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ON THE KOHNEN-ZAGIER FORMULA IN THE CASE
OF ‘4 x GENERAL ODD’ LEVEL

HIROSHI SAKATA

Abstract. We study the Fourier coefficients of cusp forms of half integral
weight and generalize the Kohnen-Zagier formula to the case of ‘4 X general odd’
level by using results of Ueda. As an application, we obtain a generalization of
the result of Luo-Ramakrishnan [11] to the case of arbitrary odd level.

81. Introduction

Let g be a Hecke eigen form of half-integral weight k& + 1/2 and f be
the form of weight 2k associated to g by the Shimura correspondence. It
was found by Waldspurger [20] that the square c4(r)? of the r-th Fourier
coefficient of g for squarefree r is proportional to the central value L(f,, k)
of the L-function of f twisted by the Dirichlet character v». When v equals
to (£) with a fundamental discriminant D, Kohnen-Zagier [6] (see also
[4]) derived a remarkable explicit formula, by which L(f,,k) is expressed
explicitly as the product of ¢,(|D|)? with some elementary factors. Here g
is the image of f under the D-th Shintani correspondence, which belongs
to Kohnen’s space.

Kohnen-Zagier’s results have been generalized in several modular forms.
Namely by Kohnen [5] to the case of primitive form f with arbitrary odd
level and the trivial character, by Kojima-Tokuno [10] to the case of primi-
tive form f with arbitrary odd level and arbitrary character, by Shimura [14]
to the case of Hilbert modular forms g of half integral weight over totally
real number fields, by Baruch-Mao to the case of primitive form f with
squarefree odd level and arbitrary fundamental discriminant, by Kojima
to the case of Maass wave forms g of half integral weight over imaginary
quadratic fields, and also to the case of Jacobi forms g of integral weight by
Gross-Kohnen-Zagier [2], Kojima [9].
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It should be noted that these results are all obtained under the condition
that Kohnen’s spaces satisfy the multiplicity one theorem. On the other
hand, it is known that Kohnen’s spaces do not necessarily have multiplicity
one theorem for the general level N. This fact causes a serious difficulty
when one wants to find an analogous result in the case g has an arbitrary
level.

In [7] Kojima obtained a result when Kohnen'’s spaces have multiplicity
two theorem, in the case of primitive form of squarefree odd level and general
character, by embedding Kohnen’s spaces into the space of Hilbert modular
forms of half integral weight and developing Shimura’s method on the latter.

The author, on the other hand, derived in [12] a similar formula in the
case of primitive form of odd prime power level p” by explicitly determining
the multiplicity of Kohnen’s space using a refinement of Shimura’s trace
formula by Ueda ([16], [17], [18]), and developing Kohnen-Zagier’s method
in several multiplicity cases.

The purpose of this paper is to go a step further toward a generalization
of Kohnen-Zagier’s formula. We treat here the case of primitive forms with
arbitrary odd level. In such a case the result we obtain is not expressed
as |cy(|D])? for a single form g, but rather the average of them in the
set of primitive forms g belonging to the same Hecke eigen system. Our
proof is based on the complete determination of the multiplicity of Kohnen’s
spaces using Ueda’s trace formula, and on the extension of Kohnen-Zagier’s
method with the basic identity of the Kernel function of Shimura-Shintani
correspondence and with some basic properties of period integral valid in
all multiplicity cases.

We shall also apply our formula to prove a generalization of the re-
sult of Luo-Ramakrishnan [11] to arbitrary odd level, which asserts that a
Hecke eigen new form g is uniquely determined from the data {c,(|D|)}p
for fundamental discriminants D.

§2. Preliminaries

2.1. General notations

Throughout this paper, we use the following notations.

We denote the cardinality of a finite set A by #(A). The disjoint union
of two sets A, B is denoted by A + B. For an integer m and a prime p,
ord,(m) means the p-adic additive valuation, that is, p°™% (™) || m. If N is a
positive integer, II(N) denotes the set of all prime divisors p of N such that
ord,(NN) > 2. The subset of II(INV) consisting of p such that ord,(N) € 2Z
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(resp. ord,(N) € 2Z + 1) is denoted by II(N)even (resp. II(IV)oqq), so that
we have the decomposition II(N) = II(N )even + II(N)oqq. Furthermore we
denote the set of all prime divisors p of N with ord,(/N) =1 by I(N). We
frequently write 11 = #I(N), vo = #II(N)even, and vz = #II(N)yqq for
simplicity.

