A Determinantal Expansion for a Class of Definite Integral

Part 4.
By L. R. SHENTON

(Received 15th October, 1953.)

1. We shall show in this part the relation of generalised C.F.’s
to ordinary C.F.’s, in the main confining our attention to Stieltjes
type fractions. Moreover we shall bring out the part played by
Parseval’s theorem in our development of the subject, and a property
-of extremal solutions of the Stieltjes moment problem given by
M. Riesz.?

2. The Stieltje.s moment problem 2 (S.M.P.) concerns itself with
finding a bounded non-decreasing function (x) in (0, « ) such that

L zdp(x) =p,, n=20,1,2, ....,,

where the u’s are real. The solution offered by Stieltjes depends
upon the characteristics of the C.F. associated with the formal

-expansion
Tdp(x) gy _ B B :
Py =[P ekt W)
namely
11 1 1 1
F(z’¢)~021+a+c;3,_z+a_4+a5z+"' (2)
.and the correspohding C.F. (obtained by contraction)
'\1 Ay ) Ay
Fad) ~ 0 _ut Oy i T (3)

A necessary and sufficient condition for the existence of a
golution of the S.M.P. is thate;>0, j=1,2,3,...; the solution

is unique if p> a; diverges. If p> a; converges there may be an
1 1

1 M. Riesz, ‘‘Sur le probléme des moments,” Arkiv for matematik, astronomi och
Jysik, 16 (12), 1-21 ; 16 (19), 1-21 ; 17 (16) 1-52.

% See, for example, J. A. Shohat and J. D. Tamarkin, The Problem of Moments
(American Mathematical Society Surveys No. 1, 1943).
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infinity of solutions; of these there are two called extremal solutions,

which have the property that {(ws( — 2)} and {ws,,,( — 2)} are ortho-

gonal systems with respect to them, where ¥,(z)/w,(2) is the s"
convergent of (2).

The moments y; and the elements a; are related as follows:
2 'z
927 AL AjAT, Agjq 1 = % (4)
-1 2 Aj Aj+1

[A;’= | pos pias +o g2 |5 A= | B o ooz |

where > 0. >0
L&o =1, A=po =1, A =u.
Stieltjes showed that when there is a solution of the S.M.P. then

F(z, $)—X 2,(2)/azy(2) = min j ® P} (@)di(x)
Py 70 zt®

2{xes +1(2)/@24 1+ 1(2) — F(z, )} = min j * 7, (@)ad(2)
ps V0 24+

where p,(—2)=1,2>0, and the minimum is taken over all poly-
nomials of degree less than or equal to s. TFor our present discussion
it is important to write these in the form

Ple, §) = Yor oMo o) =min [, (24000 (- ~ @) 6)

8

- - N 1 2
e (o 13) = Fles W= min [ atetaldt 0 - ©

8

the forms (5) and (6) showing the obvious relation to Parseval’s
theorem. Indeed from a formal point of view all we have to do
to find the even part of (2) is to write down the Parseval expansion
for

Jo f@yart) where f@)=e+a) 1, )= e+ ndpin

and the Tchebicheffian orthogonal polynomials with respect to
dis(z) are related to those for dy(x) by the theorem of Christoffel

(Part 1, 14). Similarly the odd part of (2) follows from Jmf(x)zdl/; (z)
0

where n/: (z) = J-z t(z + t)dys(t).
0
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On the other hand it has been proved by Riesz (loc. cit.) that if
$(z) is an extremal solution of the S.M.P. (or the unique solution)

then Parseval’s theorem applies to all f(:z:)eLf,,. An extension of

this which we require is the following: 1If {z) is an extremal
solution of the S.M.P., then Parseval’s theorem applies to flz)eLl?s

~ z
where ¢ (x) =J II(t)dy (¢) and II(t) is & non-negative polynomial of
0

fixed degree which is not identically zero. Clearly z}:(x) is bounded
and non-decreasing and the moments are given by

wo=|, wdi@) =] =Tz
= % y, by 4, where Il(z) = £ y,2".
(r) (r)

