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Braiding via geometric Lie algebra actions

Sabin Cautis and Joel Kamnitzer

ABSTRACT

We introduce the idea of a geometric categorical Lie algebra action on derived categories
of coherent sheaves. The main result is that such an action induces an action of the
braid group associated to the Lie algebra. The same proof shows that strong categorical
actions in the sense of Khovanov—Lauda and Rouquier also lead to braid group actions.
As an example, we construct an action of Artin’s braid group on derived categories of
coherent sheaves on cotangent bundles to partial flag varieties.

1. Introduction

Let X be a smooth complex variety. Often the derived category of coherent sheaves on X,
denoted D(X), possesses interesting autoequivalences, not coming from automorphisms of X
itself. For example, if D(X) contains a spherical object £, then Seidel and Thomas [ST01]
defined a spherical twist T : D(X) — D(X) which is a non-trivial autoequivalence.

The notion of twists in spherical objects has been generalized by various authors
(Horja [Hor05], Anno [Ann07], and Rouquier [Rou06]) to twists in spherical functors (a relative
version). In [CKL09, CKL10b], we (jointly with Licata and following ideas of Chuang and
Rouquier [CRO8]) defined the notion of geometric categorical sl actions as a generalization
of the notion of spherical functors. We showed that geometric categorical slo actions give rise to
equivalences of derived categories of coherent sheaves.

Often autoequivalences of D(X) can be organized into an action of a braid group. Seidel
and Thomas [STO01] showed that given a collection of spherical objects which form a type
I' arrangement, the spherical twists generate an action of the braid group Br. An important
example from [STO1] of this situation concerned the case where X is the resolution of a surface
quotient singularity C?>/H and the spherical objects come from the exceptional P! curves.

Another example of a braid group action was given by Khovanov and Thomas in [KTO07].
They showed that B, acts on D(T*F1(C")), the derived category of the cotangent bundle to
the full flag variety, with the generators acting by spherical twists. Our purpose in this paper
is to introduce a new method of constructing braid group actions (called geometric categorical
g actions), where the generators act by the equivalences coming from geometric categorical sly
actions. Roughly speaking, spherical objects are a special case of geometric categorical sly actions
and type I' arrangements of spherical objects are a special case of geometric categorical g actions.

To explain our motivation for this notion, let us recall that our proof that a geometric
categorical sly action gives an equivalence came in two parts. First in [CKL10b], we showed that
a geometric categorical sl action gives a strong categorical slo action, a notion introduced by
Chuang and Rouquier [CRO8]. We then showed in [CKLO09] that a strong categorical sly action
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gives an equivalence, using an explicit complex introduced by Chuang and Rouquier [CROS].
The reason for introducing the notion of geometric categorical slo action, rather than working
with strong categorical sls actions, is that the axioms of the former are much easier to check in
examples.

The notion of strong categorical sly action has been generalized by Rouquier [Rou08] and by
Khovanov and Lauda [KL09, KL.10, KL11] to the notion of strong categorical g action. Hence it
is natural to conjecture that a strong categorical g action gives an action of the braid group of
type g (denoted Bg). Also it is natural to search for a notion of geometric categorical g action
which implies strong categorical g action but which is easier to check in geometric examples.

In this paper, we essentially accomplish these goals. More specifically, we define the notion of
geometric categorical g action, whenever g is a simply laced Kac-Moody Lie algebra. We then
prove that a geometric categorical g action gives rise to an action of By (Theorem 2.10). We
also show that a strong categorical g action gives an action of By (Theorem 6.3). This essentially
answers a conjecture of Rouquier [Rou08] (Rouquier has also recently proven his conjecture via a
different method). However, we do not prove that a geometric categorical g action gives a strong
categorical g action, though we expect this to be the case (the proof should follow along the
same lines as [CKL10b], where we established this result for g =sls).

We give a quick example showing how resolutions of C?/H give geometric categorical g
actions. In §3, we discuss, in greater detail, the more complicated example of a geometric
categorical sl,, action on cotangent bundles to n-step partial flag varieties. This generalizes
the work of Khovanov and Thomas [KT07] for T7*FI(C") and also our previous work [CKL09,
CKL10b] on cotangent bundles to Grassmannians.

In a forthcoming paper with Licata [CKL11], we will construct geometric categorical g actions
on Nakajima quiver varieties, generalizing the two examples in this paper. Using the main result
of this paper, this will provide many more examples of braid group actions.

There are also many interesting examples of strong categorical g actions, not involving
coherent sheaves. For example, Khovanov and Lauda [KL09, KL.10, KL.11] have considered strong
categorical sl,, actions on categories of modules over cohomology rings of partial flag varieties,
and Chuang and Rouquier [CRO8] have defined strong categorical s, actions on categories of
representations of the symmetric group in characteristic p. Our Theorem 6.3 can be applied to
these situations to produce braid group actions.

2. Definitions and main results

In this section we define the concept of a geometric categorical g action, review the construction
of equivalences from strong categorical sly actions, and state our main result (Theorem 2.10).

2.1 Notation
Fix a base field k, which is not assumed to be of characteristic 0 nor algebraically closed.

Let I' be a graph without multiple edges or loops and with finite vertex set I. In addition,
fix the following data:
(i) a free Z module X (the weight lattice);
(ii) for i € I an element o; € X (simple roots);
(iii) for i € I an element A; € X (fundamental weight);
(iv) a symmetric non-degenerate bilinear form (-, -) on X.
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These data should satisfy the following conditions.

(i) The set {a;}ier is linearly independent.
(ii) The Cartan matrix Cj;; = (a4, ) is such that (o4, ;) =2 and for i # j, (a;, o) =
(aj, a;) € {0, —1} depending on whether or not i, j € I are joined by an edge.
(iii) We have (A;, aj) = 6; ; for all 4, j € I.
(iv) We have dim X = |I| + corank(C), where C is the Cartan matrix associated to I'.

Let by, = X @z k and let b} = span(A;) C by.
Associated to I', we have a Kac-Moody Lie algebra g (defined over C). Let By denote the
braid group of type g. It has generators o; for i € I and relations
ojoj0; = ojo;o; if ¢ and j are connected in T',
0;0j = 0jo; if i and j are not connected in I'.
Recall that Bgmaps to the Weyl group Wj of type g which has the same generators and relations,
except that the generators square to the identity.

When we write H*(X) we will mean the cohomology with k coefficients of X as a variety
over C but shifted so that it lies between degrees —dim(X) and dim(X). For example, H*(P!) =
k[—1] ® k[1]. By convention, H*(P~!) = 0.

2.2 Geometric categorical g actions

In [CKL10b] we introduced the concept of a geometric categorical g action when g=sly. We
now extend this definition to arbitrary simply laced g. All varieties will be defined over k.

2.2.1 Fourier-Mukai formalism. We briefly recall the formalism of Fourier-Mukai (FM)
kernels (see [Huy06, §5.1] for more details). All the functors which follow are derived. Let X, Y
be two smooth varieties. A FM kernel is any object P € D(X x Y') of the derived category of
coherent sheaves on X X Y whose support is proper over X and Y. It defines the associated
Fourier—-Mukai transform

®p:D(X)— D(Y)
F = mo, (m7(F) @ P).
FM transforms have right and left adjoints which are themselves FM transforms. In particular,
the right adjoint of ®p is the FM transform with respect to Pgr:=P"Y @ miwx[dim(X)] €
D(Y x X) (here we use the natural isomorphism X x Y ——Y x X). Similarly, the left adjoint of
®p is the FM transform with respect to Pr, :=PY ® mjwy [dim(Y)]. Here P denotes the dual
of P.

We can express composition of FM transforms in terms of their kernels. If X,Y, Z are
varieties and ®p: D(X)— D(Y),®o: D(Y) — D(Z) are FM transforms, then ®go ®p is a
FM transform with respect to the kernel

QP =iz (172(P) ® m33(Q))

where * is called the convolution product.

2.2.2 A geometric categorical g action consists of the following data;

(i) a collection of smooth varieties Y () for A € X;
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(ii) Fourier-Mukai kernels
EDN eDY (V) x Y(A+ray)) and F(A) € DY (A +rog) x Y(A);
(iii) for each Y(\), a flat deformation Y (\) — b} (where the fibre over 0 € b} is identified with
Y (A)-

We will usually write just 51»(7”) and .ﬁ(r) to simplify notation whenever possible. When r =1 we
just write & and F;.

Denote by Y;(\) — span(A;) C b}, the restriction of Y/()) to span(A;) (this is a one-parameter
deformation of Y'(\)).

Remark 2.1. In practice we only need the first-order deformation of Y()), but in geometric
examples there exists a natural deformation over hj. Replacing this deformation by the
corresponding first-order deformation does not change the results and arguments in the rest
of the paper.

Similarly, one can replace hj by some abstract smooth base of the same dimension, span(A;) C
b by one-dimensional subvarieties etc. However, we use by, to keep notation simpler and because
in many examples the base is naturally isomorphic to bj.

On these data we impose the following conditions.

(i) Each Hom space between two objects in D(Y ())) is finite dimensional. In particular, this
means that End(Oy ) =k I.

(ii) All the Ei(r) and fi(r) are sheaves (i.e. complexes supported in cohomological degree zero).

(iii) The functors Ei(r)()\) and ﬂ(r)(/\) are left and right adjoints of each other up to shift.
More precisely we have:

(@) &7 Nr=F W @) + 1)

7 1

(b) &7 N =F7 N[ aq) + 7))
(iv) For each i €I,
(& £y = Y @ HH(PT).
(v) If (A, a;) <O then
FilN) « EAN) ZEN — ay) * Fi(A— ;) @ P,
where H*(P) =2 Op @y H*(P~Me=1) Similarly, if (A, a;) > 0, then
EN—ai)« Fi(A—ay) 2 F,(N) «EN) @ P,
where H*(P') =2 Oa QK H*(P(x\,aﬁ—l)_
(vi) We have
H* (i€ % 112:&5) 2 EP[—1] @ £P[2), (1)
where 719 and 793 are the closed immersions
i12: YA X YA+ ag) = Y(A) x V(A + o),
93 : Y (A + o) X Y( A+ 2a;) = Yi(A + i) X V(A + 2q).
(vii) If (A, ;) <0 and k> 1 then the image of supp(é'l-(r)()\ —ra;)) under the projection
to Y (A) is not contained in the image of supp(é’i(wrk)()\ — (r+ k)oy)) which is also under the
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projection to Y (). Similarly, if (A, ;) > 0 and k > 1 then the image of supp(c‘:i(r)()\)) in Y(\) is
not contained in the image of supp(é’i(ﬂrk)()\)).
(viii) If i # j € I are joined by an edge in I" then
Eix&Ejx &= 81(2) xE; D E;* 81»(2)

while if they are not joined then &; x £ = &; x &;.

(ix) If i #j € I then Fj x & = & x F.

(x) For i € I, the sheaf & deforms over a;- to some

g€ DY (N)|ar Xor YA+ ai)lg1)-

(xi) If i # j € I are joined by an edge, by Lemma 4.5, there exists a unique non-zero map (up
to a multiple) Tj; : & * £;[—1] — &; * & whose cone we denote by

£ = Cone(&; + &[~1] 2 & + &) € D(Y(A) x Y(A + a; + ;).
Then &;; deforms over B := (a; + a;j)* C hj, to some
g,;j € D(?(}\)‘B X B Y/()\ + o + Oéj)’B).

Remark 2.2. The conditions (i), (ii), (iii), (vii) are technical conditions. The conditions (iv),
(v), (viii), (ix) are categorical versions of the relations in the usual presentation of the Kac—
Moody Lie algebra g (except as in [CKL10b], we only impose parts of (iv), (v) at the level
of cohomology which is much easier to check). The conditions (vi), (x) and (xi) relate to the
deformation.

Notice that conditions (i)-(vii) are precisely equivalent to saying that {Y'(A + na;)}nez,
together with & and F; and deformations Y;(A + no;), generate a geometric categorical sly
action. Relations (viii)—(xi) then describe how these various sly actions are related.

One can compare the geometric definition above to the notion of a 2-representation of g
in the sense of Rouquier [Rou08], which in turn is very similar to the notion of an action
of Khovanov and Lauda’s 2-category [KL09, KL10, KL11]. In these definitions, there are
functors E;, F; as well as some natural transformations X,T between these functors. The
additional data of our deformations is perhaps equivalent to the additional deformation of these
natural transformations. In the case of g =sly, we were able to make this connection precise
(see [CKL10b]). For general g, it remains an open problem to show that a geometric categorical
g action gives an action of Khovanov—Lauda or Rouquier’s 2-category. In any case, we work here
with the above definition since these axioms can be checked in examples (as in § 3).

Remark 2.3. Since &;, F; are biadjoint (up to shift), the conditions (iv), (vi) and (viii)
immediately imply the same conditions where all &; are replaced by F;.

THEOREM 2.4. A geometric categorical g action gives a naive categorical g action. By this we
(r)

mean that the functors E;’ := <I>£gr) and FET) = <I>f§r) satisfy the defining relations of g, up to

isomorphism:

E;o EET) = El(.r) o EETH) ®c H*(P") (and similarly with E replaced by F),

FioEi 2E;ioF; ®idy(y) ®c H* (P~ if (A, ;) <0 and
;0 F; 2 F; 0 E; @idy(y) ®c H* (P91 if (X, a;) >0,

m
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EiocEjoE; = EZ(Z) oE;®E;o0 EZ@) if i, j are joined by an edge and
E; o Ej = E; o E; if they are not (and similarly with E replaced by F),
FioEi=E;oF; if 1 # 3.
Hence E;, F; acting on the Grothendieck groups { K (Y (\))} gives a representation of U(g).

