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Abstract

This paper presents a method for the inverse fractional matching problem. We show that
the dual of this inverse problem can be transformed into the circulation flow problem on a
directed bipartite graph which can be solved easily. We also give an algorithm to obtain the
primal optimum solution of the inverse problem from its dual optimum solution by solving
a shortest path problem. Furthermore, we generalize this method to solve the inverse
symmetric transportation problem.

1. Introduction

The first inverse network optimization problem was proposed by D. Burton and L. Toint
[2]. Since then a number of papers discussing inverse combinatorial optimization
problems have appeared [4], [6-13], which investigate inverse minimum spanning
trees, inverse minimum matching in bipartite graphs, inverse minimum cost flows,
inverse minimum cuts and inverse maximum flow problems. Furthermore, some
inverse network problems have been generalized to abstract algebraic systems, such
as the inverse maximum weighted intersection of two matroids and inverse submodular
function problems, see [3].

In this paper we discuss the inverse fractional matching problem, which includes
the inverse matching in bipartite graphs. The paper is organized as follows: in Section
1 we introduce the model of fractional matching. In Section 2 we investigate the
model of inverse fractional matching and propose a method to solve the problem. In
Section 3 we show how to get the solution of the inverse fractional matching from
its dual optimal solution. Finally Section 4 generalizes the fractional matching to
the symmetric transportation problem and points out that its inverse problem can be
solved by the same method. Throughout the paper we denote by [ij ] the edge between
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nodes i and j in an undirected graph, and by (i, j) the arc from i to j in a directed
graph.

Let G = (V, E; ¢) be an undirected graph in which each edge e is associated with
a positive number c,, called the weight of edge e. A subset T of E is called an odd
monocycle graph of G if T is a connected subgraph of G and contains exactly one
cycle which has an odd number of edges.

The fractional matching problem (PFM) can be formulated as the followmg

(PFM)
Min Zcexe
ecE
st. Y xe=1, YieV,
ecE,

x, >0, Vee FE,
where E; = {e € E | e is incident to node i}.

THEOREM 1 ([1, 5]). Let x be a basic feasible solution of (PFM), and
= {e € E|x, is a basic variable of x},

then we have:

(i) each component of F, is an odd monocycle graph;
(i) x.€{0,1/2,1};
(iii) F° = {e € E | x, = 1/2} is the union of some node-disjoint odd cycles.

The dual of problem (PFM) is:

(DFM)
Max Zui
ieV
st. u;+uj <cj, for e=[ijleE.

The minimum fractional matching problem can be formulated as a minimum perfect
matching of a bipartite graph [5], which can be easily solved. Now we consider its
inverse problem.

2. Inverse minimum fractional matching

The inverse problem of minimum fractional matching (PFM) can be stated as
follows: let x', x2, ... , x" be basic feasible solutions of (PFM). The problem is then
to find a weight vector ¢* such that
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@ x',x%, ..., x" are the minimum fractional matchings under the weight vector
Ct.
@) |t —c.| < e, for each e € E, where ¢, is the ‘permissible change’ of the
weight for edge e (¢, < c,);

(iii) ¢* minimizes )_ .. |¢. — c.| over all ¢ which meet conditions (i) and (ii).

If we express each ¢ as ¢, +a, — 8., where «, and B, are respectively the increment
and decrement of c,, and introduce sets

S={ee F|die{l,2,... ,r},x‘f>0}

and S = E\ S, then the inverse minimum fractional matching problem can be written
from the model of inverse linear programming [10] as follows:
(IFM)

Min Za;j+2ﬂ,~j

(rek (ij)es
st. uitu =c;ta; —py, Ve=[j]es, (1)
wi+u <c;+ay, Ve=[ijles, 2
O0<a; <g;, Ve=[ij]eE, 3)
0< By <& Ve=l[ijles. 4)

Note that it is unnecessary to introduce 8; for [ij] € S as they must be zero to reach
the minimum value. The dual of (IFM) is the following:
(DIFM)

Min Z Coye+ Z e + Z Eolde

eck eckE e€eS

st. ) y=0, VieV,

ecE;
Ve—A. <1, Vee€kE,
~Ye—MHe <1, VeelS,
y. >0, Ve e S,
A >0, VeekE,
n.>0, VeeS.

