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Abstract  We prove continuity in generalized parabolic Morrey spaces My, , of sublinear operators
generated by the parabolic Calderén-Zygmund operator and by the commutator of this operator with
bounded mean oscillation (BMO) functions. As a consequence, we obtain a global M, ,-regularity result
for the Cauchy—Dirichlet problem for linear uniformly parabolic equations with vanishing mean oscillation
(VMO) coefficients.
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1. Introduction

The classical Morrey spaces L, » were originally introduced in [17] in order to prove local
Holder continuity of solutions to certain systems of partial differential equations (PDEs).
A real-valued function f is said to belong to the Morrey space Ly, »(R") with p € [1,00),
A € (0,n), provided that the norm

1 1/1)
||f||LM<Rn>=( wp — If(y)l”dy>-

A
(z,r)eR? xRy T JB,.()

is finite. The main result connected with these spaces is the following celebrated lemma:
let |Df| € Ly even locally, with A < p; u is then Hélder continuous of exponent
« = 1 — A/p. This result has applications in the study of the regularity of the strong
solutions to elliptic and parabolic PDEs and systems. In [5] Chiarenza and Frasca showed
boundedness of the Hardy—Littlewood maximal operator, which allowed them to prove
continuity in L, »(R™) of some classical integral operators. These operators appear in the
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representation formulae of the solutions of various linear PDEs. Thus, the results in [5]
allow us to study the regularity of the solutions of these operators in L, » (see [20,21,24]
and the references therein). In [16] Mizuhara extended the Morrey concept of integral
average over a ball with a certain growth, taking a weight function w(z,r): R" xRy — R
instead of r*. Thus he put the beginning of the study of the generalized Morrey spaces
L, ., under various conditions on the weight w. In [18] Nakai studied continuity of
some classical integral operators in L, , imposing the following doubling and integral
conditions on w:

w(z, s)

w(z, s) ds < Csw(m,r)

5n+1 rn ?

o0
<Cy 1<s< 2 /
w(,r) v
where the constants do not depend on s, r and z. Furthermore, in [19] Nakai extended
the theory of Morrey spaces on homogeneous spaces (X,d, ) endowed with a quasi-
distance d and a non-negative measure p. The generalized Morrey space is then defined
to be the set of all f € Ll (X) such that

loc

1 1 . 1/p
Ilflle,¢<X>=sng(m [1s du(x>) |

where the supremo is taken over all balls B = B(a, ) with respect to the quasi-distance d.
The weight function ¢(B) = ¢(a,r) satisfies the integral condition

/00 $(a,5) ds < Coé(a,r) Vae X, r>0. (1.1)

S

As a consequence, the boundedness of the Hardy-Littlewood maximal function and the
Calderén—Zygmund singular integral operators in Morrey-type spaces on spaces of homo-
geneous type hold. Some applications of these operators in the regularity theory of partial
differential equations are presented in [23,25,26]. Therein, the second author obtained
global L, ,-regularity for elliptic and parabolic boundary-value problems. The approach
is based on explicit representation formulae for the higher-order derivatives of the solution
and estimates for the above-mentioned operators.

Other generalizations of the Morrey spaces are considered in [2,8,9,12]. In these
works Guliyev et al. studied the continuity of known integral operators acting from one
Morrey-type space, M, ,, (R™), to another, M, .., (R™), where the couple (¢1, 1) satisfies
the condition

/°° ess inf,cccoo 1 (2, C)Cn/p
T

ey ds < Cpa(z,r), (x,7) € R" xRy (1.2)

The technique consists of obtaining some estimates for sublinear operators generated by
various classical integral operators such as the Calderén—Zygmund operator, the commu-
tator with bounded mean oscillation (BMO) functions, the Riesz potential, the Hardy—
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Littlewood maximal operator and others. We note that the condition (1.2) is weaker
than (1.1). Indeed, if (1.1) holds and ¢1 = @3 = ¢, then

o €SS infs<C<<>o 90('7;7 C)Cn/p o @("I;a 5)
/r RCETSYE ds < /T ds < Co(z, 7).

The following example shows that there exist functions satisfying (1.2) but not (1.1).
Example 1.1. For 8 € (0,n/p), consider the weight function

(o)

{o if r € (0,m),

o(r) = r(Bp—n)/p

Direct calculations give

ess inf @(C)C"/p =

r<(<oo rPsinl if r € (7, 00).
Then,
> ess infyccco 9(C)CP 0 if r € (0, ),
= < .
/T S(i+p)/p A5 =93 @r-m/pgin1 ifrc (m00) Celr)

The function ¢ does not satisfy the condition (1.1).