For ¢,d € Z with d # 0, (2) denotes the quadratic residue symbol
defined by Shimura (cf. Shimura [13]). If z € C and = € C, we put 2% =
exp(zlog(z)) with log(z) = log(|z|) + v/—1arg(z), arg(z) being determined
by —r < arg(z) < 7. We put e(z) = €2™V~1% for z € C. The complex upper
half plane is denoted by $. For a non-negative integer k, a complex-valued

function f(z) on 9, o = <CCL 2) € GL3 (R) and 2z € ), we define a function

on $ by fl[ar(z) = (det a)*/2(cz + d) =% f(az).
For a positive integer m, we define an operator 9,,, the shift operator
U(m) and the twisting operator R, on formal power series in e(z) by

Z a(n)e(nz) | 8,y = mF/>+1/4 Z a(n)e(mnz),

n>1 n>1

Z a(n)e(nz) |U(m) = Z a(mn)e(nz),

n>1 n>1

and

Z a(n)e(nz) | Ry, = Z <£> a(n)e(nz).

m
n>1 n>1

Let V be a finite-dimensional vector space over C. We denote the trace
of a linear operator T"on V by tr(T"; V).

Finally IH)(N) denotes as usual the congruence subgroup of level N,
that is,

) ={ (¢ }) st

¢=0 (mod N)}

2.2. Modular forms of integral weight

Let k and N be positive integers.

We denote by Mo (N) (resp. Sax(IN)) the space of all holomorphic mod-
ular forms (resp. cusp forms) of weight 2k with trivial character on the
congruence subgroup I(N). Also we denote by Sor(N)™Y the subspace of
Sk (N) spanned by new forms. Moreover we denote by S5, (V) the space of
‘very new forms’, that is, the orthogonal complement of the space Sgk(N )
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generated by liftings of cusp forms of lower level (< N) with twisting oper-
ators R, (p € II(V)) in SZV(N) (cf. Ueda [17], [18], [19]).

Let @ € GL] (R). If IH(N) and a 'Iy(N)a are commensurable, we
define a linear operator [I(N)alo(N)]ax on Sor(N) by

FITO(N )Ly (N)]ax = (det @)1 > " fllew]ax

Qy

where a,, runs over a system of representatives for IH(N)\Io(NV)alp(N).
For a positive integer n with (n, N) = 1, we put

Tor,n(n) = Z [FO(N) (8 2) FO(N)} ok

ad=n

where the sum is extended over all pairs of integers (a, d) such that a, d > 0,
ald and ad = n.

Let @ be a positive divisor of N such that (Q, N/Q) = 1. Take an
element vg € SLy(Z) which satisfies the conditions:

0 -1
(E7) e

Q= 10
(0 1) (mod N/Q).

662 (1)> . Then Wy is a normalizer of IH(N). There it induces

the Atkin-Lehner operator [Wglo, which is a C-linear automorphism of
order 2 on So,(N); this operator is independent of a choice of an element
vq (cf. Ueda [15]).

Let S5, (N) be the subspace of S5, (N) generated by Hecke eigen forms
which have eigen values 7(p) with respect to the Atkin-Lehner operators
Womayc (p € TI(N)).

If f and g are cusp forms of weight 2k on a subgroup I" of finite index
in I'y(1), we define their Petersson inner product (f, g) as follows:

Put Wg = ¢ <

F(r)giryy

.00 = Lo(1): I g Y

(Re(7) =, Im(7) = v).
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2.3. Modular forms of half-integral weight

Let k be a positive integer, M be a positive integer divisible by 4, and
x be an even Dirichlet character modulo M such that x? = 1.

Let &(k 4+ 1/2) be the group consisting of pairs («,¢), where o =

(Z Z) € GLJ (R) and ¢ is a holomorphic function on § satisfying

lo(2)| = (det ) ~F/27 4|z 4 q|F 172

with the group law defined by («, ¢(2)) - (8,%(2)) = (aB, p(B2)¥(2)). The
group algebra of &(k + 1/2) over C acts on complex-valued function f on

9 by
f|<zmy(ay,soy> mepu fewz).

For M = 4N with N > 1 and an even Dirichlet character x (mod M)
we denote by Ag = Ag(M, X)p+1/2 the subgroup of &(k + 1/2) formed by

elements (o, p) with o = <Z Z) € I'n(M) and

oty =x@ (5) (F) e rarn,

We denote by Sj11/2(M, x) the space of cusp forms of weight £ + 1/2 with
even Dirichlet character x on I'y(M), that is, the space of holomorphic
functions on $ which satisfy f|§ = f for all £ € Ag(M, x)i+1/2 and vanish
at all cusps of IH(M). Especially, if x is the trivial character, we denote
Sky1/2(M, x) simply by Sy 1/2(M).

If f and g are cusp forms of weight k£ + 1/2 on a subgroup I" of finite
index in I'H(4), we define their Petersson inner product (f, g) as follows:

(fq) = F (g2 dzdy (Re(r) = 2, Im(r) = p).