Since g, > 0 and the objective function is to be minimized, we know that the optimal
solution must satisfy the following conditions:
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(i) Foree S,

(ii) Fore € 8§,
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0,
A, =
)’e - 1,
S AUBE
He = _l—yea
0,
Ae =
ye - 1,

ify. <1,
and
ify, > 1,
if)’eZ _17
ify, < —1.
if y, > 1.

In order to solve the inverse problem more effectively, or to be more specific, to find
a polynomial algorithm, we first transform problem (DIFM) into a circulation flow
problem in an undirected network as follows. Let G = (V,E;¢,l,u) be a graph

obtained from G by the following manner:

(a) Leteachedge e € S bereplaced by three parallel edges e', €?, €*, whose weights,
lower bounds and upper bounds for flows are defined respectively as follows:

[ c., ifi=1,
Ci=1c +e, ifi=2,

c, —&,, ifi=23,

[—1, ifi=1,
lLi=10, ifi =2, and

| —o0, ifi=3,

(1, ifi=1,
Ui = {00, ifi = 2,

0, ifi=23.

On each edge ¢’ let the flow be y,i, and we can define y, = ys + yo + yo, he = Yo,
and ., = —yz. Itis easy to see that

CeYe + eele + Eelle = Ce(}’e' + Ye + ye3) + EeYer — EeYs = Ee'ye' + (-—:ezye2 + E&ye’-
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(b) Leteach edge e € § be replaced by two parallel edges e' and €2, and define

- Ces ifi =1,
Cei = .
c.+¢e., ifi=2,

l, =0, fori=1,2, and

1, ifi=1,
Up =
oo, ifi=2.

On each edge €' let the flow be y,:, and define y, = yo + y.2 and A, = y... Therefore,
Ceye + Eehe = Ce(ye' + yez) +EA, = CeYet + (Ce + ‘ge)ye2 = Ee'ye' + Eezyez-

Ife € S, the set E is formed from edges €', ¢? and ¢’. It is not difficult to see from
the construction of G that problem (DIFM) is equivalent to the following circulation
flow problem:

P

> e

ecE
Y 5.=0, VieV,
eck;

lefiesuev VGGE,

where E ; consists of all edges of E which are incident to node i.

To solve the inverse problem more easily, we can further transform the circu-
lation flow problem (P) in an undirected graph into a circulation flow in a di-
rected bipartite graph To this purpose, we construct a directed bipartite network

= (V'U V%, A; 8,1, &) from G by splitting each node i in V into two nodes i’ and
z” such that

(1) ie Vifandonlyifi’e V'andi” € V?

(2) each edge e =[ij] € E if and only if arcs (i, j”) and (j', i”) are both in A;
3) l,, —l,,,»_.l and @ = jm ._ueforeache_[y]eE

4) Cijr = G ._ceforeache—[z]]eE

Then we can formulate problem
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Q
Min Z E‘,jf,j
(i.j)eA
s.t. Z fi =0, forieV',
JEN*()
> f1=0, forieV?,
JeN=@)

Iy < fy < iy, for(ij) e A,
where N* (i) and N~ (i) are respectively the arcs leaving node i’ and entering node i”.
THEOREM 2. Problem (P) is equivalent to the circulation flow problem (Q)in N.

PROOF. Let {y.} be a feasible solution of (P) with objective value v. Put
fij» = fjrin = Y., foreache = [ij] € E.

Then we have a feasible solution of (P) with objective value 2v.
Conversely let {f;~, f; i} be a feasible solution of (Q) with objective value v. Then

{(yj = (Fuj» + fjr)/2, foreach e = [ij] € E)

is a feasible solution of (P) with objective value v/2. Such 1-1 correspondence shows
that problems (P) and (Q) are equivalent.