Proof. Note that the first three statements differ from the conditions (iv), (v) given in the
definition, in that statements on the level of homology are turned into direct sums. These facts
are proven (with the help of the deformations) in [CKL10b]. 0

Finally, we define two more maps we will use repeatedly. The first map is

M) g s €N —r) 2 w &[—r] and FUTY o Fyw O] = O w Fi-r]

2 2
which includes into the lowest degree summand of the right-hand side (the isomorphisms above
follow from Proposition 4.2). Notice that there is a unique such map (up to a multiple) because
by Lemma 4.5 we have that End* (Ei(TH)) is zero if k < 0 and one-dimensional if k£ =0 (similarly
for End* (]:i(r+1))).

The second map is

Fw €D(0) <5 Oalr((M ai 7)) and €7 % F(N) <5 Oal=r((\, ai + 1))

K2 K3
given by adjunction (by definition, EZ-(T) and ]:Z»(T) are adjoint to each other up to shifts). This
map is also uniquely defined (up to a multiple).

We say that a geometric categorical g-action is integrable if for every weight A and root o we
have Y (XA + na) =0 for n>> 0 or n < 0. From here on we assume all actions are integrable.

2.3 Role of the deformation

2.3.1 Generalities on deformations and obstructions. Let Y be a variety with a one-
parameter deformation ¥ — A!. The obstruction to deforming A € D(Y) is given by a map
c(A) : A[-1] — A[1]. By definition, ¢(A)[1] is the connecting map coming from the exact triangle
A[l] — t*t,A — A, where t is the inclusion ¢t : Y — Y (see [HT06, Appendix]). More generally, if
Y — V is a deformation over a k-vector space V, then for each v €V, we get a one-parameter
deformation over span(v) and we write ¢,(A): A[—1] — A[1] for the obstruction map. Let us
summarize the properties of these maps.

PROPOSITION 2.5. Let Y — V be a deformation over a k-vector space V.

(i) There is a functorial distinguished triangle

A1) -2

where t, denotes the inclusion of Y into the fibre of Y over span(v).
(ii) The map c is linear in V', in the sense that ¢,y (A) = ¢, (A) + ¢ (A).
(iii) If A deforms over span(v) then ¢,(A) =0.

A[L] =t tonA — A,

Proof. The functoriality follows from the definition of ¢, as a morphism of FM kernels. The
linearity follows from the fact that ¢,(A) is the product of the Atiyah class of A with the
Kodaira—Spencer map V — H'(Y, T}) which is linear (see [HT06, p. 3]). O
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We will also need some special properties of these obstruction maps related to products
and FM kernels. Let Y7, Y, Y3 be three varieties, all with deformations f/l, 172, Y3 over the same
base V. Then the pairwise products Y7 x Y5 and Y5 x Y3 admit deformations 171 X 372, }72 X 173
over V@ V. Given v,weV, we will consider the one-parameter deformation }71|Span(w) Xk

172|Span(v) and write t,,, for the corresponding inclusion and ¢, ,, for the obstruction map (the
reason for ‘switching’ the order of v, w will become clear in a moment).

Let A2 € D(Y7 x Ys) and Agz € D(Ya x Y3). Let v, w € V. Since Agsz * (+) is a functor, we

Icyw(A
evwlia) Az x Aa]1].
ProposiTioN 2.6. With the above notation, the following holds for allv € V.

(i) We have an equality Icp,(A12) = co (A2 * A23).
(ii) There is distinguished triangle

get a map Agg * Ajo[—1]

Icy,0(A12)
——>

Aaz x A1a[—1] Aoz x Ai2[1] — tow, (A23) * tyo, (A12).
Proof. Part (i) follows from functoriality. Part (ii) follows from [CKL10b, Lemma 4.1]. O

2.3.2 Deformations in geometric categorical g actions. In a geometric categorical g action,

we have a deformation Y (\) — bi.. In the light of Proposition 2.5(iii), condition (x) implies that
1

v (&) =0 for v € ai. Similarly, condition (xi) implies that ¢, (E;;) = 0 for v € (ay + )L
Let us now study ca, a,(&;) and in particular the map
ICA“A (6) 5 *5[ }ng*gz[l]
By Proposition 2.5(ii), ca, A, (&) = ca,,0(Ei) + con, (&)
First consider Icp, 0(&;) : & * &[—1] — & * &[1]. We will examine this map on the level of
cohomology. Proposition 2.6(ii) and condition (vi) imply that

H*(Cone(Ie, o(&))) 2 EP -1 @ €2 [2).
This means that on cohomology, Icy, 0(&;) induces an isomorphism

67 = HOE  E-1)) > HOE 1) = 7.

)

On the other hand, by Proposition 2.6(i), Icoa, (&) = co.a, (& * &;). Hence Ico a,(&;) is given

by a diagonal matrix
o 0\ (P2 (&
0 *x/° & 5(2)[2]

and thus acts by 0 at the level of cohomology.
Combining these observations, we deduce that Ica, a,(&;) gives an isomorphism HO(&- *

Ei[-1]) — HO(& * &[1)).
We can summarize the results of this section, with the following statement.
PROPOSITION 2.7. Let v € b}
(1) If <U7 047;> = 07 then Cv,v( z)
(ii) If (v, o) # 0, then ¢, ,(&;) is non-degenerate in the sense that the resulting map
HO(Icy (&) : EP = HO(E; + E[-1]) — HOE * &[1]) = €

is an isomorphism.
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Remark 2.8. For all practical purposes we do not actually need that & deforms over all of ozl-L
and &;; deforms over all of (o; + aj)*. We just need them to deform over some one-dimensional
subspaces. We use the definition above since it is satisfied in all examples we know and, in our
opinion, is more aesthetically pleasing.

2.4 k*-equivariance

There is a slightly more general k*-equivariant version of a geometric categorical g action. In this
setting every variety Y ()\) and deformation Y (\) is equipped with a k*-action. The action on
Y ()) is equivariant with respect to a weight 2 action on the base bi.- Subsequently, each D(Y (X))
becomes the derived category of k*-equivariant coherent sheaves. This extra k*-structure gives
us another grading on our categories which we denote by {-}. More precisely, {k} is tensoring with
the line bundle O{k} where if f € O(U) is a local function and ¢ € k* then, viewing ' € O{k}(U)
as a section, we have t - f' =t7F(t - f).

The conditions on the data are essentially the same. The adjoint conditions become:
(i) &7 Nr=FT N ai) +0l{=r((h an) +1));
(i) &7 =F7N)[=r( ai) +l{r((X aq) + 1)}
Condition (vi) on the composition of deformed kernels £ becomes
M (i3:Ei % 112:E3) 2 €7 [1){1} @ £P12){ -3}

while &;; is defined as the cone of & * £;[—1]{1} — &; = &;. All the other conditions are the same
once we replace H*(P™) by the doubly graded version

H*P") :=k[-n|{n} ®k[-n+2/{n -2} & - @ k[n]{-n}.

In this setup, Theorem 2.4 shows that the functors E; and F; acting on the Grothendieck
groups {K¥*(Y/()\))} gives us a representation of the quantum enveloping algebra Uy(g).

All the results in this paper have natural k*-equivariant analogues. However, we will not
work k*-equivariantly because keeping track of the extra {-} shifts would make the notation
hard to read. One of the reasons even to consider this k*-equivariant setup is that it shows up
naturally in various examples. The cotangent bundles of partial flag varieties considered in § 3 is
one such example.

2.5 Example from resolutions of Kleinian singularities

An instructive example of geometric categorical g action comes from the minimal resolution
of a Kleinian singularity. Let H denote a finite subgroup of SLy(C) and let 7:Y — C2/H be
a minimal resolution. Recall that H determines a finite-type simply laced Dynkin diagram T'
whose vertex set I is in bijection with the components of the exceptional fibre 771(0).

From the work of Seidel and Thomas [ST01], we know that each component E; of 7—1(0)
determines a spherical object S; = Op,(—1). These S; form a type I' arrangement of spherical
object and thus, from the work of Seidel and Thomas, give an action of the braid group By on
D(Y) (as usual, here g is the Lie algebra associated to I).

Let us use the same data to construct a C*-equivariant geometric categorical g action. Let
Y (A) be defined as follows. Let Y (0) =Y, Y/(A) = pt for A aroot of g, and Y (\) = ) for all other .
The action of C* on Y is comes from the scaling action on C?. We define &(0) : D(Y) — D(pt)
using the kernel S; € D(Y x pt) and similarly for &(—a;), F;(0) and F;(—«;) (all other &, F; we
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need to define are functors D(pt) — D(pt) which we take to be the identity). The deformation Y
of Y is the standard deformation (which may be constructed by thinking of C2/H as a Slodowy
slice or by deforming the polynomial defining the singularity C2/H).

Let us check condition (viii) of the geometric categorical sl,, action (all other conditions are
immediate or follow along the same lines). Let 4, j be connected by an edge in I' (so E;, Ej;
intersect in a point). Then condition (viii) states that

Ei(ay) * £(0) + Ei(—i) 2 () + €7 (=0i) & € (— i + )  E(— ).
Now Y (—«; + ;) = () while Ei@)(—ai) = 04, = &i(a;), so we see that this is equivalent to the

fact that the composition

Ei(—ai) &;(0)
_— _

D(pt) D(Y) D(pt)
is the identity. Since the first functor is given by tensoring with the object Op,(—1) and the
second functor is Ext*(Op,(—1)[-1], ), this condition corresponds to the fact that
Ext"™(Og,;(~1), Og,(-1)) =0,

unless m = 1, in which case it is C.

2.6 Equivalences via geometric categorical sly actions

In [CKL10b] we proved that a geometric categorical sly action induces a strong categorical sly
action. In [CKL09] we showed that a strong categorical sl action can be used to construct
equivalences (using ideas of Chuang and Rouquier [CR08]). We briefly review this construction
starting from a categorical g action.

Given a geometric categorical g action one can construct for each vertex i € I a geometric
categorical sly action. More precisely, we use as kernels Ei(r) and ]:i(T) and use the one-parameter
deformation Y;()). Consequently by the main result of [CKL10b], we obtain a strong sly action
generated by the functors induced by the kernels & and F;.

Consider for each s > 0 and (\, ;) > 0 the kernel

T (\) 1= FLA00F9) e (N [—s] € DY(A) x YA — (A, ai)ow))

K3 (2

(if (A, i) < 0 then we consider instead the kernel EZ»(_O"O”'HS) * .ﬂ(s) ). There exists a natural map
ds : T2(\) — T, 1(\) given as the composition

T = FOT gy
e, Fledts ) N ag) — s+ 1] % &+ ECTV[=(s — 1)][—s]
Iel f.i((/\,aﬁ-‘rs_l) « gi(s—l)[_s + 1] ~ ,];5_1()\).

Note that 7;°(\) =0 for s > 0 since we only deal with integrable representations. The main
result of [CKLO09] is the following.

THEOREM 2.9. The sequence of maps

s—1 1

ST L T S e T

is a complex of kernels which has a unique right convolution denoted 7;(\). Moreover, the kernel
T;(\) induces an equivalence of triangulated categories D(Y (\)) —— D(Y (A — (A, i) ay)).
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In the theorem above, by right convolution we mean an iterated cone starting from the right
(see §5.3).

2.7 Braid group action via geometric categorical g actions

As noted in the previous section, each vertex i € I induces a geometric categorical sly action and
subsequently an equivalence 7; (or, more precisely, a series of equivalences 7;()\), one for each
weight A). The main result of this paper is to prove that these equivalences braid.

THEOREM 2.10. Let {Y(\)} be a geometric categorical g action.

If i, j € I are joined by an edge then the corresponding equivalences 7; and T; satisty the
braid relation 7; x T; x T; = T; x T; x T;. If i, j € I are not joined by an edge then T; + T; =2 T; x T;.
Hence there is an action of the braid group of type g on D(UY (\)) compatible with the action
of the Weyl group on the weight lattice.

Let us examine this action on the level of the Grothendieck groups @K (Y (\)). The above
theorem provides us with an action of the braid group By on @K (Y (A)). On the other hand,
Theorem 2.4 provides us with an action of Uy(g) on @K (Y (\)). These two structures are
compatible via Lusztig’s quantum Weyl group map Bg— Uq(g). This follows from [CKLO09].
(In the non-equivariant case, i.e. ¢ =1, then this is the same as the usual map By — U(g)).

Example 2.11. As a simple application of this theorem, we can consider the minimal resolution
Y of the Kleinian singularity C2/H. In §2.5, we explained that Y = Y (0) was the 0 weight space
of a geometric categorical g action. Hence by Theorem 2.10, we obtain an action of the braid
group Bgon D(Y'). As mentioned earlier, such an action was previously studied by Seidel and
Thomas [STO01]. A more substantial application will be given in the next section.

3. Example: cotangent bundles to flag varieties

Before we prove Theorem 2.10 we would like to illustrate a geometric categorical sl,, action on
the C*-equivariant derived category of coherent sheaves on the cotangent bundle to partial flag
varieties (Theorem 3.1). We work C*-equivariantly in order to have condition (i) hold (if not,
End(Oy(y)) = H°(Oy(y)) will be infinite-dimensional). Functors will always be considered in the
derived sense (i.e. as functors between derived categories).

3.1 The categorical g action

Fix integers n < N. We consider the variety Fl,(CY) of n-step flags in CV. This variety has
many connected components, which are indexed by the possible dimensions of the spaces in the
flags. In particular, let

Cn, N):={A=(\1,..., ) eNV: X+ 4\, =N}
For A € C(n, N), we can consider the variety of n-steps flags where the jumps are given by A:
FIL(CY):={0=VocViC---CV,=C":dim V;/Vi_1 = \;}.

