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A Function Field Analogue of Jacobi’s
Theorem on Sums of Squares and its
Moments

Wentang Kuo, Yu-Ru Liu and Yash Totani

Abstract. In this paper, we establish a function field analogue of Jacobi’s theorem on sums of squares
and analyze its moments. Our approach involves employing two distinct techniques to derive the
main results concerning asymptotic formulas for the moments. The first technique utilizes Dirichlet
series framework to derive asymptotic formulas in the limit of large finite fields, specifically when
the characteristic of F; [ T'] becomes large. The second technique involves effectively partitioning the
set of polynomials of a fixed degree, providing asymptotic formulas in the limit of large polynomial
degree.

1 Introduction

The problem of representing integers as sums of squares has garnered extensive atten-
tion in mathematical research. Jacobi’s theorem on sums of two squares provides a
fundamental result in this domain, stating that the number of ways r,(n) to express a
positive integer n as a sum of two squares is given by

r2(n) = 4 (di(n) - ds(n)),

where d;(n) is the number of divisors of n congruent to i modulo 4 for i = 1, 3. Let the
letters p, g represent primes congruent to 1, —1 modulo 4 respectively. An equivalent
formulation of Jacobi’s theorem can be stated as follows. Letn € N = {1,2,3- -} have
the factorisation

n=2%

14

b; Cj
i l_[ 4;

J=1

S

k
=1
for positive integers b;, cj for 1 <i < k,1 < j < [. Then, as in (4, Theorem 278],

|4 Hllle(bi +1) if ¢j isevenforall j </,
ran) = {0 otherwise.

In [4], Hardy and Littlewood present a formula for the Dirichlet series corresponding to
r,(n) in terms of £ (s) and L_4(s). Here £ (s) is the Riemann zeta function and L_4(s)
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is the L-function corresponding to the Kronecker symbol (_74) The formula states

> P20 g (5)La(s).

nb

n=1

The Gauss circle problem, which seeks to determine the number of integer lattice points
inside a circle of radius r centered at the origin, is linked to the study of the first moment
of r,(n). Sierpinski’s result [6, Satz 509] provides insight into the first moment of r, (1)
indicating that

Z ra(n) = mx + 0 (x'1?).

While it is conjectured that the exponent in the error term could be 1/4 + €, this conjec-
ture remains elusive. Borwein and Choi [2] derived the following asymptotic expression
for the second moment of r,(n).

Z r%(n) = 4x log x + 4ax + o(x*?),
n<x

where @ = 2.0166 - - -. Their approach hinges on a Dirichlet series representation for
2
r5(n):

i ry(n) _ (44(9)L-4(5))’
Lo (14+275(29)

Connors and Keating [3] explore higher moments of r, (1) to analyze accidental degen-
eracies in energy levels for square billiards, quantifying deviations from a Poisson dis-
tribution. In addition to its connections with the aforementioned issues, the exploration
of moments in the representation theory of quadratic forms is inherently intriguing.

An integer can be expressed as a sum of two squares if and only if it is the norm
of a Gaussian integer, meaning it is the norm of an element in the ring Z[i]. A natural
analogue over F, [T] is to consider norms of the extension ring F, [V=T]. Let Mg
denote the set of monic polynomials of degree n with coefficients in F,. For f € M, 4,
define

I, f=a*+Tp* for a,B €F,[T],

0, otherwise.

bq(f)={

The counting function B, (n) = Zfeanq by (f) was examined by Bary-Soroker, Smi-
lansky and Wolf in [1], drawing parallels to Landau’s theorem on sums of squares. For

feMpyg let
r3(f) = #{(a,B), @, B Fy[T] : f =’ +TB*}.

In this article, we investigate the function 75 ( f) and its moments for polynomial rings
F,[T], where g is a prime power. A key focus will be comparing these results with the
known results for r,(n).