In [11] we applied the results obtained in [2] to the study of the global M, ,-regularity
for the Dirichlet problem for linear uniformly elliptic equations with vanishing mean
oscillation (VMO) coefficients. In the present work we extend our study over singular
integral operators with a parabolic-type kernel. As a by-product we obtain regularity
results for strong solutions of parabolic boundary-value problems. The unique strong
solvability of the problem under consideration is guaranteed by [3]. Furthermore, its
regularity has been studied in the frameworks of the Morrey, Morrey-type and weighted
Lebesgue spaces, in [21], [25] and [10], respectively, while in [27] we deal with the oblique
derivative problem in M), , spaces. Our approach is based on estimates for sublinear
operators generated by singular integrals with parabolic kernels (see §3). The singular
integral operators enter in the interior representation formula of the derivatives D;ju
of the solution of (2.1). In §4 we establish continuity of sublinear operators generated
by non-singular integral operators. A similar result also holds for the commutators of
these operators with BMO functions. The last integrals are included in the boundary
representation formula for D;;ju, and allow us to obtain a local a priori estimate near
the boundary. The global a priori estimate for w is obtained in §6.

The following notation is used throughout this paper:

o x=(2/,t),y=(y,7) e R =R" x R, RTM =R" x Ry;
o v=(2",7,,t) DT =R xRy xRy, D" =R" 1 x R_ x Ry;

e || is the Euclidean metric, |z| = (31, 22 + ¢2)1/2;
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o Bo(x)={y eR": |2/ —¢/| <7}, |B| =Cr";
o Z.(z)={y e R"": |2/ —y/| <, [t — 7| < 1%}, |Z,| = Cr" T2
e S” is the unit sphere in R**1;
e D,u=0u/dx;, Du= (Dqu,...,Dyu), uy = du/0t;
o Djju = 0%u/dx;0x;, D*>u = {Dsju}};_, denotes the Hessian matrix of u;

e for any f € L,(A), A C R"!, we write

1/p
1 lloa = 1712 = ( /A f(y)lpdy) :

e the standard summation convention on repeated upper and lower indices is adopted;

e the letter C' is used for various positive constants and may change from one occur-
rence to another.

2. Definitions and statement of the problem

In the following, besides the standard parabolic metric o(z) = max(|z’], |t|'/?) we use

the equivalent one
2/ T
px) = 5

considered by Fabes and Riviére in [7] (see also [28]). The topology induced by p(x)
consists of the ellipsoids

2 t— 7|2
et A <1}, &= Crt &(2) = Bia).

Er(z) = {y c R =

It is easy to see that the metrics p(-) and o(+) are equivalent. In fact, for each &, there exist
parabolic cylinders Z and Z with measure comparable to »"*2 such that Z C &, C Z. In
what follows, all estimates obtained over ellipsoids also hold true over parabolic cylinders,
and we use this property without explicit references (see [28]).

Let 2 C R" be a bounded C*!-domain and Q = 2 x (0,T), T > 0, be a cylinder in
Riﬂ. We give the definitions of the functional spaces that we are going to use.

Definition 2.1. Let a € LI*¢(R™*!) and let ag, = |£,/7 [ a(y)dy be the mean
integral of a. Denote

1
mlR)=sup e [ 15) e,

dy for every R > 0,

where &, ranges over all ellipsoids in R?*!. We say that the following hold.
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e a € BMO (bounded mean oscillation [13]) provided the following is finite:
lall« = sup nq(R).
R>0

The quantity || - ||« is a norm in a BMO modulo constant function under which
BMO is a Banach space.

e a € VMO (vanishing mean oscillation [22]) if a € BMO and
li =0.
lim 74 (R) = 0
The quantity n,(R) is called the VMO-modulus of a.

For any bounded cylinder @ we define BMO(Q) and VMO(Q) taking a € L1(Q) and
Qr(x) =QNE&(x), x € Q, instead of &, in the definition above.

According to [1,14], having a function a € BMO(Q) or VMO(Q), it is possible to
extend the function in the whole of R"*! preserving its BMO-norm or VMO-modulus,
respectively. In the following we use this property without explicit references. Any
bounded uniformly continuous (BUC) function f with modulus of continuity wy(R)
belongs to VMO with 7¢(R) = wf(R). Besides that, BMO and VMO also contain dis-
continuous functions, and the following example shows the inclusion Wy ,12(R" 1) C
VMO c BMO.

Example 2.2. We have that
f(z) = [logp(z)| € BMO\ VMO,  sin f(x) € BMO N Lo (R™1),
fa(z) = llog p(z)|* € VMO for any a € (0,1),
fo € Wina(R™)  for a€ (0,1 —1/(n+2)),
fo & Wipi2(R™™) forae[l—1/(n+2),1).