Let Y (A\) = T*F1,(CY) (if A & C(n, N) we take Y(\) = ()). These will be our varieties for the
geometric categorical sl, action. We regard each X\ as a weight for sl, via the identification of
the weight lattice of sl,, with the quotient Z"/(1,...,1). For compatibility with [CKL11], we
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choose the convention that the simple roots «; are equal to (0,...,0,—1,1,0,...,0) where the
—1 is in position s.
We will make use of the following description of the cotangent bundle to the partial flag
varieties:
Y(\) ={(X,V): X € End(CY),V e FI,(CN), XV; C Vi1 }.
This description immediately leads to the following deformations of Y (\) over C™:

Y(A)=={(X,V,2): X € End(C"),V e F,(C"), 2 € C", XV; C V;, X|y; v;_, = x; - id}.

In more Lie-theoretic terms, Fly(C%) is the variety of parabolic subalgebras p of gl of type .
Then Y (A) is the variety of pairs (X, p) where X € gly, p is a parabolic subalgebra of type A
and X is in the nilradical of p. Finally Y (\) is the variety of triples (X, p, z) where X is in p
and its image in the Levi of p is the central element z.

We will restrict our deformation over the locus {(z1, ..., z,) € C": z, = 0} which we identify
with b’, the Cartan for sl,,.

We define an action of C* on Y()\) by t- (X, V,z)= (t*X, V, t?z). Restricting to Y(\) =
T*F1,(CY), this corresponds to a trivial action on the base and a scaling of the fibres.

To construct the kernels Ei(r), we consider correspondences W;". More specifically, let A, 4, r

be such that A € C(n, N) and A + ra; € C(n, N) (i.e. \; = 7). Then we define
Wi ={(X,V,V): (X, V)eY(N), (X, V)eY A+ rq,),V; = Vj’ for j #4,and V] C V;}.
From this correspondence we define the kernel

£ (N) = Owray ® det(Vig1 /Vi) ™" ® det(VY /Viey) {r(Ai — 1)} € DY (A) x Y(A + ray)

7

where {-} denotes an equivariant shift and, abusing notation, V; denotes the vector bundle on
Y (A) whose fibre over (X, V)€ Y(\) is naturally identified with V;. Similarly, we define the
kernel

FO ) = Owray @ det (V] V)24 [rxi 1k € DY (A + raq) x Y (X)),

()

Note that now we regard W/ () as a subvariety of Y/ (A 4+ ra;) x Y(\), which means that V; C V/
(we will continue to use this convention).

THEOREM 3.1. This datum defines a geometric categorical sl,, action on D(T*F1,(CN)).
By Theorem 2.4, this gives us a representation of U, (sl,) on
K(T*F1,(CY)) = @\ K (T*F1,(CV)).
Since

Ao A

and since representations of U,(sl,,) are determined by the dimensions of their weight spaces, we
can identify this representation with VA®1N .

dimK(T*FlA((CN))—< N )

3.2 The braid group action

As a corollary of this theorem and the main result of this paper (Theorem 2.10), we obtain the
following.
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THEOREM 3.2. There is an action of the braid group B, on the derived category of coherent
sheaves on T*F1,(CY). This action is compatible with the action of S,, on the set of connected
components C(n, N).

In particular, if N = dn for some integer d and we choose A = (d, ..., d), then we obtain an
action of the braid group of the derived category of coherent sheaves on the connected variety
T*F1,(CN).

Ezample 3.3. Consider the case n = N. Let T*(F1(C")) denote the cotangent bundle to the full
flag variety. We have constructed an action of the braid group B, on D(T*(F1(C™))). Such an
action was previously constructed by Khovanov and Thomas [KT07] and by Riche [Ric08] and
Bezrukavnikov et al. [BMRO6]. Their work served as motivation for this paper. In this case, the
generators of the braid group act by spherical twists (see [CKLO09, §2.5]). This is the simplest
case of our result, since in general the equivalences which generate the braid group action are
given by more complicated complexes than spherical twists.

In [BMRO06, KT07, Ric08], the braid group action is extended to an affine braid group action.
The extra generators for this extended action are given by tensoring with certain line bundles.
One can similarly construct such an affine braid group action on D(T*(F1,(CY))) using line
bundles. We discuss this in greater detail in [CKL11] where we build on the results from this
paper to construct affine braid group actions on Nakajima quiver varieties.

Even though the construction of each equivalence
T; : D(T*FI,(CY)) = D(T*Fly_(x aiya; (C))
via a categorical sly action is indirect, the kernels one obtains are fairly concrete. More precisely,
the kernel 7; which induces the functor T; is always a sheaf supported on the variety
Zi(A\) == {(X,V,V'): X € End(C"),V € FL(CN), V' € FI,_ 3 a;a; (CV)
XV;CV_q, XV]-’ C Vj’,l and V; = Vj' if j £}
In general 7; is not the structure sheaf of Z;(\) but rather some rank-one Cohen-Macaulay sheaf

on Z;(A). In [Cau09] we give a concrete description of this sheaf in the Grassmannian case (the
n =2 case). A similar description of 7; is possible in general.

In the rest of this section we prove Theorem 3.1.

3.3 Proof of sly conditions (i)—(vii)

In [CKL10b] (based on the computations in [CKL10a]) we proved that the sly relations (i)—(vii)
hold for cotangent bundles to Grassmannians (i.e. the case n = 2). The same proof with virtually
no changes necessary applies to prove these relations for any n.

As an example, we will check the adjunction relations (iii). We begin by computing some
canonical bundles.

LEMMA 3.4. We have the following isomorphism: wpspy, Ny = Opepr, ) {—2 22,5 MiAj -
Proof. The variety T*F1,(C") is symplectic (since it is a cotangent bundle) and the symplectic
form has weight 2 for the C* action. Hence the dth wedge power of the symplectic form gives

a non-vanishing section of the canonical bundle, where d is the dimension of Fl,(C"). Since
d =3 ;c; Ai)j, the result follows. O
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LEMMA 3.5. We have
wwr(x) = det(Vig1/Vi)™" det(‘/i/‘/i/)—)\i"l‘)\i+l+'f det(v;//%_l)r{_g Z Aidj + 2)\i+1r}.
1<J
Proof. Let pr:= (A1, ..., Ni—1, i = 7,7y Xit1, - - ., A) and let T denote the variety
T:={(X,U):(X,U0)eY(u),XUi+1 CU;_1}.
We can view W] as a subvariety of T', by setting U; =Vj for j <i, U; =V/, Ujy1 =V; and

7
Uj = V;_1 for j >+ 1. Moreover we can see that W, is carved out of T" as the vanishing locus

of X :Ujt2/Uiy1 — Uip1/Ui{2}. Thus W) is cut out of T' by a section of the vector bundle
(Uis2/Uit1)Y @ Ui/ Ui{2}.
Similarly, T is cut out of T*FI#(CN) by a section of (U;41/U;)Y @ U;/U;—1{2}. Thus
wirn) = det((Uir2/Uit1)" @ Uir1/Ui{2}) @ det((Ui1/Ui)Y @ Ui JUi-1{2}) @ wpepy, o) lwr (v)-
Here we use that if A C B is cut out by a section of a vector bundle W then wy = wp ® det(W).
Combining all this with our previous calculation of wy+py, ¢~y we obtain the desired result. O

We will now give the proof of the first adjunction statement. The other proofs are similar.
COROLLARY 3.6. We have £ (A\)r = F (N r(Aig1 — As) + r2{—r(Ais1 — Ai) — 2}
Proof. We have
ENNr = €D @ miwy (o ldim Y (V)
= OV @ det(Vig /V)" det(Vi/Vie) " {=r(Ai — 1)} & mwy (x)dim Y (V)]
2 oy )N rany oy oy [ —Codim W (V)] @ det(Vir V) @ det(Vi/Viey) ™"
® mywy (n{=r(Ai —7)}dim Y ()]
= OW’LT()‘) &® det(V}H/Vi')_T
X det(%//W)_Ai+>\i+l+r det(Vi/Vél)T{—2 Z >\z)\] + 2)\¢+1’I"}
i<j
® T1WY. (0 ray det(Vit / V)" det(Vi/Vier) " {=r(A — 1) }dim ¥ (A) — codim W} ()]
= Oyr(x) @ det(V/ /Vi) A (A — i) + 77
X {2 <Z )\1)\] +rX; — T‘)\i+1 — T‘2> + (—2 Z )\1)\] + 2>\Z‘+1’I“) — T()\Z — 1")}
i<j 1<J
= FO NGt = ) + 12 H{=rQiss — ) =2,

where for the last isomorphism we use that ]:-(T)()\) =Owr) ® det(V/ /Vi) 1=t e, 4} O

(2

3.4 Proof of the Serre relation (viii)

Since we are in the Lie algebra sl,, having 7, j € I joined by an edge is equivalent to j =17 + 1.
So let us consider j =i+ 1 (the case j =i — 1 is the same). We will show that

Eix&ip1x& = 52(2) * &1 @ iy * 52(2).

Here is the outline of the proof. On the left-hand side, computing &; * &1 is straight-forward,
meaning that intersections are of the expected dimension and the pushforward is one-to-one. The
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intersection when computing &; * €41 % &; is also of the expected dimension but contains two
components A and B. Pushing forward by 713 then gives us two terms (one for each component)

which are equal to £ @)

2k Eipr and Eipq * 5i(2) (these are also easy to compute).

LEMMA 3.7. The kernels Ei(Q) * Eip1 and E;q * EZ.(Q) are isomorphic to
Ow, )., ©det(Viga/Vipa) ™ det(Vi 1 /Vi) ™ det(V) /Vie1) {2 + Aip1 — 5},
Ow, ) @ det(Viga/Vipr) ™ det(Vir /Vi) ™2 det(Viyy /VY) det(V/'/Vie1)* {2 + Aigr — 3}
respectively, where

Wiaipn = {(X, V., V') : V] CVi C Vi) C Vigr, and V; = Vifor j £ i+ 1},

)

Wi = {(X, V., V') : V{ C Vi, Vit C Vigr, XVir €V, and V; = Vifor j #i,i+ 1}

]

inside Y(\) X Y(\ + 20 + ajq1).

Proof. Computing Si(z) x E4+1 18 easy, since the intersection 771_21(WZ-+1) ﬁ772_31(Wi2) is of the

expected dimension and the map 713 maps this intersection one-to-one onto its image
-1 —1(7172Y)
m13(m1p (Wigr) N gy (W) = Wi

Hence neither the tensor product nor the pushforward w3, have lower or higher terms. Keeping
track of the line bundles gives the result.

Computing &1 * 52(2) is very similar. O

LEMMA 3.8. We have
Eix Ei1 = Ow,,,, @ det(Viga/Vigr)Y det(VY /Vic){ i + Xig1 — 2}
Eiv1 % &= Ow,,,, ® det(Vigo/ Vi)Y det (Vi1 /Vie1){Ai + Aiy1 — 1}
where
Wit = {(X, V,V"): V] CV; CV/ [y CVipy and V= V] for j#i,i+ 1},
Wi :={(X,V, V') : V/ C Vi, Vi1 CVigr, XVipr CV/ and Vy =V} for j #1i,i+ 1}
inside Y (A + a;) X Y (A + 20 + ajp1) and Y(A) X V(A + «; + ait1) respectively.

Proof. At the level of sets
Wiit1 = mis(my (Wiga) N wgg (W)

where the intersection is transverse and the push forward is one-to-one. Hence, in computing
&; x €11, neither the tensor product nor the pushforward 713, have lower or higher terms. Keeping
track of the line bundles gives the result. Computing &;11 * &; is very similar. O

Notice that the varieties W), 1, W;_1;2), Wiiy1 are all smooth. This is because each of them

is a vector bundle over a iterated Grassmannian bundle. The fibre of these vector bundles is given
by the X data and the base is given by the V, V' data.

Now we can compute (&; * E;41) * . We find that
o (Wi) Nyt (Wiin) = {(X, V, VI, V) V! €V C Vi, V] C Vi C Vi = Vi
and V; =V =V} if j #i,i+1}.
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This intersection is of the expected dimension but the push-forward under 73 is only generically
one-to-one. This variety has two components, which we denote by A and B, which are defined by

A= {(X, V,V V")V CV] CV,C Vi C Vi = Vi and V; = V] = V" if j #i,i + 1},

B:={X,V,V V")V cV/CcV,,V/ CV/,, CVij1 =V, XViz. V'
and Vy = V! =V if j #i,i+1}.
The varieties A, B are smooth for the same reasons as explained above for W), 1, W 1,2,
Wit
Keeping track of the line bundles shows that (&; x £;41) * & = w3, ((’) AuB @ L) where
L= det(Viyo/V;) ™" det(V V") det (V)" /Vie1)? {2 + Aig1 — 3}
Let F := AN B; it is a divisor inside of each of A, B. Consider the standard short exact sequence,
0—Ou(—FE)®Op(—FE)— Oaup — O — 0.
Now, E is cut out of A by a section of Hom(Viy1/V/i,,V//V/"{2}), namely the map
X :Vig1/ VI — V] /V/{2}. Hence
Oa(—=E) =04 ® (Vig1/Vii1) © (V] V") {2}
Similarly, E is cut out of B by a section of Hom(V;/V/, Viy1/V/ ), namely the natural map
Vi/V{ = Viy1/V{,, induced by the inclusion V; — V;11. Hence we see that
Op(=E)=0p @ (Vi/V}) ® (Vis1/Vi1)".
Putting all this together, we obtain a distinguished triangle

7T13*(OA & [,A) ©® 7T13*(OB & ;CB) — & x &1 x & — 7T13*(OE ® L) (2)

where
L= det(Vigz/ Vi)™t det(Vigr/ Vi) det(V)" / Vi) {20 + Aig1 — 5},
Lp = det(V;/ V") det (V)" /Vi—1)? det(Viea/ Vi)~ det(Virr / Vi) ™ H2N + A — 3}

Now, we note that m13(A) = W), . The map 7134 : A — W;(2);,, is generically one-to-one and

L4 is pulled back from W@, . Since A and W), ; are both smooth we have 713.(04) =

OWi(Q)H—l and hence

T13.(04 ® L4) = Ow ) @ det(Viga/Vipr) ™ det(Viy /Vi) ™ det(Vy/Vi1)* {2 + A1 — 5}

)it

= 51(2) * 5¢+1-

A very similar argument shows that m13,(Op ® Lp) = ;11 * 52'(2)'

Finally, we see that mi3|g is a P! bundle. Moreover, £ restricts to Opi(—1) on these
fibres. Hence we conclude that m13,(Op ® £) =0, so the distinguished triangle (2) gives us an
isomorphism

ED w1 B Epr 51-(2) =&i*Eip1 x &,

(2

as desired.

