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Abstract

We revisit the time evolution of initially trapped Bose-Einstein condensates in the Gross-Pitaevskii regime. We show
that the system continues to exhibit BEC once the trap has been released and that the dynamics of the condensate
is described by the time-dependent Gross-Pitaevskii equation. Like the recent work [15], we obtain optimal bounds
on the number of excitations orthogonal to the condensate state. In contrast to [15], however, whose main strategy
consists of controlling the number of excitations with regard to a suitable fluctuation dynamics ¢ — e~Bre=THN?
with renormalized generator, our proof is based on controlling renormalized excitation number operators directly
with regards to the Schrédinger dynamics ¢ — e THNT,
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1. Introduction and main result

The mathematical analysis of spectral and dynamical properties of dilute Bose gases has seen tremendous
progress in the past decades after the first experimental observation of Bose-Einstein condensates in
trapped atomic gases [2, 24]. In this work, we model such experimental setups by considering N bosons
moving in R? with energies described by

N

H = 3 (A #Veul)) + 35 NVING =), (4D

j=1 1<i<j<N
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2 C. Brennecke and W. Kroschinsky

which acts on a dense subspace of L2(R3*M), the subspace of L>(R3) that consists of wave functions
that are invariant under permutation of the particle coordinates. We assume the two body interaction
V € L'(R3) to be pointwise nonnegative, radially symmetric and of compact support. The trapping
potential Vex € L5, (R3) is assumed to be locally bounded and to satisfy lim || —o0 Vext(x) = o0

The scaling Viy = N?>V(N.) characterizes the Gross-Pitaevskii scaling which can be understood as a
joint thermodynamic and low density limitas N — oo (see, for example, [37] for a detailed introduction).
It ensures that the rescaled potential Vy has a scattering length a(Vy) = N~'a(V) of order O(N~!) so
that both the kinetic and potential energies in (1.1) are typically of size O(N) w.r.t. low energy states.
In fact, it is well known [38] that the scattering length a = a(V) completely characterizes the influence
of the interaction on the leading order contribution to the ground state energy E = inf spec(H ), apy.

E
lim —- = inf ENP(p) = e 1.2)
N-oco N QDELZ(]R")

Here, Sg;p denotes the Gross-Pitaevskii energy functional defined by
e (o) = [ ax (IVeloP + Vel + dmal (o) (1.3)
R.

and the scattering length a of the potential V is characterized by

a= %inf{/{@ dx (2|Vf(x)|2 +V(x)|f(x)|2) : |xl‘igmf(x) = 1}. (1.4)

By standard variational arguments, the functional (1.3) admits a unique positive, normalized minimizer,
denoted in the sequel by ¢gp, and it turns out that the normalized ground state i of Htrﬂlp exhibits

complete Bose-Einstein condensation into ¢gp: if yN = try
reduced density of i, then [35]

~NIWN )Y (W N | denotes the one-particle

.....

hm <<PGP,)’ Joep) = 1. (L.5)

Physically, the identity (1.5) means that the fraction of particles occupying the condensate state ¢gp
tends to one in the limit N — co. Mathematically, it is equivalent to the convergence of y( ) to the rank-
one projection |ogp){@gp| in trace class which implies that one body observables are asymptotically
completely determined by ¢gp.

It should be noted that the convergence in (1.5) holds true more generally for approximate ground
states Y that satisfy N~ (yn, Hy"¥n) < egy + o(1) for an error o(1) — 0 as N — co. This
has been proved in [36] and later been rev151ted with different tools in [43]. Moreover, very recent
developments have lead to a significantly improved quantitative understanding of (1.2) and (1.5):
generalizing previously obtained results in the translation invariant setting [4, 5, 6, 7, 1], the works
[42, 16] determine the optimal convergence rates in (1.2) and (1.5) while [44, 17] go a step further and
determine the low energy excitation spectrum of Hlrap up to errors o(1) — O that vanish in the limit
N — oo. In particular, the main results of [44, 17] 1mp1y that the ground state and elementary excitation
energies of Hg,ap depend on the interaction up to second order only through its scattering length, in
accordance with Bogoliubov’s predictions [9]. It is remarkable that this even remains true up to the
third-order contribution to the ground state energy of size log N/N, as recently shown for translation
invariant systems in [21].

In view of experimental observations of Bose-Einstein condensates, it is natural to study the dynamics
of initially trapped Bose-Einstein condensates and to ask whether the system continues to exhibit BEC
once the trap is released. Based on the preceding remarks, it is particularly interesting to consider an
approximate ground state Yy of H) " and to analyze its time evolution after releasing the trap Vey.. We
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model this situation by studying the Schrodinger dynamics
f— l//N,t — e_iHNtl//N

generated by the translation invariant Hamiltonian Hp , which is given by

N
Hy = Z ~A, + Z N*V(N(x; —x;)). (1.6)
j=1 1<i<j<N

As in the spectral setting, it turns out that also the dynamics is determined to leading order by the Gross-
Pitaevskii theory: if 7(1) ,,,,, NN ){¥n.¢| denotes the reduced one-particle density with regard
to the evolved state Y ;, then [25, 26, 27, 28]

dim (e vy =1 (17)
for all r € R, where ¢ — ¢, solves the time-dependent Gross-Pitaevskii equation
iy 0r = ~Dpy +87al g P (18)

Like in the spectral setting, the convergence (1.7) can be quantified with an explicit rate as shown first
in [45], later in a Fock space setting in [3] and, generalizing the main strategy of [3], with optimal
convergence rate in [15]. Moreover, quite recently, the dynamical understanding has been further
improved in [20], which provides a quasi-free approximation of the many body dynamics ¢t — Yy ;
with regard to the L%(R”’ )-norm. Comparable norm approximations were previously only available in
scaling regimes that interpolate between the mean field and Gross-Pitaevskii regimes, but excluding the
latter; for more details on this, see, for example, [29, 30, 23, 34, 39, 8, 40, 41, 33, 14, 10, 11].
Although the norm approximation provided in [20] is of independent interest, the results of [20]
unfortunately do not suffice, yet, to effectively compute important observables such as the time evolved
number of excitations orthogonal to the condensate ¢, or their energy in terms of the quasi-free dynamics,
up to errors that vanish in the limit N — oo (see also Remark 5) below for a related comment). This likely
requires stronger a priori estimates on the full many body evolution ¢ — ¥ , than those proved in [15],
which are an important ingredient in the proof of [20]. Since the arguments of [15] are rather involved,
it thus seems first of all worthwhile to revisit and streamline its proof. This is our main motivation and,
inspired by recent simplifications in the spectral setting [18, 31, 32, 19, 12], we provide a novel and,
compared to previous derivations, substantially shorter proof of (1.7). To this end, we combine some
algebraic ideas as introduced in [19] with some of the main ideas of [15]. Our main result is as follows.

Theorem 1.1. Let V € L' (R?) be nonnegative, radial and of compact support, and let Vo € L (R3)

loc
be such that lim || e Vex;(x) = 00. Let € L2(R3N) be normalized with one-particle reduced density

7;\;) and assume that

01(1) = [N "N un, HiPun) = e8] = 0, 02(1) = 1 = {pgp, ¥\ w6r) — 0, (1.9)

in the limit N — oo, where @gp denotes the unique positive, normalized minimizer of the Gross-
Pitaevskii functional (1.3). Assume furthermore that ogp € H*(R3).

Then, ift — Wy, = e "HNYyn denotes the Schrodinger evolution and y;\;) , its reduced one-particle
density, there are constants C, c > 0 such that '

1= (@0 7500y < Clo1(1) +02(1) + N~ exp (cexp (clt])) (1.10)

forallt € R, where t — ¢, denotes the solution of the time dependent Gross-Pitaevskii equation (1.8)
with initial data ¢ ;-0 = ¢cp-
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Remarks.