Thus if ¥(x) is the unique solution for a given sequence {u,} (assuming

such a solution exists) then rﬂ(t)dl/;(t) is the unique solution for the
0

sequence {II(u)}, provided Il(z) is a non-negative polynomial. It is
of interest to recall that the S.M.P. is determined in the particular

cases!
p,,=j xtzb =l exp (—kz*) dz, b>0, k>0,a=1 (7
0

b= 2@ 21 exp (— ket do (8)
0

where f(x) is a positive bounded function on (a, ® ), a > 0. Moreover
quite apart from the theory of continued fractions, Hardy * proved

. t .
that the S.M.P. is determined for (f) = j $(x)dz, $(x) = 0, provided
0

L [()]%eedt < 0 for ¢ =1, 8> 0.
It will be noticed that the uniqueness of the moment problem
U =S x"$ (x)dz depends upon the order of magnitude of ¢(z) for
0

large positive 2. Thus ¢(x) = exp — ! does not approach zero
rapidly enough for z-—> o, and the Stieltjes C.F. corresponding to
r exp —azidz

o ziz F(z) diverges by oscillation. But making the substitu-

1T, J. Stieltjes, Ueurres Complétes, Vol. 2, pp. 505-606, 518-520.

2 G. H. Hardy, *“On Stieltjes’ * probléme des moments,’” Messenger of Mathe-
matics., 46 (1917), 175-182 ; 47 (1917), 81-88.
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o —At 142
tion z = 2 we have F(z) =j e;;%t_ and we shall show in the sequel
0

that the second order C.F. for F(z) converges. In general it may be

remarked that if (x) is the solution of a determined S.M.P. then
the C.F. (2), with elements given by (4) in terms of the moments, con-

verges for z > 0; but the Stieltjes C.F. corresponding toJ. 44 (2) = F(z)
o z+2°

may not converge, s being a positive integer greater than unity.
However, the st order C.F. corresponding to F(z) does converge in this
case.

2.0 We now state some properties of the convergents of Stieltjes

C.F.’s which we require. We consider the expansions
T d(x) b, by, by b, x:(2)

= —_————— = — - — P =_,L,A 9
F(z) jo z+z z +1 4+ 2z +1+ w,(?) as s> » (%)

by bebs bsbs < xz(?) >
= =22\ a5 8 —> 10}

Z4by—2+ b3+ b, — 2+ bst+bg— " w2(2) * (

assumed to be convergent for z>0. Then we have the recurrence
relations
[@2a(2) = (2 + bay 1 4 bay) oy — 5(2) — b2y —1b3s - 202 — 4(2)
1‘02 s+ 1(2)= (z+b2s+b2e+ 1wes — 1(2) —bag bay _ 1wy — 3(2) §=2,8,... (11)
and similarly for x,(2) with x, =0, x; =b,; we =1, w, = 2,
from which we derive the determinantal relations?

1 The following abbreviated notation for alternant types of determinants will be
used throughout : |

+ A, (z B,z C.(z)
| A(z,), Bi(z), Ciz) | = (1) (25) (25
A4,(zy) Bg(zz) Cy(z,)
At(zl) B;(zz) Ct(za)

where any functional symbol cannot be separated from its argument.

Thus -
T 2 wa,(2
| X2r(21)s wor+2(22) | = Xar(21) 2r(22)
Xer 4 2(21) wg, , 2(2,)

but | wa(z), ©27+Xz) | is unambiguous. Similarly when the symbol of functionality
is tied to its suffix we shall write

TAT (zl)n Bs(zz): Ct(z;;) I = A'(zl) B*?(zl) Cl(zl)
A,(z,) B,(z,) Cy(z,)
A(z5) By(2;) Cy(z3)
fl(x) pr(x)

Thus Y f(a), pdd) | =
ORI O

https://doi.org/10.1017/50013091500014279 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500014279

DETERMINANTAL EXPANSION FOR A CLASS OF DEFINITE INTEGRAL 157

+ 25+ 1
| X2s + 2 (%), was(2) | = T b,

y =1
+ 28 -2
[ Xes +1(2)s wos5(2) | =2 ’1}1 b, (12)

