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CORRIGENDA

ON A CLASSIFICATION OF THE FUNCTION FIELDS

OF ALGEBRAIC TORI

(Nagoya Math. J. 56 (1975), 85-104)

SHIZUO ENDO AND TAKEHIKO MIYATA

There are some errors in Theorems 3.3 and 4.2 in [2]. In this note

we would like to correct them.

1) In Theorem 3.3 (and [IV]), the condition (1) must be replaced by

the following one;

(1) Π is (i) a cyclic group, (ii) a dihedral group of order 2m, m odd,

(iii) a direct product of a cyclic group of order qf, q an odd prime, f>l,

and a dihedral group of order 2m, m odd, where each prime divisor of m

is a primitive qf'1(q — l)-th root of unity modulo qf, or (iv) a generalized

quaternion group of order Am, m odd, where each prime divisor of m is con-

gruent to 3 modulo 4.

Further replace the condition (I7) in p. 96 by the following one:

(I7) Π is (£') a cyclic group, or (ii') a direct product of a cyclic group

of order n, n odd, n ^ 1, and a group with generators p, τ and relations

pm == τ

2d = l and τ~ιpτ = p~\ m odd, d ^ 1, where each rational prime

dividing m is a prime in Z[ζn2d\.

If the unit group U(Z/n2dZ) is not cyclic, then any rational prime is

not prime in Z[ζn2d]. This observation shows that (1) is equivalent to (V).

Now, let Π be a metacyclic group as in (iϊ). Denote by σ an element

of Π of order nm and put μ = στ2. Let m!\m (rm! > 1), n!\n and 0 ^ d' ^

d — 1, and put b — v!ml2a\ Suppose that ml is not a prime power. Then

we see that Z[ζδ] = Z[μ\l(Φb(μ)) is unramiίied over Z[ζn,2<,,, ζm, + ζ"}]. Since
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ZΠI(Φb(μ)) is a crossed product of Z[ζb] and a cyclic group of order 2,

this shows that ZΠ/(Φb(μ)) is a maximal, separable Z[ζn>2d>, ζm> + ζ™>]-order

in QΠI(Φb(μ)).

Noting this fact, the implication (1') => (2) can be proved along the

same line as in [2]. The implication (2) => (3) is evident. Hence we have

only to prove the implication (3) => (I7).

Assume that Π does not satisfy the condition (Γ). Now we will prove

that T(Π) is not a finite group. By virtue of (1.5) and (2.3), it suffices to

show this in the case where every Sylow subgroup of Π is cyclic and

i(Π) ^ 2 . If T(Π) is a finite group, then, for any normal subgroup W of

/7, T{Jl\Ef) is a finite group. Therefore we may suppose that

(*) Π is a metacyclic group with generators σ, τ and relations σnp =

τ2d = 1, τ "Vr = σ~n and σpτ = τσp, where d >̂ 1, n is an odd integer and

p is an odd prime with (p, n) = 1 which is not a prime in Z[ζn2d].

The case d == 1. Write b = np, and let A = ZΠ/(Φb(σ)). Then Λ is a

trivial crossed product of Z[ζb] and <τ>. Let R = Z[ζ6] = Z[σ]/(Φ6((y)) and

i?o = Z[ζn, ζp + Cί1], and let 21 = (ζp - 1) g R. Both i? and Si can be re-

garded as ^[-modules, and we have A 0, R 0, 2ί 0 and A =
(*) (0 (0

i?Θ2ί as J-modules. Since p is not a prime in Z[ζn], we can find an

ambiguous prime ideal ψ of R such that Sί £ Sβ. By localizing yl, i?, Sί

and $β at ψ Π -Ro> it can be shown that the genus of ψ is different from

those of R and 21. We note that, if TeSπ, AT ^ Rm ®ΨV) for some u,

v^>0. Now suppose that (^*) ( y ) —— 0 for j > 0. Then there is an exact
(0

sequence
0 > S' > S > ψj) > 0

of /7-modules with S\ S e Sπ. Tensoring this with A over ZΠ and eli-

minating the torsion parts, we get ψj) Θ AS' ^ AS and so ψj) ® Rw Θ

§j(t» ^ Rw) 0 3((ι,') for s o m e U9 Vj u'f v> ^ o, which is a contradiction. This

shows that (ψ)(j) -+- 0 for any j > 0. Thus T(Π) is not finite.