1. Theorem 1.1 was previously shown in [15, Theorem 1.1] under the slightly stronger assumption
V e L*(R%). Our main contribution is a novel and short proof, valid for V e L'(R?), which is
outlined in detail in Section 2. The same method can be used with straightforward modifications to
provide a simplified proof of [15, Theorem 1.2], which considers more general initial data related to
the translation invariant Gross-Pitaevskii energy functional. Since our focus in the present paper is
to provide a short proof of the main results of [15], we focus for simplicity of the presentation only
on the physically more relevant initial data considered in Theorem 1.1.

2. Under suitable conditions on V and Ve, the main results of [42, 16, 44, 17] imply that the assumptions
(1.9) are satisfied for low energy states with an explicit rate. Applying these results to the ground

state of H", one finds that 01 (1) = O(N') and 05(1) = O(N~!), so that the overall convergence
rate in (1.10) is of order O(N~'). The quasi-free approximation obtained in [20] implies that this
rate is optimal in V.

3. As mentioned earlier, we adapt recent ideas from [19] (see also [18]), which analyzes the spectrum
of Bose gases for translation invariant systems, to the dynamical setting. To illustrate further the
usefulness of the method — in particular, in the context of Theorem 1.1 — we sketch in Appendix D
an elementary proof of (1.9) with optimal rate for the ground state ¥y of H ;i,ap if ||Vl is sufficiently
small. This is analogous to the main result of [4] in the translation invariant setting. Note that [42]
provides a different proof for V € L!(R?) under the milder assumption that a is small and that [16]
proves a similar result for V € L*(R?) without smallness assumption on a. Compared to Appendix
D, these results have required, however, substantially more work.

4. As already pointed out in [ 15], the assumption that ogp € H*(R?) follows, for example, from suitable
growth and regularity assumptions on Ve, based on the Euler-Lagrange equation for ¢gp and elliptic
regularity arguments. Since we are not aware of a precise condition on Ve that guarantees the
improved regularity of ¢gp, we explicitly assume pgp € H*(R?) for simplicity.

5. One can use [44, 17] to compute 1 — (@gp, 71(\})906[)) = O(N7") in the ground state of Hy* explicitly,
up to subleading errors of order o(N~') as N — oo. This follows from arguments presented in
[7] (in fact, based on [7], one can derive second order expressions for reduced particle densities at
low temperature in the trace class topology [13]). In contrast to that, it remains an interesting open
question whether the time evolved condensate depletion 1 — (¢, y](\}?tcp,) is similarly determined by
the quasi-free evolution derived in [20]. The methods developed in the present paper may be helpful
in this context, and we hope to address this point in some future work.

In Section 2, we outline the strategy of our proof and we conclude Theorem 1.1 based on a technical
auxiliary result, Proposition 2.1, which is proved in Section 3. Standard results on the variational problem
(1.4) and its minimizer, on the solution of the time-dependent Gross-Pitaevskii equation (1.8) and on
basic Fock space operators, are summarized for completeness in Appendices A, B and C. Similar results
as in Appendices A, B and C have been explained in great detail in several previous and related works
on the derivation of effective dynamics; see, in particular, [3, 8, 15, 14].

2. QOutline of strategy and proof of Theorem 1.1

In this section, we explain the proof of Theorem 1.1. Our approach is based on ideas previously developed
in [15], which we now briefly recall and which are most conveniently formulated using basic Fock space
operators. To this end, let us start with the identity

1= ¢, 7,(\},),%) = N""Nig yn.s 2.1

where NV Lo, denotes the number of excitations orthogonal to ¢, that is,

-/\ﬂ(p, =N -a"(¢)ale:), (2.2)
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and where, in the rest of this paper, we abbreviate expectations of observables O in L? (R3N) by
(OYpn = (&N, O¢n).In(2.2), the operators a*(f), a(g), for f, g € L?(R?) denote the bosonic creation
and annihilation operators that are defined by

(@ ()Y (x1,....x0) = % Zf(xj)l}‘(nil)(xl’ s X Xl e s X)),
=1

(a(g)‘P)(”)(xl,...,xn)=\/n+1/§(x)‘P("+])(x,x1,...,xn),

forall ¥ = (¥, ¥,...) € F =Cao P, L2(R*") - in particular for yy € L2(R*") < F. Note
that a*(f)a(g) : L2(R*N) — L2(R3*N) is bounded and preserves the number of particles N, for every
f.,g € L*(R?). Moreover, we have the commutation relations

la(f).a* ()] =(f.8). [a(f).a(g)] =0, [a*(f).a"(g)] =0

for all f,g € L*(R?). Further results on the creation and annihilation operators and their distributional
analogues a,, a;, forx,y e R3, defined through

a(f) = / dcF(ax, a*(g) = / dyg(y)d, 23)

are collected in Appendix B.

Based on (2.1) and the assumption on 0;(1) in (1.9), a natural first attempt to prove Theorem 1.1
might consist in trying to control the growth of the number of excitations NV, o, based on Gronwall’s
lemma. However, when examining the derivative

(9,<NJ_¢Z>¢NJ = ([iHN,NJ_%DwNJ —2Re <a*(6,90t)a(cp,)>¢N't,

one soon realizes that [Hy, /N4, ] contains several contributions of size O(N). This is actually not
very surprising and a consequence of the fact that iy ; contains short scale correlations related to (1.4):
heuristically, ¥y ; can be thought of as a wave function

unaxC [ FNGi=x))ef™, 24)

1<i<j<N
where C is a normalization constant and f solves the zero energy scattering equation
2Af+Vf=0 (2.5)

with lim||. f(x) = 1. Notice that f minimizes the functional on the r.h.s. in (1.4) and that f(N.)
solves the zero energy scattering equation with rescaled potential Vi . Further properties of f and related
functions are summarized in Appendix C.

Although the correlations f(N(x; — x;)) live on a short length scale of order O (N -1, basic com-
putations imply that the orthogonal excitations in states as in (2.4) carry a large energy of size O(N),
prohibiting a naive control of N, ,,,. However, if one could factor out these correlations, one would re-
main with a state closer to 90t®N . In this case, the number and energy of the excitations around ¢; should
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be easier to control. Motivated by this heuristics, the main idea of [15] is to approximate ¥ ; by

ovexC [ (1= = DG -x)ee™

1<i<j<N
<= Y A= HG-x) +.. el 2.6)
1<i<j<N

1 P
~ Cexp ( -3 / dxdy (1 - f)(N(x —y))axayaxay)tp?N ~ eB’cpfaN.

This incorporates the expected correlation structure into the product state go;g’N by applying a unitary,
generalized Bogoliubov transformation e with exponent

Bi=-5 [ sy (1= HNG= )i enaiasatealen) - he).

In other words, we expect the state e Bryyy , =~ <p;®N to behave approximately like a product state,
and the main result of [15] is to establish this intuition rigorously. Ignoring minor technical details, this
is achieved by controlling the number and energy of excitations around ¢, w.r.t. the fluctuation dynamics
Uy ; = e BremHNT that satisfies

ia[ Z/[N,l = SN,Z’ Z/[N,I = (e_BtHNeBr + (ia,e_B’)eB’) UN,I'

As turns out, the energy of the excitations is comparable to S I,V .= S~ .+ — cn ¢ for a suitable constant
cN.t» so that the main result of [15] can be recast as a Gronwall bound
aI<SI/V,t +NJ—</’r>

Sy +Nig, 2.7)

UN. YN S < >UN,z¢'N'

Although conceptually straightforward, the main difficulty of the above strategy consists in the fact
that the action of e~5(-)eB, that is needed to compute Sy ,, is not explicit. The novelty of [15]
has therefore been to analyse e3¢ (-)e? in detail, providing an explicit description of Sy, in terms
of a convergent commutator series expansion. This can be used to explicitly evaluate the commutator
[Sn.r N, 1o, ] that occurs on the left-hand side in (2.7), and this is crucial to close the Gronwall argument.