2541

+
l X2s+4(z)) w28(z) ‘ = (z+ b2‘+ 3+ bz"*"’) vl:__ll b,

+ 28 + 2
| X28+l(z): woy 4.5 (2) | = z(z+b28+4+b28+5) I_Il b, .
The relation between the even and odd convergents is given by?

| was(0), Xes +22) | = wes(O)xzs 5 1(8)s  wesl0) = T by,  (13)

r=1
+ 3
| wes(0), wo, +2(z) | = wo,(0)way 4 1(2), X2s + 1(0) = Ho b2r+1 .
r =

From (12) it is easily proved that

+ 2r-t-1
{ [ X2(21)s Woy 4+ 2(21), @or 4 4(20) | = (20 — 2,) w2, 0(20) T,
§8=1
(14)
+ 2r 4.2
l X2r 4 l(zl)) Woy 4. 8(zl)’ Woy +5 (zz) I = zl(zz - zl) Wz, 3 (Zz) II bs'
g =1

2.1 The orthonormal polynomials. We introduce the system {p,(z)}
where

j PADIP) B(2) = By, (15)
with recurrence relation

pAx) = (4,2 — B,) p, _1(x) — Orpr«z(x); p-1=0, r=1,2,...,
Po(x) = ko, D7) = (412 — Bk, (16)

and A,=k,/k,_1>0, O,"—" A,/Ar_1>0,
where k, > 0 is the highest coefficient in p,(x). Clearly B, >0, for

B, = A,J. mxpzr _ 1(c:;)dx/;(:z:).

Moreover
Br/Ar=b2r+b2r—lv Bl/Al=b2 (17)
A72% = by 4 1by, AI—Z = bsb,
’ 2r +1
k2= 1II b,
r g=1

1 See J. Shohat, ‘* On Stieltjes Continued Fractions,” dmerican Journal of Math.,
LIV. (1932), 79-84.
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by comparison with (11). We also require
kywg () = (—)'pr(— 2

e @) = (— |, PAZ2= 20 gy (18)

r=0,1,2,...
3. 4 fundamental identity. We shall now prove an identity
which relates the generalised convergents of

F(zlr ‘22) e zn) JO /df/g:;)

where f,(z) = H (x + 2;), to those of F(z).
We conmder

AJ(x)= IL("L pr(_‘zl): pr+1(_22)’ s pr+n-—1(_zn) I (19)
= fu(x) E 4 +(7)g:() j=lim;r=1,2,.....
where
l m
fl(x) = }\Ill (x + :l')\), fm(x) = }\I;Il (x + yA)) l< n, m<n,

fi(®), fu(x), fo(x) are polynomials in 2 with real coefficients, f,(x) > 0
for x = 0 with distinct roots, and

[Co@a@n@ae -0 rs

=d, r=s.
But from Part 1, paragraph 4, we have

qr(x) = (__)nlc_fkln 2""0 I ps(_zl)’ Pr +l(_'z2)’ . "pr-i-n-l("'zn) ng(x) (20)

8 =

¢r = (_)ﬂk—"ki—'zlpr(-zl): [ 'pr‘\‘-n—l('— zn) ' Ipr+l(—zl): co e Dry n(—zn) !- (21)
If now y(z) is a solution of a determined S.M.P., and the integrals

j (?'f(:z: ) dip(x) and jow%d¢(x) converge, then Parseval’s theorem

applies to the functions f(z)/f.(z) and f,(z)/f,(x) giving, with respect
to the distribution function r F()dy (),
0

Py, 2 ... 2) = Lé%&)‘ﬁ’ W)= T Aydut (22)
where
Ay = [ pogo)dp@), k=l m, (23)
0

j=0,1,2,....
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We also write

-1 Az n
"% AyA,; b = Xr(Z1 2oy -« 2n) _ ’f( f)‘l__ (24)
ji=0 w2, 23, » +2y) w,(z,‘)’l'
and (24) gives the rth convergent of the =t order C.F. for
F(z,, z,, . < Zy).

