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Abstract A natural topology on the set of germs of holomorphic functions on a compact subset K
of a Fréchet space is the locally convex inductive limit topology of the spaces O(f2) endowed with the
compact open topology; here {2 is any open subset containing K. Mujica gave a description of this space
as the inductive limit of a suitable sequence of compact subsets. He used a set of intricate semi-norms
for this. We give a projective characterization of this space, using simpler semi-norms, whose form is
similar to the one used in the Whitney Extension Theorem for C'ss functions. They are quite natural
in a framework where extensions are involved. We also give a simple proof that this topology is strictly
stronger than the topology of the projective limit of the non-quasi-analytic spaces.
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1. Introduction

Locally convex inductive limits are a very important construction in functional analysis
and its applications. However, the natural definition of their continuous semi-norms is
not explicit and often difficult to handle. This can be seen as a drawback for their use.
Characterizations of the continuous semi-norms and projective descriptions are natural
and important tasks in this framework (see, for example, [1]).

In the context of holomorphic functions, a natural inductive limit is the set O(S) of
germs of holomorphic functions near an arbitrary subset S of R™. Of course, this limit is
generally uncountable. Using abstract functional techniques, Martineau [10] proved that
this space is the projective limit of the spaces of germs of holomorphic functions on the
compact subsets of S.

On the other hand, in [11], Mujica gave a characterization of the topology of the space
of germs of holomorphic functions on a compact subset K of a complex Fréchet space
endowed with the 7y inductive limit topology. In general, two types of semi-norms are
needed. One type is quite natural but the other one is more intricate. The semi-norms of
this second type are formed to glue together several Taylor expansions at points where
some ambiguity can occur. They involve unnatural sequences of points as well as estimates
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on limited Taylor expansions approximating the function outside the compact set K. For
a locally connected compact subset K, the first type of semi-norms can be used alone.

The same semi-norms were used in [3]. Rusek showed in [12] that for L-connected
compact subsets of C™, semi-norms of the first type generate the topology. However,
Example 2.57 in [3], which is due to Aron, shows that the first type of semi-norms
cannot be used alone for a very simple compact subset of C. A more detailed discussion
of this is given in [3, p. 107].

Here we introduce semi-norms of a new type which generate the topology of O(K) for
an arbitrary compact subset K of a complex Fréchet space. They have a form analogous
to the one used in the Whitney Extension Theorem for Cy, functions in R™. As in this
problem, they only constrain the error in the Taylor expansions between two points of
K. Since the proof can be obtained easily from our constructions, we also show that in
the locally connected case, the first type of semi-norms can be used alone.

The set of holomorphic functions in an open subset can also be endowed with a topology
induced by the non-quasi-analytic classes. However, the projective limit topology defined
in this way is strictly weaker than the previous topology. This was presented as an open
question in [4] and solved in [13]. We give a simple proof of this.

2. Notation and main results

If 2 is an open subset of a complex Fréchet space E, we endow the space O(£2) of
holomorphic functions in {2 with the usual compact open topology 7y (see, for example,
[3]). For a compact subset K of E, we consider the inductive limit of locally convex
spaces

O(K) = indo5x O(£2),

where {2 runs over all open subsets of E containing K. Denote by V(E) the set of all
open, convex and balanced neighbourhoods of 0 in F.

If f is a holomorphic function in a neighbourhood of a compact subset K of E, z € K
and k € N, there is a unique k-linear symmetric form D* f(x) on E such that

D*f(x)(h, ..., h) = DE[f(x + th)]j=o-
If j < k, we denote by DF f(x)h\9) the (k — j)-linear form on E defined by
(DEf(x)h9)(v,...,v) = D*f(z)(h,...,hyv,...,v),

with j copies of h and k — j copies of v. If kK = j, this is just an element of E.
If A C E is bounded, let

ID* f(x)]| 4 = sup [ D¥ f(z)h™®)].
heA

It is well known (see [3, p. 5]) that if A is a bounded, convex and balanced subset of E,
then

kk
sup  [DFf(z) (b, ... hy)| < ﬁHDkf(I)HA- (2.1)
hi,...,hp €A .
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If £ > 0, we also use the notation

ID* fllk,4 = sup sup [D* f(x)h™].

€K he A
Of course, if A is open and ||D* ||, a < C'F*E! for every k, then the Taylor expansion
of f at any point = of K converges in x + A/C.