The drawback of this method is that the series expansions are rather involved and produce a large
number of irrelevant error terms. It would therefore be quite desirable to extract only the relevant terms
without the need for operator exponential expansions, similarly as in [19, 12] in the spectral setting. Our
key observation in this regard is that (2.7) is essentially equivalent to controlling the modified energy
and excitation operators

(B (Sn . + Ny, )e B >¢/N’t ~ <HN>1//N.1 + <Qre“>¢w,t + <Nre“>zmv , 2.8)

"t

where we have inserted heuristically several approximations from [15]. In (2.8), we set
Hy =Hy — Negp - (a*((pt)a(Q,iﬁ,(,o,) + h-C-) +(i0; 1, ‘Pt)-/\/up, (2.9)
and egp = Egp(¢;) for the translation invariant energy functional Egp, defined by
gar9) = [ ax (96 + dmalo(ol!).

Recall that egp is a conserved quantity if # — ¢, is a sufficiently regular solution of (1.8), in particular
under the assumptions on ¢gp in Theorem 1.1 (see Proposition A.1).
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In (2.8), we have furthermore introduced renormalized excitation operators

Nien = N, +/ dxdy (k, (x, y)a*(Q,’x)a*(Q,,y)a\(/‘%) L\;%) +h.c.),

1 . . . a a
Qun = 5 [ dedyitnhy ()" (01,04 (01) S EL X e,
in terms of orthogonal excitation fields a*(Q; x),a(Q;.y), defined as follows: denoting by Q; the
projection Q; = 1 — |¢;){¢;| onto the orthogonal complement of ¢;, we set

(2.10)

(@) = [ f@a' (@i al@ig) = [ drTWa' Q). @1
It is then straightforward to verify that N\ ,, = f dx a*(Q;.x)a(Qy.x) and that

a*(Qt,x) = a’; - at(x)a*(‘pt)’ a(Qt,y) =day — e (y)aler),
[a(Q1.x),a"(Q1.y)] = [ax,a™ (Q1y)] = Qs (x,y), [a(Q1.x),a"(¢r)] = (Qrp)(x) =0,

where Q;(x,y) = 6(x,y) — ¢:(x)@;(y) denotes the integral kernel of Q;.
Finally, fixing some y € CZ°(B2,(0)) with y|g, (o) = 1, we define the kernel k, by

(x,y) = ke(x,y) = N(1 = f)(N(x = y)x(x = Y)er (x)¢: (v) € L* (R x R?). (2.12)

Notice that Hy, Nen and Qpen are time-dependent. For simplicity, we suppress this dependence in
our notation. Moreover, we remark that the cutoff y in the definition of &, is for technical reasons only
(we ignored this technicality in the heuristic arguments outlined above). Basic properties of the kernel
k; are collected in Appendix C.

We assume throughout the remainder that the radius r > 0, related to y € C2°(By-(0)) in (2.12),
is chosen sufficiently small, but fixed (independently of N). As explained below in Lemma 3.1, this
implies that! for some C > 0 and every ¢ € R, it holds true that

Cl'WNip #1) € Wen+1) S CNiy, +1),  £Qren < CeCl(Nien + 1). (2.13)

Having introduced all objects that are relevant in the sequel, let us briefly comment on the heuris-
tics underlying the approximation (2.8). What [15] has shown rigorously is that transformations e5
as above act on creation and annihilation operators approximately like standard Bogoliubov trans-
formations. It then turns out that e5:(-)eB" regularizes certain singular contributions to Hyp, and
these renormalizations are essentially obtained from the contributions linear in B, when expanding

e BraeB ~ ay + [ay, B;]. In (2.8), we simply inserted this linear approximation on the level of

L2(R3N).

Finally, let us point out that it is straightforward to compute the time derivative of the right-hand side
in (2.8) explicitly — in strong contrast to the computation of the left-hand side in (2.7). This naturally
raises the question whether a Gronwall bound can be proved directly on the right-hand side of (2.8),
avoiding the use of operator exponential expansions altogether, similarly as in [18, 19, 12] in the spectral
setting. On the technical level, this is our main contribution, and it leads to the following result.

Proposition 2.1. Let Hy be as in (2.9) and set Yy, = e "HNYy for t € R and initial data yn €
L2(R3N) as in Theorem 1.1. Then, for suitable constants ¢, C > O which are independent of t € R, we
have that

NJ_% <HN+OQren + Cecltl(-/\[mn +1)

1By +A < B for self-adjoint operators A, B, we abbreviate that —-B < A < B. Moreover, generic constants independent of N
and ¢ are typically denoted by ¢, C > 0 and may vary from line to line.
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as well as the Gronwall bound
O <HN + Qren + Cec‘tl(/\/’ren + 1)>¢N , < cecll <HN + Qren + Cec‘tl(-j\/‘ren + 1)>¢,N .

Assuming the validity of Proposition 2.1, whose proof is explained in detail in the next Section 3,
we conclude this section with the proof of Theorem 1.1.

Proof of Theorem 1.1. This was already explained in [15]; we recall the main steps. Without loss of
generality, assume ¢ > 0. By (2.1), note that (1.10) is equivalent to

(NW,)WJ < C(1+Noj(1) + Noy(1)) exp(cexpct). (2.14)
By Proposition 2.1, Gronwall’s lemma and the bound (2.13), we know that

<NJ“‘D’>¢N.: s <HN + Qren + CeCt(Me“ + 1)>¢N,z S G <(HN + Qren + CNren + l)|t=0>¢N
< ¢ <(HN + Qren)|t:0 +N¢¢GP + 1>¢N

for some time-dependent constant ¢; < Cexp(c exp(ct)). Here, the last step used (2.13). Hence, it is
enough to analyze ((Hn)r=0)yn s {(Qren)r=0)yn aNd (N1 4p)yy - Using once again (2.1), we have that

(ngp)w N(1 = {ecp, 7 D ocp)) = Noa(1)
and, by (2.13), that
((Qren)ii=0)un < C(Niggp + 1>¢,N =C(1+Nox(1)).
By (2.9), however, we have that
<(HN)|t=O>¢N = (Hy—Negp —(a* (¢)a(Q,id; ;) + h-C-)|;=0+<iaf‘pl’ @1)]1=0 NJ—‘FGP>¢N
= (Hyn—Necp —(a*(¢:)a(Q,id;¢,) +h.c.) It=0>w1v +(i0:¢1, 1) j1=0 No2 (1)

and, by (1.8), that (i0,¢;, ¢:)1=0 = ecp + 477(1||50GP||4 O(1). Since we assume that ¢gp minimizes the

Gross-Pitaevskii functional SGPP, it solves the Euler-Lagrange equation

(= A + Ve + 87algap|?) ¢op = Hoppcp,  pap = ecp +4mal|gcpll;-

Combining this with (1.8), we then find

- <(a*(‘pt)a(Qtiat‘pt) + a*(QtiatSOt)a(‘Pt)) |,:0>¢N
= 2Re (a’ (¢op)a(Vexwap)) , — 2{¢cp, Vexwar){a’ (vap)a” (¢cp))
= 2NRe(@cp. vy Veupar) — 2N(9ap. Vexiwap) + {#cp. Veupap)Noa(1),

where {(@cp, Vext(,DGP> < egp = O(1). Now, if we replace Vey by V7, = Vexe + A for some sufficiently
large A > 0 so that V, > 0, by the assumption that Vex, € L}, (R3) with lim|y| e Vext = o0, and use

that 0 < ()/1(\})) < y](\}) < 1, Cauchy-Schwarz implies
1 ’ 1
2Re {@cp, 7N Vexap) < <<PGP,7( )Vexm(v)<ﬁGP> +{pap, Vexipap) — 2A<<PGP,7,(V)<PGP>

< <‘PGPs7( )VéxtYI(\})QDGP> A+ {pcp, Vextpap) +2A 02(1)

1/2 (1) 12

<tV = A+ {pcp, Veuyap) + 2A 02(1)

< tf?’N)Vext + (@GP, Vextpap) +2A 02(1).

ext | | ext |
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This shows that
((Hw)i=0),,, < (HN),, —Negp +CNoa(1) < C(Noi (1) + Noo(1)).

