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A CHARACTERISATION OF RIEMANNIAN FOLIATIONS
AND TOTALLY UMBILICAL SUBMANIFOLDS

PH. TONDEUR AND L. VANHECKE

We discuss characterisations of Riemannian foliations, totally geodesic submani-
folds, and totally umbilical submanifolds by sharp inequalities. These derive from
the same linear algebraic set up, characterising a linear endomorphism which is a
multiple of the identity.

1. GENERAL SET UP

In the first section we derive two general theorems which will lead to the applica-
tions mentioned in the abstract.

Let V be a finite-dimensional real vector space and g an inner product on it.
Further,let V = Vi @ V, be an orthogonal decomposition of V with dim V; = m and
dim V; = n. The induced product on V; will be denoted by g1 and that on V; by g».

Next, let 4 be a symmetric bilinear form on V; with values in V2. Then

frum 92(7("""'),7(“1“))3

where u is a unit vector of V;, is a function on the unit sphere $™7?(1) in V;. Here
we identify V; with R™ via an orthonormal basis {e;,a = 1,...,m}. Further, we put

m
T=TU= E TaCq-
a=1

Then we define F: V; - R;z— F(z) by

(1) F(z) = r‘f(u) = Z $¢252c24g2(‘yab, 7cd)

a,b,c,d=1

where v, = v(ea, €s).
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Our aim is to compute Af on § m-1(1) where A denotes the Laplace operator on
this unit sphere. Therefore, let A denote the Laplace operator on R™. We shall first
compute AF and then use the well-known relation (see for example [1])

2 m-10 -

+ +A,

() A=W r Or

where A, denotes the Laplacian on §™ (r). Note that

— O*F
AF = 3_::,";
a=1
It follows easily that
oF
Bz., = 4§zbzczd92(7aba7cd)s
8*F
a—z:‘; =4 cz; chd{QZ('Yaaa'ch) + 292(’7ac:'7ad)}-
Hence, we obtain
(3) (AF)(z) = 4r* ) {g2(7(ea, €a), 7(u, 1)) + 202(7(ea, u), v(ea, u))}.
a=1
Next, put y(u,v) = Zgl(I‘;u,v)eg
=1

for u,v € V1, in terms of an orthonormal basis {e;,i=1,...,n} of V2 and the symmet-
ric endomorphisms I'; : Vi — V3, i = 1,...,n. We also define a symmetric non-negative

My = 2": Iy
i=1

for u € V;. Then (3) can be written in the form

operator I'? : V; —» V; by

(4) (AF)(z) = 4r* Y {g2(Hy,v(u,u)) + 291 (T%u,u)}
where H,= Z‘y(ea,ea).

Next, using (1) and (2) we get, by putting r =1,

(5) (KF)("') = 4{g2(Hy,7(u,u)) + 291 (qu,u) — (m +2)g2(v(u,u), v(u,u))}

https://doi.org/10.1017/50004972700015501 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015501

[3] Riemannian foliations 103

and finally, integration over S™~!(1) yields
(©) ./S 1( ){gz(H'V"Y(u, u)) + 241 (qu’"‘) = (m +2)g2(v(u,u),v(u,u))}dp = 0
m—1(1

where dp is the canonical measure on S™71(1).

The first general result follows now at once from (6).
THEOREM 1. + =0, thatis, V; is totally geodesic in V, if and only if

(7) 92(H‘1,7(u'1u)) 2 (m + 2)92(7("')“),7(“1“))
on S™~1(1).

To obtain the second result, we rewrite (6) in the following form :
(8) /s 1 ){gz(Hq,‘Y(u,u)) —91(T%u,u) — (m — 1)ga(v(u, u),v(u,u)) }du
m-1(1

+3/ {91 (T%u, %) — g2(v(u,u),7(u,u))}dp = 0.
sm-1(1)

Since (1,8, 7w 0) = 3 (T, w)?,
=1

the Schwarz inequality implies
(9) g1 (T%u,u) > g2(v(u,u),7(u,u)).
Then we get

THEOREM 2. V; is totally umbilical in V, that is, I'; = \I for i = 1,...,n, if
and only if
(10) 92(Hoy,v(u,u)) — g1 (T?u,u) > (m — 1)ga(v(u, ), v(u,x))
on S™71(1).

