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Abstract

The error analysis of an algorithm for generating an approximation of degree n — 1 to an nth
degree Be'zier curve is presented. The algorithm is based on observations of the geometric
properties of Be'zier curves which allow the development of detailed error analysis. By
combining subdivision with a degree reduction algorithm, a piecewise approximation can
be generated, which is within some preset error tolerance of the original curve. The number
of subdivisions required can be determined a priori and a piecewise approximation of
degree m can be generated by iterating the scheme.

1. Introduction

Degree reduction of Be'zier curves and surfaces is a process that amounts to approxim-
ating a polynomial of degree n by one of degree m < n. In most methods, m = n — 1
so that to obtain an approximation of a lower degree the scheme must be used recurs-
ively. This way a series of approximations is generated, each obtained by reducing
the polynomial degree by one at each stage.

One of the main uses of a degree reduction algorithm is to generate a piece-
wise linear approximation to a prescribed curve or surface. These piecewise linear
approximations are important because of their use in rendering curve-curve, curve-
surface and surface-surface intersection calculations. To generate a piecewise linear
approximation to within a specified error tolerance, one must combine a subdivision
algorithm with degree reduction. For Be'zier curves and surfaces such algorithms are
easy to implement. Subdivision/degree reduction in two and three variables has been
investigated by Petersen [7] in the context of intersection problems.

The degree reduction is relevant also to other application areas such as CAGD
(Computer Aided Geometric Design). The application of the algorithm is transferring
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data from one geometric modelling system to another. Often a curve of high degree
must be approximated by a number of curves of lower degree, due to the limitation on
the maximum polynomial degree that certain systems can store and work with. Such
situations often arise, in practice, and some work in this area has been done. See, for
instance, Dannenberg and Nowacki [2] or Hoscheck [6].

The use of B6zier curves finds much application in general description of curves
and surfaces and provides the mathematical basis for many CAD (Computer Aided
Design) systems. Boehm, Farin and Kahmann [1] summarize the basic theory of
such curves and provide many relevant references. The B6zier representation uses
Bernstein polynomials as basis functions for the linear space of polynomials. In terms
of the Bernstein polynomials of degree n,

a parametric polynomial curve of degree n (n > 0) in the plane, can be expressed as

fl,n(0, bt € R2

i=0

(Boehm et al., [1]). The points bit i = 0 , . . . , « , are called the control points for the
polynomial and the polygon formed joining successive control points is the control
polygon. Notice that b0 and bn are the end points of the curve (corresponding to t = 0
and t = 1). Moreover, the vectors b0 — b{ and bn — bn-\ define the tangents to the
curve at the two end points respectively. Figure 1 shows an example of a parametric
B6zier curve of degree 5 and its control polygon.

In the second section of the paper, a method for approximation is presented. Al-
though a similar method has already been considered by Farin [3], he did not analyze
the error. Hersch [5] developed a degree reduction algorithm for font conversion
without error analysis. Sederberg and Kakimoto [8] consider the problem for approx-
imating rational curves using polynomial curves. Watkins and Worsey [9] developed
an algebraic method for approximation using Tchebycheff polynomials. The ap-
proach taken here is different. The authors aim to develop a geometric method for
generating lower degree approximations which, in the uniform norm, are within some
preset error tolerance of the prescribed B6zier curve. This means that the scheme for
approximation must be combined with a subdivision algorithm.

This question is addressed in the third section. The techniques used in the approx-
imation algorithm admit a detailed error analysis for the method. These results are
presented and used to determine, a priori, the number of subdivisions that are needed
for the approximation to be within the error tolerance that is imposed. The original
curve is subdivided and each segment of it is approximated separately.
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FIGURE 1. Parametric Bdzier curve of degree 5 and its control polygon.

The method described below has an obvious extension to higher dimensions to deal
with the problem of approximating tensor product surfaces. The problem is simply
decomposed into a series of univariate problems.

2. Degree reduction

Degree elevation can be viewed as a process that introduces redundancy: a curve is
described by more information than is actually necessary. The inverse process might
seem more interesting: can we reduce possible redundancy in a curve representation?
More specifically, can we write a given curve of degree n as one of degree n — 1? We
shall call that process degree reduction.

In general, exact degree reduction is not possible. Degree reduction, therefore, can
only be viewed as a method to approximate a given curve by one of lower degree.
Our problem can now be stated as follows: given a Bdzier curve with control vertices
bi,i =0,... ,n, can we find a B6zier curve with control vertices (?,,/ = 0, . . . ,n — 1,
that approximates the first curve?

Let us now pretend that the bt were obtained from the q-, by the process of degree
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elevation. Then they would be related by ([4])

bo = <7o,

i n- i
bj = -<7,_i H qit i = 1, . . . , n - 1,

n n
bn =qn-\-

This equation can be used to derive two recursive formulas for the generation of
the<7, from Z>,:

q,= -bi : ( ? , - ! , i = l , . . . , / i - 1 , a n d
n - i n — i

n u n i • 1 1

<7,-i = -bt —qt, i = n - 1 , . . . , 1.