Collecting the previous bounds, we obtain (2.14) and thus (1.10). m]

3. Renormalized Hamiltonian and proof of Proposition 2.1

The goal of this section is to prove Proposition 2.1. Our proof is based on several lemmas that collect
important properties of the operators H, Nen and Qyey, defined in (2.9) and (2.10), respectively. We
start with the proof of the bound (2.13) and the derivation of the leading order contributions to ; Men
and at Qrcn-

Lemma 3.1. Let Ny, Qren be as in (2.10) and choose y € CX (B (0)), xa, ) = 1 in (2.12) so that
r > 0 is small enough. Then, for some C > 0 and every t € R, we have

C_I(ngﬂt + 1) < (A/ren + 1) < C(NJ_ga, + 1)’ iQren < Cecltl(-/\[ren + l) (31)
and

i(at -/\/ren - [ - (a*(¢t)a(Qtat¢t) - I’lC) + <al¢lv ‘pt>NJ_Lp,a~/\/;‘en]) < Cecltl(j\/;‘en + 1)7
i(athen - [ - (a*(‘pt)a(Qtat‘pl) - hC) + <6t‘;0t’ (IDI>NJ_L/7,’ Qren]) < Cecltl(-/\/;‘en + 1)

Proof. We recall that

Noew = Nig,+ [ dsdy (ko300 (01,007 (01) “EL I e ).

By Lemma C.1, we have that sup, g [|k/|| < Cr'/2. If we combine this with the trivial bound 0 <
a*(¢s)a(gy) < N and the operator bounds of Lemma B. 1, we obtain

Nig (1=Cr'?) = Cr'? < Nien < Ny, (1 +Cr12) £ 12

for some C > 0 independent of » > 0 and ¢ € R. The bound for Q. follows similarly.

To prove (3.2), we first analyze 6; Nyeq, based on the above decomposition of Mpe,. Using (3.1) and
the bounds in Lemmas B.1 and C.1, observe that all operators occurring in d; NV, that only contain the
fields aﬁ(Q,,x) or normalized factors a*(¢;)/VN, a*(8;¢;)/VN can be bounded by Ce€ " l(Npep + 1).
The remaining contributions must contain at least one factor at (¢;) (without the 1/vN normalization).
Using that

0,0 = _(|¢t><Qtaz<Pz| +h-C~) = 2Re(0: 1, i) i ) (1| = _(|4Pt><Qzat¢t| +h~C-), (3.3)

we thus find

aen) ate) |

Oy New = =2 [ dsdy (rn (ks y)a ()" Q1) “EL ) e )

- (a"(¢)a(d¢r) +hec) + &,

up to an error & bounded by +&; < CeC€l"l(Npen + 1). We proceed in the same way to extract the main
contributions to the commutator on the Lh.s. in (3.2), using that

[Nltpr’a*(Qt,x)a(Qot)] = a*(Qt,x)a(‘Pt)’ [Nup,»a*(‘%’t)a(%)] =0.
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Then, the same argument as above yields
[ = (a* (¢)a(Q:drgr) — hc) + (Dot 010Ny Noen]
/dxdy (th%sot(y)k (x,y)a*(¢;)a* (Qty)“\(/‘ﬁ) "f/‘@ +hc)
— (a*(¢1)a(QiBr1) +hc) + &

up to an error +& < Ce€l|( Ny + 1). Comparing this with 8; Nye and using that

a*(¢1)a(0;¢r) +a* (0rpr)aler) = a*(¢r)a(Q:0r¢r) +a*(Q:0:pr)a(ey),

which follows from Re(d;¢;, ¢;) = 0 by mass conservation, this proves the first bound in (3.2). For the
analogous bound on Q;.,, we proceed in the same way and find

. * * a a
O Qren=— / dxdy (0B, (id ki (x, V)a* (¢)a" Q) i;%) % +he)+&
= [ - (a*(¢f)a(Qlal<pl) - h-C-) + <at99t’ 90t>NJ_<p,, Qren] + 54,
up to errors &3, &4 bounded by &3 < CeCl (Npep + 1), £E4 < CeCll(Nen + 1). O

The next lemma is the first of two key ingredients in the proof of Proposition 2.1. It compares
the operator H, defined in (2.9), to a renormalized Hamiltonian H,,, which equals the sum of the
kinetic and potential energies of orthogonal excitations relative to renormalized annihilation and creation
operators, by, ¢y and their adjoints b7, cj}y, which are defined by

a(er) aler)
VN VN

by = a(Qr.0) + f d2 (0, ® Qiks)(x.2) d,

alpr) alg) G4
Cxy = a(Qr.0)a(Qry) +(Qr ® Qrkr) (x. ) f_ f_
Note that this is analogous to [19, Eq. (11) & (12)]. In terms of these new fields, we set
* 1 *
Kren = / dx bx(_Ax)bm Vien = 5 / dxdy N2V(N(X - y))cxycxy (3.5)

as well as Hyen = Kren + Vien. Note that He, > 0 since both K, > 0 and Ve, = 0. Note, moreover, that
Nien equals / dx b by, up to a correction which is quadratic in k,.

Lemma 3.2. The operator Hy, defined in (2.9), satisfies

1
EHren - Cec‘tl(/\/'ren + 1) SHN L 2Hen+ Cecltl(Nren + 1) (3.6)

Moreover, we have that
£[iHN, Nren| < CHyen + Ce“V N (N + 1). 3.7
Proof. We begin with the operator bounds in (3.6). The proof consists essentially of two main steps.

First, we split H  into several parts according to condensate and orthogonal excitation contributions to
the energy. In terms of the a,, a;, the Hamiltonian H reads

1
HN=/dxa;(—Ax)ax 2‘/d)cdyN2V(N()c—y))a ayaxay.
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We splitayx = a(Qy,x) +¢r(x)aler), ay, = a*(Qr,y) +¢,(y)a*(¢;), insert this into Hy and then expand
Hy into the sum Hy = Zj':o H(‘i), where

o _N 3 v o Py N ELpn) a” (o) alen) aler)
Hy' =5 {0 WVIN) xledP)en) = o = on = o= o~ Near

()] “(¢1) aler)

+ N{p:, A, YN \/— +<at‘19t"10t>NJ_¢p,
HD = a*(00)a(Q(NVN.) * 1, Phe) - a*(¢0)a(Q, (8nalei o)

- NV P S +he,
H = / dr a*(Qr.) (~A)a(Qr.x)

3 _ 2« a*(¢:) aler) (3.8)

+ / dedy NVN G = )l (9P (@ a0 204

/ dedy NV(N(x = )i (0B, ()a” (Qr.0)a Q. ﬁ“éff) “jﬁ’

o5 [ s NVON G = ) 0 (1 (000" 01 “EL X e,
HO = / dxdy N2V(N G = )i (9" (Qr.2)a* (Qr.y)a(Q:. a“j%) +he,

1
HY =5 [ ddy NV G = 30067 (01,0a (010 Q1 )a(Qr.):

Here, we normalized the a®(¢,) by a factor VN, anticipating that (a*(@r)a(e:))yn, = N.

In the second step, we extract Kren and Ve, from Hp, up to errors controlled by Hren and Niep.
The error estimates are mostly straightforward applications of Cauchy-Schwarz in combination with the
results of Appendices B and C. Below, we outline the key steps since most of the bounds have already
been explained at length in, for example, [3, 8, 15].