[o(1): I Jpvg

Let £ € &(k +1/2). If Ag and £ 1Ag€ are commensurable, we define a
linear operator [Ao§Ao]g11/2 on Sky1/2(M, x) by

f‘[AO§AO]k+1/2 = Zf|777
n

where 7 runs over a system of representatives for Ag\AgEA.
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For a positive integer n with (n, M) = 1, we put

T(nz) = Tk+1/2 Mx( 2)

i 3/22 [ <(0 6?2>’(d/a)k+1/2>A0L+1/2’

ad=n

where the sum is extended over all pairs of integers (a, d) such that a,d > 0,
ald and ad = n.

These operators T'(n?) ((n, M) = 1) are hermitian and commutative
with each other on Sy 1/2(M,x) and are called Hecke operators.

2.4. The Kohnen space
We keep to the notation in Section 2.3. Suppose that N is a positive

N
odd integer. Then we have x = (—0> for some positive divisor Ny of N.

We define the Kohnen space SX . (N, x) as follows:

k+1/2
Slﬁ(—vi-l/2(N7X)
cg(n) =0 for

e

= cg(n)e(nz) € Spi1/2(4N, X) (
2,3 (mod 4)

n>1

where Y2 is the 2-primary component of x. In particular we simply write

Sli‘rl/2( X) = Slﬁ-l/2

It is shown by Kohnen [3] that S,ﬁl /2

action of the Hecke operators Tk+1 /2,Nx (1 2) for all positive integers n with
(n,2N) =

(N) if x is the trivial character.

(N, x) is invariant under the

83. Twisting operators and the decomposition of the Kohnen
space

Let M = 4N (N being an odd natural number) be, k& be a positive
integer, and y be an even Dirichlet character modulo M such that x? = 1.
Denote by Hy the subalgebra of the Hecke algebra with respect to

Iy(N) and {(i Z) € My(Z) [ ¢ =0 (mod N), (a,N) =1, ad — be > o},

which is generated by the double cosets (V) (
a,d >0, a|ld and (d, N) = 1.

a 0

0 d) 0(V) over C, where
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Define a linear map R from Hy to Endc (S]ﬁl /2(]\7 , X)) by requiring
that

R(n (5 9) 1)
2

= atod 2 200 ( () ) (@02 a0t 1)

k+1/2

Then R is a representation of Hy. On the other hand, we have a represen-
tation R : Hy — Endc(S2;(V)) defined by

R0 (5 9) 1)) =t 1) (G 9) 5o N

Note that R and R are semisimple. Therefore, if we can take two linear
subspaces S in Sk+1/2(N x) and S in S (N) satisfying

tr(R(£); S) = tr(R(£); S) for all £ € Hy,

the representations R and R are equivalent. In other words, if the cou-
ple of two linear spaces S and S satisfies that tr(TkH/QMX( n?); S) =
tr(Tog n(n); S) for all natural numbers n with (n,2N) = 1, S and S are
isomorphic as modules over the Hecke algebra.

When N is a squarefree integer, we have

tr(Tk—l-l/Q,M,x(nQ); S/ﬁyz(Na X)) = tr(Tog,n(n) 3 Sor(IN)™)

for all n € N with (n,2N) = 1, where Sk+1/2(N X)"°" is the subspace of
SE /2(NV; x) consisting of all new forms(cf. Kohnen [3]). Therefore we have
Jrl/2(N)“‘3W in this case.

On the other hand, this trace relation does not necessarily hold when
N has a square factor.

When N is a general odd natural number, Ueda [18] investigated the
trace relation of S " /2( ) and S5 (N) as module over the Hecke algebra

the strong ‘multiplicity one theorem’ for Sp

and established a complete theory of new forms for Sy, 12 (N). To be more

precise, we define the space of new forms of S N) as follows.

+1/2(

DEFINITION 1. (Ueda [18]) Let k be a positive integer with k& > 2, and
N be an odd positive integer. Define the space of old forms CD?H/Q(N) in
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Slﬁ-l/2

©k+1/2 Z Z Zsk—i-l/Q B f |5A

0<B\N 0<A|(N/B) ¢

+Z Yood Y StapBeuA HRel

0<B|N 0<A|(N/B)? & (e1)ien(n) lell(N
B#N 0<e;<2

(V) by

Here, £ runs over all even quadratic Dirichlet characters defined modulo 4B
such that & ( ) 1.
We denote the orthogonal complement of DX " /2( ) in SK " /2( ) by
K
R /2 (V).
These operators d4, U(A) and R; (I € II(N)) commute with the Hecke
operators T'(n?) (cf. Ueda [17]). Therefore, ’}DkK+l/2(N) and mk+l/2(N) are
stable by them, so that one can decompose the latter into common eigen

subspaces as follows:

K,k
ka+l/2(N) - @ mk+1/2(N)7
wEMap(IL(N),{1})

(N), and call it the space of new forms of S 12

where
kajj/z(N) = {g € ‘J"(fﬂﬂ(N) ‘ g|Ry, = k(p)g for all p € H(N)}.