Definition 2.3. Let p: R"™! x R, — R, be a measurable function and p € [1,c0).
The generalized parabolic Morrey space M, ,(R™*!) consists of all f € Li*¢(R™*!) such
that

1/p
s = s plor) (702 [ jpgray) <o
(z,r)ER™ 1 xRy Er(x)
The space M), ,(Q) consists of L,(Q) functions provided the following norm is finite:
1/p
lhea=sw een (0 [ irwra)
(z,r)€QXR4 Qr(z)

The generalized weak parabolic Morrey space WM ,(R"*!) consists of all measurable
functions such that

I fllwaty,,mnt1y = sup e(@, ) D fllwr, e, ()
(z,r)ER™ 1 XR4

where W L, denotes the weak L; space.
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The generalized Sobolev—Morrey space W;’;(Q), p € [1,00), consists of all Sobolev
functions u € W2 (Q) with distributional derivatives DiDju € M, ,(Q), 0 < 214]s] < 2,
endowed by the norm

P T Z ||DSU||p,so;Q~
[s|<2

||U||W§;;(Q) = [|u]

We also define the space

W2L(Q) = {w e W2AQ): u(e) =0, v € Q) lull gy ) = 2oy

where 0Q means the parabolic boundary 2 U (92 x (0,T)).
We consider the linear Cauchy—Dirichlet problem

ug — a" (z)Djju(x) = f(x) for almost all (a.a.) x € Q, u€ V(I)/f,i;(Q), (2.1)

n
4,g=1

FA>0: A7HEP < a ()68 < A€ for aa. z € Q, VE € R,
a"(z) = a’*(x), which implies a” € Lo (Q).

where the coefficient matrix a(z) = {a¥(x)} satisfies

(2.2)

Theorem 2.4 (main result). Let a € VMO(Q) with 1q = 3", 14, satisfy (2.2),
and, for each p € (1,00), let u € W2'(Q) be a strong solution of (2.1). If f € M, ,(Q)
with ¢(x,r) being a measurable positive function satisfying

o0 s\ ess inf, o(x, )¢ t2/p
/T <1 +1In r) 6<§,:12+p)/p ds < Co(z,r), (x,7) €@ xRy, (2.3)

then u € W21 (Q) and
ol ) < Ol e (2.4

Wlth C = C(n7pa Aa 8‘97 T7 na? ||a‘||OOyQ)
3. Sublinear operators generated by parabolic singular integrals in
generalized Morrey spaces

Let f € Li(R"!) be a function with a compact support and a € BMO. For any
2 ¢ suppf define the sublinear operators T and T, such that

riwi<ce [ U q, (31)
@) <€ [ o) - a0 (3.2

Suppose, in addition, that both the operators are bounded in L,(R"™!) satisfying the
estimates

1T fllpmner < Clfllpresrs [ Tafllpmnrr < Cllallll fllpmnr (3-3)
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with constants independent of @ and f. The following known result concerns the Hardy
operator Hg(r) = (1/r) [y g(s)ds, r > 0.

Theorem 3.1 (Carro et al. [4]). The inequality

ess supw(r)Hg(r) < Aess supv(r)g(r) (3.4)
r>0 r>0

holds for all non-increasing functions g: Ry — R if and only if

A= Csup w(r) / ds < 0. (3.5)
r>0 T o ©ss Sup0<§<su(<)

Lemma 3.2. Let f € L},OC(R”“), p € [1,00), be such that

00
/ S_(n+2+p)/p||pr;$s(zo) ds < o0 V($07T) e R™! x Ry, (3'6)

r

and let T' be a sublinear operator satisfying (3.1).

(i) Ifp> 1 and T is bounded on L,(R""1), then

HTf”p;ET(wo) < C,r,(n+2)/p/ 57(n+2+p)/p||f| p;€s (o) ds. (37)

2r

(ii) If p=1 and T is bounded from Li(R"*1) on W L;(R"*1), then

ITFllwLae oy < CT"“/ 5T Fll1g, () ds, (3.8)

2r

where the constants are independent of r, xy and f.

Proof. (i) Fix a point g € R"*! and consider an ellipsoid &,(x¢). Define 2, (xq) =
Ear(x0), ES(w0) = R\ &,(20) and consider the decomposition of f,

I = IXxee, (@0) T [X26c(20) = 1+ fo

Because of the (p,p)-boundedness of the operator T and f; € L,(R"™!) we have that

”Tflllp;fr(ro) < ”Tlep;]R"+1 < CHle;D;lR"+1 = C||f||p;25r(ro)'

It is easy to see that for arbitrary points « € &.(z¢) and y € 2E£(xp) it holds that

3p(z0 = y) < p(z —y) < 3p(z0 —Y)- (3:9)
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Applying (3.1), (3.9), the Fubini theorem and the Holder inequality to T f2, we get that

|f(w)l

26¢(z0) P(To — )" T2

> ds
<c[ 1w ( / n,) ay
98¢ (o) plwo—y) S"F3
> ds
<c (/ )] dy) s
2r 2r<p(zo—y)<s st