Now, as shown below, the main contributions to HI(\(,)) and 7-[5\}) are cancelled, so let us switch directly

to ’Hﬁ) which contains /C.,. Abbreviating in the following
]x() = j(-x’ ) = j('vx)

for symmetric kernels j € L2(R? x R?), we rewrite

/ dxa’(Qr.)(~A)a(Q; )

- / dx (b; - “*\;ff) “’E%’)a((Q, ® szt)x)))

(00 (b= ((Q 8 0rki)) EL L)

_ * % a((pt) a(‘pt)
~ Kt [ dxdy((AAQ,@tht)x)(y) b Q)" S5 2 e

+ / dx <(Qt ® Orki)x, ~Ax(Qr ® Q’kt)x»a*\j%) aiﬁ%) a‘(;j_\;) a‘(/(%) e
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for an error £; > 0 which is bounded by

a*(¢;) a* (@) a(e;) a(er)

& = ax ————— * Vx t tktx Vx t tktx - =
1 x‘/ﬁ\/ﬁa((Q@bQ))a( (Q®Q))\/N\/N

< / dx a* (V2 (Q1 ® Qrk))a(Vo(Qr ® Qo)) = / dxdy g, (x.y)a" (Qrx)a(Qr.y)
< CeC"(Nien + 1).

Here, we used Lemma 3.1, Lemma B.1 and Lemma C.1, implying ||g; || < Ce€ ! for

gi(ry) = f 4z (V201 ® 0iks) (x.2)(V20, & 01) (v, 2).

By Lemma C.1, we also find

[ sty |k ) + 5NN )0 006 0)
LNV D) (NG = 3) - Ve (xe -] <.

and this can be used to show that

a(e:) a(er)
N +h.c.)

/ ax (N> (V)N (x - e () bha’ (0 y) 2 418 )+&2

/ dx (Ax(Qs ® Qiki)) () bia" (s y)
1

———= +h.c.
2 VN VN
1

« aler) aler) 4
:—E/dx (N3(Vf)(N(x_Y))‘Pt(x)‘t"(y)cxy \;% \;% +h.c.)+52

for two errors &, £,

Nt which, for every 6 > 0 and some C > 0, are controlled by

+& < 6Kpen + CO Sl (Nien + 1), &} < 6K pen + C5 ™ el (Nien + 1).

Here, we used that

a(e) ale;)

VN N
a(e:) a(‘ﬁt))

([ asdy NV = 1) (NG =) - T 0en (s = ) Bl (@)

" / dedy N(1 = PN =) Ve (0003 =) - Vb (01) “ P EEL

< CeC"(Nien + 1)

by integration by parts, Cauchy-Schwarz and Lemma C.1, and that

a(ey) a(er)
VN VN

‘ / dxdy N(1 - f)(N(x = y)Ve:(x)o: (V) x(x = y) - {¢n. Vibia"(Q:.y) éN)

< ClCren) e ( Nien + 1)1
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for every ¢y € L2(R3M). Finally, Lemma C.1 and a*(¢,)a(¢;) = N — N, imply that

a* () a* () a(pr) ale;)
VN VN VN N

-3 / drdy N*(VF(1 = £))(N(x = 9))lg, (0Pl )P + 3,

/ dx <(Qt ® tht)x’ _Ax(Qt ® tht)x)>

where +&; < CeC!"l. Combining all this with the simple estimates

a*(¢;) a(‘ﬁt)
W VW
a*(¢r) a(‘Pt)
W VW

which follow from Cauchy-Schwarz and Lemma 3.1, and the fact that

* / dxdy N*V(N(x = y)|g: (D) *a* (Qr x)a(Qs x) < CeC M (Nien + 1),

/ dxdy N*V(N(x = )1 (08, ()" (Qr.0)a(Qy.y) “EL L) coCli(pr, 4 1),

a(e:) aler)

N +h.c.)
(¢r) alepr)

SCALCARN

—N/dxdyN3V(l—f)(N(x—y))Isoz(X)I lor (0)[* + &

3 [ @@ MY G- ) (e @e 0 (@ @)

- % / dxdy N*V(N(x = ) (¢ (01 (9)e

for an error +&; < Ce€ Ir] , which can be proved as above, we arrive at
,HI(\?) - ICren
1
=5 [ @ (Wva- pive - ewee

(¢1) aler)
SR ALLANN

+ 2 / dxdy N*(VF (1= 1) =2V(1 = ) (NG = Dl ) Pler )P + &,

where iSH(z) < 6Kyen + 61 CeCl (Npen + 1).
N

In the next step, we extract Vi, from 7—[;3). Here, we simply rewrite

a(p) @ (g) 5
W W

and inserting this into 7—[;3) yields with similar arguments as above the decomposition

a’ (Qrx)a (Qr,y) = Cyy — 0: ® Qrk;(x, ),

HE\‘/‘)_VN}H
:-l/dxd N3V - f)(N(x - ))( ()i (y)c
2 y YINP: (X))@ Y

SCILTIN

+ 5 [ ey NV NG 3Dl ORI 0 + Eg

for an error £, which is controlled by +&, & < 6Vien + 67 1CeCl (N + 1) for every 6 > 0 and
N N

some constant C > 0. Finally, inserting (3.10) into "HS), we obtain analogously
HY = (0" (¢)a(Q: NV = YN  oiP00) +he )+,

for an error £, 3 controlled by +£,,¢) < §Vren + 51 CeCl (Nen + 1).
N N
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To conclude the proof, it now remains to combine the decompositions in (3.9), (3.11), (3.12) with
Hg\?) and ’H;}), defined in (3.8). Before doing so, let us observe that

HY = [« (@0a(@ NV (1 = V) = lorPp) +he) + €,

for an error 5 0 controlled by +8 o <C eC|’|(./\/ren + 1). This readily follows from the regularity

of ¢; (see Proposmon A.1) and the 1dent1ty IV£ll1 = 8ma. Combining this observation with the the
identity a*(¢;)a(¢;) = N — N ,, the fact that

1
(@1, ~Ag;) = egp — 4mall@ |l = ecp — 5(% (N*VEN) * o)) +0(1)

and the decompositions (3.9), (3.11) and (3.12), we conclude that
HN = Hien + gHN, (3.13)

for an error 3, < 6Hyen + Co~ €1l (Nien + 1). Choosing 6 = § concludes (3.6).
Let us now switch to the commutator estimate (3.7). Based on the decomposition of H  in (3.13),
it is useful to split this into two steps and to show separately that

i[iHren,Men] < CHpen + Cecltl(-/\[ren +1), (3.14)

and
+ (€305, Nien| € CHren + Ce N (Nien + 1), (3.15)

Proving these bounds requires only a slight variation of the arguments used to derive (3.6). We therefore
focus on the key ideas for (3.14) and omit the details for (3.15).
Let us start with [iKen, Men]. The key identity that we need is

[bx,-/\/ren] = [a(Qt,x) +N_la*((Qt ® tht)x)a(‘Pt)a(QDt),NJ_(p,]
+N7! / dz [a(Qy.x),a*((Qr ® Orks);)a%alg)ale,) +he.],
+N_2/ dz [a*((Qt ® tht)x)a(‘)pt)a(‘pt)’a*(‘PZ)a*(‘Pt)a((Qt ® thz)z)az],
=b,-2N? | dz <(Qt ® Qrki)x, (Qr ® tht)z>aza*(Spt)a*(Sat)a(Sot)a(‘Pt)

+2N~ a*((Qt ® tht)x) / dza((Qt ® tht)z)az(za*(‘:pt)a(‘pt) +1).