‘)“(ﬁj /2 (N) has an orthogonal C-basis consisting of common eigen forms for
all Hecke operators T(pz)kﬂ s2.m,1 (p @ prime, p /N) and Shift operators
U(p?) (p : prime, p|N) (cf. Ueda [17]).

Let k 2 2, N be a positive odd integer and M; be the ‘square-free part’
of M = 4N so that M; = HpEI(N) p. Then we have the following theorem.

THEOREM 1. For each k € Map(II(IV),{£1}), we have the following
isomorphism as modules over the Hecke algebra:

NE (V) = S5 (N) & & &b

(N)o=I+J+K 7x
I+J#¢,1,JCTI(N)3

;kTH M, H I H ordp H Rp,

leJ pell(N)—(I+J) pel+J
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where 1, is the element of Map(II(N),{£1}) whose value at p is 1 or

k
k(p) (_71) according as p € II(N)eyen 0or p € II(N)oad, D n(N)o=I+J+K

I+J#¢,1,JCI(N)3
s the direct sum extended over all partitions such that
I+J+4+K=II(N); ={p e II(N)]| ord,(N) = 2};
-1
rea#o rrcnwy;={penw| (=) =1},

and T runs over all elements of Map(II(N),{£1}) whose value at p is 1 or

k
k(p) x <_71) [yerss <§> according as p € II(N)eyen 01 p € II(N )oqd-
Proof. By the above argument, it suffices to show that

tr(T(nQ)k—i-l/ZM,l ; kaJj/g(N))
= tr(Tog,n (1) 5 S " (N)) + > >

(N)o=I+J+K 7«
I+J#¢,1,JCII(N)3

tr T2k:,N( ;kﬂi M1Hl H ordp ‘ H R

leJ pell(N)—(I+.J) pel+J

for all natural number n with (n, M) = 1. From Ueda [18, Theorem 2], we
have the following trace relation:
For all n € N prime to 4N,

tr(T’k—i-l/ZM,x(n2) ; mi{_ﬁ/g(]\[))
= > E(w(I, ), I+ J,(7,0))

I[I(N)e=I+J+K TEMap(II(N),{x1})
oc€EMap(II(N)—(I+J),{£1})

<ctr| TSy ™ (an[[e TT 2™ ) || 1T B
leJ pell(N)-(I+J) pel+J

where Sp"7N(N) = {f € S5T(N)| fIRW, = o()f|R, for all | € TI(N)}
and E((v(I,J);),I + J,(7,0)) are the constants determined in Ueda [17,
(2.22)]. On Ueda [17, (2.22)], we find that multiplicities = = Z((v(I, J);),
I+ J,(7,0)) as Hecke modules satisfy = < 1 for all possible x and 7. Also
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x is the trivial character, = does not depend on eigen systems o. Therefore,
we can obtain the necessary conditions for = = 1 by using the formula Ueda
[17, (2.22)], that is,

(CASE 1) I=J=¢ and 7 =74,
or
(CASE 2) I+J#¢ and 7 =7

The above trace relation in these situations implies the desired result.

O

ExAMPLE 1. We further assume that II(N)oqq = ¢. Then we have
the following isomorphism (as modules over the Hecke algebra) for each

k € Map(II(N), {£1}):

K,k ~ o1
MM =sie P D

II(N)e=I+J+K o(p) =1 for
I+J#¢, I,JCI(N)5 pell(N)—(I+J)

;ka MIHZ H ord ‘ H R
ledJ pell(N)—(I+J) pel+J

Especially, in the case N = p?™ with an odd prime number p, we have the
following

ShevH (p2m) if m > 2
mf_;_:lli/l2(p2m) ~ S* +1( )@
L1+ (5)) (S 0)| By © S (VIRy) i m = 1.

(Note that, for m > 1, we also have

k
K+ m new,+ %1 m
mk+l/l2(p2 sy, ( ) (™)

by Theorem 1 (cf. Ueda [16]).)

12

COROLLARY 1. Let the notation be same as Theorem 1. Put vy =
#II(N)oven (0 < v < #II(N)). Let f be any primitive form in S (N).
Then, there are 2"2 number of common Hecke eigen forms {g,} in
‘ﬁkKH /2( ) corresponding to primitive form f wvia the Shimura correspon-
dence (the Shimura correspondence will be referred to in the next section 4).
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Proof. There exist 2¥2 mappings {x} corresponding to an eigen system

Tx (resp. 7x). Therefore kaH /9

which have the same system of Hecke eigen values as a primitive form in

(N) has 22 common Hecke eigen forms

S;l:N (N) resp. S;]’: Ml Hp H pordp(N)
peJ  pell(N)=(I+J)

by Theorem 1. Thus we have the above result. 0

Remark 1. In Corollary 1, we can say about the situation that

‘ﬁfﬂ /2(N ) satisfies the ‘multiplicity 2"2-condition’.