> ds
<C / Iy dy)
2 ( 55(z0)| )l snt3

oo ds
<C [ fllne. oo sz

T fa(z)| < C dy

Direct calculations give

n ° ds
IT ol ooy < O [ e e Sy (3.10)
which holds for all p € [1,00). Thus,
T <C (n+2)/p > ds 11
17l ) < € (Ul oy + 7 [~ Ul oz ) 1D
On the other hand,
< Or(nt+2)/p ~ ds 12
1£llp.28,(z0) < Cr L Mllbeco omzmmm (3.12)
which, unified with (3.11), gives (3.7).
(i) Let f € Ly (R™"1); the weak (1,1)-boundedness of T" implies that
IT fillwese @y < ITfillwe, @
< Ol filligrs
= C|fll1,26,(x0)
n+2 e ds
<Cr . Hf||1,55(xo)ﬁ7
which, unified with (3.10), gives (3.8). O

Theorem 3.3. Let p € [1,00), let ¢(x,r) be a measurable positive function satisfying

ds < Co(x,r) Y(x,r) € R"T xRy, (3.13)

* ess infycceno o(x, O)¢nt2/p
r S(n+2+p)/p

and let T be a sublinear operator satisfying (3.1).
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(i) If p> 1 and T is bounded on L,(R"*"), then T is bounded on M, ,(R"*!), and
1T fllp,psmn+s < CIf llp,gmner- (3.14)

(ii) If p=1 and T is bounded from Li(R"*1) to WLy (R"*1), then it is bounded from
M ,(R™1) to WM, ,(R™*1), and

1T fllway, oty < Cfllpmnts (3.15)

with constants independent on f.

Proof. (i) By Lemma 3.2, we have that

° ds
T ro1 < C ;)7 €:(2) tnr2in)/p
ISl <O swp @™ [ Ul sz

r—(n+2)/p

R /0 I

(z,r)ERMTIXRy

|:v;557p/<n+2> (2) ds

=C sup (p(xﬂrp/(nw))—l/ ||f||p;£,_p/<n+2> (z) ds.
(z,r)ERM 1 xR, 0 °
Applying Theorem 3.1 with

w(r) = v(r) = ro(z, r P/ (271

Hg(?“) = 7“_1/0 Hf||p;£b,—p/(n+2) (z) ds,

where the condition (3.5) is equivalent to (3.13), we obtain (3.14).

g(?“) = Hf”p;grfp/(wrz) (@)

(ii) The estimate follows after using (3.8) and (3.4):
1 o ds
1T lwan p@ey SC - sup — (xo,7) 1 e o) s

(xo,r)ERPHIXRy

=C sup 90(500,7"’1/(”“))*1/0 Hf||1,£‘s,1/<n+z>(wo)d8

(xo,r)ERPTIXRy

<C sup L)0(-1'077”_1/(n+2))_17“”]0”1,<‘3,,_1/(n+2)(%’0)
(zo,r)ER™ 1 XR4 '

= C”f”l,ga;R"‘*'l .
O

Our next step is to show boundedness of T, in M, ,(R"™!). For this we recall some
properties of the BMO functions.

Lemma 3.4 (John—Nirenberg lemma [3, Lemma 2.8]). Let a € BMO and p €
[1,00). Then, for any &,,

1 1/10
(5| / a(y)—wdy) < cO)lall.
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As an immediate consequence of Lemma 3.4 we get the following property.

Corollary 3.5. Let a € BMO. Then, for all 0 < 2r < s,
jag, —ae,| < C(n) (1 +1In i) lall... (3.16)

Proof. Since s > 2r, there exists k € N, k > 1, such that 2*r < s < 2¥*1y and, hence,
kIn2 < 1In(s/r) < (k+1)In2. By [3, Lemma 2.9] we have that

+ lagre, — ag,

1
< _— _
X C(n)kHaH* + ‘2k€r‘ ~/2k£T |a(y) ags\dy

lag, — ag, | < |agrg, — ae,

< Cn) (k|a||* w7 .l - ags|dy)
< C(n) (mi + 1>||a||*.
O

To estimate the norm of T, we employ the same idea that we have used in the proof
of Lemma 3.2.