But from (19)

® Arx) Am{®) ral=
jo AR i) = E A Ay, r=1,2 .. (29)
where 4,(r) = | p,(— 7). .... Pran-1{—2) | A4y k=1, m,
i=0,1, ..0r—1
Hence from (24)

Xr(z)\);' “n )
—_— —_ — -1 Am(x)fl(x)
o) = PA= 2 e Pl — ) | 71| SR ). (26)
But since I < n and the roots of f,(z) are distinct, we have
+

-1 oz, 4

—z
Izo ,2b, L.2n -2 Il ”)’
1 2

J@)/falz) =(—)"-1 . (27)
lz" , 2t ....z”"1|
1 2 n
Using (27) and (18) in (26) we have
X’(z)\yll _1g fm( —2) fm(_ 2,) LRI fm(_ Zn
RS PR we(7) - )
(28
Orin-1 w2r+2n—2(zl) wa, 4 2n—2(22) Y w2r+2n—2(zn)
where
( — n+ 0 1 zn—zF(z)f(_z)1/‘zo 21 zn—ll
g—(_)—’l_zlazz"ﬂ n—1 m\*njJji n 1?2 %" "%,
g, = (—)" ’ Z(l) 3 z; y - --z::?) x2n(zn)fl(_ zn) | / | Z(; ) Z; s . ..Z:_] l ’

s=r,r+1, ..r+n—-1

| o (20) =L f—-’l(———iz"d)f;f—"‘—(x—)dgb(x), s=1,2, ..m

and (28) consists of the ratio of the determinant of order n 4 1 and
the determinant obtained from this by deleting its first row and
column. An alternative to (28) appears by using the partial fraction
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form of the elements in the first column, and we find

X 1 n
'(EA)I'? —_ Z nm(zs)fl(_— ZO) fm(— Zl) fm(— Zg) o e . fm('— Z”)
@ (z)? U (2 — 2,)
r=1

”z XZr(ZO)fl( s 28)

e=1 ﬁ' (Z,—Z,)

r=1

w27(zl) w27(22) ¢ er(zﬂ)

§ X27r + 2n — 2(zc)fl(_'za)

3=1ﬁ, (zr— za)

r=1

Wy 2 — 2(21) Wz, oa_ 2(22) wo, +2n— 2(211)

(29)

If we take w,(5)" = | wp(z)s .. s 2n—slzn) | [ 120, 2

5! ...z:'ll

then (28) and (29) give expressions for X,(zx)’l’ in terms of x,,(2,) and
wy(nn), 8 =rto rdn—1,2=1to n. We note that if in addition to
l<mn, we have m <n, then I and m may be interchanged in (28)
and (29) yielding an identity between two forms of the numerator
Xr(z)\),l' .

The confluent case of (28) — (29) in its general form is complicated,
but particular cases may be obtained from first principles., Thus if
Zy=25..... =2;, j<mn, then the limiting form appears by letting
2,=> 2, 23~> 2y, cunne z; —> z, in succession, and subtracting appropriate
columns. The complication arises from the fact that f(z) and f,(x)
may be functions of z,, A=1 to n.

4,0 We shall now consider generalised continued fraction ex-
pansions for F (z,, 2,, .. 2,) of four kinds, namely

(i) convergent increasing sequences,
(ii) convergent decreasing sequences,
(iii) convergent sequences,

(iv) convergent sequences involving an arbitrary parameter.
In the main we shall confine our attention to second order C.F.’s for
F(z,, 2,). We assume that (x) is the unique solution of a S.M.P.
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4.1 Increasing sequences. In (29) take f,=f,=1,
fa(®@) = (@ + 2)) (x +2,) >0, 2,52, (2, =72 if 2, is complex) so that
F,(z,) =0, and

0 d{/}(:l‘)
F(z,, 2,) "’j (@ +2) (= + 2)

0 1 1

— lim — 1 X2A22) — X2,(21)

pe P w2r(zl) w2r(z2)
T—>® 1 21 X2 4 2(22) —X2, + 2(21)

wo, 1 o(2y) w2, 4 2(2s)

where the expansion, in view of (22), is an increasing sequence.
By (12) this may be written

27 41

. | x2:(21), wo, 4 2(22)| +1 Xer(22)s w2, 4 2 zl) I +2 IIg, (30)
Pz, z,)=l1i.8. s=1

7> (21 — 22) | wa,(22), w2, 4 o(21) |
where we use the abbreviation li.s. for limit of the increasing sequence.!
If in particularz, = z, = 2 then by letting 2, — 2, in (30) we have

oz + 2?2 r->ao | ws, z), o +2(z) |
_ _dF(z)
dz °’ > 0.