Since [bf(,./\/ren] = —[bx,./\/ren]*, this implies that [ilCren,J\/}en] vanishes up to corrections that are
quadratic in the kernel Q; ® Q,k;. As shown already in the previous step, such correction terms only
produce regular terms so that a similar analysis as for (3.6) implies that +[iKen, Nen] < C Kren +
CeC1l(Nen + 1); we omit the details. Similar remarks apply t0 [ Vien, Nren]. Here, we use additionally

the identity
[ny’-/v'ren] =2cxy +2/ dz k,(x, Z)a*(Qt,z)a(Ql,y)a\(;%) L\;%)
* a(e:) a(er)
2 d 4 kt 5 t,z t,x
/ ek (390" (@ )00 F2 K

£ N2(Qr ® Qrke) (x.y) (4a” () alr) +2) / dzdw k; (2 w)a(Qr.2)a(Qr o).

Arguing as above, we then find that +[iVien, Nien] < C Vien + CeC ! (Npen + 1). O
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The next lemma is our last ingredient needed for the proof of Proposition 2.1. It is similar to the
previous Lemma 3.2 and collects important properties related to Qyey.

Lemma 3.3. Let Hy be as in (2.9) and let Q,.,, be as in (2.10). Then, for some constant C > 0 and for
every t € R, we have that

& ([iHN. = (a"(¢0)a(Qiid@) + h.c.) + (01, @ON iy, + Q]

+ Bt( - (a*(¢t)a(Qtiaz¢t) + /’l.C.) + (0011, o1 )N 1, + Qren))
< CHyen + CeC1 N (N + 1).

Proof. The proof is based on the same ideas and operator bounds as Lemma 3.1 and Lemma 3.2. For
this reason, we only outline the key steps. Based on the second bound in (3.2) of Lemma 3.1, we first
observe that it suffices to prove that

* ([iHNa _(a*(Sot)a(Qtiat‘Pt) + h-C-) +(i0: 1, ‘pl>Ni<pt + Qren]

+0,(— (a"(¢r)a(Q,idrp;) +hec.) + (0 ¢y, %)wa)) (3.16)
< CHyen + CeCMN (Nien + 1).

Now, we have to compute the contributions on the r.h.s. explicitly and, in view of (3.16), it is enough to
do this up to errors that are controlled by He, and Npe,. We first set

X = —(a*(¢r)a(Qidigr) +hc.) + (i0;01, )N L g, s

and find with (3.3) that
8, = (Gohprs w0)a (p)a(Qidrpy) — @ (p)a(Quidfe) +he.) + Eg . (3.17)

where, trivially, £8,Es,x = (9 (idr¢r, 1)) N1y, < CeC" Nien, by Lemma 3.1. In the next step, a
tedious but straightforward computation shows that

[ ) = (= (VI = 8ma) il @ (e)a(Qidrgr) + ) + o,
1, X1 = NIV - 87ra)(<|got|2¢t,Q,a,<p,> +h.c.)
+@rpe ) (IVI1 - 870) (a(@)a(Qlg Pr) +he.) + &1,
(MY, ] = (@ (9)a(Q:(~8)(Q:d,00) + 21V I (p)a(Q:le: (1 d,00))
+IViha (¢)a(Qiei0Bie) +he.)
- / dxdy N°?V(N(x - y))

a(er)
VN

X (9 (061 (14" (10" (Q1,y)a(Qsdhpr) “ o +h.c)

(B r) / drdy NV(N(x - y))

(00000 (100 (00 ) TEL L ) v s
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[HY, X] = / dxdy N*V(N(x - y))

a(y;) aler) +he )

X ((Qudie) (W) (V)" (Q1)a" (1) N vy the

- / dxdy N*V(N(x - y))
x (#1(1a" (Q1.)a"(Q1.,)a(Q:,1)a(Qid,0) + e

_<at‘Pt»‘Pt>/dXdyNS/ZV(N(x_Y))

a(y)
VN

X (¢ (4" (Q1)a" (Q1)a(Q) EE +hc.) + &,

[iH\), x] = / dxdy N**V(N(x - y))

() (00100 01.)0(01.0 S22 e

where, for all j € {0, 1,2, 3}, the errors £; are bounded by
+&£; < CeC 1 (Npen + 1).

This decomposition and the related error bounds are a direct consequence of (3.8) and basic estimates
as in the proof of the previous lemmas. If we expand Q, = 1 — |¢,){¢;| and use that Re (d;¢;, ¢;) = 0,
the sum of the different contributions equals

[iHn, X]

= N(IVil: = 87a) (o1 i, Qihg) +hec.)
- ((a,% ¢rya* (¢)a(Qidrer) + (IIVI1 - 8ma) IIsozlli(a*(%)a(Qzazsoz) + h-c.)
+ (a*(%)a(Qta,(-A% +1IVI leder) +h.c.)

+ [ axay VNG 3 (01010060 0)a" (Qrn)a” @1 )alealen) +hic) (3.18)

- [[asay VNG = ) (000000 Q1) @1)a(@idig)al o) +he)

- [ axdy NV ) (000670100 (010 Q1) Qi) +hic)

+ / dxdy N*V(N(x = y))(0r¢: (v)a™(Qrx)a* (Qr y)a(Qr x)aler) +h-C-) + EliHn X

up to an error £[;74,, x| that is bounded by &}y, 1] < CeCl (N + 1).

Now, observe that the last four terms on the right-hand side of (3.18) are structurally similar to the
last contribution to 7—[55) and, respectively, to HS), defined in (3.8). We can therefore proceed similarly
as in Lemma 3.2 and extract their main contributions by comparing them to H.,. To this end, we
substitute (3.10) into the r.h.s. of (3.18) and observe that normal ordering causes cancellations between
the terms on the first and fourth lines, the second and fifth lines, and between the terms on the third and
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last lines. Combined with (1.8) and (3.17), we then arrive at

[(Hy, X]+0,X
= (IVIl - 87a) (a* (¢)a(Q:F,dhg?) + hc.) (3.19)

+ [ axay VNG =3 (000 0 e alpnalen) +he) + Ex.

up to an overall error which is bounded by +Ex < CVyen + CeC 1 (Npen + 1).
It remains to compare the right-hand side in (3.19) with [iHy, Qren]. Based on (3.8), a similar
computation shows that + [i’HI(\(,)), Oren] < Ce€ll(Nien + 1) and that

[, Quenl = =(IVIly = 87a) (a" (¢)a((Qs © Q1K) QlorPor) +hc.) + Ay,

1
(1, Qren] = =35 (IVIls = 87) ({6 01 (¢D) + .

- [ s (@000 (2010 © 011k “ELEE e )

1S Qunl = (= [ ey NPV (N Gx = 3 )

a(e;) a(er) a(er)
W VN VW

- [ @y NV VG = )T )0 () (00a(Q0n) #hic) + s

xa*(Q:,x)a* (Q;y)a" ((Qt ® Qtatkt)x)

1
[HS) Qunl = =3 ( [ dxdy VNG =)’ (Q1)a"(@1)

alg:) aler) +h,c.) + Ay

VN VN

X (atkt(xs y)+ 23*((Qt ® Qtatkt)x)a(Qt,y))

up to further error terms A ; that are controlled by +A; < C Sl (Npen + 1).
To combine the different contributions to [{H y, Qren], We proceed as before. That is, we substitute
(3.10) and bring all terms into normal order. One then finds that

. .4,03 * -
(M) + K, Qunl = =(IVIls = 870) (@ () (@B, 0107) +h) + €y i o1

where 5[”_[(1) HHD O] < CHien +C eCl |(Men + 1). Similarly, based on the zero energy scattering
N N El ren

equation (2.5), the identities (3.10) and

Ok (x,y) = N(1 = f)(N(x = y)x (x = ) ((0rpe) ()1 (¥) + 1 (x) (O 01) (1))
as well as the kernel properties of Lemma C.1, one readily finds that
[i’HI(\?) + l.ng\‘]l), Qren]
=~ [ sy NV G - 3) (s ) alenale) + e

+ 5[17_43) +iH§3) ,Qren]’
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for an error 5[ ! < CHyen + CeCl! (WNien + 1). This shows that

HP+H , Qren
[iHN, Qren]
=~(IVlli - 8ra) (a*(soz)a(Qt%Btso?) +h-C-) (3.20)

- [ axay V- ) (e ) atenaten +he) + o

for +€¢,,, < CHyen + CeC" (Nen + 1). By direct comparison of (3.19) and (3.20), we get

[I.HN,X]"'atX'i'[iHN, Qren] =gx+ggren’ O

We conclude this section with the proof of Proposition 2.1. This is now a simple corollary of
Lemma 3.2 and Lemma 3.3.