Let m = [|], where [•] is the floor function. From these formulae, to find the
approximation, we define auxiliary points q\ and q\ as follows:

, n i , f i = 1 , . . . , m if n is odd
q, = '.bi :<?,_., \ . , 1 r •

n — i n — i \ i = \, ... ,m — I if n is even
and

« n - 1
q-_i = -bi —q-, i = n - I m + I.

Then we can rewrite the B6zier curve ft" as

1=0

fir'O + [9i,d - 0 + Ct] Bn
m~\0 +

i=0 i=m+l

for odd n and

;=o
m-2

;=o
n - l

1 — 0 + ?^]B^~'(0 + E
i=m+l
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for even n.
The reduction curve q"~\t) = Yl"i^o <7' &?~l (0 °f degree n — 1 can now be defined

as follows:

ql f o r / = 0 , l , . . . , / 7 i - 1
<?m e { ^ ( 1 - s) + qr

ms,0<s<l]
q-

for odd n and

for i = m + 1 , . . . ,n — 1,

forf = 0, l , . . . , m - 2

?[ for / = /w + 1, . . . ,« — 1,

for even n.
The techniques in the approximation algorithm admit a detailed error analysis for

the method. For first error analysis, we use the parametric Euclidean uniform norm
III • HI defined by

1i

<lm-\ 6 {<7i_,(l —s) + bms, 0 <s < 1}
qm £ \bms + qr

m(\ — s), 0 < s < l}

for a parametric curve b, where || • || is the uniform norm. Let e(t) = b" (r) — q"~l (t) =
(e*(t), ey{t)) be the parametric difference of the two curves and set s = | for odd n
and s = 0 for even n, then

e(t) =
-20(l-0n-m- 'fm(^-^) if n is odd

- fy-mtm Um - qm~l
2
 qm \ if n is)

For computation of 11 \e\ \ |, we first consider \\ex \\ and n is odd.

even.

= Wm'-9r
m'\ \ max |(1 -20(1 -ty-

~2\m )^\A~~&L

By applying similar calculations, we obtain the same form for \\ey\\.
For even n,

fem
x- '.[ I m a ?

\ m J o<r<
m a x | ( l -

/ *
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iginal curve

•Approximation curve

FIGURE 2. Degree reduction on a Bdzier curve of degree 5.

We obtain the same form for \\ey\\ by similar calculations.
Combining these results, we obtain the following theorem:

THEOREM 1. The error of the suggested degree reduction algorithm is

for odd n and

for even n, where d is Euclidean distance.

(2.2)

The replacement curve is to approximate the original curve in the sense that the
two should lie within some specified tolerance(e) of each other. We thus only check
the distance of two points q'm and qr

m for odd n, bm and <?m~'2
+'?" for even n. Figure 2

and Figure 3 show the results of applying the degree reduction method presented in
this section.
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ginal curve

pproximation curve

FIGURE 3. Degree reduction on a B6zier curve of degree 6.

3. Subdivision/degree reduction

In this section, we give an error analysis of the subdivision and approximation
process. Our results show when and how often one should subdivide and/or attempt
degree reduction. In particular, it is shown that for a curve b" of degree n, it is
possible to determine a priori how many times one must subdivide b" before it can be
approximated to within a given tolerance by curves of degree one less. Thus it is not
necessary to attempt approximation after each subdivision.

A B6zier curve b" is usually defined over the interval [0, 1], but it can also be
defined over any interval [0, c]. The part of the curve that corresponds to [0, c] can
also be defined by a B6zier polygon, as illustrated in Figure 4. Finding this B6zier
polygon is referred to as subdivision of the B6zier curve. Recursive subdivision of
BSzier curves is based on de Casteljau's theorem ([4]).

Let us denote the B6zier polygon corresponding to the interval [0, c] by c0,..., cn-
it defines a B6zier curve c" (which is part of the same curve as b" is, of course). We
have the following subdivision formula for B6zier curves:

cj = bi(c),
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c\

b2

bo =

FIGURE 4. Subdivision of a B6zier curve.

where bJ
0(c) is recursively defined by

7 = 1,
/=0.

(3.1)

and b®(c) = bj. The control vertices corresponding to [c, 1] are given by the bJ
n_j.

From the formula (3.1), we easily obtain the following lemma:

LEMMA 2. Another formula for Cj is

*=o
for[0,c],

for[c,l].

(3.2)

*=o

In the previous section, we mentioned that one only needs to check the distance of
two points. If the distance d is greater than e/an, one attempts to subdivide the given
«th degree B6zier curve and construct the auxiliary points for each subdivided curve
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segment, where an is

407

Un-l\ 1 (\ \ \
2 V m ) jn \ 4 4nJ

for even n.

If all distances of two new points is less than or equal to €/an, replace the given B€zier
curve by the Bezier curve of degree n — 1. If not, subdivide until all distances of the
two new points are less than or equal to e/an.

Let e(k) be the parametric difference of the original curve and the replacement curve
at the &th step. Let us denote the control polygon of the approximation corresponding
to the interval [0, c] by r0,..., rn_i and auxiliary points r\ and r\. In the following
two subsections, we give the error analysis of the subdivision and degree reduction
process.

