amalgamated products, and the fact that 7 x 7, = 7,%7,, to obtain the
isomorphisms Ky(Cy) =2 7° and K,(Cy) = 0 for all §. One can, however, show that
these isomorphisms hold on a dense G5 without using Natsume’s sequence (nor the
fact that Z x Z, = 7,%Z,) by applying Corollary 7.3-E and verifying the hypothe-
sis (H1) for six canonical projections in Cy in the rational case, which is easy to do.
(For example, see Lemma 2.3 of [13] for an explicit form of these projections.) That
hypothesis (H2) holds, i.e., that K; vanishes in the rational case, follows from [2,
Theorem 6.1].

Example 2 The order six automorphism [ of the rotation algebra Ay is defined by
BU) =V, BV)=U"'V.

Its square 3° gives an order three automorphism. The associated crossed product
algebras are Ay X3 Zs and Ag x5 Z3. In [6, Corollary 2.0.10], it was shown that their
K;-groups vanish when 6 is rational. Therefore from Theorem 7.2-B above there is
a dense Gs subset of [0, 1] on which the K;-groups vanish. In [6] it was also shown
that for rational 6 one has Ko(Ag x5 Z) = 7'° and Ko(Ag X 52 Z3) = 7°. In order for
these isomorphisms to hold for at least a dense Gs set of parameters 6, at least by our
techniques, one needs to come up with ten (respectively, eight) canonical modules
and show that they are independent in Kj.

Closing Comments Some questions come to mind when looking at continuous
fields satisfying either (H1) or (H2), or both. Does Theorem 7.3-C hold for all 67
If the groups Ko (B;) are torsion-free for f in a dense set, are they always torsion-free?
Is the canonical image of Ky(Jp) in Ko(I") always the same subgroup? (Which is true
for each 6 in the Gs set.) Are all the groups Ky(Jy) isomorphic? It seems that in
some important examples, like the flip and the Fourier automorphisms, one would
expect Ky(Jy) to be all isomorphic. It is known that continuous fields of C*-algebras
can behave quite strangely in such a way that no fiber, not even a dense set of them,
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can practically predict any facts about other fibers. However, what if some additional
and more stringent assumptions are made on the field? For example, define two C*-
algebras to be Ky-similar if they are isomorphic to two fibers in some continuous field
{B,} over [0, 1] for which there are classes &, . .., &, in Ko(T') such that at each ¢ the
classes &,(t), . . ., &q(t) form a basis for Ko (B;). (Assume the groups are torsion-free.)
For example, the continuous field of rotation algebras yields a Ky-similarity between
its fibers. What connection does this equivalence relation have, if any, with other
known relations, such as KK-equivalence, strong Morita equivalence, or even shape
equivalence?

8 Appendix. Corrections to: Quartic Algebras Paper

In this appendix we point out some corrections to the paper [7] which are crucial
for the proofs of the present paper (particularly, in Section 3 above). (These do not
affect the conclusions obtained in [7].)

In [7] the authors use 7 to denote the automorphism inverse to our Fourier auto-
morphism o. Thus, 7(U) = V1, 7(V) = U, and with the realization of A,/ given
as functions on the square by (2.2.1) one has

T(f)(x,)/) :TO(f(l _yax))a

where 79 = a0y (as on page 1172 of [7]). (The latter automorphisms are defined
as in Section 2.2 above.) For E = —1, +i, the authors define the subspace (see [7,
p- 1189])

9(E) :={x € Ay : T(x) = Ex}.

In their proof of Theorem 6.2.1 (page 1190), the authors state the identification
f(x,%) = Eanao( f(1 — x,x)) }
f(x,0) = Ea1a2’yo(f(1 — x,O))

where oy, a1, i, 7y are as defined in Section 2.2, and where T is the triangle shown
in the figures of Section 3. Three corrections are to be noted here. The identification
should read (after examination of the proof)

f(x,x) = Eayao ( f(1 — x,x))
f(x,0) = By (f(1 —x,0)) |

AY(E) = {f € C(T,M,) :

(8.1) 7(E) = {fGC(T,Mq>:

These appear to have stemmed from the last two equations on page 1173, which read,
for a given f € A} (the fixed point subalgebra),

(8.2) fle,x) = (T£)(x,x) = 70 (f(1 —x,%)) = ar0p( f(1 — x,%)),
(8.3) f(x,0) = (6 /)(x,0) = aaayo ( f(1 —x,0)),

« >

where their “o” here denotes the flip automorphism, i.e., our o%. Recall that their flip
“o” is given by

0" (N, y) = 00(f(1 —x,1 =) = a1y (f(1-x1-y).
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Equation (8.2) is correct, but in (8.3) there should not be an ;. (In fact, (8.3) does
not hold for f = U +V + U~! + V! which is in A}.) When considering these
equations more generally for typical f € Aj(E), so that 7(f) = Ef, these equations
become

Ef(x,x) = (Tf)(x,x) = 7(f(1 — x,%x)) = o ( f(1 —x,%)),
E*f(x,0) = (0. f)(x,0) = ayyo(f(1 —x,0))

and these yield (8.1) as the corrected identification.
Finally, on page 1190, the authors have obtained the isomorphism

flx, %) = (uag ® Ad D) ( f(1 - x,x))

Ao 7 24 = {f € T Mug) f(x,0) = (a0 © Ad D*)( f(1 — x,0))

which, in view of (8.1), should now be

f(x,%) = (a1 ® Ad D™ (f(1 — x,x))

(8.4) Ag X, 2y =< f €C(T,My): £16,0) — (a0 & Ad D) (1 — x,0))

This is the algebra that we called T in Section 3 above.
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Addendum After submission of this paper, in [18] the author constructed an order
four automorphism of the irrational rotation algebra Ay that mimics the Fourier au-
tomorphism on K (i.e., sends the classes [U], [V] to [V]], [U™!], respectively) and
such that the fixed point subalgebra is an AF-algebra.
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