Remark 3.9. There is an interesting similarity between the proof of the braid relation in [KTO07]
and the proof of the Serre relation above. In particular, the proof of [KT07, Proposition 4.6]
inspired our proof above. The geometry occurring in that proof is similar to the geometry we
consider here.
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Finally, the identity & *&; =&« & when ¢, j € I are not joined by an edge (i.e. when
li — 7] > 1) follows from a direct calculation of both sides (all intersections are of the expected
dimension and push-forwards are one-to-one so this calculation is straight-forward). The same
argument works to show that F; x & = &; x F; for any ¢, j € I (condition (ix)).

3.5 Existence of deformations: conditions (x) and (xi)

We now explain why condition (xi) holds. Since we are in the Lie algebra sl,, having i, j € I
joined by an edge is equivalent to j =4 + 1. So let us consider j =14 + 1 (the case j =i — 1 is the
same). We must show that the sheaf &;; 11 = Cone(T};, 1) deforms over the subspace (o + 1)+

Here is an outline of the argument. Recall that &£;;11 = Cone(E&; * &;41[—1] LI Eir1 % &).
Now &; x ;41 is a line bundle supported on Wy;41 and &1 % &; a line bundle supported on
Wit1i. We show that the connecting map Tj;4; must be (up to tensoring by a line bundle) the
connecting map in the standard triangle

OWi+1i (_D) — Oy,

Gl Ow;,

1i+1
where Uyp1 = Wit U W1 and D := Wi q; N Wi1. Thus we identify &; 11 with a line bundle
supported on U1 and then write down an explicit deformation of it.
LEMMA 3.10. We have
Eiir1 = Ou,yy ® det(Viga/ VY)Y det(Viga / Vi) {Ni + X1 — 1}
where

Uiie1 == {(X, V. V')V C Vi, Vi C Vi, V= V] i j 44,0+ 13 CY (V) x YA + 0 + o).

Proof. Recall that by Lemma 3.8 the objects & x &1 and 11 & in D(Y(A\) x Y (A + a; +
a;+1)) are line bundles supported on smooth varieties Wy; 41 and Wi 1;. Notice that the difference
between the varieties Wy;11 and W4 q; is that in the former we demand that V; C i/ﬂ, while in
the latter we demand that XV C V.

We claim that Uj;y1 = Wiip1 UWiyq,. To see this, let (X, V., V') € Ujit1. Then V/ C V; and
vV} c V{_,. Since dim V;/V/ = 1, this implies that either V; C V/ ; or V/, , nV; =V/. If V; C V/ 4,
then (X, V, V') € Wi;1. On the other hand, if V/,; N V; =V}, then the conditions, XV; 1 C V;
and XViy2 C V/,, force XVi1 CV;NV/  =V/, and so we see that (X, V, V') € Wi 1.

Thus U1 = Wijr1 U Wig1;, and these are the two irreducible components of Uj;y1. These
two components intersect in a divisor D and gives us a short exact sequence of sheaves

0— Ow,,;,(=D) — Ou,yy — Owyypy — 0.

i1 i1
Using the fact that D is cut out of Wi 1; by a section of Hom(V;/V/, Vi11/V}, ), we see that
OWH—M(_D) = OWi+1i ® (Verl/Vzl—&-l) ® (VZ/Vz/)V

Substituting this into the previous exact sequence and rotating, we obtain a distinguished triangle

OWii-H [_1] - OWi+1i ® (VZ-H/V;,—H)(V;/V;/)V - OUii-H'
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Tensoring with the line bundle det(Vjya/Vit1)Y det(V//Viii){\i + Ait1 — 1}, we obtain the
distinguished triangle

E; * (‘:H_l[—l}{l} — Si—H x & — (9UM.Jrl ® det(‘/H_Q/Vi_;,_l)v det(Vi’/Vi_l){/\i + Ai+1 — 1}.

Moreover the first map in this distinguished triangle is non-zero. Since Tj; 41 is the unique
such map (up to a multiple), the first map must equal T};+1 up to a multiple. The result follows. O

Now that we have identified &;;11 more explicitly, we can write down a deformation c‘fii“
over

B:= (i +ai1)T=(0,...,0,-1,0,1,0,...,00  ={(21, ..., Tn_1): @ = Tipa}.
Define the variety

Ui ={(X,V, V', 2): (X, V,2) e Y\, (X, V', 2) e Y\ + i + 1), = € (a5 + 1),
V/ C Vi, Vi C Vi, Vi =V for j#id,i+ 1}
and consider
Eiip1 = Oy ® det(Viga/Vi)" det(Vig1/Vie){i + Xig1 — 1}
€D(Y(N)|p x5 Y(A+ ai+air1)|p)-

ProrosITION 3.11. We have Nj*gii+1 = &iiy1 where j is the inclusion of the central fibre
Y()\) X Y()\ + a; + Ozi+1) into Y()\)|B X B Y()\ + o; + ai+1)|3.

Proof. Since the line bundles on both sides agree, it suffices to show that j *OUuH =0Ou,;,,- To

do this, it suffices to show that ﬁn‘+1 is an irreducible variety of dimension dim U;; 41 + dim B
and that the scheme theoretic central fibre of Uii+1 — B is reduced. To do this, we will pass
to local coordinates. To simplify our task of finding local coordinates we will use an idea of
Riche [Ric08] and pass to a subvariety.

Note that Uj41 has an action of the group SLy. Let Z denote the subvariety of Ujiji
consisting of those points (X, V, V' x) where

0CVic--CVigCV/CV/1 CVig1 CViga C-- C Vg cCV

is the standard partial flag. This means that V; =span(ey, ..., ey, ), etc. The variety Z has an
action of the parabolic subgroup P C SLy which fixes the flag above. Note that, as before, we
have a map Z — B.

The variety U}Hl is obtained from Z by associated bundle construction, Uii—l—l ~ 7 xpSLy.
Moreover, this is actually an isomorphism as varieties over B. Hence it suffices to prove that Z
is irreducible of expected dimension and the central fibre over B is reduced.

We will show that Z can be covered by open affine varieties A such that A can be embedded
into C"~2*" (for some r) with the map to B given by projection onto the first n — 2 coordinates.
Let us write the coordinates on C" 2" as z1, . . ., Tit1y Titdy v s L1, 21, - - - » 2p. We will show
that under this embedding A is given by the single equation z; — x;11 = 2129. This proves the
desired facts concerning the central fibre of A and hence also for Uii+1.

To find this open affine variety A, note that Z has a smooth surjective affine map Z —
P(Vig1/VY), taking (X, V, V', z) to V;. Pick k, [ such that

i/+1 =V! @ span(er,...,e1) and Vi1 =V/ @span(ey,...,e).
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In P(V;41/V]/) there is an open affine subspace consisting of those V; which are of the form
V= Vi/ @ (eg + Cpr1€k+1 + - - + cep). (3)

We let A denote the preimage of this affine subspace in Z, so a point in A is described by
(Ckt1y--.,¢) and (x1,...,2y—1) and the matrix X. We will now describe equations for A. To
do this, let us introduce the variety

T={(X,Vi,21,...,2p1): Vi as above in (3), (X —z;)V] C Vj_, for all j,and ; = z;42}.

Hence A is the closed subvariety of T' defined by the equations (X — z;)V; C V;—1 and (X —
zi41)Viy1 C Vi Since dim(V;/V/) =1 and dim(V;11/V;, ;) =1, we see that these equations are
equivalent to

(X —x;)(ex + chyr€ry1 + - - +ae) € Vier, (X —ziq1)(e) € Vi

Now, if (X, V;, z1,...,2p—1) € T, then X is upper triangular where the diagonal is broken up
into blocks corresponding to the Vj’ with each block a diagonal matrix with x; on the diagonal.
Hence T is an affine space with coordinates given by the entries in the matrices in the blocks above

the diagonals along with (cgx41,...,¢) and (21, ..., 25-1). Now let (X, Vi, z1,..., 2p—1) €T,
and let us consider the square diagonal submatrix of X containing matrix coefficients for the
basis elements ej_,, ..., e, where r = A\; — 1. This square submatrix has the form
(2D, wi Wi ey |
Ti+1 ag
Ak+1
Li+1l  aAl—1
- xz -

where I, is the r x r identity matrix. Here we mean that
Xej=wxip1ej+wj+--- fork<j<l—1
Xey=wie; +aj—1ej—1 + -+ - +agep +wp + - - -

where w; € span(eg_r, ..., ex—1) (so w; is a column matrix of height ) and ... denotes terms
in V;_1. Note also that e; € V/,, so the (I, ) matrix entry is z; = ;1.

Now (X, Vi, 21, ..., 2p—1) lies in A if and only if (X — x;)(ex + cgr1€ps1 + - -+ cey) € Vieq
and (X — x;41)(e;) € Vi. These conditions translate into the equations

Oft1 = QkChil,

aj—1 = aEC—1,

Ly — Ti+1 = aKCy,

Wi = —(Chp1Wkt1 + - - - + quy).
Hence we can embed A into the subaffine space given by the z1, ..., %41, Tits, - - -, Tn—1, Ak,
the ¢;, the entries in w; (j # k), and all the other free matrix entries. Inside this affine space, A
will be defined by the single equation z; — x;41 = ac;, as desired. O

Remark 3.12. It is interesting to notice that neither W;; 11 nor W;1q; deform over B but that
Usi+1 = Wiip1 U Wiy, does deform. In fact Wi; 11 and Wy, q; only deform over af N aiﬁl.
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The proof that & deforms over a;i- (condition (x)) is the same, but easier, since we already

have an explicit description of &; as a line bundle supported on W;.

4. Preliminaries

In this section we fix some further notation and prove various technical results about compositions
of functors £ and F and about spaces of maps (natural transformations) between them. The
reader can choose to skim this section on a first reading, using it as a reference.

4.1 Some general notions

4.1.1 Idempotent completeness. Let C be a graded additive category over k which is
idempotent complete. Graded means that C has a shift functor [1] which is an equivalence.
Idempotent complete means that if e € End(A) where e? = e then A= A; @& Ay where e acts by
the identity on A; and by zero on As. Notice that the derived category of coherent sheaves on
any variety is idempotent complete. This is because the derived category of any abelian category
is idempotent complete (see, for instance, [BS01, Corollary 2.10]). Hence all the categories we
work with are idempotent complete.

Suppose that (each graded piece of) the space of homs between two objects is finite-
dimensional (by condition (i) this is true in our setup). Then every object in C has a unique,
up to isomorphism, direct sum decomposition into indecomposables (see [Rin84, §2.2]). Assume,
moreover, the following fact:

for any non-zero object A € C we have A= A[k] =k =0.

Then if A, B, C € C, we have the following cancellation laws:
ApB=Ap(C=B=C, (4)
Ao V=BeKV=A=B (5)

where V' is a graded k vector space. The first law above follows by uniqueness of direct sum
decomposition. To see the second law, decompose A and B into indecomposables as

~ iJ [ . ~ bi' .
A=P x5, B=EP X[
i3 i,J

where X; are indecomposable, a;;, b;; € N and X; = X;/[j] implies that ¢ = ¢. We must show that
a;j = b;j. Now fix i and consider just the summands X;[j]. By the uniqueness of the direct sum
decomposition, we get

P x5 @ V=P X, [j] @k V.
J J
Now consider the Poincaré polynomials

A(t) = ayt!, B(t):=Y bt/ and V(t):=> dim(V;)t
J J J
where V; is the jth graded piece of V. Then, since A;[j] % A;[j'] for j# 5, it follows that
A(t)V (t) = B(t)V(t) which implies A(t) = B(t) and we are done.

4.1.2 Bricks and ranks. A brick is an indecomposable object A in C such that End(A) =
k - id. Suppose that A is a brick and that X, Y are arbitrary objects of C. Let f: X — Y be a
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morphism. Then f gives rise to a bilinear pairing Hom(A, X) x Hom(Y, A) — Hom(A4, A) = k.
We define the A-rank of f to be the rank of this bilinear pairing.

We may also define A-rank as follows. Choose (non-canonical) direct sum decompositions
X=AV®BandY =A®V'® B’ where V, V' are k vector spaces and B, B’ do not contain
A as a direct summand. Then one of the matrix coefficients of f is a map ARV — A V/,
which (since A is a brick) is equivalent to a linear map V' — V’. The A-rank of f equals the rank
of this linear map. If the A-rank of f is k, then we will say that ‘f gives an isomorphism on k
summands isomorphic to A’.

Note that the notion of brick makes no reference to the shift functor in C. On the other hand,
if A is a brick, then A[n] is a brick for all n. Moreover, if f: X — Y is a morphism, we will say
that ‘f gives an isomorphism on k£ summands of the form A[-] if the sum (over all n) of the
Aln]-ranks of f is k.

4.1.3 Gaussian elimination. Finally, we will repeatedly use the following cancellation
Lemma which Bar-Natan [Bar07] calls ‘Gaussian elimination’.

LEMMA 4.1. Let X,Y, Z, W be four objects in a triangulated category. Let f = (é g) XY —
Z ® W be a morphism. If D is an isomorphism, then Cone(f) = Cone(A — BD™1C: X — Z).

Proof. This is essentially [Bar07, Lemma 4.2] (or [CK08, Lemma 5.25]). O

4.2 Some basic sly relations

We begin by reviewing some of the relations which follow from the definition of a geometric
categorical sl action. These results are strictly about sly actions and so they all follow
from [CKL10b].