3.1. For odd degree n The matrix form of the recursive formula for q\ is M' Q' = B',
where the matrix Ml is

\
0

0

0
n-1

n

0
0

0
0

n-2
n

0
0

0
... o
... o

m - 1
fl

0
0
0

n—(m—1)

m

o >
0
0

0
n—m

and Ql = (q'o, q[,..., q'm) and B' = (b0, bu ..., bm)J. The matrix form for q\

is MrQr = Br, where Mr = M> and Qr = {q'n_v qr
n_2, ..., q'm+v qrf and Br =

(bn, £>„_!,..., bm+2, bm+i)
J. We obtain the following formulae for q'm and qr

m from

these systems by Gaussian elimination:

i=o

Thus we obtain

a' -aT = - ^
Im Hm — /„_!

Km ) i=0

(3.3)
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\a''-grx\ = — £<-"(>
\ m / 1=0 V /

[10]

(3.4)

(3.5)

To compute d (r'm, r^), we first consider \rl
m" —rr

m
x\. From (3.4),

K*-Cl =

Then, from this formula and the subdivision formula (3.2) for c, at c = | ,

\r'x -rrx\
I ' m ' m I

or
,=o

• \ui

that is,

By similar calculations, we obtain the same form for \r'm
x — r^x\. Combining these

results, we obtain

Thus the approximation error |||e(1)||| after the first subdivision is

By induction on k, we reach the theorem:

THEOREM 3. The approximation error \ \ \eik) \ \ \ after the kth subdivision is

nk

,(*)! (3.6)

for oddn, where an is

2\ m An
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Bdzier Polygon of original curve

•B6zier polygon of approximation

FIGURE 5. Degree reduction with 1-fold subdivision of a curve of degree 5.

Thus to obtain a piecewise B6zier approximation curve of degree n — 1 to a given
B6zier curve of degree n to within a tolerance e, the number of subdivisions k required

>-log2 (3.7)

Figure 5 shows the result of applying the subdivision and degree reduction for an odd
degree curve.

3.2. For even degree n The matrix form of the recursive formula for q\ is M' Q' =
B1, where the matrix Ml is

I *=i 0
0 2 «=2

n n

0
0
0

0
0
0

0
0
0

o o ° ••• ĵr "~(r~2) °
V o o o ••• o ^ ""<"-'>

and Q' = (q'o, q[,..., ql
m_^ and B' = (bo,b\ &m-i)T. The matrix form for

q\ is MrQr = Br, where Mr = M' and Qr = (<_„ qr
n_2, ...,q

r
m+1, qrf and
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Br = (bn, bn-\,..., bm+2, bm+i) . We obtain the following formulae for q'm and qr
m

from these systems by Gaussian elimination:

Thus we obtain

that is,

(3.8)

bm
x- 1m-\

i'm-1

2

y r y

2

1

2(

1
2

1

1 'i In-
(3.9)

(3.10)

REMARK 4. From (3.4), (3.5), (3.9) and (3.10), the nth degree B6zier curve b" is
essentially the (« — l)st degree Bezier curve if and only if

To compute d (cm, r""'2
+r>"), we first consider

1 1

. From (3.9),

J: ' m - 1 ^ 'm

2 (-•)

Then, from this formula and the subdivision formula (3.2) for c, at c = ^

/ * +rrx
x _ 'm-\ ^ 'm

1 1

2 ("-')
V m I

that is,

-ay bm
x -
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•B6zier polygon of original curve

•B6zier polygon of approximation

FIGURE 6. Degree reduction with 1-fold subdivision of a curve of degree 6.

We obtain the same form for

these results, we obtain

d

y _ r'.'+r'J by similar calculations. Combining

Thus the approximation error 11 \em \ \\ after the first subdivision is

By induction on k, we reach the theorem:

THEOREM 5. The approximation error \\\e^k)\\\ after the kth subdivision is

(3.11)

for even n, where an is
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Original curve

Approximation curve

FIGURE 7. Degree reduction on a cubic Bdzier curve.

Thus to obtain a piecewise B6zier approximation curve of degree n — 1 to a given
B6zier curve of degree n to within a tolerance e, the number of subdivisions k required

is

> - l o g 2 (3.12)

Figure 6 shows the result of applying the subdivision and degree reduction for even
degree curve.

Table 1 shows the number of subdivisions and the maximum of the error in the
approximating curves for a cubic curve in Figure 7. Figure 8 shows the error in the
approximations.

TABLE 1. &-fold subdivisions and the maximum of the error.

No. of Subdivisions
0
1
2

Maximum of the error
2.8900 x 10-2

3.6000 x 10-3

5.0000 x 10-4

https://doi.org/10.1017/S0334270000007451 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000007451


[15] Degree reduction of Bfizier curves and its error analysis 413

0.03

error

0.005

0 0.375 0.75 1.125 1.5 1.875 2.25 2.625
x

FIGURE 8. The error in the approximation.
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