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Abstract

We treat a single—server vacation queue with queue—length dependent vacation schedules.
This subsumes the single—server vacation queue with exhaustive service discipline and the
vacation queue with Bernoulli schedule as special cases. The lengths of vacation times
depend on the number of customers in the system at the beginning of a vacation. The
arrival process is a batch—Markovian arrival process (BMAP). We derive the queue-length
distribution at departure epochs. By using a semi-Markov process technique, we obtain the
Laplace—Stieltjes transform of the transient queue—length distribution at an arbitrary time
point and its limiting distribution.

1. Introduction

Because of its applicability to the performance evaluation of computer, communication
and manufacturing systems, the queue with server vacations has been the subject of
extensive study over the last two decades. For detailed bibliographies on vacation
models, the reader is referred to Doshi [2] and Takagi [12]. A number of different
vacation models have been introduced. Vacation models are distinguished by their
scheduling disciplines, that is, the rules determining when a service stops and a
vacation begins. In the exhaustive service discipline, the server takes a vacation only
when there are no customers in the system. In the nonexhaustive service discipline, a
vacation may start even when customers are present in the system.

Most of the previous work on vacation queues assumes that customers arrive at the
system in accordance with a stationary Poisson process. The M /G /1 vacation queue
with queue-length dependent vacation schedule and vacation times has been studied
by Harris and Marchal [3]. This model was extended to its M* /G /1 version by Shin
[11].
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Lucantoni, Meier—Hellstern and Neuts [6] studied the exhaustive vacation system
with Markovian arrival process (MAP) and provided algorithmically—tractable equa-
tions for the distributions of the waiting times at an arbitrary time and at arrival instants,
as well as the queue length at an arbitrary time, at arrival instants and at departure in-
stants. Machihara [9] considered the vacation queue with phase—type Markov renewal
arrivals, semi—Markovian service times and semi—-Markovian vacation times. Takine
and Hasegawa [13] analysed the batch SP P/G /1 queue with multiple vacations and
exhaustive service disciplines, using a supplementary variable technique.

In this paper, we treata BM AP /G /1 vacation queue whose vacation schedule and
the lengths of whose vacation times depend on the queue length of the system at the
beginning of a vacation. The vacation schedule considered subsumes the exhaustive
service discipline and the Bernoulli schedule. Following the general approach of
Neuts [10] we derive the queue-length distribution at departure epochs, the transient
queue—length distribution and its limiting distribution.

The paper is organized as follows. In Section 2, we set up the model and address
an underlying Markov renewal process, the transition matrix of which is spatially
inhomogeneous. This is sufficient for an analysis of the stationary queue-length
distribution at departure epochs, which is effected in Section 3. To treat the transient
queue-length distribution at an arbitrary time point, we need to first analyse the
associated first—passage problem for the renewal process introduced in Section 2.
This is done in Section 4. We then consider the queue length at an arbitrary time point
in Section 5 and the corresponding stationary distribution in Section 6.

2. The model

2.1. Arrival process Arrivals to the system are according to a BMAP with m
phases and coefficient matrices {D,, £ > 0}. For a detailed definition and examples of
BM APs we refer the reader to Lucantoni [4]. The matrix Dy has negative diagonal

00
elements, the matrices D, (k > 1) are nonnegative and D = )_ D, is irreducible

k=0
with stationary probability vector w. We assume that D s Dy, which ensures that the
matrix transform [s/ — Dy] ™' exists for all s with Re s > 0. The arrival rate A is given
by A = wd, where d = )_ kD:e and e is a conformable column vector with every

k=1
component unity. In the derivation of moment formula, we assume that the matrix

oo
series Y_ k>D, converges.
k=0
Let P(n, t) be the matrix whose (i, j) entry is P; ;(n, t), the conditional probability

that n arrivals occur in (0, ¢] and the arrival phase is j at time ¢, given that the phase at
oo

time 0 is i. The matrix generating function P*(z,¢) = Y P(n, t)z" (Jz| < 1) of the
n=0
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sequence of matrices { P (n, t)} is then given by

P*(z,t) = exp[D(z)t] for|z|] <1,t >0, 2.1

where D(z) = Y z*D,.
k=0

2.2. Vacation schedule Let L > 0 be a specified integer. If after a service comple-
tion there are n > 0 customers in the system, then with probability v, another service
starts and with the complementary probability 1 — v, a vacation of length V, starts.
Here vy = 0. Further, the random variables V, have a common distribution forn > L
and we write generically V; ., for a random variable with this distribution. If after a
vacation—completion epoch there are n > 1 customers in the system, a service starts
immediately, while if there are no customers in the system, another vacation starts
(with length V;). We denote by \7" (t) = P(V, < t) the distribution function of the
random variable V, (0 <n < L + 1).