PROPOSITION 4.2. We have the direct sum decomposition
Ex &N el o HX Py =) « &,
More generally, we have
£ w € = £ @ HY(G(r1, 71 + 12))
where G(r1, r1 + r2) denotes the Grassmannian of r-planes in C" 172,

Proof. This follows by [CKL10b, Proposition 4.2, Corollary 4.7]. O

PROPOSITION 4.3. We have the direct sum decompositions:
Fi(A) % E(N) 2 E(N — i) * Fi(A — ;) ® Op @ H* (PR i (X o) <0,
EiN — ) % Fi(A — i) 2 Fi(\) * E(N) © Oa @ H*(PMI71) i (X, o) > 0.
Proof. This follows by [CKL10b, Proposition 4.5]. O

COROLLARY 4.4. We have
eV« FO = @ FD 5 €PN @ HY G, (A oi) —a+b) if (A ag) —a+b>0,

j=0
FO N 2@ e« FP @i HA (G, —(\ ai) +a— b)) if (A, a;) —a+b<0

i
j=0
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where, by convention, Ei(l) —0=r"if1 <o. Moreover, if i # j, then

7

FO e = e 70,

Proof. This first statement is a formal consequence of Proposition 4.3 and the cancellation
relations. See [CKL09, Lemma 4.2] for a sketch of the proof. The second commutation relation
follows by cancellation from Proposition 4.2 and by repeatedly applying the fact that F; x £; =

4.3 Spaces of maps

Next we have some results about maps between various combinations of kernels £.

LEMMA 4.5. Ifi,j € I are joined by an edge then

Extb(€®) 4 £ g , g0y [0 iR <ab (©)
g k ifk=ab
while
Ext(ED « £ g® gl 0 TR0 o
J J k-id ifk=0

for any a,b > 0 (here we are assuming that Si(b) * EJ@ #0). Thus Si(b) * 6'](&) is a brick. The same
results hold if we replace all kernels £ by kernels F.

We will denote the unique map (up to a non-zero multiple) in (6) when k = ab by
b)(a b a a b
TP e 5 £ —ab] — €19 5 1.
When a =b =1 we omit the superscripts.

Proof. The proof is by (decreasing) induction on (A, «;) and also a, b, the base case being a =0
or b= 0, and follows by [CKL10b, Lemma 4.9].

Using adjunction and (ix), we have
Ext* (£ (A + aay) » £V (V). £V (A + bar) 5 £P (W)
= Bxt (71 (A + bai)[—a((A + bai, a;) + )] = £ (A + aa) + £ (), £ ()
= Ext? (£ (0) « V() * £ N [=a((\, a5) +a - )], EP (V).

)

Now, let us suppose (A, a;) < 0 (if not then we rewrite the equation above by moving the left £ ](a)
to the right-hand side using adjunction and proceeding in the same way). Then, by Corollary 4.4,
we have

FON €90 2@ " « Y @p B (G(s, — (A, a))),

so we need to understand

ExtF (£ « €7« FO (N = (a = 8)oy) @ HY(G(s, —(\, ;))), EP[a((N, o) + a — b))).

7 7 J 7
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However, F\**'(A—(a—s)a;)L 2 €Y (A~ (a - s)aj)[(a— s)((A — (a — s)ay, a;) +a — 5)],
so this equals

Ext?(£” + €17 @i H*(G(s, —(A, a))), &7 % £V (A — (a — 8)ary)

i J
X [(2a = s)((\, o) + 5) — ab]).
Now H*(G(s, —(\, ¢))) is supported in degrees * < —s((A, ;) + s), so we get summands of the
form
Ext? (& &7, &P« €7 (A — (a — s)ay)[2(a — 8)((\, ) + 5) — ab — ])
where * > 0. If k < ab then 2(a — s)((\, o) +s) —ab—*+k <0, so we get zero (here we use
the fact that

Ext<0(e" + €197 €« €7 (A — (a — 5)a;)) =0
by the induction hypothesis). If k= ab then 2(a — s)((\, oj) + s) — * is non-negative precisely
when * =0 and s=a, and we get only one such summand since H*(G(s, —(\, «j))) is one-
dimensional in top degree.

This completes half the induction argument (i.e. relation (7) implies (6)). To prove the other
half we repeat the analogous argument with

Ext" (Si(b) * E;a), Eng) * 5]@)
to show that relation (7) holds assuming (6).

Notice that to ensure the induction terminates we need the assumption that the action is
integrable. The corresponding result for kernels F follows by taking adjoints. O

The following result shows that Ei(b) * EJ@ are bricks if ¢ and j are not connected.
COROLLARY 4.6. Ifi,j € I are not joined by an edge then

{o ifk <0,

8
k-id ifk=0, ®

(2

Ext® (£ « £, € + £{V) =

and, similarly, if we replace all the kernels € by kernels F (here we are assuming that Si(b) * E;a)

£0).

Proof. The proof is precisely the induction from Lemma 4.5. The main difference is that in the
computation we replace (a;, oij) = —1 by (a;, o;j) = 0. Also, the induction has only one part since

now Ez(b) and 5]((1) commute (because & and £; commute). O

4.4 Some basic sl3 relations
We first generalize the relation & * £ x & = Si(2) *E D E;* 51'(2) when ¢, j € I are joined by an
edge.
PRrOPOSITION 4.7. Ifi, j € I are joined by an edge then
ED g v &=V v g @y HY P Y) @ & 5 £V

and similarly

SZ' * gj * gi(a) = 5]' * gi(a—&-l) Rk H*(Pa_l) D gi(a—&-l) * gj.
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Proof. We prove the first relation by induction on a (the second relation follows similarly). The
base case is a =1 which is precisely one of the conditions of having a geometric categorical g
action.

Applying Si(a) to the left of the relation for a =1 we get
ED g x &2 E x5+ P @ Y 5P x ;.

Tensoring both sides with H*(P') and using that £2 = 52-(2) ®y H*(P!) we get

5l-(a) % & x &+ & @y H*(P) = Ei(a) *E;xEX @ Ei(a) xEX % &

= (Si(aH) «Eix & @ H* (P D & * Si(aﬂ) * ;)
D Ei(a) x« EX % &

where the second isomorphism follows by induction. Thus we get

MV g% & @ HY (P x PY) = M) s &5 % & @ H(P* ) @ & % £V &

@ EW % E2 5 E;.
By cancellation law (4), we obtain
5i(a+1) £ &5 % & @y HY([PH) 2 & « 5i(a+1) « & @ 5i(a) «E2 % &
> £ % £ @ HX (P @ £ x £ @y H*(P* x PH),

Using cancellation law (5) we get
D 85w &2 8+ £ @ £V 4 £ @y H*(PY)

and the induction step is complete. O

COROLLARY 4.8. If4,j € I are joined by an edge then
EW x g« €D 2 gl s g @y HY(G(b,a+b— 1) B &+ £ @y H (G(a,a+b—1)).

7

Proof. The proof is by induction on a. To compute Ei(aﬂ) * Ej x Si(b) one looks at

ExEW x &% P 2 gt s g5 5 €Y @y H*(PY).
By induction, the left-hand side is
Ex (E™ & @ H (G(b,a+b—1)) @& « £ @y HY(G(a,a +b—1))).
Now we have

Eix EV s g 2 gl gs @) HY(PUTY)

7

and by Proposition 4.7
Ex & x ELTV = gl w s @ £ 5 £l @y BT (PO,
Hence, by the cancellation law (5), the induction step comes down to proving that
H*(G(b,a+b—1) x P"™) & H*(G(a,a+b—1)) = H*(G(b, a + b) x P?)
and
H*(G(a,a+b—1) x P41 = H*(G(a + 1, a + b) x P?)

which one can prove by standard techniques. O
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4.5 Induced maps
LEMMA 4.9. Ifi, j €I are connected by an edge then

@) 7] (2)
Eij x £ =2 Cone(E,” x &j[-1] ——— &; x £,7[1])

and
(D@

Eij * £; = Cone(&; x EP[-2] —1— €7 x &)).

J
In particular,
Ty
82‘ *8j *52‘[—1] —]>5] * 52 * (‘:Z
induces an isomorphism on the &; * Si(z) [—1] summand while

Eix % Ej[-1] =1 £ % & % €
induces an isomorphism on the &; x £ ](2) summand. We also have the analogous results for & * &;;
and gj * 61]

Proof. We deal with the case of &;; * &; since the other cases follow similarly.

Now (& * &;[—1] LN & x &) * & induces a map

a 0\ (&1 &+ £7 1]
<ﬁ 7) \e®ugiin)  \ge®n )
7 J J 7
We need to show that a # 0 # v because then « is a non-zero multiple of the identity and by
the cancellation Lemma 4.1 the cone is isomorphic to Cone(y) where v must be 7}(]2)(1) [1] (up to
a multiple) by Lemma 4.5.

Let v € by, be a vector with (v, ;) =1 and (v, ;) = —1.

Denote by ¢ the natural inclusion
t: Y(A) X Y()‘ +a; + aj) - }7()‘)|span(v) Xspan(v) }7()‘ + o+ O‘j)‘span(v)'

From Proposition 2.5(i), for all A€Y(A) xY(A+a;+«;), we have the functorial
distinguished triangle

Cv,v(A)
—

A[-1] All] — t*t. A — A.

Ty; . .
Applying this to the distinguished triangle & * £;[—1] — &; x & — &;; we obtain the following
commutative diagram.

1 (6% E5[-1]) — T (8 % &) —> t1.E
i (adj) l (adj) J/ (adj)
& &[-1] L Ry 9)
\ch,u(gi*g]') lcv’v(gj*gi)[l] \ch,v(‘gij)
T;;(2] g

As noted in §2.3.2, because (v, a; + ) =0, we have ¢, (&) = 0.

487

https://doi.org/10.1112/50010437X1100724X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1100724X

S. CAUTIS AND J. KAMNITZER

Now apply *&; to the whole diagram to get the following.

t*t*(gl‘ * gj[—l]) * 81 % t*t*(gj * SZ) * (C/‘Z —— t*t*gi]‘ * (C/'l .

i(adj) l(adj) J{(adj)
gi * 5]' * &[—1] Tl 5]' * gi * gi EEEE—— Eij * gi (10)

icvm(gi*gj)f \chyv(gj*gi)l[l] \LO
Ti;1[2] !

We now examine the map

Con(E # ENI[L] €% E % & 2 & EX =1 @ &« EP[1] = &+ EP[1] @ & « £ [3]

We claim that this map is an isomorphism on the summand &; * 8;2)[1].

To see this, note that c,(&* &)I[1] = cyo(Ej*E)I[1] + co(Ej* &)I[1] by Proposi-
tion 2.5(ii). Let us consider each of these terms.

First, by Proposition 2.6(i), ¢,,0(&; * &) = ¢y 0(Ej * & * E;). Hence this map is given by the
diagonal matrix

coo(&j x EP)[-1] 0 (& %P2 B g+ E?
0 o0&+ &) "\ & e £ e £®p)

i

because the deformation is only along the left-hand factor. In particular, it induces the zero map
between the summands &; * 8;2).

On the other hand, since (v, o;) = 1, we see by Proposition 2.7 that co,(&; * &)1 = Ico (&)1
gives an isomorphism between the &; x 51(2) summands.

Hence we conclude that ¢, ,(&; * &)I[1] is an isomorphism between the &; * Si(2) [1] summands.

Finally, looking back at diagram (10), we see that (¢'I)o ¢, (& *&)I[1] =0 so that
Cov(Ej * E)I[1] must factor as

T;;112]

Since ¢,,,(&; * £)I[1] induces an isomorphism on the summand &; * 81.(2)[1] then so must 7j;1[2].
Thus T;;1 induces an isomorphism on the summand &; * 51-(2) [—1]. This concludes the proof that
a#0.

It remains to show ~ # 0. To see this we consider the map

IT,;1

We will examine this map in two ways, by associating in two different ways. In particular,
we will obtain a contradiction by examining the number of summands of the form 5}3) * & -]
on which this map induces an isomorphism.

On the one hand, we consider the last three factors together and obtain a map
Eix €+ 7@ EP w1 = &+ P 1 @ €+ £711])
which is 1(§ 9).
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Suppose v=0. Then this map induces an isomorphism on at most one summand of the

®3)

form &  £;[ - ]. This is because it can only induce an isomorphism on a summand coming from

1
EixEjx 51(2) and this summand contains one copy of Ei(3)

* &; by Proposition 4.7.

On the other hand, we consider the first three factors together and obtain a map
(EZ.(Q) * é’j D EZ.(Q) * Ej[—Q] — 2(2) * gj D 5]' x 52(2)) * 51

We can apply the above reasoning to this map as well since we can write it as (%: S/)I . Now
since o/ # 0, we see that this map induces an isomorphism on at least two summands of the form

£

% & -] (since EZ.(Q) * & x & contains two copies of 52-(3) * £;). This gives a contradiction and
means that v # 0 (so we are done). O

COROLLARY 4.10. Ifi,j € I are connected by an edge then for s >0
1 T(§+1)(1)[s} 1
Eij * Ei(s) &~ Cone(é’i(er )k El-1] —/——— &+ glet )[s]).

)

In particular,
Ex& V1] g w g w gD

induces an isomorphism on all summands of the form &; *5}“”[-] on the left-hand side.
Similarly

P (s+1)
ij

g(s—’—l) * gz>

Eij * 5](8) =~ Cone(&; * 8(S+1)[—8 — 1] ;

J

We also have the analogous results for 51»(3) * &; and 5](8) * Eij.

Remark 4.11. The proof only assumes the result when s=1 (everything else is a formal
consequence of the fact that 52@) * 5]@ are bricks).