3. Obtaining the solution of problem (IFM)

In this section we will show how to get an optimal solution of the inverse problem
(IFM) from the optimal solution of problem (Q). Note that as our purpose in this
paper is to find a strongly polynomial algorithm, we do not solve the dual problem
(Q) by the simplex method, and thus obtaining the primal optimal solution from its
dual optimal solution is not a trivial problem. The problem (IFM) can be solved very
efficiently only if we are able to give an easy way to obtain the primal solution in
strongly polynomial time.

The dual of (Q) is the following:

(DQ)
Max Z(l'lt'l u;ry)

(ij)eA

st m; +7T,'+tij_rij=£‘ij1 for(i,j) € A,
t’.lzo’ ruzoy for(l)])eA’
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in which the objective function does not contain any term with i,j = —00Or it = 00.
By the Kuhn-Tucker optimality condition we have the following.

LEMMA 1. Let {f;;} be a feasible solution of (Q), then {f;} is an optimal solution
of (Q) if and only if there exist potentials {n;} such that
(@ m+m<cé, iffy< l:lij.'
(b) T +”i26ijv ’ffij>lfj'

We now discuss how to obtain the corresponding potentials once we have the
optnmal solution of (Q). Let {f;} be a feasible solution of (Q). The residual network
N = (V'U V2, A;w) with respect to {fi;} can be obtained from N by setting
A = A'UA?, where

A= (L J) | fy < iy, (,j) €A} and A*={(,D)|f; > I;.(i.j) € A):

b =G G Al
T -, if (L)) € AL

The following result is known (see [1, Theorem 9.1]).

LEMMA 2. A feasible solution (f;} of (Q) is optimal if and only if the residual
network with respect to (f ;} does not contain a negative weight directed cycle.

Now, suppose {f;;] is the optimal solution of (Q) and N is the residual network
with respect to {f; }. We construct anetwork N° = (V' U V? U {s}, AU S; w"), where
s is the new node, S = {(s J)1J has no entering arc in N} w =0for(s,j) € Sand
wg = wj for (i,j) € A. It is known from Lemma 2 and the definition w{; that N?
has no negative weight cycle. There therefore exist shortest paths from s to each node
in N. Let p; be the length of the shortest path from s to node i in N°, then we have

the following.
LEMMA 3. Let {f;; } be the optimal solution of problem (Q), and set

—Pis I:fie Vl’

Ty = i 5
Pis l_fl € V-

Then {n;) and {f;} satisfy conditions (a) and (b) in Lemma 1, that is, w is the
corresponding potential vector.
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PROOF. We know that the lengths of shortest paths have the property that p; <

pj +wl‘.’,.. Now for any arc (i, j) € A, if f; > I;, then (j, i) € A? so that w;; = —¢j,
and

-7 = pi < pj +wji =75 — &y,
that is, condition (b) holds. We can prove that (a) is also true similarly.

From the optimal solution of (Q) and its associated potential vector, it is easy to
obtain the optimal solution and potentials for problem (P).

LEMMA 4. Let {f;} be the optimal solution of (Q) and let {1} be the corresponding
potentials satisfying conditions (a) and (b) in Lemma 1. If for every e = [ij] € E and
every i € V, we define

92 = (fi’j” +fj’i”)/2! (5)
v = (my + 1) /2, (6)

then y, must be an optimal solution of problem (P) and v is the associated potential
vector.

PROOF. The dual of (P) is the following problem:

Max Z(leve — u,t,)

ecE
st. vi+v+v, -t =c, forall[ij]:eeé,
v,>0, t,>0 foralleeE.

Following the argument used in Lemma 1, we know that if {y,} is a feasible solution
of (P), then_it is an optimal solution if and only if there exist {v;} such that for all
e=[j]le€E,

@) vitvy <&, ify. <u;

®) vi+v;=>c., ify. >1L.