Proof of Proposition 2.1. The first bound in Proposition 2.1 follows directly from Lemma 3.1 and
Lemma 3.2, so let us focus on the Gronwall bound. Without loss of generality, consider > 0. We then
compute

8I<HN + Qren + Ce“ (Nen + 1)>¢,NJ
= C2C" (Npen + 1 +Ce“{[iHNn, Nien| + 8 Neen
< ‘>l/’N.t ¢ <[l N ] 4 >l//N,z (3.21)
+ <[1'HN, —(a*((pt)a(QtiatQDt) + hC) + <iat90t, ‘Pt>./\/l‘pt + Qren] >l//N,t
+ <8t( - (a*(got)a(QtiOt&pt) + h'C~) +(i0; ¢4, $0t>N¢<p, + Qrcn)),ﬂN’t'

By (2.9) and Lemma 3.2, the second term on the r.h.s. in (3.21) is controlled by

|<[l'HN,./\/ren] + 6t-/\/ren>¢N‘, - <[irHN"/V'ren]>l//N,z‘
< Ced<7'lren + CECt(Men + 1)>l//N . < CECt<7'[N + Qren + CeCt(-/vren + 1)>¢/N .’

and based on the same lemma and (2.13), we also obtain that
|< [iHN, Men] >¢N.z | < ce”’ <HN + Oren + CECI (A/ren + 1)>$N,z .
Similarly, Lemma 3.3 implies directly that

|< [iHN, —(a"(¢1)a(Qyid; ;) +h.c.) + 0 s, 91 )N Ly, + Qren]>¢,NJ

+ <3t( - (a*(‘pt)a(QtiatQDl‘) + h-C~) + (i0; ¢4, ¢I>NJ_</7, + Qren))lpm
< ce"(Hn + Qren + Ce“ (Npen + 1)) s g

A. Properties of the Gross-Pitaevskii equation

The next proposition collects basic properties of the solution of the time-dependent Gross-Pitaevskii
equation (1.8). Its proof follows essentially from standard arguments; we refer to [3, Appendix A] and
[22, Chapters 3 to 6] for the details.
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Proposition A.1. Consider the time dependent Gross-Pitaevskii equation (1.5). Then,

1. WeLL-Posepness. For every ¢ € H'(R?) with ||¢|l, = 1, there exists a unique global solution t —
¢: € C(R, H'(R?)) of (1.8) with initial data . We have that ||¢;||» = 1 and that Egp(¢;) = Egp(@)
for all t € R. In particular, we have that

sup [[¢ellgr < €, supllells < C.
teR teR

2. HiGHer ReGuLariTy. If @ € H™(R3) for some m > 2, then ¢; € H™(R?) for every t € R. Moreover,
there exists C > 0, depending on m and on ||¢||gm, and ¢ > 0, depending on m and ||¢||g1, such
that for all t € R, we have

cle|

llollam < Ce

3. ReGurariry oF Time Derivatives. If ¢ € H*(R?), there exists C > 0, depending on |||+, and
¢ > 0, depending on ||¢||g1, such that for all t € R, we have that

10:@ellgg> < Ce M, (|07 |l < Cecll

B. Basic Fock space operators

In this section, we collect a few standard results on the creation and annihilation operators defined in
Section 1. The proof of the following lemma is straightforward and follows with the same arguments as
in, for example, [3, Section 2] or [15, Section 2].

Lemma B.1. Let f,g € L*(R3), h € L*(R3 xR3) and let the ay, ay and a(Qy,x),a*(Qy,y) be defined
as in (2.3) and (2.11), respectively. Then, in L2(R3N) we have that

0<Nuy, =N -a*(¢)ale) = / dra*(Qr.0)a(Qrx) < / dra’ay=N.

Moreover, for every ¢n € L2(R*N), we have that

la(Hénll < I IVNIgn T, lla* (Hdnll < IFIVN+ Tgwll,
la(@: Nonll < IFNIN 2 onll Nl Qe f)onl < IFIIN L, + 126,

and that

[Ka* (H)a(@))en| < NIIFIgNon 1% [(a* (0 f)a(Qi8))on| < N FINQIN Ly ) on -

Similarly, if we set hy(y) = h(x,y), then we have that

f dx |(@ra’ (h)) | < NlkllowIP, / dx [{a" (Qr.)a" (Qsh)) o | < IHIKN g, Do

/ dx[{aia(hy)),, | < NlIAllén |2, / dr[{a”(Qr)a(Q@ih)) | < BN Ly, g -

C. Properties of the scattering kernel

The goal of this section is to collect basic properties of the solution f of the zero energy scattering
equation (2.5) and of the correlation kernel k;, defined in (2.12). It is well known (see [37, Appendix C])
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that under our assumptions on V € L'(R?), we have that 0 < f < 1, that f is radially symmetric and
radially increasing and that for every x € R? outside of the support of V, it holds true that

f)=1- (eR))

e
x|’
In particular, we have that 0 < (1 — £)(x) < C|x|™" and, if supp(V) c Bg(0), that

/ de(x)f(x):Z/ dx(Af)(x):Z/ dS(x) (Vf)(x)~i:87ra.
R3 Br(0) 0BRr(0)

|x]

Lemma C.1. Let k; be defined as in (2.12), where t — ¢; € C1(R, H' (R?)) denotes the unique solution
of the time-dependent Gross-Pitaevskii equation with ¢,—g € H*(R®) and where y € C (B, (0)) with
X|B,0) = 1. Then, k; satisfies the following properties:

1. We have that k, € L*(R3 x R3) with

sup ||k, || < Cr'/? and ||k, |l < Clg;(x)| < Ce€V!
teR

for some constant C > O that is independent of r > 0 and t € R. Similarly, we have
19 kel < CeMand [10;ke Il < C(1@r ()] + 10,0 (0)]) < CeNl,
167kl < CeV!and |07k, |l < C(l@s (x)] + 100 ()| + 16704 (x)]) < CeCN.
The same bounds hold true if we replace k; by Q; ® Q:k; for Q; =1 — | ){@;].
2. Define f;(x,y) by
1
Je(x,y) = (Ark) (x,y) = ENS(Vf)(N(x =)@ (xX) g (y)
—2N*(VA)(N(x =) - Vi(x (x = )i ()1 (1))
Then f;, 0, f; € L*>(R3 x R3) with

sup [l £ill < C. 11 fill < CeCll.
teR

3. Define g (x,y) = [ dz (Vak;)(x,2)(Vak;) (3, 2). Then g;,0,8: € L*(R® x R?) with
llgell < CeClL 10,81l < CeCML.

The same bounds hold true if in the definition of g, we replace k; by Q; ® Qk;.

Proof. We sketch the main steps of the proof for the bounds involving k;; similar properties have previ-
ously been used in [3, 15]. Below, we use without further notice that || ¢ ||, [|0; @t [l |07 1 [lo < Ce€!
and that ||¢;|| = ||¢s=oll, sup,cg [IVe: |l < C,sup,cp ll¢:lla < C by Proposition A.1 and H?(R?) —
L™ (R3).