Lemma 3.6. Let a € BMO and let T,, be a bounded operator in L,(R™ 1), p € (1,00),
satisfying (3.2) and (3.3). Suppose that, for any f € Li>¢(R™*1),

i s ds nal
/T (1 + ln r> ||f||p;gs(x0)s(n+27+p)/p < 00 v(l’o,'f') € R X R+. (317)

Then,

o0

ds

n+2 S
ol < Cllaller® 2 [~ (102 Ul o e (319

2r

where C' is independent of a, f, xg and r.
Proof. Fix a point g € R*™! and consider the decomposition

= IXoe (zo) T [X2ec(20) = 1+ [

Hence,
”Taf”p;gr(zo) < ”Tafl”p;f)r(wo) + ”Tan”p;Er(zo)

and by (3.3) as in Lemma 3.2 we have that

HTafl

p;Er(x0) < CHCLH*”f p;2E,(z0) " (319)
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On the other hand, because of (3.9) we can write

la(z) —a@)llf @) , ¥, \?
Tafallpe, o <C(/ (/ dy | dx
| 2||p,£ (z0) £ (20) 25 (o) plzg — y)n+2
_ P 1/p
gc( / ( / la(y) aa(mg ] dy) dx)
Er(z0) 28¢(z0) plzo —y)"

w( / ( / [a(x) — ae, )|/ (W) dy)P dx)“”
Er(z0) \ J282(x0) p(xo — y)" 2

L+ D

Applying (3.2), the Fubini theorem and the Holder inequality as in Lemmas 3.2 and 3.4,
we get

> ds
< or<n+2>/p( L] Jat) = ol dy) s
2r JEs(xo) S
2y [ ds
<Cr la(y) — ag o) [If W) dy ) <=5
2r Es(zo) S
mi2)p [ ds
+Cr |ag, (o) = e, (x0)| WAy ) o5
2 Es(zo) s

T

) o ) (p—1)/p ds
< Orn+ )/p/ (/g( )|a(y) — ag, ()PP~ )dy> 1 llpse. (z0) s
s\To

2r
e ds
(n+2)/p _ -
40D [ Zag, )~ as, e 1l oo Sz
[ee]
(n+2)/ S _ds
< Cllal|«r P/2r <1+lnr)f||p;gs(zo)s(n+2+p)/p.

In order to estimate I5 we note that

= 1/
0l
I, = (/ a(x) — ag, (z pdx) / dy.
£, (20) lo(=) () 2€2(a0) P(T0 — Y)"+?

By Lemma 3.4 and (3.10) we get that

I < Claf|rm )17 / el
26¢(z0) P(To — y)" T2

3 ds
(n+2)/p -
< CHG/H*T /27, Hf”p;fs(mo) s(n+2+p)/p"

Summing up (3.19), I; and I we get that

o s ds
oo < Cllal (Wl oy 4752 [~ (14m2 )11 )

Ips&. (o) s(nt2+p)/p

and the statement follows after applying (3.12). O
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Theorem 3.7. Let p € (1,00) and p(z,r) be measurable positive functions such that

o0 s\ ess inf,ccco p(x, C)CH2)/P "
/7- <1+1n 7‘) <§n+2+(p)/p) ds < Co(x,r) Y(w,r) € R"M xR, (3.20)

where C' is independent of x and r. Suppose that a € BMO and let T, be a sublinear
operator satisfying (3.2). If T,, is bounded in L,(R"™), then it is bounded in M,, ,(R™*1),
and

1 Taflp.pirnir < Cllall«]| £

with a constant independent of a and f.

e (3.21)

The statement of the theorem follows by Lemma 3.6 and Theorem 3.1 in the same
manner as for Theorem 3.3.

Example 3.8. The functions
o(z,r) =P~/ and oz, r) = P~ FD/Plog™ (e + 1),

with 0 < 8 < (n+2)/p and m > 1, are weight functions satisfying the condition (3.20).

4. Sublinear operators generated by non-singular integrals in generalized
Morrey spaces

For any » € D'}, define & = (2", —x,,t) € D**! and 2° = (2,0,0) € R"~L. Consider
the semi-ellipsoids £ (20) = E.(z°)NDYH . Let f € Li(D}), let @ € BMO(D'} ™), and
let T and T, be sublinear operators such that

ITf(x)| < C - p(:EWZ))L” dy, (4.1)
@) <€ [ o) - a0 (1.2

Suppose, in addition, that both the operators are bounded in Lp(}D)’fr"’l)7 satisfying the
estimates

1l < Cllflpporss [Taflpps < Cllallallflypos (43)
with constants independent of ¢ and f. The following assertions can be proved in the
same manner as in § 3.

Lemma 4.1. Let f € LLOC(]D);LH), p € (1,00), and, for all (2°,7) € R~ x R,

/ 5*(n+2+p)/p||f”p;£:(xo) ds < oco. (4.4)

r

If T is bounded on L,(D"t*1), then

o0

HTpr;g:r(wO) < Cr(n-‘r?)/}?/ s—(n+2+p)/p||f|‘m€:r(a:0)ds7 (4.5)

2r

where the constant C' is independent of r, z° and f.
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Theorem 4.2. Let ¢ be a weight function satistying (3.13), and let T be a sublinear
operator satisfying (4.1) and (4.3). Then T' is bounded in M, ,(D"*), p € (1,00), and

1l gy < Clll (46)

with a constant C' independent of f.