84. Periods of cusp forms and the Shimura correspondence

Let N be a positive odd integer, D be a fundamental discriminant with
(-1)*D > 0 and (D,N) = 1, and A be any positive integer satisfying
A =0,1 (mod 4) and D|A.

Denote by Oy a the set of all integral binary quadratic forms @) =
[a,b,c](X,Y) = aX?+bXY +cY? with b?> — 4ac = A and N|a. The action
of I't(N) to [a,b,c] = [a,b,c](X,Y) is defined by

[a,b,c] o <: g) (X,Y) =[a,b,c](aX + BY, v X +6Y).

We denote by Oy a/Io(N) the set of Ij(IV)-equivalence classes of forms
in Qna. Furthermore we define the automorphisms Wy (N'||N) on
Qn.a/To(N) by

1 aN'"  f3 N
QoWpn = ﬁQo <ny 5N’> , where o, 3,7,6 € Z, adN’ —nyﬁ =1.

Put another way, this map is the action of the Atkin-Lehner operator to () =
[a,b,c|. The ‘period’ of a cusp form f in So; (V) associated to Oy .a/IH(N)
is defined by

ren(f;D,0) = > wp@) [ f(2)Q(z, 1) dz,
QeQn,A/To(N) Co

where wp is the genus character given in Kohnen [4] and Cg is the image
in IH(N)\$H UPL(Q) of the semicircle a|z|> + bRe(z) + ¢ = 0 oriented from
(=b—V/A)/2a to (—b++v/A)/2aif a # 0, or of the vertical line b Re(z)+c = 0,
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oriented from —c/b to v/—1oo if b > 0, and from /—1o0 to —¢/b if b < 0, if
a=0.
Next we define the D-th Shimura correspondence Sy y,p which maps

S,ﬁlm(N) to Maop(N) (to Sor(N) if £ > 2 or if N is cubefree) by
D _ | D|n?
9|Sk,n,p(T) = Z Z (E) d* lcg< P > e(nt)
n>1 \d|n,(d,N)=1
for any g(z) = >_ n>1 cg(n)e(nr) € Slﬁl/Q(N). Then we have

(=1)kn=0,1 (mod 4)
the following fact.

THEOREM 2. (Kohnen [4, Theorem 2]|) Let N be a positive odd integer
and k be an integer satisfying k > 2. For any fundamental discriminant
D with (=1)*D > 0 and (D,N) = 1, the adjoint map of the Shimura
correspondence Sy n.p with respect to the Petersson inner product coincides
with the D-th Shintani correspondence defined by

FISt N p(2) = (=128 >

m>1
(=1)*m=0,1 (mod 4)

S0 (5) el 52D (1) | eomz)

t|N

for any cusp form f € Sop(N).

Especially, for new forms f € S}V (V) in which we will be interested,
the Shintani correspondence is expressed as

187 n,p(2) = (—1)IF/212 > ren(f; D, (=1)Fm)e(mz).
m>1
(=1)*m=0,1 (mod 4)

Remark 2. The ‘lifting’ maps Si n,p and S}, y; p preserve old forms and
new forms respectively and commute with all Hecke operators.
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§5. Kohnen-Zagier’s formula in the case of ‘4 X general odd’ level

In this section we generalize the result of Kohnen-Zagier to the case of
‘4 x general odd’ level by using Theorem 1.

Let k£ > 2 and the assumptions on N and D be the same as in The-
orem 2. Suppose that f(z) = > - ar(n)e(nz) is a primitive form in
Spew(N), and -

g9(1) = > cg(n)e(nt)

n>1
(=1)*n=0,1 (mod 4)

is a form in MK

kel /2(]\7 ) corresponding to f under the Shimura correspon-

dence Si n,p-

Remark 3. We note that ¢(7) belongs to ‘ﬁfﬂ/z(N; f), which fol-

lows from the compatibility of the Shimura correspondence with the Hecke

operators. Here ‘ﬁfﬂ/z(N; f) is the subspace of ka+1/2(N) having the

same Hecke eigen values as f for all Hecke operators T(p?) (p : prime,
ord,(N) = 0) and U(p?) (p : prime, ord,(N) > 1), that is,

‘)‘I£<+1/2(N; f)= {g(T) ‘ g|T(p*) = as(p)g for all prime p such that p XN}

We take two (disjoint) subsets I and J of II(N)5 (see Theorem 1).
Suppose that f belongs to

S;];T MIHp H pordp(N) ‘ H pr
p€J  pell(N)—(I+J) pel+J

which has the eigen value 7(p) for Wpordp(zv) such that 7(p) = 1 for all
p € II(N)even — (I + J). If, in particular I + J = ¢, we assume that f
belongs to S5, (N).