The general formula of this type is found similarly from (28) and
gives
r W) =Lli.s. (=) | X5 (@) @), 5(2)s (22‘+4(z), : w(z’:),un( )T (32)

o 2yt . n! | w(2), w(213+2(z), ;2)“(2) (2”12”( )|+
z>0.

1 As a particular example suppose that by using (4) and an equivalence trans-
formation we find the convergent expansion

lj”xe‘V’dx_ l_l}m xA?) _ b, b b,
o Txtz T w(z) 2+1+z+1+
3t 51 71 9!
Tz 2T 3 g

Then by (30) with z;, = ¢ ¢ = — z,, ¢ >0, we have a convergent expansion for
© xe~vid 3t 71 11! 15!
. . xe x ! ! ! 5!
F('Lt,—zt)=32lj e ™~ et o——
o x4t 1z 4 {6 8

© gz}
ex ”
But the Stieltjes C.F for F (if, — it) = ;f P_“dx

o FI I diverges by oscillation.

https://doi.org/10.1017/50013091500014279 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500014279

162

L. R. SHENTON

There are of course other forms of increasing sequences for
F(z,, 2,); for example we could use f, =2, f,, =z, fy,=2% (x + 2, )(x + 2,)

in (28).

4. 2 Decreasing sequences.

But (30) seems to be the simplest of this type.

When the roots z,, z, are distinct and -

(% + z,) (x + 2,) = 22 + 2px + ¢, ¢ — p?> 0, then we use the relation

w—pﬂmawa=m-jfﬁdjfﬁﬂi

o @Ta @) (33)

Taking in (29) fi=fo =2+ p, fo = (& + 2,) (x + 2¢), Fifz,) = — by,

we have l

(q - pz) F (zl’ zz) = bl — l.i.s.

and after using (12) this leads to!

F(zy, z,) =1.d.s

by $(zy—2) 3(z1 — 24)
- %(XZr(zl) + XZr(z‘a’)) w2r(21) w?r(zz)
= — $(xer +2(21) FX2r 1 2(22)) | wopp2 (1) o, 12(2e)
+ + ) 2r+1
\ Xar(21)s W, 4. 2(25) l + | x2(%a)s w2y+2(21) l -2 II L b,
. (34)

r—> o

(21 — 25) | wa(22), wa, 2(21) |

When g — p?>0 it will be seen that the difference between
corresponding convergents of (30) and (34) is

2r+1

—4 I b,

s=1

(zl - zz) | w2r(zﬂ)’ W, 4 Z(ZI) l

(35)

and this exceeds the absolute error in either of them.
Again, taking fi=f,= (2 +p)% fa = (2+2) (x + 2;) (x+p)?, ¢—p*>0
in (28) (taking the limiting form with z; = 2z, = p), we find

0

F(z,, z3) =1.d.s.
r=>®

X?r(zl) - x2r(z2)
2 — 2

Xer+2(21) = Xor19(24)
2, — zg

X‘Zr+4(zl)_ X27+4(z2)
2, — 2,

X2r+6(%1) — Xor1-6(Zs)
z, —2,

1 1 0 0
wa,(21) ws,(2) ws(p) wlw(p )
we, + 2(21) wo, 4 9(22) w2, 4 2(P) w'2 r+ o(P)

Wo, 4 4(21) we, + 4(Z2) sy, 4 4(P) w',h - 4(1))

Wy 4. e(zx) wWa, s(zz) Way 4 5(?) wlzr +6 (p)

1 1.d.s. means limit of the decreasing sequence.
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In particular if p=0, ¢>0, then after using (12) and (13) we find