PROOF: First, suppose (10) is satisfied. Then we have by (8) and (9)
> {91(Tiu,Tiu) — g1(Tiu,u)’} =0
1=1

and hence, by the Schwarz inequality,
a1 (F,“U-, Fiu) = gl(Piuau)z
for i = 1,...,n. Thus, I';u must be proportional to u for all », which proves the

result.

Conversely, let I'; = A\;I, 1 =1,...,n. Then we have

7(u,u) = zn: /\;e,-, H,7 = mzn: A,-e.-, F2 = (zn: Af) I
i=1 i=1 i=1

and the equality holds in (10). 0
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REMARK. (6) may also be checked directly by using the integration formulas (see for
example {3, 6]). Then we have

Cm—1 Cm-—1 2
Hy y(u,u))dp = H,,H,) = H,2,
Jos ey 2 s 0 = S22 (01, ) = S22

My, u)dp = S trace I'?
_/;-m_l(l)g]( u,u) [L oy race s

Cm-1
) dy= —- _ 2 2
/sm—z(l)g2(7(u u),y(u,u))dp m(m+2){|H| +2 trace ['?},

where ¢m_1 denotes the volume of S™1(1).

In the rest of this note we shall consider applications of these two theorems by
specialising the symmetric bilinear form . The first one treats foliations and the
second one submanifolds of Riemannian manifolds.

2. APPLICATIONS TO FOLIATIONS

Let § be a foliation on a Riemannian manifold (M, g). We refer to [8, 9] for more
detailed information. We denote vector fields tangent to § by U, V,... and vector fields
orthogonal (transversal) to § by X,Y,.... The metric restricted to tangent vectors is
denoted by gz, and the metric restricted to normal vectors is denoted by gg. For the
Lie derivative 6(U)gg we have then the following formula [9, (6.9)):

LEMMA 3. (8(U)go)(X,Y)= —2g1(at(X,Y),U), where a™ is the second fun-
damental form of the normal bundle L' of §.

In terms of the Levi Civita connection V¥ of g and the tangential projection
7wl : TM — L, the symmetric bilinear form a’ is given by

1
ol (X,Y) = -2-7rL (V¥Y + v¥X),

(8, 9, (6.8)].
Using a* for 4 in Theorem 1 we get the following characterisations of Riemannian
foliations, given by a! = 0 according to [9, Corollary 6.10].

THEOREM 4. Let § be a foliation of codimension q on a Riemannian manifold
(M,g). Then § is Riemannian (that is, g is bundle-like) if and only if

gL (T-L’ a-L(z’ z)) > (q + 2)9L(al(z,z)s a-L(z: z))

for all unit normal vectors z of §.

Note that 71 is the mean curvature vector field of the normal bundle given by

q
= Z a'L(ea, )
a=1
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for an orthonormal frame {e,,a = 1,...,q} of transversal vectors [9, (6.27)].
Next, we consider the class of foliations with a holonomy invariant transversal
form v. According to [9, (6.32)], these are characterised by 74 = 0. Assuming this

condition, we rewrite (6) in the form

-/Sq—l(l){(2 - ﬂ)gQ ((A_L)zz’ z) —(¢+2-B)gr (al(“’, z), aJ'(za z)) }du
4 /sq-l(l){gq ((Al)z”’ ”) —gr(a*(z,2),a*(z,2)) Mdp =0

at each point of M and for each unit normal vector z to § at this point. Here
(A'L)2 : Lt — L' is the endomorphism I'? corresponding to the bilinear form o' .

Then Theorem 2 yields the following result.
THEOREM 5. Let § be a foliation with holonomy invariant transversal volume

on the Riemannian manifold (M,g). Then § is Riemannian if and only if there exists
a number 8 such that

(2—B)ge((4*)’z,2) > (¢ +2 - Bgr(a*(z,2),a*(2,2)) for B >0,

(2-PB)ge ((A'L)zz, 2) <(g+2-P)gL (aJ‘(z,z),a'L(z,z)) for 8 <0

for each unit normal vector z to §.

3. APPLICATIONS TO SUBMANIFOLDS

For a second series of applications we consider submanifolds of a Riemannian man-
ifold. For definitions and more detailed information we refer to [2], for example.

Let (M,g) be a Riemannian manifold of class C* and suppose dim M = m.
Further, let V denote its Levi Civita connection and R its Riemann curvature tensor
defined by

Rxy = Vix,y) - [Vx,Vy]

for tangent vector fields X,Y . Next, let (N,g) denote an n-dimensional submanifold
of M where g also denotes the induced metric. Its Riemann curvature tensor will be
denoted by R and the associated Ricci tensor by p.