Now it is very easy to verify that if {f;} is the optimal solution of (Q), which
together with {n;} satisfies (a) and (b) in Lemma 1, then the y, defined by (5) must
be a feasible solution of (P), and y. and v, defined by (6), must satisfy conditions (a’)
and (b’). So, y, is the optimal solution of (P) and v is the associated potential vector.

Now we are ready to get the solutions of (DIFM) and (IFM) from {y.} and {v;}. Let

[5,-+;ez+yes, ifees,
Ye =3 _ _ . <
Yo + Yo, ifees,
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re = Yo, forallee E, and
U. = —ya, forallee S.

It is easy to verify that {y., A., ..}, defined above, is a feasible solution of (DIFM).
We further define that

a, = max{v; +v; —c.,0}, Ve=[ijlekE, )
B. = max{c, —v; —v;,0}, Ve=[j]eS. ®)

LEMMA 5. {(v;, a., B.)}, defined by (6)—(8), is a feasible solution of problem (IFM).

PROOF. Obviously a., 8. > 0 and for each ¢ € S, only one of them is nonzero. It
is easy to see that {v;, a., B.} satisfies constraints (1) and (2) of (IFM). Now we only
need to prove that ¢, < ¢, and B, < ¢, as required by constraints (3) and (4).

Forany e =[ij] € E, ifa, > O,then o, = v; + v; — ¢,. Since y» < u,. = +00,
from condition (a’) in Lemma 4, v; + v; < ¢,2 = ¢, + &, which ensures that o, < &,.

Similarly, if 8, > O for some ¢ = [ij] € S, then 8, = ¢, — v; — v;. Since
Yo > I = —00, from Lemma 4, we know that v; +v; > ¢ = ¢, — ¢€,. S0 B, < e,.

Furthermore, we can prove the following.

THEOREM 3. The sets {y., *., 1.} and {v;, ., B.} defined above are the optimal
solutions of (DIFM) and (IFM) respectively.

PROOF. As sets {y., A, 1.} and {v;, «,, 8.} are feasible solutions to problems
(DIFM) and (IFM) respectively, in order to prove their optimality, it will suffice
to be able to show that the complementary slackness conditions hold. That is, we only
need to prove that

) ¢.>0 = y,—A.,=1l,andB, >0 = —y, — u.=1;
2 »>0 = a,=¢.,,and ., >0 = B, =¢,;
(3) fore=1[ij]le S',ye >0 = vi+v =c +a.

To prove (1), a, > O implies v; +v; > ¢, = E}l- Thus for any ¢ € E, from Lemma
4 we know that y.. = u, = 1. If e € S, we also have v; +v; > ¢, — g, = C», and
hence y.» = u, = 0. Now by the definition of y, and 1.,

YVe—Ae =Yoo+ V2 + Vo — Vo =Ya+ys=1, forees,
‘ Ve —Ae = Vot + Y2 — Y2 = 1, foree S,

which proves the first half of (1). Similarly, for any e € S, 8, > 0 implies u; + u; <
Co =Co < Ce+€,=¢Cp,andthusy, =1, = ~1,andy,. =12 =0. Soforany e € S,

Ve — He = _'(y_e' +9e2 +.)_’e3) + ye‘ = "5:*' - ye:' =1,
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which proves the second part of (1).

To prove (2), y.» = A, > 0 = [ implies that v; + v, > ¢, = c. + €. and hence by
the definition of «,, o, > &, which means that @, = £,. The second assertion of (2)
can be proved similarly.

To prove (3),if y, > Ofore € S, then at least one of

}-’e' > l,n or )_I,,z > lez

must be true, for otherwise we would have y, = ¥ + y2 = [« + [ = —1, which
contradicts the assumption. So from (b’) of Lemma 4 we have either

Vi + Vv > Ca =,
or
vit v > ca=c t &,

which means that o, = v; + v; — c,.

To summarize, our method for solving the IFM problems consists of the following
four main steps:

Stepl. Solve the circulation flow problem (Q) in network N to obtain {f;}.