© di(z)
0o x*+ ¢
, 4 242
| X2r41(20)s @wopys(2a)s’y,, (0) | + | Xers1(22)s s, 45(21),00" 2r45(0) | —2qw’, . (0) I b,
= l.d.s. s=1
r—>® (25— 21) | w2, 41(21) worp3(2), w’2,+5(0) I (37)
Another interesting possibility is to use the expression
[ 2p)dii(x)
F(z,, z,) = b —j x(i-tp—__ 0
qF (2, 2,) 1 o & T 2) (@ +2) q>0, (38)
where p > 0, (x + 2,)(x +2,) = 2 + 2px + ¢, taking f, = f,, = z(x + 2p),
fn =x(x + 2p)(2? + 2px + q) in (29) with z,, 2,, 23 = 2p, 2, = 0 and
Fi(z,) = (2, — 2p)b, — q,
Al — 4 — —
:V_‘ Fi(zs fm( ze — b19 2 4 zs)fm( zl) — X(zl) _X(Z,).
I (2, —2) T 5z BTH
Using (12) and (13) we find after some simplification
2r42
| X2r+1( 1), wg,13(2s), w2r+5(2p)|+ [ X2r41(22)s w2,15(21), w2r+5(2p) | —2qwq,+5( 2p) H b,
F(z, —ld e e e —_
(21, 22) s (25 — 21) | Wr31(21), W, 3(2e)s w2,1.5(2P) | (39)°

By setting z, = 2, + h, = 0, we have

+
r d¢(x) | K2 @7y 32 02 s@A | 0. (40)

o (@ + 2% S5 T | wagala), @'y, 52 @'y, 15t 22) [’

4.3 Convergent sequences. The approximations considered in
4.1 and 4.2 provide lower and upper bounds, but there are other
approximations which merely converge. We shall briefly consider
four simple types, derived from (28) — (29).
(l) fl""x’fm—‘l fn""x(x'i'zl) (x+22): %) F 29 2y z2'>0-
Then F(z,, z,) =

: + + 2r4-2 r
|X27+1(21): Way43(2,) I + |X2r+1(zz), Wiy 3(21) | —(21+2) 11_[ be—(2;—29) (w2, 12(2) — wa, +2(25)) I;[ b23+1

lim
7=>® (71 — 22) | @oy41(29), w2,15(21) | (41)
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In particular if z, = 2,, using (12) we find
-+ r

Fz, z) = lim ! X "”+1(z)’ wl?r+3(z) | +w’27+2(z) EI bos 11

y —> ®©

(42)

| w'2,+1(7~), ws, ;5(2) |

(i) ¢ —p*>0. In (33) take fu=(z + )% fi=1, /o =2+ 2pz + ¢
and we find an expression which is exactly the same as (30). This
brings to light an interesting identity, for we have the two expansions

* (x -{:p_)zﬂ(_:t_) = Lis. b, — 1z, — 2,)

+ +
l x‘_;,(zl), w27+'2(z2) | + | er(zz), w2r+2(zl) l -2

2y +

1
1T b,
1

0 2% + 2px 4 q re>® | w(2y), wo,12(2) |

= lim ‘{bl — 1(z1 —2,)

+ +
| x2.(21)» wzr+‘2(2z) |+ | x2A22)s wo,40(21) | +2

2r4+1

r=—> ® l | wir(zl), w2r+?(z2) I

g—pt>0o0rz, 2> 0, (2 + 2,).
The difference between corresponding convergents of the two

2r+1
expansions in (43) is therefore (2, — 2,) I b,/ | wo,(2)), ws,14(2,) | -
1

In terms of the persymmetric determinants* mentioned in Part 3, 3 (a)
this comes to

0 ,uf)l) #(11’ . ;L(rl) ) 0 p,g") /‘(12) cen ;1.('2)
et E)l) ﬁo I_lvl e ﬁ, F-(()O) ﬁo ﬁl .ee ﬁr
- - ~ © T - SN
Oy e e g |ED B B e | = Tk (44)
o, U w O . % I
[N N S Her SO N G R 72
where

and z3 4 2px + ¢ is non-negative for 0 = xr < .

