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Abstract

The error analysis of an algorithm for generating an approximation of degree n — 1 to an nth
degree Bézier curve is presented. The algorithm is based on observations of the geometric
properties of Bézier curves which allow the development of detailed error analysis. By
combining subdivision with a degree reduction algorithm, a piecewise approximation can
be generated, which is within some preset error tolerance of the original curve. The number
of subdivisions required can be determined a priori and a piecewise approximation of
degree m can be generated by iterating the scheme.

1. Introduction

Degree reduction of Bézier curves and surfaces is a process that amounts to approxim-
ating a polynomial of degree n by one of degree m < n. In most methods,m =n —1
so that to obtain an approximation of a lower degree the scheme must be used recurs-
ively. This way a series of approximations is generated, each obtained by reducing
the polynomial degree by one at each stage.

One of the main uses of a degree reduction algorithm is to generate a piece-
wise linear approximation to a prescribed curve or surface. These piecewise linear
approximations are important because of their use in rendering curve-curve, curve-
surface and surface-surface intersection calculations. To generate a piecewise linear
approximation to within a specified error tolerance, one must combine a subdivision
algorithm with degree reduction. For Bézier curves and surfaces such algorithms are
easy to implement. Subdivision/degree reduction in two and three variables has been
investigated by Petersen [7] in the context of intersection problems.

The degree reduction is relevant also to other application areas such as CAGD
(Computer Aided Geometric Design). The application of the algorithm is transferring
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data from one geometric modelling system to another. Often a curve of high degree
must be approximated by a number of curves of lower degree, due to the limitation on
the maximum polynomial degree that certain systems can store and work with. Such
situations often arise, in practice, and some work in this area has been done. See, for
instance, Dannenberg and Nowacki [2] or Hoscheck [6].

The use of Bézier curves finds much application in general description of curves
and surfaces and provides the mathematical basis for many CAD (Computer Aided
Design) systems. Boehm, Farin and Kahmann [1] summarize the basic theory of
such curves and provide many relevant references. The Bézier representation uses
Bemstein polynomials as basis functions for the linear space of polynomials. In terms
of the Bernstein polynomials of degree n,

BI() = (?)(1 - 0<t<1, i=0,...,n,

a parametric polynomial curve of degree n (n > 0) in the plane, can be expressed as
> bBI), beR
i=0

(Boehm et al., [1]). The points b;,i = 0, ..., n, are called the control points for the
polynomial and the polygon formed joining successive control points is the control
polygon. Notice that by and b, are the end points of the curve (corresponding to ¢t = 0
and ¢t = 1). Moreover, the vectors by — b, and b, — b,_, define the tangents to the
curve at the two end points respectively. Figure 1 shows an example of a parametric
Bézier curve of degree 5 and its control polygon.

In the second section of the paper, a method for approximation is presented. Al-
though a similar method has already been considered by Farin [3], he did not analyze
the error. Hersch [5] developed a degree reduction algorithm for font conversion
without error analysis. Sederberg and Kakimoto [8] consider the problem for approx-
imating rational curves using polynomial curves. Watkins and Worsey [9] developed
an algebraic method for approximation using Tchebycheff polynomials. The ap-
proach taken here is different. The authors aim to develop a geometric method for
generating lower degree approximations which, in the uniform norm, are within some
preset error tolerance of the prescribed Bézier curve. This means that the scheme for
approximation must be combined with a subdivision algorithm.

This question is addressed in the third section. The techniques used in the approx-
imation algorithm admit a detailed error analysis for the method. These results are
presented and used to determine, a priori, the number of subdivisions that are needed
for the approximation to be within the error tolerance that is imposed. The original
curve is subdivided and each segment of it is approximated separately.
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FIGURE 1. Parametric Bézier curve of degree 5 and its control polygon.

The method described below has an obvious extension to higher dimensions to deal
with the problem of approximating tensor product surfaces. The problem is simply
decomposed into a series of univariate problems.

2. Degree reduction

Degree elevation can be viewed as a process that introduces redundancy: a curve is
described by more information than is actually necessary. The inverse process might
seem more interesting: can we reduce possible redundancy in a curve representation?
More specifically, can we write a given curve of degree n as one of degree n — 1?7 We
shall call that process degree reduction.