Lemma 4.3. Let p € (1,00), let a € BMO(D1), and let T, satisfy (4.2) and (4.3).
Suppose that, for all f € L;OC(D:L_H),

/ (1 +In s)s_("+2+p)/p||f|p,g+(z0) ds <oo V(2% 7)€ R xRy, (4.7)
T r e

Then,

oo

ds

[ (n+2)/ s _ o5
”Taf”p;ff(wo) < Cllallr p/ (1 o 7") Hf”P;f?(wO) s(n+2+p)/p

2r
with a constant C independent of a, f, z° and .

Theorem 4.4. Let p € (1,00), a € BMO(D}™), et (1) be a weight function
satistfying (3.20) and T, be a sublinear operator satisfying (3.2) and (3.3). Then T, is
bounded in M, ,(D’*"), and

1Tl s < Cllallll 1l g (48)

with a constant C independent of a and f.

5. Singular and non-singular integrals in generalized Morrey spaces

In the present section we apply the above results to Calderén—Zygmund-type operators
with parabolic kernel. Since these operators are sublinear and bounded in L,(R"1),
their continuity in M, , follows immediately.

Definition 5.1. A measurable function K(z,£): R**! x R"*1\ {0} — R is called a
variable parabolic Calderén—Zygmund kernel if the following hold.

(i) K(z,-) is a parabolic Calderén-Zygmund kernel for a.a. z € R*+1:
(a)
(b)
(c)

(z,) € CR"1\ {0}),

K
K(x,p&) = p="FDK (2, ) for all p > 0,

/n K(z,&) doe =0, /Sn IK(z,8)|doe < +00.

(ii) ||D?IC||LDQ(Rn+1X§n) < M(B) < oo for every multi-index (.
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Moreover,

—(n+2)

K(2, 2 — y)| < plz —y) “(%péizo‘gp@jiww’

which means that the singular integrals

Rf(z) =PV [ Koz =y)fy)dy,

(5.1)
la, f](z) =PV K(z,z —y)la(y) — a(@)]f(y) dy

Rn+1

are sublinear and bounded in L,(R"*!) according to the results in [3,7]. We note that
any weight function ¢ satisfying (3.20) also satisfies (3.13) and, hence, the following holds
as a simple application of the estimates proved in § 3.

Theorem 5.2. For any f € M, ,(R"*!) with (p, ¢) as in Theorem 3.7 and a € BMO,
there exist constants depending on n, p and the kernel such that

1R llp.pirrtr < Cllfllpgmners [1€a, flllppmner < Cllafll fllppmntr- (5:2)

Corollary 5.3. Let @@ be a cylinder in Riﬂ, f e M, (Q), a € BMO(Q) and
K(z,€): Q x R\ {0} — R. Then the operators (5.1) are bounded in M, ,(Q) and

||ﬁf||p,so;Q < C”f“p,sa;Qv HQ:[a, f]“p,sa;Q < C”“”*Hf”p,tp;Q (5.3)

with C' independent of a and f.

Proof. Define the extensions

K(@,6), (x.6)€@xRY™\ {0}, ﬂ@{ﬂ@,we@

K(z,€) =
0~ f s

0 elsewhere,

Denote by &f the singular integral with a kernel K and potential f. Then
/()]

Af| < |Rf| < C —
‘ f‘\‘ f‘\ Rn+1p(xfy)"+2
and
”ﬁf P,¢;Q < ”ﬁpr,ap;]R"+1 < C||f||p,<p;R"+1 = OHf||p,<P§Q'
The estimate for the commutator follows in a similar way. O

Corollary 5.4. Let a € VMO and (p, ) be as in Theorem 3.7. Then for any € > 0
there exists a positive number 1o = ro(e,nq) such that for any &.(xo) with a radius
r € (0,7) and all f € My, ,(E-(z0))

||€[a’7 f} Hp,cp;gr(:ro) < CEHf||p7(P§£r(l‘0) (54)

where C' is independent of €, f, r and xg.
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Proof. Since any VMO function can be approximated by BUC functions (see [6,22])
for each € > 0 there exists (¢, 7q) and g € BUC with modulus of continuity wy(ro) < /2
such that ||a — g||« < €/2. Fixing &,(x¢) with r € (0,r¢) define the function

g(x), x € & (xp),

= ' — xf t—t
g(xo-l—rp(x_xoo),to—&-TQ 5 0 ), x € E(xo),

p?(z — o)

h(z)