Part a) follows from

e (x - y)P? 1
|2 < / dxdy X220 10, () Ple () < Cllgr |1} O

|x_y|2 |x|<2r |x

uniformly in ¢ € R and, using Hardy’s inequality, from

G-y
ke P < lege (0 / dy ﬁfc_—yy'zw,w < Cloi @) PIIVe (- + 1) < Clgr ().
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The bounds on the time derivatives of k; are proved in the same way. This remark applies also to part
b) which follows after noting that

fi(x,y) =N = f)(N(@x =) (=A1) (x(x = y)er () ().

This uses the zero energy scattering equation and that N is w.l.0.g. large enough so that V(N.)x(.) =
V(N'.). Finally, to prove part c¢), we compute

(Voke)(x,2) = N2V F(N(x = 2))x (x — 2)¢: (x) ¢4 (2)
+N(1 - f)(N(x—2)V2(x(x — 2)e: ()¢ (2)).

Setting h(x, z) = V2 (x (x — 2)¢: (x)¢(2)), we then note by Hardy’s inequality that

2

/ dxdy ‘ / dzNf(N(x —2))Nf(N(y —2))h(x,2)h(y, 2)

H§:1 e (z) 1> + Vs (2))
Ix = z1lly = z1llx — z2lly — 22|

e / dxdydzdz s (O Plor ()P < €N,

and, similarly, that

2

/ dxdy‘ / dz N>V (N (x = )N F(N(y = 2)x (5 = s (g (3. 2)

SC/dxdydulduzdzldz2N3V(Nu|)N3V(Nu2)

« lo: (X) 210 (0 1P0r ()Pl (22) 12 + |V, (22) ]
Ix —z1 — w1y — z1llx — 22 — u2|?|y — 22

< CeCltl,

Here, we used that N2V f(Nx) = _% /dy |;‘__ny3N3V(Ny) for a.e. x € R>, which follows from

(=2A + N?>V(N.))f(N.) = 0. Finally, by integration by parts, we use that

/ dz N>V (N (x = DN V(N (3 = D) (x = Der (x (v = D (9)leer (2) 2
- % / dzNf(N(x = )N (V)N (y = 2)x (x = 2@ () x (v = e (9] i (D)

" / dzNF(N(x = )NT SN = D)Vz (e (x = e (0 (= e (Dl (D)),

Then, proceeding as before, we find that

[ asay| [ aengvie =m0 = D) - Derox - De e P

lo: ()P lo: (D) P les (210) P les (22) |
|x — z1]|x — z2]

lor ()Pl ()2
|x — Zl|2

< C/ dxdydzidz; N3V(N(y - Zl))N3V(N(y - 22))

< CeCll / dxdydzidzo N*V(N(y — 21))N>V(N(y - 22)) < CeCll
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and that
[ty [ v = )TN = DT = x|

lo: ()Pl ()
|x = z1]]x — 22|

y (lee (2D + 1V (20)1?) (I (22) 1 + Vi (22)1?)
ly —ur —z1*ly —uz — 2|2

<C / dxdydz dzoduiduy N3V (Nup )NV (Nus)

< ceClil,

Combining the above, this implies the bounds on g, and d,g; is bounded similarly. O

D. Complete BEC for small interaction potentials

The purpose of this appendix is to illustrate that the methods developed in this paper are also useful in
the spectral setting. The following result generalizes the main result of [4] to the trapped setting in R3;
compared to [4], its proof is substantially simpler.

Proposition D.1. Let V € L' (R?) be nonnegative, radial, compactly supported and such that ||V||; is
small enough. Let Vg € L}’U"C(RS) be such that lim|y| e Vex(x) = 0o with at most exponential growth
in |x| as |x| — oo. Then, there exists a constant C > 0, that only depends on V, such that for every ¥,
[l = 1, that satisfies

1 1
Wn HEP YN < NP + A,
we have that the one particle density y](\;) associated to Y satisfies

1= (gor, v\ war) < CN7'(1 4 A).
Remarks.

D1) It is well known [38] that inf spec(H;f]ap) = Netcr}ap +0(N) as N — oo. In particular, Proposition

P
. trap
D.1 applies to the ground state Yy of H,".

D2) Based on [38], it is well known that under our assumptions, we have that ¢gp decays exponentially
fast to zero as |x| — oo, with arbitrary rate. In particular, we have that Ve ogp € LP (R?) for every
p =1

Proof of Proposition D.1. Using the Euler-Lagrange equation for ¢gp, that is,

2 4
—A + Vex + 8malogp|“¢cp = popwcp,  Mcp = egp +4nallocplly,

the proof follows from a slight variation of the arguments presented in Section 3. Indeed, proceeding as

in (3.8), it is straightforward to verify that Hy" = j‘:o H;fjal}, where

a*(yap) a*(¢cp) alecp) a(ecp)
VN VN YN N
a*(¢ap) alpcp)
VN N
H;\r,a’pl = a*(pcp)a(Q:(N*V(N.) = |ecpl*)¢ap)) — a* (gap)a(Q: (8malecr|*¢cp))
_ a*(gcp)

VN

N
H = 2 (wap, (NVN.) *lgcrl)gcr)

+ N(‘PGP’ (_A + Vext)@GP)

Niger
a(Q:(N*V(N.) = lgap|*) ¢cp)) W% +he.,
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1 = [ (@A + Va2

) a*(¢gp) a(ecp)

W N

a”(gcp) alecp)
VN VN
a(ecp) alecp) +h )
VN VN
a(pcp)

VN

+ / dxdy NV(N(x = y))lece(y)*a" (Q.)a(Qx

/ drdy NYV(N(x — y)eop ()T, ()" (Qr)a(Qy) 2

vy [ sty WV G = ) gcna)er ()a” (e (@)

HY" = / dxdy N>V (N (x - y))ecp(y)a’ (Qx)a" (Qy)a(Qy) +he.,

I / drdy N2V(N(x — ))a*(Q2)a*(0,)a(Q,)a(Qx).

Here, we set Oy = (Q; x)|r=0 compared to our previous notation. Similarly, we continue to use the
notation by, b}, o Nien, Hrens k = (k¢ )j=0, etc., understanding implicitly that this refers to ¢ = 0 so that all

trap

operators are related to ¢gp. Now, to control Hy, relative t0 Hpen and Nien, a simple generalization of

the arguments in Section 3 shows that

a*(ggp) a*(¢cp) alecp) al¢cp)
VN VYN VN N
a*(pcp) a(ecp)

VN VN
1 ,
+ E / dx bx( - Ax + Vexl(x) +N3V(N~) * |Q0GP|2)bx - C”VHI(NJ_L,DGP + 1)

N
HYP >~ (gon, N (V) *lgcrPgcr)

+ N(‘PGP’ (-A+ Vext)SOGP>

for some universal C > 0. Notice that this uses Ve, > 0. Using the regularity of ¢gp € H l(11%.3),
the property 0 < f < I, the identity a*(¢gp)a(¢cp) = N — Ny and that N, o, and N, are of
comparable size by Lemma 3.1, we get

trap trap
Hy" = Negp

1 .
szdxb (= Ax + Vext(x) + 8malgcpl? = tap) by = ClIV I (N g+ 1).

Here, we chose the radius » > 0 in the definition of (2.12) w.l.o.g. comparable to ||V||;. Finally, standard
results imply that hgp = —A + Vex(x) + 87alogp|? — pcp is gapped above its ground state energy, for
some gap 24gp > 0. By the Euler-Lagrange equation, ¢gp is its unique positive ground state (with zero
ground state energy) so that

HG® > Negy +A6p Nien = CIVIE(NLgge +1) = Negp + 6 Nigg, — ClIVI = C

for 6 = Agp — C||V||; > 0, if ||V]]; is small enough. By (2.1), this implies the claim. O
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