When F, has characteristic 2, the Frobenius map ¢ : F, — F, defines an isomor-
phism, making the study trivial. When [F, has odd characteristic, the formula for 73 ( f)
is analogous to the one we get in the classical case. We obtain
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Theorem 1.1 Let f = T“PTIP?...P;"Q?{[...QIZdl be the prime factorisation of f €
M, such that (%) =1and (%) =—1,Vi,j. Then

k
r(f) =2 ﬂ(ci +1).

i=1

The main difference between the classical and the function field analogue seems to
be a factor of 2 reflecting the number of units in the ring of integers. The ring Z[i] has
four units of norm 1, whereas F, [V-T7] only has two units of norm 1.

Let M be the set of monic polynomials, and let £, (s) be the zeta function of F, [T7].
Analogous to the Dirichlet series in the classical case, we find that the Dirichlet series
for 73 has the form

r;(f)
— =24(s).
2T

The Dirichlet series for the square of r; is computed as

5 () AL
A T L))

See Theorem 3.1 and Theorem 3.2 for more details. We note that the L-series L, ()
corresponding to the quadratic character y (f) = (]TC) is trivially equal to 1 (see section
4). This simplifies the above formulae even further in contrast.

Employing the Dirichlet series described above, we derive the following formulae.

Theorem 1.2 Let Fy be a field of odd characteristic. The first and the second moments for
r3(f) are given by

> B =2q",

feMn g

and

n-1
D DN =4+ 1)g" 4 ) (~1)F@n - 2k + 1)g"F + 41",
k=1

fEMn,tl

The absence of error terms in the formulae can be attributed to the fact that the
L-function L, (s) is constant and equal to 1. While the Dirichlet series approach
proves effective for the first and second moments, it encounters limitations with higher
moments.

For higher moments, we split the study into two scenarios. First, in the large degree
limit, we fix ¢ and obtain asymptotic formulas as n gets large. In this scenario, asymp-
totic formulae are obtained rather than exact formulae, as the Dirichlet series cannot be
represented solely in terms of the zeta function ¢, (s) and the L-function L, (s). Uti-
lizing techniques similar to those in [3], we investigate the Dirichlet series for the i-th
power of r3, leading to the following results.
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Theorem 1.3 Let IF be a field of odd characteristic. For a fixed g and i € N withi > 3, the
i-th moment for r3 is given by

. _ i-1_
Z (r)"(f) =—Bi(1)2’(n+2n 1)q”+0(qn—1)’
fEMn,q

where B;(1) is a fixed constant depending on i and q obtained from the Dirichlet series for
(rZ)i, The error term has a dependence on i and q.

Explicitly describing the constant B;(1) using the above methods is a non-trivial
problem.

In the second scenario, we obtain asymptotic formulas in the large finite field limit,
i.e, when n is fixed and g gets large. Inspired by the techniques in [1], we obtain the
main result of this paper, which provides a second-order term for the higher moments.
We make a note that in the integer setting, such formulae are not known.

Theorem 1.4  Let Fy be a field of odd characteristic and f € My 4. Fori € N, the it
moment for r} for a fixed n is given by

DT D) =2 Ying" - @ing" " +0(" ),
FEMug

where
Qim = (221'71 _ 2[) - (221'—1 4§32 _gi-l _ 2[—13i) YVin-z

and y;  is the binomial coefficient

(n+2(i‘1) - 1)
Yinn = .
n

The error term has a dependence on i and n.

Specifically, for i = 1,2, the first two terms of the result align with the first and
second moments outlined in Theorem 1.2.

2 Number of representations in the form A + TB?

Fix an odd prime power g. Define the embedding F, [T] C F,[S], where § = V-T.
There are two automorphisms of F, [S] that fix F, [T] defined by the actions § — +S.
The norm map

N :F,[S] = Fy[T]
is given by

N(A+SB)=(A+SB)(A-SB)=A*+TB* A,B € F,[T].
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For f € M, 4, we define the Legendre symbol (%) as follows.