The vacation schedule described above subsumes the exhaustive service discipline
(vo = 0and v, = 1 for n > 1) and the Bernoulli schedule (vq = 0, while v, = v and
the random variables V, have a common distribution for n > 0).

2.3. Service times The distribution function for a service time is denoted by B(x)
and its Laplace-Stieltjes transform by B(s). We write u for the mean service time.
Suppose that just after a service completion n > 1 customers are present. We represent
the distribution function of the time to the completion of the next service by B, for
1 < n < L and by éLH for n > L. These “effective conditional service—time
distribution functions” are then given by

B,(t) =viB@O) + (1 =v)V,xB(t) (I<n<L+1),

where as usual * denotes convolution. We write p, for the mean of the distribution
givenby B, (1 <n < L 4+ 1). We put p = App4; and throughout the paper assume
that p < 1, so that the process possesses proper stationary behaviour.

2.4. The renewal process We are now in a position to address the basic renewal
process. Let X (r) and J (¢) denote respectively the number of customers in the system
and the arrival phase at time 1. We denote by 7, (n > 0) the instants of successive
departures from the system, with 7y = 0. By X, and J, we signify respectively the
number of customers in the system and the phase of the arrival process immediately
after 7,. Then {X,,, J,, T, — T,—1, n > 1} is a Markov renewal sequence with transition
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probability matrix Q(x) given by

Aoo() Aoi(®) Aoa)  Aos(x) oo

Ao) A AL A®)
0 Azo(x)  Azi(x)  Aza(x)
0 0 Azo(x)  Asi(x)
o =] S
0 o A A A
0 0 Apnio(x)  Appa(x)
0 0 0 Apiio(x) )

\

Here A x.n (X) is the m x m matrix whose (i, j) entry is the probability, given a departure
at time O which left & customers in the system and the arrival process in phase /, that
the next departure occurs no later than time x, that it leaves the arrival process in phase
J, and that during that time there are n arrivals.

The matrices Ak,,, (x) are given by

Aen(x) = f PondBt) (1<k<L+1,n30),
0

o0 n+l x x—u
Apn)y=>">" f dVP (uye™" / P(i, v)dV(v)
0 v

k=0 i=l =0

X f P(n—i+ )(w)dBw), (2.2)
w=0
where \A/O(k) is the k—fold convolution of V(¢) with itself.

The joint summand and integrand on the right-hand side of (2.2) corresponds to
there being k vacations with no arrivals, the kth vacation ending at time u, the next
vacation being of length v and i customers arriving during that vacation, the first
service time of the busy period being of length w and n — i + 1 customers arriving
during that service.

We define W,, (k, x) as the m x m matrix whose (i, j) entry is the conditional
probability, given a vacation begins at time 0 with n customers in the system and the
phase of the arrival process is i, that the end of the vacation occurs no later than time
x, that it ends with the arrival process in phase j, and that during the vacation there
are k arrivals.

Let W, (z, 5) be the double transform of W, (k, x), that is,

o0 o]
W,(z,s) = szf e dW,(k,x) for|z| <1, Res >0,
k=0 0
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and put W,(z) = W,(z,0) and W, = W,(1,0). Then from the definition of P(n, )
and (2.1), we deduce that

W,(z,s) =f e_[”’D(Z)]’dV,,(x) = V,(sI — D(z)) (I<n<L+4+1).
0
We shall make use of the transform matrices

o0 00
Ak,n(s) = / e_:IdAlc,n(t)y Ak(z’ S) = ZZ"AA»‘"(S)
0 j=0

and for notational convenience set
Apn = A (0), A = A(1,0), A(z) = Ay(z, 0).