In general, exact degree reduction is not possible. Degree reduction, therefore, can
only be viewed as a method to approximate a given curve by one of lower degree.
Our problem can now be stated as follows: given a Bézier curve with control vertices
b;,i =0,...,n,can we find a Bézier curve with control vertices ¢;,i =0,...,n—1,
that approximates the first curve?

Let us now pretend that the b; were obtained from the g; by the process of degree
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elevation. Then they would be related by ([4])

bo = qo,
i n—i .

bi=—qi. + qi, i=1,...,n—1,
n n

bn"'qn—l

This equation can be used to derive two recursive formulas for the generation of
the g; from b;:

qo = by,
n i
qi = -b; — -qi1, i=1,...,n—1, and
n—i n—i
qn—lzbna
n n—i
gi-1 = <b — —q;, i=n-~1,...,1.
i i

Let m = [5], where [-] is the floor function. From these formulae, to find the
approximation, we define auxiliary points ¢! and g/ as follows:

q(l)=b0,
;o n b — i . i=1,....,m if n is odd
%= T =i li=1,....m—1 ifniseven
and
4oy = ba,
n n-i
q_, = =bi — g, i=n-1,...,m+1.
{

Then we can rewrite the Bézier curve b" as

b'(t) =) _biB(t)
i=0

m—1 n—1
= @B+ a1 -0 +q ] B O+ Y /BT ®)
i=0 i=m+1

for odd n and

b'(t) =) biB} ()
i=0

m=2
=Y q/B/™ O + [qn_ (1 — ) + bat] B 21 ()

i=0
n—1
b (1 =D+ qut1B (O + Y /B @)
i=m+1
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for even n. .
The reduction curve ¢"~'(t) = Y_;_, ;B ' (¢) of degree n — 1 can now be defined
as follows:
q! fori=0,1,...,m~1
=1 gm€{qg,(1—5)+q,s, 0<s =<1}
qr fori=m+1,...,n—1,
for odd n-and
q fori=0,1,...,m—2
_ ) dmaefq, (1 —5)+bns, 0<s <1}
T gnelbus+q,(1—5),0<s<1)
q; fori=m+1,...,n—-1,
for even n.

The techniques in the approximation algorithm admit a detailed error analysis for
the method. For first error analysis, we use the parametric Euclidean uniform norm
[l - ||| defined by

bl = {Ix0?+ lIyl*}?
for a parametric curve b, where || - || is the uniform norm. Lete(t) = b"(t) —g""'(¢t) =
(e* (1), ¥(1)) be the parametric difference of the two curves and set s = % for odd n
and s = O for even n, then

1/n-1
_(n )(1 —20)(1 = )"y (q,’n - q,’") if n is odd
2\ m

e(t) = 1 r
-1
2(” )(1 — )" (b,,, - M) if n is even.
m 2

For computation of |||e|||, we first consider ||¢*|| and n is odd.
1

XN | W rx_n—l _ __ypi—m—=1.m
le*ll = |g,,” — g, 2( ” )grslgsxl|(l 20(1 — 1) "

<1 n—l 1 1 1 m|l;: rx
T2\ m Jn\4 4n Tn = dm |-

By applying similar calculations, we obtain the same form for ||e”||.
Forevenn,

Gney + 4y
2

<(","G)
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riginal curve

Approximation curve

FIGURE 2. Degree reduction on a Bézier curve of degree 5.

We obtain the same form for ]|e” ]| by similar calculations.
Combining these results, we obtain the following theorem:

THEOREM 1. The error of the suggested degree reduction algorithm is

Im—-1\1 (1 1\",, , .,
IIIeIIlsE( m )W(Z_E) d(q,.4,) 2.1)

n-1 1\" L+
lllelll <2 =) a(b,, Int T 2.2)
m 2 2

for even n, where d is Euclidean distance.

for odd n and

The replacement curve is to approximate the original curve in the sense that the
two should lie within some specified tolerance(e) of each other. We thus only check
the distance of two points ¢/, and ¢/, for odd n, b,, and "'I"'—‘Z’Lq—;‘- for even n. Figure 2
and Figure 3 show the results of applying the degree reduction method presented in
this section.
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riginal curve

Approximation curve

FIGURE 3. Degree reduction on a Bézier curve of degree 6.