1 fisasquaremodulo T, T ¢ f
(—) =4-1 fisanon-square modulo7, T { f
0O T|f

Then, by [1, Theorem 2.5, b, (f) = 1 if and only if every monic irreducible polynomial

Q with (%) = —1 appears with even multiplicity in the prime factorisation of f. Before
we proceed any further, we reserve the letters P and Q for monic irreducibles in F, [T]

with (%) = 1and (%) = —1 respectively. It is clear that the irreducible element 7 is
not in any of the categories we mentioned since (%) = 0. We are now ready to prove
Theorem 1.1.

Proof From the definitions, we see that b, (f) = 1if and only if f = N(h) for some
h € Fy[S]. So the question is how many elements in F,[S] have norm f. Let us see
what happens when f is a prime power.

We know from [1, Proposition 2.4] that +Q are the only primes of norm 0?. We deduce
that if f = 0?9, where (%) = —1, then +Q are the only elements in F, [S] with norm

If f = P¢, where (%) = 1, then there are exactly 2(c + 1) elements with norm f. To see
this, if N(g+rS) = P,then N(g—rS) = Paswell.and hence N (+(g+rS)' (g—rS)¢~7) =
Piforall0 < i < c. The last thing we should check is the uniqueness of elements of
norm P. If,

N(g+rS)=N(t+uS)=P
forg,r,t,u € F,[T]. Then,

(g+rS)(g—rS) =(t+uS)(t —uS),

each of the factors being an irreducible polynomial in F, [S] (the irreducibilty comes
from [1, Lemma 2.1]). Without loss of generality, assume that

q+rS=c(t+uS)

for some ¢ € F,. Taking the norms and observing that P is monic, we get that ¢ has to
be an element of order 2 and the only elements of order 2 in IF; are +1. Hence, the result
is evident. [ ]

3 First and second Moments of r; using Dirichlet series

In this section, we will study the Dirichlet series to arrive at the first and second moments
of r5. For f*z'T"P;”P;Z...PZkQTCIQgcz... ¢ we have r3(f) =2 15, (a; +1). Let
62(f) = # Then 6,(f) is a multiplicative function. Let M and # be the set of
monic polynomials and the set of monic irreducibles in [F, [T] respectively. We want to

study the Dirichlet series

Li(s)= D S3(DIfI™

feM

2024/12/28 21:50
https://doi.org/10.4153/50008439525000025 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000025

6 W. Kuo, Y.-R. Liu and Y. Totani

fori = 1,2, where | f| = q%8) . Since 6, (f) is multilplicative, we have a product of

local factors
LmhrMZmﬂmwﬁ

Re® \k=0
where
(k+1)" if (£)=1,
o 1 if R=T,
5 (RY) = e
1 if (T)——land2|k,
0 if (K)=-1and21tk.

Let y be the quadratic character given by y (f) = (JTC) The associated L series is
L) = Y xNIF =[] a=1erH™ ] a+ie™H™. 6o

fem (-1 (@)=
Since y is defined modulo a linear polynomial, L, (s) = 1. The zeta function in F, is
given by
L= D == [ a=1™ ] a-1er™
fem (3= (§)-- 52
_ 1
T 1= ql—s :

See [7, Chapter 2, equation 1] for a proof.

Theorem 3.1 We have
Ll (s) = fq(s),

where {4 (s) is the zeta function in Fy [T].

Proof From the Euler product and the description of &, (P¥) provided above, we get

L1<S>=(ilT|"“")(ﬂ (i(kﬂ)lm-“ [ (i@rm)

k=0 £y=1 \k=0 (Q)=—1 \k=0 (3.3)
=(-g " [ a=1PH [ (-1e7)7".
)= (9=

Comparing (3.3), (3.1) and (3.2), we get
Li(s) = L/\/(S)gq(s) = {q(s)-

Theorem 3.2 We have
£2(s)

PO Ly
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Proof From the Euler product and the description of 6,(R¥) provided at the begin-
ning of the section, we get

Lz(s)=(§] |T|"“) ]—[ (i(mnﬂpr“) 1_[ (i@—m)

k=0 (B)=1 \k=0 (2)=-1 \k=0
== [] a-1po2-a-1p72) ] -1e)™
(P)=1 (%)=-1
=L [ [] a-1pr-1)
(P)=1
_ (1+[P|7%)
= é’q(S)LX(S) (IP;L m
_ (1—|P|7)
= gq(S)LX(S) (gl m
Here we used the fact that
2 1 < X
-0 (-0 é(k+1)2x .