such that h € BUC(R™™!) and wy,(ro) < wy(ro) < /2. Hence,

||Q:[a, f] ||p,tp;£,.(wo) < ||Q:[a -9 f] ||p,ga;5,,y(:ro) + ”Q:[ga f] ”p,go:,&,(a:g)
< Clla = gllfllp.gie. @) + I€MH: flllppie. o) < Celfllp.gie, @o)-
O
For any 2’ € R" and any fixed t > 0, define the generalized reflection
a™(z',t)
T("E) = (T’({L‘),t), T/(x) = "L‘/ _ 2{Enm, (55)

where a™(x) is the last row of the coefficients matrix a(z) of (2.1). The function 7" (z)
maps R’} into R™, and the kernel K(z, 7 (z) —y) = K(z,T'(x) —y',t — 7) is non-singular
for any z,y € ]D)ff_“. Taking & € D™, there exist positive constants #; and ko such that

r1p(Z —y) < p(T(x) —y) < Kw2p(@ —y). (5.6)
For any f € M, ,(D"'*") and a € BMO(D""") define the non-singular integral operators

Rie) = [ K@ T@ - i)
]D)n+l
i * (5.7)
o fe) = [ K. T(@) = p)las) @) ) d
Since K(z, T (z) — y) is still homogeneous and satisfies Definition 5.1 (b), we have
M o C
p(T(x) —y)"+2 = p(z —y)m+2’

Hence, the operators (5.7) are sublinear and bounded in L, (D), p € (1,00) (see [3]).
The following estimates are simple consequences of the results in §4.

Theorem 5.5. Let a € B~MO(]D)SL_T1) and f € M, (D) with (p,¢) as in Theo-
rem 3.7. Then the operators &f and €[a, f] are continuous in M, ,(D’/™") and

IK(z, T(x) —y)| <

1R[]y, pprtr < Clfllp g, [1€as flll, pipntr < CllallellFll, pipmts (5.8)

with a constant independent of a and f.
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Corollary 5.6. Let a € VMO and (p, ) be as above. Then for any € > 0 there exists
a positive number 1o = 1o(g,nq) such that for any & (x°) with a radius r € (0,79) and
all f € My, (& (z?))

1€, F1ll et ooy < CENFIL gt oo (5.9)

where C' is independent of ¢, f, r and x°.

6. Proof of the main result

Consider (2.1) with f € M, ,(Q), (p,¢) as in Theorem 3.7. Since M), ,(Q) is a proper
subset of L, (Q), (2.1) is uniquely solvable and the solution u belongs at least to W2 (Q).
Our aim is to show that this solution also belongs to W%ZL(Q)- For this we need an a prior:
estimate of u, which we prove in two steps.

Interior estimate. For any xg € RT‘l define the parabolic semi-cylinders C,.(zo) =
B,(zf) % (to —12,t0). Let v € C§°(C,-) and suppose that v(x,t) = 0 for t < 0. Accord-
ing to [3, Theorem 1.4], for any x € suppv the following representation formula for the
second derivatives of v holds true:

Dijv(x) = PV b (2 —y)[a"* (y) — a"*(2)| Dprv(y) dy
+PV Lij(z, 2 — y)Po(y) dy—l—PU(x)/ Ii(z,y)v; doy, (6.1)
Rn+1 n
where v(v1,...,Vn11) is the outward normal to S™. Here, I'(z,§) is the fundamental

solution of the operator P, and I';(z, &) = 0°I'(x,£)/9E;0¢;. Since any function v € W2
can be approximated by C§° functions, the representation formula (6.1) still holds for
any v € W2'(C,(20)). The properties of the fundamental solution (see [3,15,24]) imply
that I; are variable Calderén—Zygmund kernels in the sense of Definition 5.1. Using the
notation of (5.1), we can write

Diju(x) = €;5[a™, Dpiv)(2)

+ R (Pu)(x) + 7311(:5)/ Ij(z,y)vidoy, t,j=1,...,n. (6.2)

n

The operators R;; and ¢;; are defined by (5.1) with K(z,z —y) = I;(x,x — y). Due to
Corollaries 5.3 and 5.4 and the equivalence of the metrics, we get that

||D2v||p,<p;CT(xo) < C(EHDQUHp,ap;CT(mo) + ”Pullp,@;CT(Io)) (63)
for some 7 small enough. Moving the norm of D?v on the left-hand side, we get that

||D2v

|p,<p;CT(a;0) < C(napa Nas ”DF”OO,Q)”’PU |p,<p;CT(a;0)~

Define a cut-off function ¢(x) = ¢1(2’)d2(t), with ¢1 € C5° (B, (xp)), ¢2 € C§°(R) such

that
, 1, ' € By (z}), 1, te(tog—(0r)2, ],
sy = b T B gy o= (0.l
0, xT gBQIT(IO), 0, t<t07(9 ’/‘) s

https://doi.org/10.1017/50013091513000758 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000758