Arguments analogous to those in Lucantoni, Meier—Hellstern and Neuts [6] lead
readily to the relations

Az, s) = [ + (L —v)Wi(z, 5)]Az,s) (1<k=<L+1), (2.3)
1
Ao(z,8) = i C Wo(0, )17 [Wo(z, 5) — Wo(0, )IA(z, 5),
where A(z,5) = [~ exp[—(s/ — D(2))x1dB (x).
In the following sections we shall make some use of mean values. Let oy, denote
the row vector whose i—th entry is the mean number of arrivals during an effective

service, conditional on that service having begun with & customers present and the
arrival process in phase i. Thenfor1 <k <L +1,

_daG 0
- dz z=1 ’

Qy
Direct calculation from (2.3) yields
o =l + 1 —v)Wla+ (1 —v)W,(1)e (I1<k=<L+1,
where

a=ire+ (A —D(ewr — D)'d,
W, (e =rLE(V,)e + (W, — I(em — D)7 'd.
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3. The stationary queue length at departure epochs

The transition probability matrix with respect to departure epochs is 0(00). We
represent the stationary probability vector p of Q(oo) in the partitioned form p =
Py, Py, - - -), where each p; is an m—vector. The eigenvalue equations for p; can be
expanded as

i+l
PoAo,i + ZPjAj.i—j+1, if0<i<lL
_ j=1
pi = L i+l
PoAoi + ijAfvi—jH + Z PiArviicjr, ifi>L.
j=1 j=L+1

o0
If p(z) = 3_ p;z', these relations may be expressed as
i=0

L
P! — A1 = pAc(@)(1 = 2) + Y _p2'[Ai(2) — AL (@] (B.1)
-

We wish to find the unknown vectors py, p,, - - - , p, so that the generating function
p(z) iscompletely determined. This we achieve in Lemma 1 below. Fork > 1,x > 1,
let GV (k, x) be the m x m matrix the (j, j*) entry of which is the probability that the
first passage from state (L 4+ i +r, j) to state (L + £, j') (1 < j, j/ < m) occurs in
exactly k transitions and takes no more than time x, with (L + i, j’) being the first
state visited in level L + i. For convenience we set G (k, x) := G (k, x).

By a first—passage argument (Neuts [10]), the joint transform matrix G (z, s) defined
by

G(z,s) = Z/ e dG"(k, x)2* (lz] < 1, Res > 0)
k=1 YO

satisfies the nonlinear matrix equation

G(z,5) =2 Apui(s)G (z,5).
k=0

Further, if D(G(z, s)) = Y_ D.G*(z, 5), then G(z, 5) also satisfies
k=0

Gz, ) = Z/ e WI=DCEMG R, 1 (x) = 2By (s] — D(G(z, 5)))
0

(¢f. Lucantoni and Neuts [7]).
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In the remainder of the paper G(z, s) will be used in the derivation of a number
of quantities of interest. However an inspection of final formul® relating to queue
lengths will show that these depend only on G (1, s) and G := G(1, 0). The efficient
determination of these is considered in Lucantoni, Chaudhury and Whitt [5].

It is well-known (see Neuts [10]) that the matrix G has the following probabilistic
interpretation. For v > 1 and i > 0, the (j, k) entry of GV is the probability that the
Markov chain {(X,, J,), n > 0} with transition probability matrix Q(oo) eventually
visits level L + i by entering the specific state (L + i, k), given that it starts in the
state (L + i + v, j). We note also that since p < 1, the matrix G is stochastic and its
invariant vector g satisfies gG = g and ge = 1. This leads to the following result.

LEMMA 1. Let (X*,J*) = {(X}, J¥),n > 0} denote the censored Markov chain ob-
tained by embedding {(X,, J,),n > 0} at the epochs when it visits the set of states
{(,j) :0<i <L, 1 < j< m). Then the transition probability matrix Q* of
(X*,J) is given by

Ago Agn Ao - Agro EO,L
Ao Anr Az o A A
. 0 Ay Anr - A2 Ay
2"=1 o 0 Ao -+ Az A’
0 0 0 -+ Ao AL,
If the invariant probability vector of Q* is, in partitioned form,x = [xq, Xy, - - - ,x.],

where x; is an m—vector, then the vectors p; take the form
pi=cx; (0<i=<L), 3.2)

where

L
¢=(1=p)/ YUDU = Appi +em]™ o +x0e + ) xi(ei ~ ) § (3.3)

i=0
L
and U,(1) = in(Ai —Arn).
i=0

PROOF. That the transition probability matrix of (X*, J*) is given by Q* follows from
the probabilistic interpretation of G. Relation (3.2) ensues from the fact that the vector
(Po, Py, - -+ - p.) is an eigenvector of Q* corresponding to eigenvalue unity.