Proof. We prove only the first identity as the others follow similarly.
Step 1. First we show by induction on s that

Eij Y = Cone(E™ x £;]-1] <L £ « €5 3)) (11)

i
for some map g. The base case s =1 is covered in Lemma 4.9. Consider
Ty
(5z * gj[—l] -, Ej * (‘:Z) * gi(s—i—l)?
which we can rewrite as

&+ £ @ H*(P)[-1] @ 512 x £[-1] L &+ €612 @y H* (@), (12)

7

Let ¢t be the number of summands of the form &; * 52-(5+2)[ -] on which f; induces an isomorphism.

On the other hand, we also have the map

Since Ei(s) * & = Ei(sﬂ) ® H*(P*) we see that (13) induces an isomorphism on ¢(s + 1) summands
of the form &; * SZ.(SH)[ -]
Now we can rewrite (13) as

(& + ) @ H* (P Y[ @ &8V w &[-1) L0 &5« £5HY @ H*(P9)) + &1
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By induction, f2 induces an isomorphism on s summands of the form &; * Si(sﬂ)[ - ]. Now we can

rewrite both sides as
& # € @y H* (P~ x PP [~ 1] @ & + EXMP 1] @ 8T « & @p H*(P*)[-1]
Lo 8w 85 @y HF(PF x PO,
The map f3 induces an isomorphism on either s(s + 2) or s(s+ 2) + 1 summands of the form

E;* Ei(s+2)[ -] (we do not know a priori if it induces an isomorphism on the middle summand on
the left-hand side).

Combining this with the above, we see that t(s+ 1) =s(s+2) or t(s + 1) =s(s +2) + 1 for
some t with 0 <t < s+ 1. This forces t = s + 1. Hence by Gaussian elimination,

Eij * 52-(‘9“) = Cone(é’f”) x &1 25 & * Ei(s+2) [s+1])

for some map g. This completes the induction.
Step 2. Next we show that the map g in (11) is non-zero since then by Lemma 4.5, g = T;;HXH [s]

(up to a non-zero multiple). If g =0 then applying *&; to (11) we get s + 1 summands
Eij# ECTY = Cone(€°™ x £;]-1] — & # £ [s + 1))

)

on the left-hand side and
T w g & @& xS % &3]

]

on the right-hand side. However, the right side then contains s + 3 summands &; * EZ(S+2) instead
of s+ 1 on the left side (contradiction). Thus g # 0. O
COROLLARY 4.12. If1i,j € I are connected by an edge then the composition

oW
Si(SH) * E; SCENA. SZ.(S) [—s] % & ——— & x & x SZ.(S)

is an isomorphism of &€ (s+1)

; * &; onto the lone summand in

gi * gj * gi(s) = gi(8+1) * gj ) (“:j * gi(8+1) QK H*(Ps)

Proof. Since ¢I is an inclusion (into lowest cohomological degree) it suffices to show that

(s11) T e g (8) ) (®)
Ei *5j®]kH (IP) )[—S]:gz*gZ [—8]*5]' 52*5]*51

> g6t g @ g+ £5T @y HY(PY)

is an isomorphism onto the one copy of 51(s+1) * &; on the right-hand side.
Now consider the map

_ Ti;1 _
Eix & 8TVl L g w6 £V,
By Corollary 4.10, on the corresponding summands of both sides, this map restricts to

TOW
£@ o1 2 T e g0 1),

7

Hence, applying &;*, it suffices to show that

Ex &+ €0 V1) L gw g w g w Y (14)
is an isomorphism onto all copies of Si(sﬂ) * & on the right-hand side.
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Now, the right-hand side of (14) is isomorphic to 5}2) * Ej * 51-(871) DEj* 5}2) * 81-(871), and
(by Lemma 4.9) the map induces an isomorphism onto the first summand. Since all copies of
Si(sﬂ) * £; on the right-hand side of (14) come from this first summand the map in (14) surjects

onto all summands SZ(SH) * & on the right side. O

COROLLARY 4.13. Ifi,j €I are joined by an edge then

0 itk <0,
k-id ifk=0.

)

Eth(g(a) * gz‘j, gi(a) * 51]) = {

Here we are assuming that Sz-(a) x &y # 0.

Proof. By Corollary 4.10 we have the following exact triangle

1 (D) .
Sf‘” ) % Ejl—a—1] ———&; * 5i(a+ ) gi(a) * &ij.

Applying Hom(:, SZ.(G) * &) to this triangle we get
c— Bxt? ol w g5, £ x £5) — Ext* (LY x £, € « &)

% [ 7
— Eth(gj * gi(a—H), gi(a) * 52]) —_— e,
Now, applying Hom(&; * Sz(a“), -) to the exact triangle and using Lemma 4.5 it is easy to see
that Ext®(&; * €i(a+1), 5i(a) * &) =0 if k <0 and is one-dimensional if £ = 0. Similarly, applying
Hom(é‘i(aﬂ) x &, -) we get

s Ext®toEltt) g €5+ £V 5 Exthro e w g5, 19 x &)

. Extk(ﬁi(aﬂ) « & gZ(a+1) £E) — Extk+a+1(gi(a+l) x &, E; # gi(aﬂ)) .

By Lemma 4.5 this means Ext* (£« £, £ £,) = 0if k <0, and if k =0 we get
0— Ext*(E" ™ x5, x£) » k- id - k- TN g

)

where the third map is an isomorphism. Thus Extk*'a(é'(a“) x &, 81-(‘1) * &) =0 for any k <O0.

7
Thus, if k£ <0, we get the exact sequence

0 — Extf (£ « &, £ « £;) — Bxt® (& » £V £l « &)

2

and the result follows. O

LEMMA 4.14. Ifi,j € I are connected by an edge and (X, a;) > 0 then

£ % Fi(A) = Cone(F; # & + £;[~1] L2

Fix &% & ®E(N ay) +1]).
In particular,
Tyl
gi*gj *.’Fi[—l] %E] * &+ Fi
induces an isomorphism on every summand of the form &;[-| on the left-hand side.

Remark 4.15. This result is a formal consequence of Lemma 4.9 and Corollary 4.4.

Proof. First we consider the map

ExE xEix Fi(h—ap)-1] = g w & & % F. (15)
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On the one hand, we can group the first three factors together to obtain
&+ EP 1@ wgj[-1] — &« EP 1) @ &+ EP[1]) * Fi(A — ). (16)
The map on the first summands is an isomorphism by Lemma 4.9. Using Corollary 4.4 we have
£ x EP[—1] * Fi(A — o) 2 & % &[—1] @y H* (PO @ F; « £« £D[1], (17)
so this induces an isomorphism between at least (), ;) + 1 summands of the form &; x & -].
On the other hand, using Proposition 4.3 we have
Eix Fi(A— ;) 2 Op @ H (PN 1) @ F 5 &
where, as before, H*(P~1) = 0 by convention. Hence we can rewrite map (15) as
& & @ H (PN 1] @ & + & + Fi x &1
TSI ey @ HY (PN 1) @ & & + Fi & (18)
and then as
&+ & @ H (PMI N 1)@ & + & @ HY(PM920 ) 1] @ F; + & & + Ei[-1]
=& & @ H (PMI N g & % & @ H(PMIHY) @ Fy x £ + & + &i.
Now F; x & x £; * & contains no summand &; * &; since

Hom(&; + &, FilA+ i + o) & x Ej % &)
=Hom (&[N + o +aj, a) + 1] % E5 % &, E & &)
~Hom(EW + & @ &+ EP, €D v & @ & + €D [— (A, i) — 2))
vanishes by using Lemma 4.5 and (\, o;) > 0. Hence (15) induces an isomorphism between at
most (A + oy, o) + 2 = (A, o) + 1 summands of the form & x &] - ].

Combining these two observations, we see that the map in (15) induces an isomorphism
between exactly (A, a;) + 1 summands of the form &; x &[-]. This means that the map T;;11
from (18) also induces an isomorphism on (A, a;) + 1 summands of the form &; * &[ - |.

Now, let us consider
& x FON[-1) —2L & & x F; (19)
which we can rewrite as
& @ H* (PN 1] @ Fi + & + &[-1] — & @ H (PN @ F + & + &;.

Since the map T;;II from (18) induces an isomorphism on (A, o;) + 1 summands of the form
E; * & -] the map from (19) must also induce an isomorphism on (A, ;) + 1 summands of the
form &;[ - ]. Hence we can apply Gaussian elimination to conclude that

Eij * Fi(X) = Cone(F; « & = E;[—1] _N1®f Fix & & ®E(N az) +1])

for some maps fi, fo. Now

Hom(F; (A + i + o) % & = E;[—1], E;[(A, ai) + 1]) =2 Hom(E; * E;[—1], & = E;[—1]) = k
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which is spanned by the adjunction map e/. Similarly, we have
Hom(F;(A+ o + ) x &+ E[—1], Fi % € % &;)
= Hom(&; « E;[—1], & « Fi x & * E[— (N, ay) — 2])
= Hom(&; * E;[(N, i) + 1], Fi( A+ 20 + o) x E % Ej % &
® & & @y H* (POTartasaitly)
= Hom(&; * & * E;[2(N, ay) + 4], &+ &5 x &)
@ Hom(& * &[(\, aq) + 1], & + & @y H* (P F2)),
The first term above equals

Hom (£ « &[-1] @ P « &1], (P « & & & x EP)[—2(\, o) — 4])

(2

and thus vanishes by Lemma 4.5 since (A, o;) > 0. The second term is one-dimensional. Thus
Hom(F; x & = E;[—1], Fi x & x &) =k, (20)

which is spanned by IT;;. So it remains to show that f; and f> are non-zero.

To show that f; #0, we look again at the map (15). When we rewrite it as in (16), we
know that the map on first summands is an isomorphism. By (17), these first summands contain

a copy of F; * & * 5}2)[—1]. On the other hand, when we rewrite (15) as in (18), we see that
this copy of F; *&; *51(2) [—1] is a direct summand of F; x & x &; x £[—1]. Thus the map on
Fi x & * Ej x £[—1] must be non-zero. However, this is precisely fi/, and hence f; # 0.

To show fs # 0 we consider the map
€ (&% &j1-1] —2 &+ &) % Fi(N). (21)
On the one hand we can rewrite this as
EZ-(Q) * &« Fi[—2] @ 51‘(2) * Ejx Fy— & * Si(Q) *x F; ® 51»(2) x« &« F;
where the map is an isomorphism on the second summands. Since
SZ-(2) x i x Fi(A) 2 &+ & Q H* PRty ¢ F; % SZ@) * &},

this means that (21) is an isomorphism on at least (A, o) + 2 summands of the form &; * &[ - |.
On the other hand, as we showed above, (19) is an isomorphism on (A, ;) + 1 summands of
the form &;[-]. Now, we showed above, using Gaussian elimination, that the map (19) can be
written as a direct sum of a map which is an isomorphism on (A, o;) + 1 summands of the form
&;[ -] and the map f; & fo. However, since (21) is obtained from (19) by applying &;*, this shows

that
If1®1 fo
51*.?2*52*53[—1] —>51*E*8]*5Z@51*53[<A7042> —i—l]
must be an isomorphism on precisely one summand of the form &; * &;[ - ]. This means that I fo
must induce an isomorphism on the right hand summand &; * &;. In particular, fo # 0. a

LEMMA 4.16. For any i # j € I the composition F Ei=Ej* fi(s) is a brick.

(2
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Proof. We have
ExtF(£;(\) « F, £;(\) * F) 22 Bxt® (F) # £(A + son), & () % F)
> ExtF(&;(\)p * FY, F x &M + say) 1)
Fix FO= (0 a5) =10, F 5 Fi[= (0 + s, a5) — 1))
>~ Extk(F; « F, FE w Fil—s(ai, aj))).

The result now follows from Lemma 4.5 if ¢ and j are joined by an edge and from Corollary 4.6
if ¢ and j are not joined. g

COROLLARY 4.17. Ifi,j € I are connected by an edge and (A, ;) + s > 0 then

M ]—"(s) * gj & D ffsjl) * 5j[<)\, Oéi> + 8])

(2

Eij * F(N) = Cone(F™) « & + &[1]
In particular,
Eix & x fi(s) [—1] Tl Ejx & * fi(s)

induces an isomorphism on every summand of the form j’-'i(sfl) * E;[ -] on the left-hand side.

Remark 4.18. This result is a formal consequence of Lemma 4.14 and Corollary 4.4.

Proof. The proof is similar to that of Corollary 4.10.
Step 1. First we prove by induction on s that

Eij * ]-"i(s) = Cone(]-'i(s) * & x Ej[—1] 9892 | gl Eix& @ fi(s_l) * Ei[(A, i) + 8]) (22)

)

for some maps g1, go. The base case s =1 is covered by Lemma 4.14. Now suppose (X, a;) + s +
1 > 0 and consider

(& * &[] T Ejx &) * ]:,(s+1)()\)_ (23)

7

‘We have
Ex & x FED W [=1] = FY « & @y H*(PAMoseidtstl) 1] @ FE w g « £5[-1],

Ej & x fi(s+1)()‘) o~ ]:2'(5) % & @ H*(P()\,ou)-i-s-i-l) @ fi(S—H) « & * Ei.
We first want to show that the map induced in (23) is an isomorphism on all (A, a;) +s+1
(s)

summands F;”’ * & on the left-hand side. If (X, o) + s+ 1 =0 we are done since there are no

such summands.
On the other hand, if (A, ;) + s+ 1 > 0 then we also have the map
(& = &E[-1] T, Ejx &) * Fi(A) * fi(s)()\ + o)
which induces a map
€ @y H* (P90t 1] @ F, + & « &[—1]
L g @ H* (PR @ F o & ¢ &)+ FO A + aq).