Parabolic equations in generalized Morrey spaces 215

with 6 € (0,1), ' =0(3—0)/2 > 6 and |D*¢| < C[H(1 —0)r]~%, s =0,1,2, |¢s| ~ |D?¢|.
For any solution u € W>'(Q) of (2.1) define v(z) = ¢(z)u(x) € W>'(C,). Hence,

||D2u

p,%;Cor(x0) < H‘DQUHP,QDI,CQIT(QUU) < C”Pv”p,cp;CQ/T(xM

< 0(|f||p,wc9,,,<zo) N

HDqu,@;CQIT(mo) + ||qu,<p;Cng(xo)
(1 —6)r 01 —06)r2 )

Hence,
[0(1 = )11 D%ullp pico, (o)

< ([9(1 - 9)7"]2||f |p,<,a;C@/T(zo) + 0(1 - Q)THDu”p,cp;Cglr(aco) + Hu”p,w;cglr(wo))
(by the choice of ¢ it follows that 6(1 — 0) < 26'(1 — 6"))

< C(TZHJCHP,«P;Q +6'(1 - 9/)7’||Du||p7sa;ce/r(wo) + ullp.picor, (o))

Introducing the semi-norms

O = sup [0(1 - e)r]s||DSU||p7[P;C9r(w0)’ s=0,1,2
0<o<1

the above inequality becomes
001 = 01Dl iy (20) < Oz < OO i + E1 + ). (6.4)

The interpolation inequality [25, Lemma 4.2] gives that there exists a positive constant C'
independent of r such that

C
O <eBy + ;@0 for any € € (0,2).

Thus, (6.4) becomes

[9(1 - Q)T]QHDQu”p,@;CaT(a:o) <O < O(T2||f| P,$;Q + @0) Vo € (07 1)'

Taking 6 = % we get the Caccioppoli-type estimate

||D2u

1
P,¢;Cr/2(%0) < C(”f”p,cp;Q + Tg”““p@;&(fo))'

To estimate u; we exploit the parabolic structure of the equation and the boundedness
of the coefficients

||Ut||p,s0;cr/2(wo) < HaHOO;Q”DQu”p,wCr/a(ﬂvo) + ”f”p,w;cr/z(wo)
1
< C(”f”pw;Q + 742||u||p,90;07-(wo))'

Consider the cylinders Q' = ' x (0,T) and Q" = 2" x (0,T) with ' € 2" € 2; by
the standard covering procedure and partition of the unity we get that

lellwan gy < CUF e + Nullprr) (6.5)
where C' depends on n, p, A, T, | DI'||c0;0; Mas ||@]lco,@ and dist(£2,002").
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Boundary estimates. For any fixed (z°,7) € R*~! x R, define the semi-cylinders
CHa®) =B (2%) x (0,7?) = {|2° — 2/| <7, 2, >0, 0 <t < 1%}

with S = {(2”,0,t): |2° —2”| < r, 0 <t < r?}. For any solution v € W2 (C;f (z"))
with suppu € C;F(2°), the following boundary representation formula holds (see [3]):

Diju(z) = €;[a"*, Dprul(z) + Rij(Pu)(z)

+ Pu(z) / Iy, y)wi doy — 345(2),
Sn

jij(l‘) = ﬁij (Pu)(x) + é:i]‘ [ahk, thu](x), t,j=1,...,n—1,

l
an(x) = TJm(x) = <8T(Z)> [éﬂ[ahk, thu] (ﬂ?) —+ fizl(Pu)(x)], = ]., e, — 1,
=1

@) = 32 (T (T g0, D) + RatPuio

) oz, o,
T (z) [ a™(x) pam @)
S < 2y Y gy 10

Here, &;; and €;; are non-singular operators defined by (5.7) with a kernel K(z, T (z) —
y) = Ljj(x, T (z) — y). Applying the estimates (5.8) and (5.9) and having in mind that
the components of the vector 7 (z)/dz,, are bounded, we get that

||D2qu%Cj(x0) < C(H,PUHP#P;C;r(‘TO) + ”quyw;Ci(x“))'

The Jensen inequality applied to u(z) = fot us(2’, ) ds and the parabolic structure of the
equation give that

pp;Q T T2||U|

”uHma;Ci(ch) S OT2”ut”p,so;Ci(m°) <C(lf pm@;Ci(ch))'

Taking r small enough we can move the norm of u on the left-hand side, obtaining that

[l e < Cllfllpeie

with a constant C' depending on n, p, A, T, ng, ||@|lcc,g. By covering the boundary
with small cylinders, partitioning of the unit subordinated by that covering and local
flattening of 02 we get that

||u||W§;j,(Q\Q/) < Ol fllpges- (6.6)

Unifying (6.5) and (6.6), we get (2.4).
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