Define

L
Ue(2) = x0(z — DAs(2) + Y _ 2%l Ai(2) — AL (D).
i=0
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On setting z = 1 in (3.1) and adding p(l)ew = = to both sides, we have since
I — A, + em is nonsingular that

p() =@+ UQDU — AL (1) +em] ™" (3.4

From (3.1) and (3.2), we derive

z—1 z—1

POl — Aun@le _ [xoe + Y ) = ALH(z)]e] |
i=0
Letting z — 1 gives

L
p(D(e— o) =c [xoe + Z(ai - aL—H)jl . (3.5)

i=0

Relation (3.3) follows from (3.4), (3.5) and the fact that wex; ., = 1 — p, and we are
done.

Now we derive the mean queue size at departure epochs. Define

L
U =poz = DA(2) + ) 2p(Ai(2) — ALwi(2)).

i=0

Differentiation of (3.1) yields
Pl — A@) +p()( — A, (2) = U'(2). (3.6)
Setting z = 1 and adding p’(1)ew to both sides give
P =pWer +[U'()—pM)U — AL, ,(ONIU — ALy +em)™. (3.7)
Differentiation of (3.6) at z = 1 and postmultiplication by e provide
pP(Ma,; =p(e— %[p(l)A’L'H(l) + U"(De.

On postmultiplying (3.7) by .41, we derive that the stationary mean queue length is

pP(De= (DAL, (De+U"(De

1
21 = p) [”
+2[U" = (DU = A DI =~ Apsa (D) +em) .
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4. Hitting times

In this section we consider first—passage times from level i to level i — 1, those
from level i — 1 to level i and the recurrence times for level i. These will be employed
in Section 5.

4.1. First—passage times from level itoleveli — 1 Fori >i" >0,k > 1,x > 0,
let GU¥1(k, x) be the m x m matrix whose (j, j’) entry is the probability that the first
passage from state (i, j) to state (i’, j') (1 < j, j* < m) occurs in exactly k transitions
and takes time no more than x and that (i’, j') is the first state visited in level i’. For
notational simplicity we write Gil(k, x) for GUi+1V (k. x). Of course G1(k, x) has for
each i > L the common value G(k, x) introduced in the previous section. We define
the transform matrix G''1(z, s) of G/ (k, x) by

GUi(z, s) = Z/ e*dG(k, x)z*, for|z] <1,Res >0
k=1 0

and let G = GU(1, 0).
By conditioning on the time and destination of the first transition, we derive from
the law of total probability the recursive formula

GY(z,5) = 2Ak410(5) + 2 Y Aer1a(s)G*H(z,5) forO<k <L, (4.1)

n=I

where
G[k+n,k](z’ S) - G[k+n_|](2, S)G[k+"-2](2, S) . G[k](Z, S)
L-1
(G, ) L[] L Giz,s) ifk+n>L
_ ki1 ' i=k
[T 4 GG, s) ifk+n<L.
i=k
i
Here and subsequently [T | C, denotes the matrix product C;C;_, - - - Cy. Likewise

i=k
j
we shall write [] 1 C; for the product C;Cyyy - - - C;.

i=k
The solution of (4.1) may be effected as follows. First we extend the definition of
AiL-ip 1O

Airin(z8) =Y A ()G (z,5) (1<i <L),

k=0
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In terms of this, (4.1) can be expressed as

L—k—1 k+n—1
Gz, 5) =2 ) Awsin(s) H VG, 5) + 2 A (2, s)]'I LG, s)
=0 r=k 4.2)

=

for 1 < k < L, where as subsequently we interpret the empty product as being an
identity matrix.
L—k .
The matrix Q* is irreducible and hence Y Ay; + Ay 1441 is strictly substochastic
i=1
for 1 < k < L. Thus, as each G"'(0) is stochastic, we must have that

L—k—1 k+n—1
2 A [] 46700+ Arsa 1,0 1'1 L6100 O<k<L)
r=k+1 r=k+1

is strictly substochastic and so has spectral radius less than unity. Accordingly, for
[z] <1,Res =0,