By Lemma 4.14, the map fI induces an isomorphism on all the (A, o;) + 1 summands of the
form &; * ]:i(s) [-] on the left-hand side and also induces

(Fi x & = E[—1] B I Fix & *&)x* fi(s)(/\ + o).
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By induction, this induces an isomorphism on all the (A + a; + 5, ;) + s + 1 summands of the

form F; x .7-'2.(8_1) * £ | on the left-hand side. Hence, in total, fI induces an isomophism on
(Nai)+ 1) +s((A+a+aj,a) +s+1)=(s+1)((A\, i) +s+1)
(s)

summands of the form F;” x&;[-]. This shows that (23) induces an isomorphism on the
(A, @) + s + 1 summands (which is what we wanted to show).

Thus, by the cancellation Lemma 4.1,
51']' * fi(s_H) = Cone(}'i(sﬂ) * 61 * 6j[—1] — .7'--(s+1) * gj * Ez &) .7'—1(8) * 5j[<)\, Oéi> + s+ 1])

1
which completes the induction.
Step 2. Next, one can check

Hom(F®) « & + &[—1], F « & % &) = k = Hom(F( % &  £;]-1], FE™ % &[(\, o) + 3]).
To do this one moves the factor .FL»(S) from the left side to the right side using adjunction,

simplifies (EZ-(S) * fi(s)) * & * & and then uses adjunction again (just like in the computation used
to prove (20)). This is a long but straight-forward calculation which we omit.

Step 3. Finally we show that g; and go are non-zero. This implies that g; must be IT;; and g2
must be the composition

.7:(8) * SZ * Sj[—l] L

i
Iel
—

FEV % BN+ sai+ ag)[—s + 1] 5 & % §[-1]

)

FEV R EN, ag) + 5]

)

)

(up to a non-zero multiple). Recall that ¢ denotes the unique inclusion of ]:i(s into the lowest
degree summand of ‘7-;-(571) x J.

To show g1 #0 we look at &;; * ]:i(s) * F;. Now ]:i(s) x F; =2 fi(sﬂ) ® H*(P?) and from the
proof of Step 1, (& * £;[—1] LN Eix &) * fi(SH) induces an isomorphism on all (A, a;) + s+ 1
summands of the form ﬂ(s) % &;[ -] on the left-hand side. Thus

(&1 =L & xE) x FD 5 F (24)
induces an isomorphism on (s + 1)((\, ;) + s + 1) such summands.

On the other hand, (24) induces an isomorphism on (), ;) + s summands ]:i(sfl) * &« Fi

or equivalently on s((\, o) + s) summands of the form .ﬁ(s) * &[], and what is left over is the
map from equation (22):
(F7 w11 220 B w82 810 F0 D [0 a4 5]) + Fi

(2 (2
This means that the map above must induce an isomorphism on (A, ;) + 2s + 1 summands of
the form .7-;(8) % & -]. This is impossible if g1 =0 since .7:2-(8_1) * Ej x Fy = ]-'Z.(s) * & @ H*(P51)
contains only s such summands. Thus g; # 0.
To show that g # 0 we apply E;* to (23). On the one hand we get

(€ % € v E[—1) —0 & 5 £ 0 &) x FL. (25)

By Lemma 4.9, this induces an isomorphism (Si(z) * & —— 552) * &) * .7-"1.(5) and the map
7))
EP xgjl-2) L &+ ) x FL.

2 1
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Now one can show, along the same lines as above, that the map Ti(jl)@)

on every summand of the form .ﬁ(s_2) * &;[ - ] on the left-hand side. Thus the map in (25) induces

induces an isomorphism

an isomorphism on every summand of the form fi(sfm * & on the left-hand side. On the other
hand, if g2 = 0 then the map
v (F 5 &5 &[—1] 222, £ s g5 5 & @ FEV % [\, i) + 9])

(2 (2

cannot induce an isomorphism on all summands .7:1;(8_2) £ on the left-hand side (contradiction).
Hence we must have go # 0. O

5. Proof of main Theorem 2.10

In this section we will assume that i, j € I are joined by an edge. For convenience we also assume
that (A, ;) >0 and (A, a; + o) > 0, since the other cases are similar.

The main idea of the proof is as follows. We will show that 7; * T; = 7;; * I; where 7;; is an
equivalence coming from an sly action generated by the kernel &;;. From a similar argument, we
will also show that 7; * 7; = 7T; * 7;;. This immediately implies the braid relation. The kernel &;;
should be thought of as a root vector for the root a; + «;.

In order to prove that 7; x 7; = 7;; * T;, we will compute &;; *7;. Recall that 7; is the
({Aci)+s)

convolution of a complex where each term in the complex is of the form 7 B

Si(s)[—s]. Hence to compute &;; * 7; we first calculate &; *.7-"1-(0"%”3) (Step 1) which follows

directly from Corollary 4.17. Next we calculate &;; * ‘7_—1((%0@') ) Si(s) (Step 2) which basically
follows from Corollary 4.10. This gives us a simplified expression for &; * 7.°.

Next, in the most difficult step, we put all these terms together and simplify to come up with
an expression for &; * 7;. We compare with a similarly simplified expression for 7; x £; (this is
much easier to calculate) and conclude that &;; * 7; = 7; « £; (Corollary 5.4). It then follows by
formal arguments that 7;; * 7; = 7; * 7.

5.1 Step 1: calculation of &;; * T;<A’ai>+s)

The first step is to compute
Eij#+ FL0T) € DIY(A + sa5) x V(A= (A, a)ai)).

To simplify things we will abuse notation a little and write d; for any map obtained as the
composition

Iel | (k1) o(s—D)

K3 (2

fi(k) * gi(S) LN fi(k_l) % fi * 51‘ * 51;(8_1)
for any k € N (we omit the necessary shifts here to simplify notation).

PROPOSITION 5.1. The kernel &;; * .7-"1-«)"%”5)()\ — (A, ;)ay) Is isomorphic to the cone of

ol A N
f((A,ai>+8) * & * gj[_” M) .7-",(<)"az>+s) *Eix & @ .ﬂ(</\’%>+s Dy & [s].

K3 K3

Proof. This follows directly from Corollary 4.17 since
(A =\ ai)ai, i) + (A, i) +8) =52 0. O
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5.2 Step 2: calculation of &;; * .7-'i(<)"ai>+s) * Si(s)

The second step is to compute

Eij x FLR0T) e (0 e DY (M) x V(A — (A, as)a)).

PROPOSITION 5.2. The kernel &;; * ]:i(<)"°‘i>+s) * SZ-(S)()\) is isomorphic to the cone of

: IS g1,
‘7_‘(<Aral>+3) % g(s+1) % 53[—1] ij [ ] ot

7 3

‘7_-(<A,a¢>+s) " gj « 52‘(S+1)[5]

(2

BE; * ‘7_-i(<)\»ai>+8*1) » gz’(S) [s]

where s is the composition

]:(<A,ai>+s) « g(s+1) . g][_l] derlI

i 7

Flretsl) gl o

1 7
- .7:1-(</\’a’)+5 Dy Ej* 52-(5) [s].
Proof. This is a direct consequence of Proposition 5.1. Applying *5i(s)
Proposition 5.1 we get the two maps

to the main expression in

f‘i(<>\70¢i>+5) % gz * gj[_l] % (c/‘i(S) ITy;1 fi(O\:ai)-‘rS) % gj " (c/'z " gi(S)’ (26)
1 N s
.7_-i((>\706i>+8) « & * 5j[—1] « gi(S) di 11 fi(<>\10éz>+8 D, & [s] gi( )_ (27)
By Corollary 4.10, (26) induces an isomorphism on all summands of the form ]_~i((>\m>+8) * Ej *

8'(8—’_1)

5 [-] on the left-hand side, and cancelling out these terms leaves

(s+1)(1)
f,(<>\,04i>+8) % 5(5—1—1) « gj[—l] IT;; W)

i 7

7

(Aai)+s) " g_(s#—l) P

Now the map in (27), when restricted to the summand .7-"2-( * E[—1], is by

Corollary 4.12 the composition,
Flreats) gt gq) L4, plreits) 6w el s g—s — 1]
A _
7 ig JT-'(<)\,O¢1>+S—1) % g] % E,L(s) [S]

)

Up to a multiple this is the same as the map 75 (which completes the proof). O

5.3 Step 3: calculation of &;; x T;

5.3.1 Convolutions. First we recall the precise definition of a (right) convolution in a
triangulated category (see [GMO03, §IV, Exercise 1]).

Let (As, fo) = 4y A, nel— " LN Ap be a sequence of objects and morphisms such that
fi o fix1 =0. Such a sequence is called a complex. A (right) convolution of a complex (A, fo) is
any object B such that there exist:

(i) objects Ay = By, B1,...,Bn_1, B, = B; and
(ii) morphisms g; : B;[—i] — A;, hi : A; — Bi—1[—(i — 1)] (with hy =id),
such that
Bi[—i] -2 A; 2 By 1 [—(i — 1) (28)
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is a distinguished triangle for each 7 and g;_1 o h; = f;. Such a collection of data is called a
Postnikov system. Notice that in a Postnikov system we also have f;110¢9; = (giy10h;)ogi =0
since h; o g; = 0.

The convolution of a complex need not exist nor is it always unique. However, in the case of
the complex

d; ™ d3 -1 d; 4 10
TN =TT ) —— T ()

where 7;°(\) = .7-"i(</\’ai>+s) * 81-(8)()\) [—s] we showed in [CKLO09] that the right convolution exists,
is unique and gives an object Z;(\) which is invertible.

5.3.2 Calculation. We denote the partial right convolution

S s—1 1
T = Cov(TF (V) 5 T () - S TO).

Subsequently we have a standard exact triangle
TS - L S T s 41,
PROPOSITION 5.3. For any s > —1, & * ’]fs is isomorphic to

EpSam IO P )
Cone(Z;55H x £;[-1] —2 o Ej * .7-"i(</\’a’>+s) * €i(5+1)[s])

where the map above is the composition

/];<S+1 % gj[—]_] _ 7_7;5_;'_1 % gj [8] — f-(<>\+aj7ai>+s+1) ” gi(3+1) * gj[—l]

(2

b ySaniS _
(%] [ } SJ % fi(<>\7al)+s) * 81(8+1) [S]

Proof. The proof is by induction on s. The base case is when s= —1 which follows since
Iﬂgo)(l)[—l] is an isomorphism and &; * 7,51 = 0.

Now we will prove the result for s+ 1 assuming it holds for s. The key is the following
commutative diagram.

Ys+1[—1] A 1
iy o soersn, gy

f((A,ai>+s+1) G -2 i Ei; * ,];S+1[S]

i i J @5]‘ " fi(<)\,ai>+s+l) « gZ(s+2) [S] ‘
d;t?I ll@o g
ITi(.S+1>(1>[s]o7r v
,];gs-i-l % 5]'[—1] J gj « fi(O\,ai)—i-s) « gi(8+1)[8] Eii % r];gs
7;<5+2 % gj[—l] -y >5j « fi(<)\,ai>+s+1) « gi(s+2) [S 4 1}

(29)
The top left square commutes because, by definition, ys41[—1] = (I Ti(fﬂ)(l)[s]) o (di*2I). The
first two rows and two columns are exact triangles; note that the second column is exact by the
cancellation Lemma 4.1. The maps f and ¢ are to be determined as explained below.

In general, if one has a commutative square such as the upper left square in (29), then one
can fill it with some maps f, g making all the squares commute and so that Cone(f) = Cone(g)
(see [BBD82, Proposition 1.1.11]).
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Using the exact sequence 7,~* — 75571 — T5%1[s 1 1] and Lemma 5.7 we find that
Hom (T2 « £j[—1], & » FLdenTsH  glst2) 0 4 q))
=~ Hom (72 * £;[—1], &; * .7-"i(<)"ai>+s+1) * Si(8+2) [s+1])
is one-dimensional and hence it must be spanned by I Ti(JTSJ“Q)(I)[s + 1] o 7. It is easy to see that

g # 0 and thus g = Iﬂg§+2)(1)[s + 1] o7 (up to a multiple).

Similarly, by Lemma 5.7 we have
Hom(&;; * T, [s], &ij » T,5°) = Hom(E;j + T, [s], &5 + T1°) 2 k.
Since f # 0 we find f = IalfJrl (up to a multiple). Subsequently
i+ TS = Cone(Id; ™) =2 Cone(f) = Cone(g) = Cone([?}gerz)(l)[s +1]om),
and the induction is complete. O
If we take s > 0 in Proposition 5.3 then we obtain the following corollary.

COROLLARY 5.4. We have the following isomorphism: E;; * T; 2 T; * &;.

The significance of this is that &;; is conjugate to &;, namely &;; =7; * £; * ’271. Thus, for
any k > 0 we can define

EVN =T+ P~ (N aa) 71 and FEPW) =T« FVO— (A a)ay) « T L

7

COROLLARY 5.5. Assuming both EZ(]T) and ]:i(jr) are sheaves they generate a geometric categorical

sly action where the one-parameter deformation of Y () is the restriction of Y (\) to the subspace
spanned by o; + «j. Moreover, we have

EVFT 2T« €7 and F«T2TxF.
Remark 5.6. In most examples one can verify directly that 52-(5-4) and .7-"1.(;) are sheaves.
LEMMA 5.7. Ifk<OQandt>sork=0andt>s+1
Ext? (T £;(\), & « FL0 TV e (\)y =0 and  Ext®(&; « T, &« T*) =0.
When k=0 and t =s or t = s+ 1 then both of these spaces are one-dimensional.