The case d >̂ 2. We first assume that n = 1. As is easily seen, p is

not a prime in Z[i] if and only if p = 1 mod 4, and, for d ^ 3, p is not

a prime in Z[ζ2d]. We now write μ — στ2. Suppose that p = 1 mod 4, and

let A = ZΠI(Φ2p(μ)). Then A = Z[ζp, ΓΊ where r/2 = - 1 and τf'Xvτ
r = ζ;\

and i?o = Z[ζp + ζ;1] is the center of A. Since A/(ζp - 1 ) = F,H = F p Θ F p

and J?o/(Cp + Cp1 — 2) = Fp > A is a non-maximal, hereditary i?0-order in QA.

Let 3W be a maximal ideal of A containing ζp — 1. Then the genus of 37Ϊ
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is different from that of A. Note that, for Te Sπ, AT ^ Λ{u) for some u ^

0. Using this fact we see that (27ί*)(>/) —y-— 0 for any j > 0, which shows
W

that T(Π) is not finite. Suppose that p = 3 mod 4 and d = 3, and let Λί
= ZΠI(ΦAv(μ% Then Λ = Z[ζp, i, r'] where r/2 = j and τ'~Xvτ

f = ζ;1, and

Λo = Z[ζp + ζ;\ ί] is the center of A. Since A/(ζp - 1) = Fp[ζ8] = Fp 2 ® Fp 2

and Rol(ζp + ζ"1 — 2) = Fp[i] = Fp2, A is a non-maximal, hereditary i?0-order

in QΛ. Note that, for TeSπ, we have ΛT ^ Λ(w) for some w ;> 0. Then,

in the same way as in the case p = 1 mod 4, we can show that T(Π) is

not finite.

Next, we assume that n > 1. We only need to consider the case

where p = 3 mod 4 and d = 2. If p is not a prime in Z[ζn], then T(ΠI(τ2))

is not finite as shown in the case c? = 1, and so T(Π) is not finite. Hence

we may assume that p is a prime in Z[ζJ. Write μ = aτ2 and let J =

ZΠI{Φ2np(μ)). Then Λ - Z[ζn, ζp9 τ'\ where r/2 = - 1 , τ>-%nτ> = ζn and ϊ'1ζpτ'

= C;1, and i?0 - Z[ζn, ζp + ζ;1] is the center of A. We see that A/(ζp - 1)

FP[ζn, ί] - Fp[ζn] Θ Fp[ζn] and J?0/(ζp + ζ;1 - 2) = Fp[ζJ. This shows that

Λ is a non-maximal, hereditary i?0-order in QA. Therefore, along the same

line as in the case n — 1, it can be shown that T(Π) is not finite. This

completes the proof of (3) => (10.

The implication (Γ) £=φ (3) can also be proved by Theorem 3.1 in [1],

But Dress' result does not immediately show the implication (10 =Φ (2).

The argument on p. 96 in [2] is incorrect for non-cyclic groups. A

detailed and rectified proof of the implication (10 =φ (2) will be given in

a more general form in a forthcoming paper.

2) In Theorem 4.2, the condition (1) must be replaced by the following

one:

(1) Π is one of the following groups: (i) a cyclic group of order n

where for every ή\n any prime ideal of Z[ζn,] containing n is principal

(ii) a dihedral group of order 2m, m odd, where for every m'\m any prime

ideal of Z[ζm, + ζ~J] containing m is principal, (iii) a direct product of a

cyclic group of order qf, q an odd prime, f >̂ 1, and a dihedral group of

order 2m, m odd, where any prime divisor of m is a primitive qf~1(q— ΐ)-th

root of unity modulo qf, for every 1 <̂  f ^ / any prime ideal of Z[ζqf,] con-

taining 2 is principal, and for every 0 <̂  f ^ / and every m!\m any prime

ideal of Z[ζqf>> ζm + ζ^] containing qm is principal, (iv) a generalized

quaternion group of order 4m, m odd, where any prime divisor of m is con-
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gruent to 3 modulo 4 and for every m!\m any prime ideal of Z[ζm, + ζ~J]

containing 2m is generated by a totally positive element.

It should be noted that, for a finite group Π satisfying the condition
(1) in the part 1), the converse of (4.1), (1) is true. Then we can prove
Theorem 4.2 in the same way as in [2].
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