L—k—1 k+n—1
z Z Aia@ ] 467G 9) + 2Ak104(, 5) ]'[ LGz, 9)
r=k+1 r=k+1

has spectral radius less than unity and

L—k—1 k4n—1 L-1
I=z Y A [] 4GV 5) = 2801 5) [ 4 G, )
n=1 r=k+1 r=k+1

is invertible for0 < k < L.
Hence (4.2) may be solved explicitly by a downwards recursion via

Gz, 5) = 2ALo(5) [I - 2AL.(z, s)]—l (lz] < 1,Res > 0),

L~k—1 k+n—1
Gz, 5) = 2Akm10@)1 =7 Y Aena® ] 4GV s)
n=l1 r=k+1

_ L-1 -
— zArs1.-1(z, 8) H 1 Gz, s)] forO<k <L -1

r=k+1

4.2. First-passage times from level i — 1 to level i We denote by H"\(k, x) the
m x m matrix whose (J, j') entry is the conditional probability that the Markov renewal
process, starting in state (n — 1, j) (1 < j < m), reaches state (n, j') (1 < j' < m)
after exactly ¥ > 1 transitions, taking no more than time x > 0. We define the joint
transform matrix

o0

oo
H"(z,s) := sz/ e~ S*dH"(k,x) for|z| <1,Res > 1.
0

k=1
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By an application of the law of total probability conditioning on the first transition
of the Markov renewal process, we have the formulz

Gz, 5) = [ = 28002 Y 40,06z, )],
j=1

HY, 5) = [I — 24210 HY (2, 8) — 2Aim11 ()]

00
X z ZAi_.,j(s)G[i+j'2‘i](z, s) fori>1.
j=2

4.3. Recurrence times for level i Next we consider the return—time distribution of
level i. Fori > 0, k > 1 and x > 0, define K"(k, x) to be the m x m matrix
whose (J, j') entry (1 < j, j* < m) is the conditional probability that the Markov
renewal process, starting in state (i, j), returns to level i for the first time in exactly
k transitions, taking time no more than time x, by hitting the state (7, j'). The joint
transform matrix of matrix K'1(k, x) is defined by

o o0
K%z, 5) =Zz"/ e*dK"(k,x) for|z| <1,Res > 1.
1]

k=1

A first—passage argument shows that the transforms K1(z, 5) are given by

KUz, 5) = 2A00(s) + 2 ) _ Ao ;()GUO(z, 5),

j=1

o0
KWz, 5) = zAi0()H(z,8) +2 ) A ()G (z,5) (> ).

j=1
5. The queue length at an arbitrary time

In this section we derive the transient queue—length distribution at time ¢ and its
limiting distribution. This is accomplished by a classical argument based on Markov
renewal processes. Consider the continuous—parameter process {(X (t), J(¢)),t = 0}
and fix the initial state X (0) = iy, J(0) = jo.

Let M(z) be the matrix renewal function whose generic component A:l(,b' jon@pn ()
denotes the conditional expected number of visits to the state (i, j) (( = 0, 1 <
Jj < m) in the interval [0, ¢], given that X (0) = iy, J(0) = jo. We use Mk(t) to
denote the kth row vector (Ajl(,-ovjo)‘(k_l)(t), M(io,jo).(k.z)(t), cee, M(,-wo,,(k',,,)(t)) of M(t)
and introduce the transforms

M, (s) = / e M),  M(z,5) =) Z*My(s)
0 =0
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forRes > 0Oand |z| < 1.
Now we determine M (z, s) and M, (s) (0 < k < L). From the classical theory of
Markov renewal process (see, for example, Cinlar [1, Chapt. 10]) we know that
~ N i+ N
8igi€is A1) + Mo Ag ;i (1) + 3 Mi % Ap i (t) forO<i<L—1

k=1

~ ~ L ~ ~
M;(t) = { 8ipi€jy A(t) + Mok Ag; (1) + > My % Apip1x(t)
k=1

il . (5.1
+ 2 My Ay i) fori > L.
k=L +1

Here §;,; is, as usual, the Kronecker delta, ¢;, (1 < j, < m) is the m—vector whose
Jo component is unity and whose other components are all zero, and A is the unit
step function, taking values unity for nonnegative arguments and zero for negative
arguments.