Consider the following semi-norms of Whitney type
Dk 1
ID%fllkas o sup ‘
M

Here k > 0 and M is any compact subset of E. These semi-norms are simpler than the
ones used in [11] and only constrain limited Taylor expansions between two points of K.

k! o<t<k, zathek, Pt
0<p<l hepM
Note that || || azk is increasing with M and that || f| x.aark = N¥| £l &0k if A > 0.
They are natural in problems where extension properties occur. Using the Cauchy

h()
B

Dif(x+h)— > DI*f(x)

j<k—t

11l arre =

inequalities, one easily sees that these semi-norms are continuous on O(K). More details
are contained in the first part of the proof of Theorem 2.1. In a finite-dimensional space,
we can fix M equal to the closed unit ball and omit it in the notation. Then we obtain
the semi-norms

ID* fllx 1

fKﬁk:7+ sup sup o
I71 k! o<t<kzather LU[R[F*

Df(z+h)— Y Dﬂ'*ff(a:)@

il
j<k—2 J:

7

with
ID"fllxc = sup sup [D*f(a)h)].
€K ||h|I<1
Our main result is the following projective description of O(K).

Theorem 2.1. If K is a compact subset of a Fréchet space E, then the topology of
O(K) is defined by the semi-norms

p(f) = sup gl fll sk,
kEN

where M runs over all compact subsets of E and (e, )0 over all sequences of real numbers
decreasing to 0. Moreover, if K is locally connected, then one can replace || f|| ka5 by
| D¥ f |l k.01 /K! in the definition of the semi-norms p.

An easy inspection of the proof of this theorem shows that in the definition of || f|| x, a7k,
it is possible to replace ¢! by any sequence ay satisfying ay, > £!. This is not a surprise
since the control on the growth of the derivatives is already performed by the first part.
However, the previous semi-norms are the natural ones since they correspond to the usual
estimation of the error in the Taylor expansion of a holomorphic function.

A classical example (see [3] or [11]) shows that, for the set K = {1/k: k € No} U{0},
one cannot replace || f||x.x by ||D* f|lx/k!.

The next result shows that the set of sequences (ej)r>0 cannot easily be relaxed. Let
L = (Lg)ren be an increasing sequence of real positive numbers. If 2 is an open subset
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of R™, we denote by C'X)(£2) the set of all f € Cu(£2) such that for any compact subset
K of 2, we have
ID*fllx < ATFLE

for every k and some A > 0. This space is endowed with the semi-norms

= sup e; ————,
p(f) kep k [ﬁ

where K runs over all compact subsets of £2 and (ex) >0 over all sequences of real numbers
decreasing to 0.

L or C1) is said to be quasi-analytic if u € C)(£2) and D*u(x) = 0 for every a € N*
and some z € £2 imply u = 0. A classical theorem of Denjoy-Carleman says that C'(%) (2)
is non-quasi-analytic if and only if Zﬁi% 1/Lj < 4o0. It is well known that, as a set,

o(2) =N o™ (@),
L

where the intersection runs over all non-quasi-analytic sequences L.

Theorem 2.2. If (2 is a non-void open subset of R™, then the topology of O({2)
is strictly stronger than the projective limit topology of the non-quasi-analytic spaces

CH(0).
Note that this projective limit topology is defined by the semi-norms

p(f) = supnf | D" £k,
keN

where K runs over all compact subsets of {2 and (ng)r>0 over all sequences of real
numbers decreasing to 0 and satisfying

“+o0
Z M < +0o0.
k=0

This follows easily from the fact that, if the sequence n; is summable, there is a sequence
ny converging to +oo such that ngny is still summable.

3. Proofs of the main results

We need a lemma proved in [11]. For the sake of completeness, we give a slightly different
and shorter proof.

Lemma 3.1. Let K be a locally connected compact subset of a Fréchet space E. Then
for every V € V(E) there is W € V(E) such that every function f € O(K) satistying

ID*fllicv < k!

for every k can be extended as a holomorphic function in K + W.
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Proof. Let V € V(E). Since K is compact and locally connected, one can find some
elements z1,...,2zy € K and Wq,..., Wy € V(F) satisfying the following properties:

K cC U;'V:1(ZJ’ + W)
(i) , and

(i) for any j, there is an open set U; C £V containing 2W; such that (z; + U;) N K is
connected.

Let W be the intersection of the sets %Wj, j=1,...,N.