Step 2. Solve the shortest path problems in network N°, from s to other nodes, to
obtain potential vector .

Step 3. Use formula (6) to obtain the potential vector v for problem (P).

Step 4. Use formulae (7)—(8) to obtain « and 8.

Then (v, a, B) provides the optimal solution to the inverse problem (IFM).

As there are strongly polynomial algorithms for solving minimum cost circulation
flow problems and shortest path problems, (see, for example, [1]) the proposed method
is a strongly polynomial method.

4. Symmetric transportation problem

In this section we will generalize the results of fractional matching. In transportation
problems it is often the case that the number of vehicles travelling from city i to city
J is equal to the number of vehicles returning from city j to city i. Such a problem
is called a symmetric transportation problem. In this case, we can describe the model
by an undirected network and use variable x, to represent the total flow on the edge
e, regardless of direction. Mathematically, this can be formulated as the following
problem:
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(ST)
Min Zcexe
ecE
s.t. er =a;, VielV,
EEE,'

x>0, VeekE,

where V is a node set, E is an edge set, E; is the set of edges incident to node i, g; is
the amount of commodities (requirement or supply) flowing into or out of node i and
¢, is the unit cost for passing through edge e. The corresponding network is denoted
by G = (V, E;c, a).

Problem (ST) can be solved in a manner similar to that used for the fractional
matching problem, using a minimum cost flow algorithm in a directed bipartite net-
work. The directed bipartite network N = (V' U V", A; ¢/, @) is constructed from G
asfollows: V' ={i'|ie VIU(s}, V' ={i"]|ie VIU{t}, A=A UA;UA,,
where A = {(s, i) | i € V'\ {s}}, A2 ={(&,j"), G, i j eV, j" eV
and [ijle E},A; ={(G",0) |j” € V" \ {t}, and

) cir i (i,j") € A,
Cyin =
0, if(i,j") €A UAs,

vJ

a,, = a; fori' € V'\ {s}, aj,, = a; for j” € V"\ {t},and a; = ocoforall (i, j) € A,.
Let v = )", a; and consider the following minimum cost flow problem:

(MCF)
Min Z C:’j ij
(ifea
st — Y fi+ Y f3=0, forie(VUVI\is 1,
JEN*T() JeN—()
Zf,-_,-— Zfij:v’ fori =s,
JEN*() JEN-()
- Zf;,—-*— Zf,-j=v, fori =1,
JEN*(i) JEN~()

0<f; < a,'j, forall (i,j) € A.
We can prove the equivalence of the two problems.

THEOREM 4. Let (f;} be an optimal solution of (MCF) with flow value v =
Y icvai. Then

xi = Foyr+ fr)/2, VIijleE ©)
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is an optimal solution of problem (ST). Conversely, if {x;} is an optimal solution of
problem (ST), then

fijr = fiw =x5, for=ai, fim=aq (10)

is an optimal solution of problem (MCF) with flow value )_,_, a;.

PROOF. Let {f;} be a feasible solution of (MCF) with flow value }_,., a;, then the
{x; } defined by (9) is a feasible solution of (ST) because for eachi € V,

3k = ( S fuet Y f) J2= (fa + fr) 2= (d) +a}) /2= a.
ecE; j"eAt (i) J'€A-(i")

Conversely, a feasible solution {f;} of (MCF) can be constructed from a feasible
solution {x.} of (ST) by (10).

Since the objective values corresponding to such a pair {x.} and {f;} have the
following relation:

Zceye = Z ci (Frjr + fi) 12

ecE [ij]leE
=(Z hyefir+ D fw)
"eAt(i') j'eA=(")

= (Z c;.jf,-,) /2
(ij)eA

we know that {x,} is an optimal solution of (ST) if and only if {f;} is an optimal
solution of (MCF).

It is easy to see that the inverse problem of (ST) is still (IFM), that is, it is the same
as the inverse minimum fractional matching problem, and thus can be solved by the
method given in Sections 2 and 3.
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