Proof. Tn [CKL09, Proposition 5.2], it is claimed that Ext*(7;, 7;*) =0 if t > s + 1 and k <0.
However, what is shown there is a little stronger than that. One has

Exth (T, T7) & Bt (F{ 00 o g0t g0, £0[-s)),

and one can repeatedly use Corollary 4.4 to write fi(</\+aj’ai>+s)L * _7-"i(<)‘+aj’ai>+t) * SZ.(t)[—t + s
as a direct sum

@ ,7-— s+l W

1>0

for some graded vector spaces Vj. Then one can rewrite P, Ext" (]:Z-(l) * SZ»(SH) ®K Vi, Si(s) ) as

P Ext* ("™ @ v, 7Y )= @@ Extt (e, e85 @i 1)
=0 >0
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for some (other) graded vector spaces V}. Then the statement proven in [CKL09, Proposition 5.2]
is that each V/ is supported in degrees

d< —(217 +21(=2b+1t —8) + (t — s)* +2b(b—t +5) — 1)
where b= (\, ;) +t — 1. If we view this as a quadratic in [ then the discriminant simplifies to
give —4(t — s)? + 8 (as it happens it is independent of b). This is negative if ¢+ > s + 1, which
shows that V}/ must lie in negative degrees. If t = s or t = s + 1 then there is precisely one value
of [ for which d is non-negative, namely [ = b, and we show in [CKL09] that dim(V}/) = 1.

Now consider
Eth('Z;t N gj7 gj N fi(<A,ai)+s—1) " 52‘(5)) ~ Eth('Z;t " gj7 fi(<A,ai)+s—1) N 5]‘ * Si(s))

and suppose we are not in the case k =0 and t = s or t = s + 1. Then, by the same argument as
above, we get

@Extk (SH)*E ®x Vi, & *5()[ 1)

>0

By adjunction, we can move the term J”:i(l) from the left side to the right side and try to simplify

as before. Now, however, using Corollary 4.8, we get terms of the form
EV €588 2 gl s g @u H*(G(s, s +1—1) @ & + £ @ HXG(l, s +1 — 1))
instead of terms of the form

eV 4 e 4 &= Ei(H_S) * & @ H*(G(s, s +1)).

(3 (2

In the old case we saw that we end up with terms of the form Extk(E(HS) * Ej, S(HS) * £j[n]) where
n < 0. Since H*(G(s, s +1)) is supported in degrees —ls < m < ls whereas H*((G(s, s+1-1))
is supported in degrees —(I —1)s <m < (I —1)s (a difference of s) and H*(G(l,s+1—1)) in
degrees —I(s — 1) <m <lI(s — 1) (a difference of 1) it must be that we end up with terms of the
form

ExtF (€ w5, £ x &[s]ln— s]) and  Ext*(E) x &, & % £V [s]n — 1))

(2
where n < 0. These vanish by Lemma 4.5. If k = 0 and t = s or t = s + 1 then the right-hand terms
still vanish while the left-hand terms also vanish except when [ = b when it is one-dimensional.

To deal with Ext*(&; * Tt, & * T,°) we take adjoints and work instead with Ext®(7; «
Eij, T = &;;). Now the same argument as above leaves us with

Eth(zt * 5ij7 7;8 * SU) = @l Eth(gi(s—H) * gij, g(s+l) * Sij X V}/)

)

where V' is supported in negative degrees unless k=0 and t =s or t = s+ 1 and [ = b, in which
case it is one-dimensional in degree zero. The result now follows by Corollary 4.13. O

5.4 Step 4: proof that T;; x T; = T; x T;
In analogy with 7.°(\) we define

s Aaitag)+s s
T\ = ) e () [—s] € DY (A) x YA = (A @i + ) (@ + ).

Notice that T-S- =T« TS * 771 so that

Il

Hom(Z;%, .57 1) = Hom(T; * T * T4 T+ Tjs_l « T 1) Hom(77, 7~ D)

LR

k
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where the last isomorphism follows from Lemma 5.9 (assuming 7;5 # 0 or equivalently 7. # 0).
We denote this map by dfj (it is well defined only up to a non-zero multiple). One can also

describe dj;, as before, by the composition

s ~ plaitag)ts) | o(s)
TN = Fy &[]

ij )
w[—s]

S FPEITD Bl ai ) — s 1w £V (s — 1]

)
Iel s aitag)+s—1 s§— o~ T8
]__(]< +aj)+ )*51'(3' 1)[_3+1] > T L.

ProrosITION 5.8. The complex
ST ey e gy
has a unique convolution which we denote 7;;(\). Moreover,
Tij T, =T« T;.

Proof. The key is the commutative diagram

where one needs to choose appropriate multiples of the vertical isomorphisms. This is a
consequence of the fact that Hom(7;%, 7; *Ts « 7,7 1) = Hom(7;2 T Y2~k and that di; #

K 1’
0# d;j. Now Tj‘ has a unique convolution so T * Tj' * ’]; has a unique convolution and hence
so does 7;; Finally, the commutativity of the diagram also implies that the convolutions must

be isomorphic: i.e. 7;; = T; * T * ’271. O
LEMMA 5.9. If T #0 and s > 1 then the space of maps Hom(7;*, 7;*~') is one-dimensional.
Proof. We must show that
Hom(]:(()\ i) +s) 5(8)[ s, fi(<>\,04i>+5_1) « 52-(5_1)[—8 +1)) k.
This essentially done in [CKL09, proof of Proposition 5.2]. There we show that
Hom (77 [k — 1], ') = 0
for k > 2 whereas we are interested in the left side when & = 1. The argument there shows that

when k=1 the left side is equal to a direct sum of terms Hom(é’i(a*jﬁ), Ei(afj ) [l]) where

a=A+s—1, 7=0,...,a and I <—-2(j —a)(j —a+1). Thus [ <0 and these terms vanish
unless j = a. If j = a then [ =0 and the argument shows we get exactly one such term and then

Hom(7;*, 7"~") = Hom (€[, &) = kk
where the second isomorphism follows by Lemma 4.5. O
5.5 Step 5: proof of braid relation
Proposition 5.8 claims that 7;; x 7; = 7; * T; which follows from the fact that &; x 7; = T; x £;.
Now the same proof can be used to show that 7; x7;; =7; * 7;. Namely, Step 1 is a

consequence of the analogous version of Corollary 4.17 which computes ]-"Z.(S) % & (this in turn
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can be traced back to follow formally from Lemma 4.9 and Corollary 4.4; see Remarks 4.15
and 4.18). Then Steps 2 and 3 follow formally (they also use Lemma 4.9 and there is some
vanishing one needs to check which is a formal consequence of the Lie algebra relations). This
shows that 7; * &; = &; * T;, and then Step 4 follows as before.

Putting these two identities together we get the braid relation

Finally, if ¢, j € I are not joined by an edge then any & or F; commutes with any &; or F;.
Since 7; is built out of kernels & and kernels F; and 7; is built out of kernels £; and kernels F},
we get the commutativity relation 7; * 7; = 7; * T;. This concludes the proof of Theorem 2.10.

6. Braiding via strong categorical g-actions

Strong categorical g-actions have been defined by Khovanov and Lauda in [KL09, KL10, KL11]
and independently by Rouquier in [Rou08]. Their definitions are very similar though not identical.
One should think of the geometric categorical g-action introduced here as a geometric analogue
of their definition which is easier to check in practice.

In [CKL10b] we prove that when g = sls a geometric g-action implies a strong g-action in the
sense of Rouquier. There is good reason to believe the same is true for arbitrary (simply laced)
Kac—Moody Lie algebras g. Nevertheless, in this paper we show that the braid relation follows
directly from the geometric g-action.

On the other hand, our proof of Theorem 2.10 works to show that a strong g-action gives
a braid group action. In fact it seems that not all the axioms of a strong g action are needed
to obtain the braid group action. We will now explain this, starting with a simplified version of
Rouquier’s definition.

A (simplified) strong categorical g action consists of:
(i) for each weight A, a triangulated category D(\);
(ii) exact functors EI”(A) : D(A) — D(A + ray) and F () : D(A + ra;) — D(N).

Remark 6.1. We actually need a little more than this. For each pair A, \ there should be a
triangulated category D(A, \') and an additive functor ® : D(\, ') — Hom(D(\), D()')), denoted
Er— ®g. We assume that & commutes with the cohomological shift [1]. We further assume
that there is an associative monoidal structure x: D(A, X') x D(X, \") — D(\, \”) such that ®
intertwines this operation with the composition of functors. Moreover, if € — F — G — £[1] is
a distinguished triangle in D(A, X'), then for any A € D()\), we require that ®g(A) — Pr(A) —
Dg(A) — Pg(A)[1] be a distinguished triangle in D(N).

Finally, we assume that D(\, \’) is idempotent complete and that the hom space between
any two objects is finite-dimensional. In this way, D(\, \’) satisfies the Krull-Schmidt property.
Moreover, we assume that for any non-zero £ € D(A, \') we have € = E[k] = k=0.

We then require the following relations.
(i) For any weight A, Hom(idpyy), idp[/]) = 0 if I <0 while End(idp(y)) = k - id.
(ii) Isomorphisms:
(&) E )R = F (O @) + 1))
(b) BV = RV [=r (A, 0) + ).

(2
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(iii) Isomorphism of functors:
Eio EV(N) 2 EV () @y H*(P7) = E 0 Ei())
while E; o E; 2 Ej o E; if ¢, j € I are not joined by an edge and
EioE;0E~E® oF; ®E;j0oE?
if 4, j € I are joined by an edge.
(iv) If (A, a;) <0 then
Fi(\) 0 Es(\) 2 E;(\ — o) o Fi(A — o) @ id @ H* (P~ M1
while if (A, ;) > 0 then
Fi(A — a4) 0 Ei(A — o) 2 Ei(N) o Fi(\) @ id @y H* (P =1y,
Ifi#j¢clthen FjoE; =E;oF;.
We also require the following natural transformations (2-morphisms):
(i) X;:Ei(N)[—1] — E;(N)[1] for each i € I and weight A;
(ii) T3 : Ej o Ej(N)[(cu, oj)] — Ej 0 E;(N) for any 4, j € I and weight A,
with the following relations.

(i) For each i € I, the natural transformations X; and T}; satisfy the nil Hecke relations:

(a) T =0;

(b) (ITy;) o (TyI) o (ITy;) = (TyiI) o (ITy;) o (T 1) as endomorphisms of E; o E; o E;;

(¢) (XiI)oTy —Tyo(IX;)=1=—(IX;) 0Ty + Ty o (X;I) as endomorphisms of E; o E;.
(i) If i # j € I are joined by an edge then Tj; o T;; = X;I + I.X; as endomorphisms of E; o Ej.

This list of 2-morphisms and the relations appear in both the Khovanov-Lauda and Rouquier
definitions and it turns out they suffice to prove the braid relations.

Remark 6.2. Relation (i) above is the only finiteness condition we need. It follows formally that
the space of maps between any two compositions of functors E and F is finite. The reason we
needed the stronger finiteness condition (i) in the definition of geometric categorical actions
(§2.2) is because in that case we do not require that Si(r) x & and F; *x &; split as a direct sum
(the condition is only at the level of cohomology). The argument that they split requires the
cancellation property which in turn requires us to know that all maps are finite dimensional.

THEOREM 6.3. A categorical strong g-action as defined above gives rise to equivalences T; (i € I)
satisfying the braid relations.

Proof. The fact that we have the nil affine Hecke relations means that for each ¢ € I we have
a strong categorical sly action (in the sense of [CKL09]) so we can construct equivalences T;.
What remains is to show that they braid, which we do by running again through the proof of
Theorem 2.10.

The more complicated relations among compositions of kernels & and F (such as
Propositions 4.2, 4.3, 4.7 and Corollary 4.8) were all formal arguments which work in any abstract
(idempotent complete) category. The same goes for the calculations of Hom-spaces (Lemma 4.5
and Corollary 4.6).
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The only place where something more interesting happens is in the proof of Lemma 4.9.
Notice that the Tj; from that Lemma and our Tj; defined above must be equal (up to non-zero
scalars) since Hom(E; o E;[—1], Ej o E;) 2 k (by Lemma 4.5).

The whole proof of Lemma 4.9 comes down to showing that the map

Ty 1
Ej o EP[-1]@E® o E;[~1] 2E;0Ej o Ej[-1] —2 > E; 0 ;0 E; 2 E; 0o EP[-1] @ E; 0 EP[1]
induces an isomorphism on the E; o EEQ)[—l] summand. In Lemma 4.9 we use the fact that
&i; deforms to &;; to show this. In the abstract setting we use instead the relation T)j; o T;; =
XiI +IX j-

More precisely, suppose the map does not induce an isomorphism. This means it must induce
(2)

zero since End(E; o E;”’) = k - id. However, the composition

must then be zero. On the other hand, pre-composing with (7j;1) o (IT};) we get
(IT3;) o (Ti;I) o (Tjil) o (ITyi) = (ITi) (X1 + IX;I) o (IT)
= (X;II) o (ITy)* + (ITy) o (ITyi) o (11X;) + 1)
=1IT;
where we use T2 = 0 twice in the last equality. This is non-zero (contradiction).

This proves Lemma 4.9. Then Corollaries 4.10 and 4.12 follow by formal arguments.
Lemma 4.14 is a formal consequence of Lemma 4.9, and Corollaries 4.4 and 4.17 follow from
Lemma 4.14 and Corollary 4.4.

This brings us up to §5. One can easily check that the arguments there are formal
consequences of the Lie algebra relations and results from § 4. Hence the braid relation follows. O

Remark 6.4. In the setting of (non-categorified) quantum groups, there is a braid group
action on Ug,(g) (constructed by Lusztig) which is compatible with the braid group action on
representations. Hence we would expect there should be a braid group action on the 2-category
of Rouquier, Khovanov and Lauda which is compatible with the above action of the braid group
on the representations.

From the proof of the main theorem in this paper, we would expect that generators o; of this
braid group action would obey the following two conditions

0i(Ej)=T;0E; 0 T; ' = Cone(E; 0 E;[~1] — E; o E;) if 4, € I are joined by an edge, (30)
0i(E))=T;oEoT; ' =F; (up to a shift). (31)
In a forthcoming paper, Khovanov and Lauda will construct a braid group action on the

2-categories from [KL09, KL10, KL11] which satisfies (30) and (31) above. Our braid group
action will then be compatible with theirs.
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