Remark 4. The eigen system 7 for the Atkin-Lehner operator auto-
matically satisfies the condition

T(p)=1 for pel+J (CII(N)3),

because we have the following lemma which is proved by straightforward
calculation.
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LEMMA 1. Let p be an odd prime and M be a positive integer prime to
p. For any f € Sor(pM), we have

~1
R = () 118,

By Theorem 1 we have the following isomorphism as modules over the
Hecke algebra:

K ~ *T ord
Wl =sy | m]lr ] ‘ II &
peJ pell(N)—(I+J) pel+J

where £ belongs to Map(II(IV),{£1}) satisfying the following condition
(parity condition):

o ¢ K(D) = (o) <—_1>k T (%) for € Mo

p qel+J

and N7 172 (N) is a certain subspace in 91 N). Therefore, we have the

orthogonal decomposition

kaﬂ/z(N?f) = @ mf_ﬁ/g(N)ﬂka-‘rl/Q(N; f)-
kEMap(II(N),{£1})
K with (Toqq

k+1/2(

From this, we obtain the following

dm = Y g g e N L),
kEMap(II(N),{£1})
Kk with (Toqq)
Here, g, (7) are all Hecke eigen forms which have the same Hecke eigen
system as f. Furthermore, from the definition of f and the Shimura corre-
spondence Sy . p, we have the following relation:

0. (PD) =0, (D) Y wt) () agtoa

djn,(d,N)=1

among Fourier coefficients of g, and f. Therefore, we have g.|Sk.np =
cg.(|D])f for each k satisfying the parity condition. Namely, assuming
gx # 0 for all k satisfying the parity condition, we have

C C 2
s @l oy D

ceMap(TV) (1)) (I ) reMap(N) (21 I 9r)
# with (Todd) Kk with (Todd)
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Taking the Petersson inner product of each side with f, we obtain the
following

3 M<f7gn|3kw,p>: > M(ﬁﬁ

kEMap(II(N),{£1}) <gm gﬁ> wEMap(II(N),{£1}) <gm gli>
& with (Toda) K with (Togqd)

Observe that the left hand side is equal to the |D|-th Fourier coefficient

of f|S; n.p» because {gu}reMapi(n), (1)) form an orthogonal basis of
Kk with (Toqq

‘ﬁﬁ_l /2( ; ). Therefore by the ‘primitivity’ of f and Theorem 2, we get

cq. (| D
> @l bz 0. )
kE€Map(II(N),{£1}) rs Ik
Kk with (Toqq

We next calculate the period i v (f; D, D). For any positive integer
M, we can show that the set

{[O,D,u] o W, | j1(mod D), t > 1 such that tHM},

is a complete representative system of Qs p2/I5(M), because they are ob-
tained by reducing to the representative system {[0, D, u]|p(mod D)} of
Q1 p2 (cf. Gross-Kohnen-Zagier [2, Chap. 1]). Putting I(N) = {p1i}1<i<u»
H(N)even = {p&j}lSjSVQ and H(N)odd = {po,l}l§l§V37 this set can be writ-
ten in the set

a; €{0,1},

fj €{0,0rdy, ;(N)},

[07D7IU‘]OWH . o oW, ﬁj
1<i<uy /RS {0 Ordpo l(N)}

P1,i H1<]<V2 P, H1<l<u3 o, L

Then, we get

ren(f;D,D) =Y Y wp(0,D,pl o Wy)

t||N p(mod D)

<[ F(2)(0, D, ] o Wiz, 1)) ds
Clo,D,plow;
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:Z Z wp([0, D, p] o Wy)

t||N p(mod D)

<[ AW 0D ) e
Clo,p,ul

=2 2

(az qu 7'7l) (mOd D

“D <[0’ D, 'u] © WH1<1’<V1 pile oW Pﬁj ° WH1<l<V3 pyl)
ESIAS e,j == ’

H1<]<V2

X/C IT 7@’ T] ve)’® T 7wor)’™
[

0,D,u] 1<i<1n 1<j<vsy 1<1<vs

x f(2)(Dz + p)* ! dz,

where 6(t) = 0,1 according as ¢ = 0 or ¢t # 0. On the other hand, by
straightforward calculations we have

wp <[0> D, :U] © WHlSiSlq plll oW b © WH1§L§u3 pil>

H1<J<u2 peg

D D
1<i<m \PLi /) 12150, \Pol
(0. Go) I G
H7 1<iz, \PL 1<i<ps \Pol

Therefore, from the definition of 7 (or f), the period ry n(f; D, D) is equal
to

P> H<pu> o)