On taking Laplace transforms in (5.1) and forming generating functions, we derive

L

M(z,s) = [z""“ejo — (1 = 2)My(s)Ao(z, ) + Y _ 2/ Mi(s)(A;(z, 5) — Ap(z, s))]
j=0

X [z1 — Api(z, )17 (5.2)

By the theory of delayed renewal processes, we readily evaluate each M, (s), in
terms of quantities determined in the previous section, as

e, Gl (1, s)[T — K¥(1, 5)]7! ifiyg >k
, _ Kkl -1 e
M (s) = e/on K“(1, 91 ifig = k
e, TI t HOU, 9 — KW, )17 ifip < k.
I=ig+1

The transient joint distribution of the queue length and the arrival phase is given by
the conditional probabilities

Gk, j;0) == P(X(O) =k, J(t) = jIX(0) = i, J(0) = jo)
k>0,1<j<m,t>0).

Let g, (¢) be the m-vector with components G (k, j; ¢t) (1 < j < m). By conditioning

on the state of the Markov renewal process at the epoch of the last departure before
time ¢, we find from the law of total probability that

go(t) = / d My(u)e™=, (5.3a)
(1]
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q,(t) = Z/ dMo(u)f AV )P Pt — 1 — v)(1 = Volt — u — v)
n=0 J0 0

o0 t 1—u
+Z_; fo d Mo (u) fo AV (v)eP”

t—u—v

j
fo dVo(D) Pk, T)P(j —k,t —u—v—1)1 — Bt —u—v —1))
k=1 Y0

J 3
+Z/ AM )P —k,t —u)(1 — Byt —u)), j>1. (5.3b)
k=1 YO0

The first, second and third terms in (5.3b) correspond respectively to the cases where
t falls during a vacation after the system becomes empty, during the first service of the
first busy period after the system becomes empty, and during the second or later service
time (including vacation time, if any) of a busy period. Taking Laplace transforms in
(5.3), we have

4o(s) = Mo(s)(s1 — Do),

4,(5) = Mo(s)UI — Wo(0, 5)]™ ] e PG, 1)1 = Volt))dt
0
J o) R
+ My(s)[T — Wy(0, 5)]~" Z/ e Pk, t)dV,(t)
k=170
x foo e P(j —k, 1)(1 — B@t))dt
0

J 00
+2Mk(s)f e P(j —k, )1 — Bet)dt  (j = 1).
k=1 0

After some routine calculation, we have from (5.2) that

o0

q(z. s) =Y _2/g;(s)

j=0
= [M(Z, ) = Ap+1(z, 8)) + Mo(s)(1 — 2) Ao(z, 5)

L
+ ) M) (AL (2, 5) — Az, S))Zk][sl ~ D)1
=0

k

5.4
= [ el = A )1 = (1 = 2 Mo() Aoz, 5)

L
+(1=2) Y M)Az, 9) = Aun(z, )|
k=0

X [z] = Appi(z, )7 ' [s] = D@)]7".
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6. The stationary distribution ¢; = lim,_, ., g;(t)

We have from Markov renewal theory that

lim s M (s) = pi/ E,

L A (1, L A, .. (1,
£= 3o [ e oo | [P

i=0

e.
s=0

1
imsM(z,5)(z] — ALn(z, ) = EP(Z)[ZI — AL (2)] (6.1)

Thus we have from (5.2) and (3.1) that

and from (5.4) and (6.1) that

1
q(2)(-D(2)) = EP(Z)(I - 2).

On differentiating, setting z = 1 and postmultiplying by e, we have from the
relations g(1) = &, wD’'(1)e = A and p(1)e = 1 that £ = 1/A. Thus ¢(z) and p(z)
are connected via

q9(2)D(z) = Ap(z)(z - 1).

Comparing the coefficients of z' shows that the vectors g; and p; are related by
9y = )»Po(—Do)_',

i—1
g = [ g, Di—; — Ap,_, —pi)] (—Dp)™" fori > 1.

=0

From (5.4) the moments of the queue length distribution at arbitrary time can be
expressed in terms of the moments of p(z). Following a procedure of Lucantoni [4],
the first moment of g(z) is given by

q(1) = ¢d(Dem + [Ap(1) — wD'(1)](ew + D)™,
where

xD'(1)
A

gd(Me=p(l)e— %wdz + [ —p(l)] (er + D) 'd

and d, = D"(1)e.
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