Now,let p€ N andlet {e4,A =1,...,m} be an orthonormal basis of T, M such
that e;, i = 1,...,n are tangent to N and e,41,...,e, normal to N at p. Further,
let o denote the second fundamental form of N and put, at p,

g(a(z,y),ea) = —g(S,,z,y), a=n+1,...,m
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for z,y € T, N . Here S, denotes the shape operator corresponding to €. For u € TN,
the Gauss equation yields

(1) p(u,u) =Y Ruciue; + 9(H,0(u,8)) = 3 g(Sau, San)
=1 a=n+1
= p(u,u) — Z Eueauca +g(H,0(u,u)) - Z 9(Sau, Sau)

a=n+1 a=n+1
where p is the Ricci tensor of (M,g) and H the mean curvature vector field of N in
M.

For an arbitrary unit vector v € T, N, (6) becomes, using v = ¢ and (11),

(12)

Lﬁ-1(1){p(u’ u)—z Ryciue,—(n + 2)g(0(u,u), o(u,u))}du+3 Ln_l(l) g(S u,u)dy, =0

i=1

and (8) may be written as

(13) /.9ﬂ-1(1){p(u’ u) — Z ﬁuc,‘uq — (n = 1)g(o(u,u),o(u,u))}dp
3 /Sn—l(l){g(s u,u) - g(o(u,u),o(u,u))}dp = 0

where $? corresponds to I'?. The relations (12), (13) yield at once
THEOREM 6. N is a totally geodesic submanifold if and only if

plu,u) 2 (n + 2)g(o(u,u),o(u,u)) + E ﬁue.’uei

i=1
for all unit tangent vectors u.

THEOREM 7. N is a totally umbilical submanifold if and only if
p(u’7u) 2 (n - l)g(d(u,u),a(u, u)) + z ﬁuaiue,—
=1
{for all unit tangent vectors u.

As a special case we then get

COROLLARY 8. Let (M,g) be a space of constant curvature c. Then N is a
totally geodesic submanifold if and only if

p(u,u) > (n— 1)+ (n + 2)g(0(u,u), o(u,4))
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for all unit tangent vectors u.

COROLLARY 9. Let (M,g) be a space of constant curvature c. Then N is a
totally umbilical submanifold if and only if

p(u,u) 2 (n — 1){c + g(o(u,u),0(u,u))}
for all unit tangent vectors .

REMARK. For ¢ =0 and n = m — 1 we obtain the result provided in [4] and used to
obtain a characterisation for a compact and connected hypersurface in R™*! to be a
sphere in terms of lower bounds on the Ricci curvature.

Finally, we consider some special cases in almost Hermitian theory. For more details
about submanifolds in this context we refer to [7]. Let (M,g,J) be a Kiahler manifold
and let N be a holomorphic submanifold of M. Then N is minimal and we get

THEOREM 10. Let N be a holomorphic submanifold of a Kéahler manifold
(M,g,J). Then N is totally geodesic if and only if

p(u,u) = (n —1)g(o(u,u),0(u,4)) + Y Rucjue;

=1
for all unit tangent vectors u.

Note that the same result holds when (M,g,J) is a quasi-Kahler manifold, that
is, an almost Hermitian manifold satisfying

(VxJ)Y +(VyxJ)JY =0

for all tangent vectors X,Y [5].

Next, let (M,g,J) be a complex space form, that is, a Kidhler manifold of constant
holomorphic sectional curvature, say ¢. Further, we note that the second fundamental
form o of a holomorphic submanifold N in a Kahler manifold satisfies

(14) o(Ju,v) = Jo(u,u), o(Ju,Ju)+o(u,u)=0

for any tangent vector u. This and the Gauss equation yield that the holomorphic
sectional curvature H(u) of N corresponding to the unit vector u is given by

H(u) = c — 29(c(u,u),o(u,u)).

n+2
4

[

n
So since E Ruciue; =
i=1

in the complex space form M, we obtain
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COROLLARY 11. Let N be a holomorphic submanifold of a Kihler manifold of
constant holomorphic sectional curvature c. Then N is totally geodesic if and only if

for any unit vector u tangent to N we have

o) > ¥ 2 e 4 (n— 1)g(o(u,u),0(u,4))
or equivalently,
pluu) > e 22T H ().
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