(az)ISZSVI 1<Z<V1

I (2) e

(v1<i<vg 1SIS0s

X Z <2> /C[O’DM f(2)(Dz + p)f~1dz.

wu(mod D) K

Especially, if we assume the additional condition 7(p) = (%) for all p €
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I(N) 4+ II(N)oqq, then we see that this is equal to
D
2y1+1/2+1/3 Z <_>/ f(Z)(DZ—F,u)k_l dz.
wu(mod D) K Clo,p,u)

Remark 5. If for some prime p of I(N) + II(N)oqq we have 7(p) =
— (%), then r, n(f; D, D) = 0. Actually, we can show that

and

in the same way.

Furthermore, we have

> <%> /C [O’Dyu]f(Z)(Deru)k_ldz

1 (mod D)
D ocov/—1
— Z <—>/ f(2)(Dz + p)Ftdz
u(mod D) H —n/D

= (DV-1)*'V-1
/ > <>Zaf tkl<ﬁ+\/_nt>dt

w1 (mod D) n>1

=<D¢—_1>’f-1¢—_1<_—1>1 o [ > (2) astme 2t

n>1

= (=)™ @m)~* D2 (k) L(f, D, k),

where L(f, D, s) is the twisted L-function

L(f,D,5) =3 (%) ap(n)n=*  (Re(s) > 0),

n>1
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which is extended to C as a holomorphic function.
From the above argument, we now have the following Theorem.

THEOREM 3. In the same notation as above, assume that the eigen
system 7 for the Atkin-Lehner operator of f satisfies the following

(p) = {(%) if p € I(N) +II(N)oda
1 if pE€Il(N)even — (L +J)

for two (disjoint) subsets I, J in II(N)3. Then we have

e UDDP oy (=1 L(f.D.K)
2 RS A T R

kEMap(II(N),{£1})
K with (Todd

where v(N) denotes the number of different prime divisors of N.
Remark 6. This result is a generalization of Kohnen [5, Corollary].

Remark 7. By Remark 5, if for some prime p of I(N) + II(N)oqqa we
have 7(p) = — (%), then 7, n(f; D, D) = 0 so that we have ¢4, (|D]) =0 as
well for any « satisfying the parity condition (7oqq)-

THEOREM 4. Let the assumptions on f and T be the same as in The-
orem 3, and suppose we take a Hecke eigen form g(T) in ‘ﬁkH/Q(N; f)
satisfying the condition

Y R(S)K(S){gIRs, gRs) # 0.
S7 S,QH(N)even

Then, we have

‘ZSQH(N)even K(S) HPGS (%) ‘2

> , ,
weMap(HIOV).(£1}) 28, SICTI(N)even F(S)E(S") (9| Rs, 9| Rsr)

K with (Todd)

I/(N)(k ) Dk’ 1/2L(f7D7k)
—EE P

where £(S) = [[,es5(p), £(¢) =1, Rs =[[,c5 Rp and Ry = 1.

leg (| D)2
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Proof. By straightforward calculations, we have

) =5 O w(S)lRs(r)

SQH(N)even

for each k satisfying the parity condition (7,qq) and an arbitrary new form
g(1) € ‘)“(ﬁrl /2 (N; f). Actually, we can check that the right hand side of this
equation has the same eigen system as s with respect to twisting operators
R, (p € TI(N)). Therefore, we obtain the above result by putting it in
Theorem 3. [

§6. Examples of Kohnen-Zagier’s formula

In this section we give some examples of Kohnen-Zagier’s formula by
using Theorem 3 and Theorem 4. Thus the notation and assumptions are
the same as in Section 5. Especially, we assume that £ > 2, N an pos-
itive odd integer, D a fundamental discriminant with (=1)*D > 0 and
(D,N) =1, f a primitive form of S (N) and the eigen system 7 of f for
the Atkin-Lehner operator satisfies the same condition as in Theorem 3 and
Theorem 4.

6.1. The case of II(N) = ¢
Suppose that II(N)ogd = II(N)even = ¢. Then, Theorem 4 induces
Kohnen-Zagier’s formula in the case of square-free level, that is,

‘Cg(‘D|)|2 — 21/(N) (k — 1)' |D‘k—l/2L(f7D7k)
(9.9) m (f, 1)

for an arbitrary new form g(7) € kaH/Q(N; f) (cf. Kohnen-Zagier [6];
Kohnen [4, Corollary 1]).