3. Subdivision/degree reduction

In this section, we give an error analysis of the subdivision and approximation
process. Our results show when and how often one should subdivide and/or attempt
degree reduction. In particular, it is shown that for a curve b" -of degree n, it is
possible to determine a priori how many times one must subdivide b” before it can be
approximated to within a given tolerance by curves of degree one less. Thus it is not
necessary to attempt approximation after each subdivision.

A Bézier curve b" is usually defined over the interval [0, 1], but it can also be
defined over any interval [0, ¢]. The part of the curve that corresponds to [0, c] can
also be defined by a Bézier polygon, as illustrated in Figure 4. Finding this Bézier
polygon is referred to as subdivision of the Bézier curve. Recursive subdivision of
Bézier curves is based on de Casteljau’s theorem ([4]).

Let us denote the Bézier polygon corresponding to the interval [0, c] by ¢y, . . ., c,—
it defines a Bézier curve ¢" (which is part of the same curve as b”" is, of course). We
have the following subdivision formula for Bézier curves:

¢; = bj(c),
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C1
by = ¢p bs
0 c I
FIGURE 4. Subdivision of a Bézier curve.
where b{; (c) is recursively defined by
; i i =1,...
bl(c) = (1 — )b/~ (c) + cbl7] (0) [ J= et (3.1
i=0,...,n—j

and b?(c) = b;. The control vertices corresponding to [c, 1] are given by the bf;_ i
From the formula (3.1), we easily obtain the following lemma:

LEMMA 2. Another formula for c; is

J
> Bl(o)be for [0, c],
=1 &t 3.2)

j -
> B{()bujsx for [c, 1.
k=0

In the previous section, we mentioned that one only needs to check the distance of
two points. If the distance d is greater than €/a,, one attempts to subdivide the given
nth degree Bézier curve and construct the auxiliary points for each subdivided curve
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1 n-1 —1— -l——i for odd n,
Jn 4n

2(” - 1) (l) for even n.
m 2

If all distances of two new points is less than or equal to € /«,,, replace the given Bézier
curve by the Bézier curve of degree n — 1. If not, subdivide until all distances of the
two new points are less than or equal to € /a,,.

Let ¢® be the parametric difference of the original curve and the replacement curve
at the kth step. Let us denote the control polygon of the approximation corresponding

segment, where «, is

to the interval [0, c] by ry, ..., r,_ and auxiliary points r,.’ and r]. In the following
two subsections, we give the error analysis of the subdivision and degree reduction
process.

3.1. Forodddegreen The matrix form of the recursive formula for g/ is M' Q' = B/,
where the matrix M is

= 0 0 0 0 0

% "n—'l 0 0 0 0

0 % "—;3 0 0 0

0 0 0 m.—l n—(m-1) 0

0 O 0 0 - —
and Q' = (q(’,, q, ..., q,’,,)T and B' = (by, by, ...,b,)". The matrix form for qr
is M"Q" = B’, where M’ = M’ and Q" = (¢_,, ¢ ... q\s1,q},) and B" =
(bus bp-1, ..., bysa, b,,,+1)T. We obtain the following formulae for q,’n and g/, from

these systems by Gaussian elimination:

—meit1 (’?)bh
i
i ( )
i=m+1

1 & . fn
G — 4 = _1) X\_J(-l)"“"ﬂ"+1 (i)bi’ 3.3)
i=0

m

S_I_»—i

Thus we obtain
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that is,
lan” —an*| = ) > -1y (:.')b,-’ (3.4)
m ) |i=0
1Yy ry 1 - i n
lqm —4n '= (n_1) Z(—l) (l.)biy . 3.5)
m ) |i=0

To compute d (rs,, r},), we first consider |r.,* — r7*|. From (3.4),

I rx| _ 1 - _1¥ n X
Irm =1 = (n'—"-l) ;( b (i)C’ ’
Then, from this formula and the subdivision formula (3.2) for ¢; atc = 1,
n . 1
=t = == (=1)'B! (—) b
| e =
1" | n
= B ()]
() 1= :

that is,

1 n
=l = (5) Lo el

By similar calculations, we obtain the same form for |, — 7*|. Combining these
results, we obtain

1 n
d(rl,r)= (5) d(q,.4])-

Thus the approximation error |||e®||| after the first subdivision is

1 n
le®1l] < (§> and (4,5 4 ) -
By induction on k, we reach the theorem:

THEOREM 3. The approximation error |||e®||| after the kth subdivision is

1 nk
lle® 1l < (5) and (gh 47) (36)
1/n—-1\ 1 1 1\"
2\ m J/n\4 4n )
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Bézier Polygon of original curve

Bézier polygon of approximation

FIGURE 5. Degree reduction with 1-fold subdivision of a curve of degree 5.