1 There is a similar identity for the diagonal determinants given in Part 3, 3 (b)-
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(iii) If we use (38) with f, ==z. f,, = = + 2p, f, = (z + 2z,) (x + z,) there
follows the expansion

2r+1
I Xe21)s w"r+2(zz) l + l X2r(zz » Wy, 40(2y) l +(2425) l(z +z ) H b,.
F(zy, 2,) = li (45)
(1, 22) ’_;rg (24 = 22) | wa,(23), w2, 12(2)) |
21 25> 0, 2 * 2 or g —p*>0,
and in particular
+ 2r+1
| o' () Xy, (&) | + 27 II
. 2r 2r42 s=1
F(Z, 2) —'——’—1;12 I w'g,(Z), P (Z) | . (46)

2742

(iv) Using (38) with f, ==z, f, =z (x + 2p), f, = z (2% 4- 2px + q) we

find
F + 2r42
, X2r+1(z1)7 w2r+3(z2) l -+ | X2,+1(22), w2'+3(zl) | __(zl 4 Zz) 1'1[ b8
F(z,, 2,) = li
(Zl 22) r_l>mw (zl —_ 22) | w2,+1(22), w2r+3(zl) l (47)
22+ 2pr+4+qg>0forx =0
and in particular
F(z, z) = lim — L Xy, )’ 2r+3 l , (48)

2>0.
r =2 0 . | w2,+1(z l

4.4 Expansions with arbitrary parameters. An unusual type of
expansion appears if in (29) we take f; = f,, =z + p, f, = (x+2)(z+p)?
where we assume z > 0, and p real. Then

+
F(z) = Jm d‘/’(x) = lis. | X2r(2) —X2AP)s w2,12(P), oy, (D) |+ & (e o(P) — w2, 12(2))
0

z + x r=->wn I w2r(z)’ w2r+2(p)’ wl2r+4(p) l (49)
for all real p = z.
If p =z then
F (Z) —_ l.i.S. ‘ wQ’(Z), w,2r+2( ) 2 +4(Z) i —k 2 ”r+2(2) ) z>0. (50)
s> [wel2), @, (@), @ ]
Similarly from f; = f, = « (x + p), [» = z(x + 2) (x + p)? we find
/ ’ + 242
| xg,+1(z)—x2,+1\2)), w2, 43(P)s @ 2,“_5(1)) | —pz'1(2w2r+3(P)—Pw2r+3(z)) IT b,
F(z) =1l.ds. 1 (1)

re> | we,41(2), warss(P)s w'2r+5(P) [

2>0,p+0,p+2
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In particular if p = 0 then for 2> 0
+ 2r4-2
(0) | ——22_1(Zw'2’+3(0)—w2,+3(z)) IT &,
1

), o, (0|

I x2r+l(z)—x27+l(0)’ w'2’+3(0)1 w”27+5

F(z) = l.d.s.
1>

I w?r+1(z)’ w’2r+3

and if p =2z > 0 then

-+ 2742
| wa,1(2), X' (2), w”2'+5(z) | +2(z"wg,+3(z)—w'2r+3(z)) I;I b,

2,43

F(z) = l.d-s. ”
7= 2 l w‘*"'f'l(z)’ w’2r+3(z), @ 2’+5(z) I

Calling the rth convergents of (49) and (51) g, (2, ) and ?7, (z, p)
respectively, we may consider thesequences {max gz, p)} and
»

{min §'(z, )} as approximations to F(z), assuming that stationary
P

values exist. That such values do exist is seen from the following
asymptotic expansions:

241
o) ofT ,
. _2’, ") 1 + -1
945 ) =7, "5 P @ olp~as|p| > (54)
2r4 2

IT &,
!},(z, p) = _X_?ﬂ(_z)_;_ 22 +opHas[p|—>w. (55)

wira(?) " P @@

It is evident from (54) that for p large and negative g, (z, p) is a
closer approximation to F(z) than x.,(z)/ws(2); similarly for ér(z, p).
We shall return to a consideration of these approximations in a
later part.

T am indebted to a referee for several useful comments on Parts
3 and 4.
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