Consider a function f € O(K) satisfying ||D*f|lxv < k! for every k. Its Taylor
expansion at any point x of K converges in x + V. To prove the lemma, it is enough to
show that if z,y € K, then the Taylor expansions f, and f, of f at x and y coincide in
(x+W)Nn(y+W).

Assume that this intersection is not empty and that f is holomorphic in an open
neighbourhood U of K. Choose j such that x € z; + W, and denote by w the connected
component of (z+ V) NU that contains z. The set (z; + U;) N K is connected, contains
x and is included in (x+V)NU since z; + U; Cx+W,; +U; C 2 +2U; C 2+ V. Hence
it is included in w. We have y € x +2W C z; + W; +2W C z; + 2W; C z; + Uj, hence
y € w. Since f, = f near z, it follows that f, = f = f, in a neighbourhood of y. Now,
fz and f, are holomorphic in the open and convex set (z +2W) N (y + W) and coincide
near y. This proves the lemma. U

Proof of Theorem 2.1. We first show that the semi-norms of Theorem 2.1 are
continuous on the inductive limit O(K). Let U be an open neighbourhood of K in E and
M be a compact subset of E. Replacing M by a larger compact set, we can assume that
it is convex and balanced. Choose V' € V(FE) such that K +V C U. Since M is compact,
there is pg > 0 such that 2pgM C V. Assume that z,x+h € K, h € pM with 0 < p < pg
and 0 < t < 1. Using the Cauchy inequalities, we obtain

ID* (@ + th)||ar < Klpg * | 1 k-+200 M

for every f € O(U). This proves that the first term in the definition of || f||x, sk leads
to a continuous semi-norm and that we can assume 0 < p < pg is the second one. Using
Taylor expansion and (2.1), we obtain

‘M

1 —f—
/ ((1k_ tzk 61)11 DF f(x + th)h k=9 dt
O - - .

) (4)
Difath) = Y D)

j<k—1t

0pk—t

< 1
= g!pk—e
2e

KR k
<Mﬂ%_w%|mmmm<(m)wmﬂw%

M

This proves the continuity of the semi-norms.
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To prove the converse, we consider a continuous semi-norm p on the inductive limit
O(K). Let V; € V(E), j > 1, be a fundamental sequence of neighbourhoods of 0 in E
satisfying 2V; 1 C V;.

(A) Let us prove that there are € € 0, 1[, an integer N7 and a compact subset 4; of
Vi such that

FeOE+V), |fllkev, <1 and || DFfll.a, <ek!, if0<k<N

imply p(f) < 1.
Since by definition of the inductive limit the restriction of p to O(K +V7) is continuous,
there is € € ]0, 3[ and a compact subset A; of V4 such that

p) < i, S € OUK + 1)

Since A; is compact, there is p > 1 such that pA; C V3. Choose N7 > 0 such that

+oo
Z p k< €/2.

k=N,
Let f € O(K + V1) be such that || f|| x4y, <1 and

ek!

1D fllxc,a, < oy H0<k <N
1

By the Cauchy inequalities, we have

ID* ik, ar < p~ "k fll kv < o7k

for any k since pA; C Vi. Using Taylor expansion, we get

+oo

$ 1 o

k=0

£l 7+, = sup sup
TEK h€A;

This proves the assertion.

(B) Let Ng = 0 and Vy = 2V;. There is a strictly increasing sequence of integers
Ny, N3, ..., and a sequence of compact subsets As, A3, ..., of E such that, for any j > 1,
Aj - 2‘/},1 and

feOE+V)), |flx+v, <j and |[fllkaer <€, HNea <kE<N, 1<)
imply p(f) < 1.

The proof is by induction on j. If j = 1 this follows from (A). Assume that Ny,..., N;_;
have been constructed. If no suitable N; and A; exist, then for every positive integer IV
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and every compact subset A of V; the set ey, 4 of the functions f € O(K +Vj) such that
p(f) =1,

Ifllevv, <J0 fllkane <€ i Neoyg <E< NG, 1<L<y,

and

I fllxare <e, N1 <k<N

is not empty. Since O(K + V) is a semi-Montel space and each finite intersection of such
sets is also not empty, there is a function f in their intersection. We have p(f) > 1,

I fllrace <€ ifNey k<N, 1<E<7,

and || fllx, 4,k < € for every k and every compact subset A of 2V;_;. Hence, using the
same notation as before, though 2V;_; is not compact, we get || f| x2v,_, x < € for any k.
Let us prove that f extends as a holomorphic function in K + V;_;. Since

ID* flli2v,_, < ek!

for every k, the Taylor expansion f, of f at a point x € K converges in x + 2V;_;. We
have to prove that if z,y € K, then f, and f, coincide in the intersection of x + V;_;
and y + V;_1.