Thus to obtain a piecewise Bézier approximation curve of degree n — 1 to a given
Bézier curve of degree n to within a tolerance €, the number of subdivisions k required
is

i r
k> Liog, 2 (dn: 45) 3.7)
n €
Figure 5 shows the result of applying the subdivision and degree reduction for an odd
degree curve.

3.2. For even degree n  The matrix form of the recursive formula for ¢! is M'Q' =
B', where the matrix M’ is

10 0 0 0 0
1wt g o 0 0
0 % 2 o 0 0
0 0 0 EEE=
0 0 0 0 mt o)

and Q' = (g5, 4!, ..., q,’"_l)T and B' = (bo, b, ..., bn_1)'. The matrix form for
q/ is M"Q" = B", where M" = M and Q" = (q;_l,q;_z,...,q;“,q,;)T and
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B" = (by,Bu_i, ... Bnyz, bmy1)'. We obtain the following formulae for ¢, and g/,
from these systems by Gaussian elimination:

<Q
s ~—
L
il
—~
:
—_
\./
i gl
/-\
v—-
SN’
S
§
/‘\
\_/
Sy

1 n
q'r" = — (_l)m—l+1( )b,
( ml) t=Zm-:H 1
Thus we obtain
qun—l —q, 11 ¢ (n
b, — = - (—1)'"+’(‘)b,-, 3.8)
R TGP IR
that is,
x qun—l)r — q'rnx L1 " (n) x
bm PP D' . )67, (3.9
R TG IR
y qm—ly - qrrny l 1 - i n
Bm > 200 ;( ;)b (3.10)

REMARK 4. From (3.4), (3.5), (3.9) and (3.10), the nth degree Bézier curve b" is
essentially the (n — 1)st degree Bézier curve if and only if

Z( 1)'( )b =0.

I X rx
x _ Tmot Hn”
2

()

Then, from this formula and the subdivision formula (3.2) for ¢; at ¢ = %,

To compute d (c,,,, ’""2+ ) we first consider |c

P X rx
rm—l + rm

2

X

Cm™ —

_1
2%

X r’ln_ ) +r’,;'x 1 l n X
Cnt — 12 5(","' Z( 1)'B! < )
1 /1\" 1
=5<5) ) 2_;( ”()
that is, 1 ,
x _ rm—lx + r;x _ l ! x _ qm—lx + q'rnx
Cm 2 _(2> b 2
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Bézier polygon of original curve

Bézier polygon of approximation

FIGURE 6. Degree reduction with 1-fold subdivision of a curve of degree 6.

We obtain the same form for

Il 7y Y . . . o .
Cn’ — i%l by similar calculations. Combining
these results, we obtain

rl +rr 1 n ql +qr
d s m=t L m Y _ [ s Im-1 ' Im .
(en=257%) = (3) 4 (om =25%)

Thus the approximation error |||e("|}| after the first subdivision is

1 n ql_ +qr
m =\z nd bm, ml ! .
e = (2) e (Bt

By induction on k, we reach the theorem:

THEOREM 5. The approximation error |||e®||| after the kth subdivision is

1 nk ql +q,
®On<(=) adlb,, =Lt 3.11
I1le ||I_<2) a (b 2 ) (3.11)
1 /1Y
2 =] .
() (2)
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Original curve

Approximation curve

FIGURE 7. Degree reduction on a cubic Bézier curve.

Thus to obtain a piecewise Bézier approximation curve of degree n — 1 to a given
Bézier curve of degree n to within a tolerance ¢, the number of subdivisions k required

is
! + r
a,d (b,,,, —q"‘“z ki )

€

k> ;log2 (3.12)
Figure 6 shows the result of applying the subdivision and degree reduction for even
degree curve.

Table 1 shows the number of subdivisions and the maximum of the error in the
approximating curves for a cubic curve in Figure 7. Figure 8 shows the error in the
approximations.

TABLE 1. k-fold subdivisions and the maximum of the error.

No. of Subdivisions || Maximum of the error
0 2.8900 x 1072
1 3.6000 x 1073
2 5.0000 x 10~
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FIGURE 8. The error in the approximation.
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