6.2. The case of II(N)eyen = ¢

Suppose that II(V)even = ¢. Then k satisfying the parity condition
(Todd) is only one. Therefore, by using it, we have the following representa-
tion:

2
|CQ(|D|)|2 _ ZSQH(N)QVQ“ /{(S) HpGS (li%l)‘ |C (|D|)|2
(9,9) D8, SICII(N)even BS)E(S") (9| Rs, 9| Rsr) I

_ k=D 1 LS, D, k)
i w1 (f, f)
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for an arbitrary new form g(7) € ka-i-l /2(N ; f). Namely, Kohnen-Zagier’s
formula in this case has the same form as in the case of square-free level (cf.

Sakata [12, Theorem 7]).

6.3. The case of II(NN)yqq = ¢

Suppose that II(N),qq = ¢. Then the parity condition does not make
sense. Therefore, we have the following

Z |an(|D|)|2 :21/(N) (k_l)'|D|k—l/2L(f7D7k)

<gl€7g.‘€> ﬂ-k

(f,.0)

kEMap(II(N),{£1})

for an arbitrary new form g(7) € ‘ﬁfﬂ /2(N ; f). In other words, by changing
D, we get the central value L(f, D, k) in either one coefficients of the 2"2
different forms {g,{}neMap(H( N),{£1}) alternatively. In particular in the cases

of N = p?" (m >2) or N = p? and <_71> = 1, the left hand side of this
formula is expressed by the following

cq,. (| D 2
3 lcg. (| D])]

weMap (1)) I IR

‘zsg{p} K(S) HpES (%) ‘2

s ey s 5y MRS g B gl

(2] - (2)f
~ | 20g,9) ¥ 2€9|Rp,g> "3 - 2€9|Rp,g> (DD

leg(I1D])[?

2((9,9) = (g1 Rpr9) (&
(9,9)* — (9| Rp, 9)?

>> leg (| DD

under the condition g|R, # +g and (g, g) # £(g9|Rp,g). Therefore we have
Kohnen-Zagier’s formula (in the case of level 4p*™)

((g,g> —{9|Rp, 9) ('%’)) e ()P = F= DY -1 LU DoK)
(9:9)* = {9 Rp, 9)* mk (1)

(cf. Sakata [12, Theorem 6; Theorem 8]).
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87. Generalization of Luo-Ramakrishnan’s result

Let k be an integer with k > 2, N be a positive odd integer, and 7
be the eigen function defined in Theorem 3 in Section 5. The aim of this
section is to establish the following theorem by using Theorem 3 and the
same method as Luo-Ramakrishnan [11].

THEOREM 5. Let x be the eigen function with the parity condition
(Todd). Furthermore, let g1(T), g2(T) be Hecke eigen forms in ‘ﬁfﬁ/z(N),
with n-th Fourier coefficients cg, (n), cg,(n) respectively. Suppose cg, (|D|)? =
cg> (ID])? for all (but a finite number of ) fundamental discriminants D with

(=1)¥D > 0. Then g1(7) = £go(7).

This was given by Luo-Ramakrishnan (cf. [11, Theorem E]) in the case
of N being an odd and ‘square-free’ integer. Our approach is essentially the
same as [11].

Proof. For i = 1,2, let fi(z) denote the primitive form in Soi (V)
associated to g;(7) through the Shimura correspondence. Let 7; denote the
eigen system of f;(z) under the Atkin-Lehner operator. Then we can take
a fundamental discriminant Dg satisfying

D
(=1)¥Dy > 0, (Do, N) =1 and 7(p) = <—0> for all p € I(N) + II(N)oaa
p
by using the same argument as in [11]. For this Dy, we define the set ©
consisting of positive integers D satisfying
(D) # 0 and D = v? (mod 4N Dy) for some v coprime to 4N Dy.

From the definition of ©, we see that for every D € ®, DDy satisfies the
following conditions:

(-=1)*DDy > 0, (DDy, N) = 1 and

r1(p) = ma(p) = (DDO

> for all p € I(N) + II(N)oda-
Do . - :
On the other hand, f;® | — | is an primitive form (for each ) as (Do, V) =

1. So the hypothesis of this theorem implies, thanks to Theorem 3 (with D
replaced by DDy), the following identity:

o (). (2) - B (). (2)
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for all D belonging to the set ©.
By using the remark following Theorem B in [11], we conclude that
D D
f1® <—0> = fo® <—0 , which implies fi = fs. Therefore we see that
g1 = kgo for some k € C by using Theorem 1. But then, from hypothesis
we deduce that g1 = £g¢o. 0

From Theorem 5, we obtain the following result immediately.

COROLLARY 2. Let g1(7), g2(7) be Hecke eigen forms in ‘ﬁkKH/Q(N)
with n-th Fourier coefficients cg, (n), cg,(n) respectively. Suppose cq, (|D]) =
cgo(|D]) for all (but a finite number of ) fundamental discriminants D with

(=1)kD > 0. Then g1(1) = ga(7).
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