Assume that this intersection is not empty and write y = = + h. Here h € 2V;_;. Let
p €10, 1] such that h € 2pV;_;. Since Hf||K,2vj,17k < e for every k, we have

< eﬁ!pk_l
2V;_4

HDﬁ flw+h) = > DIMf(x)

j<k—¢

if 0 < ¢ < k. For any ¢, the right-hand side converges to 0 if k converges to +oc.
This proves that f, and f, coincide to infinite order at y. Hence they are equal in
(2 +2V;m1) N (g + Vioo).

Moreover, using again Taylor expansion, we obtain

I£lers o < sup sup S Lt aynt®

heVi-1li 2o
+oo +oo
<D llysn <€D 278 <2< -1
k=0 k=0

From the induction hypothesis we get p(f) < 1. This is an absurdity.
(C) Let e =279/ if N;_; < k < N;. This sequence converges to 0. Define

(o)
M ={0}yu | J27%4;.
j=1
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This is a compact subset of E since each A; is compact,
AjC2Vii CVip C o C 2V y 2792V gy

for j large enough and the V; form a fundamental sequence of neighbourhoods of 0 in .
Here [j/2] denotes the integer part of j/2.
If f € O(K) and
sup e || fll.ark < €,
keN

then p(f) < 1. Indeed, there is some j such that f € O(K + Vj) and ||f|[x+v, < j.
Moreover, if Ny_1 < k< Ny and 1 < £ < j we have

e, a0de < 2720 flliconr e = bl fllacars < €,

since Ay C 272M and || fllkanrk = M| fllkask if A > 0. By (B) this proves that
p(f) < 1. The first part of the theorem is proved.

(D) If K is locally connected, we proceed along the same lines with the following
modifications. Before (A), we choose the V; in such a way that every function f € O(K)
satisfying

ID* fllv; < K

for every k can be extended as a holomorphic function in K + V;4;. This can be done
using Lemma 3.1. In (B) and (C), we replace || f|| k.4, by [|D*f|lx.a,/k! everywhere.
Moreover, in (B) we replace the condition A; C 2V,_; by A; C V;_.

In (C), the extension of f as a holomorphic function in K + V;_; follows from the
construction of the V; and not from the argument presented there. (I

Proof of Theorem 2.2. Let ¢, be a decreasing sequence of real numbers satisfying
er = 2¢/In(In(k)) for k > 3 and let K be a non-empty compact subset of §2. Let us show
that the semi-norm

Dk f
p(f) = sup e 12T
keN :
is not continuous for the topology of the projective limit of the spaces C*)(£2). Consider
the functions f,,(x) = €™#1. Choosing k as the integer part of m/In(In(m)), we obtain
%
m) = sup —/m
p(fm) SUp 2k
- % ln(ln(m)) (m/In(In(m)))—1
~ \Un(In(m)) — In(In(In(m)))

> e(m/ In(In(m)))—1

if m is large enough.
If p is continuous, it follows that there are C; N > 0 and a decreasing summable
sequence (7x)x>0 such that

em/ In(In(m)) < Csup nllzmk
keN
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if m > N. Multiplying the sequence 1 by a constant, we can assume that C' = 1. There
is a sequence k,, such that

m
—— < kpl
TGy < om0,
if m is large enough. It follows that the sequence k,, converges to co. Moreover, 1 = >
1/m and
m
—— < k!
() S Fm 0(m)

for m large. Denote by m; the smallest integer such that j < k. The sequence m;
converges also to +oo. If j is large enough, we have
m]— -1 . J
Skm-1<J< 57
In(m; — 1) In(In(m; — 1)) LSS () (7))

with J = 2j1n(j) In(In(j)). The function x/(In(z)In(ln(x))) is increasing if x is large
enough. It follows that m; < 1+ 2j1n(j)In(In(j)). Therefore,

1 1
1 2 Mem; 2 0 2 T4 25 In(j) In(In(j))

This is an absurdity since the sequence 7; is summable. O
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