We now multiply and divide the equation by [ (2)=-1 (1-10]7%). We get
9)=

- 1PI) (1 - loI)
L5} = G () (1;[1< 1Py (Ql)_[_ 10 (1 =101

Using the fact that
L) == [T (=1P)" [ (-1er>)™,
(b= (§)=-1
we see that

Lq()Ly(s) —s\—2 —sy-1 —sy-1
PR Y E— (1-1PI™*) (1+101™)~ (1 -1QI™°)~.
Lg(25)(1=g=%) (1‘;)—L (?1)—:[_1

Further, using (3.1) and (3.2), we get

Ly(s) =

LG(LL(s)(1=g7*)
£q(25)(1 - ‘23)

Making use of the fact that L, (s) = 1, we have the result. [}

Ly(s) =

Using the Dirichlet series L;(s) fori = 1, 2, we prove Theorem 1.2.
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Proof For the first moment, we have from Theorem 3.1 that

Li(s) = £4(s).

Expanding to retrieve the coefficient of g™, we get

Li(s) = Z e
n=1 q

Hence we get that

D, ) =q"

feMng

Now, since r; () = 26,(f), we have the first moment. For the second moment, we have
from Theorem 3.2 that

5(s)

L) = T s+

We know that

1 (o)
&s) = T= = = D

Raising to the power of 2, we get

2 [
&0 = o= = 2

Lastly, we note that

1 o (=nn

Combining all of the above, we get

_ 4 (S erng | (S e s
LZ(S)_&,(zs)(lﬂr“')_(Z q"s )(Z q"“‘)(l )

n=0 n=0

Extracting the coefficient of g7 from the right hand side and using the fact that
5 (f) = 263(f), we have the second moment. [

We make a note that the formulae obtained for the first and second moments in this
section have no associated error and hence work for all values of ¢ and n.

4 Higher Moments of ] in the large degree limit

In this section, we will first compute the L-series corresponding to (52 fori > 3. We
then make some remarks about the higher moments of 7 from the aforementioned L
functions. We use the approach taken by Connors and Keating in [3]. The L-series L;(s)
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for 52 (f) is given by

Lmn=(§iwr“)[](§}k+nﬂPr“
k=0 k=0

rl(fhmﬁh)

(h)= (P)=-1 V=0
=(1-¢" [] (Z(k+1)f|P|-ks [1 (-107)7".
(=1 k=0 (D=1

To further simplify this, we want to simplify the expression

D e+ 1) P
k=0

To this aim, we define
yi(x) = Z(k +1)ixk,
k=0
Then, y; (x) satisfies the recurrence

a0 = 7). @
X

Hence, we can write
1+a;x +i(x)

(1 _x)i+1 ’ (4'2)

yi(x) =
where a; are integers and i(x) is a polynomial in x with least exponent term x2. Before
we move to estimating L;(s), we compute the leading coefficient a; as it will prove to
be useful. Substituting the form of ;(x) given in (4.2) in the recurrence relation (4.1),

we get
_d (x(1+aix+i(x))
Yir1(x) = P (W)
(=)™ 1+ 2 +x0 (x) + ()] + (1 =) (i + 1) [x + aix? + xi(x)]

(1 — x)2i+2

The coefficient of x in the numerator is (2a; + i). Hence, a; satisfies the recurrence
aj+1 = 2a; +i. Using induction, we see that

a;=2"—i—1.

Coming back to our estimation of L;(s), we have

Li) = (1= [ ] (i”ﬂl)"wr’”) [T (1-1er>)”

(=1 V= ()
=(1_q—S)—1 n (1+ai|P|_s+bi|P|_2s+"')(1—|P|_s)_(i+1) l—[ (1_|Q|—2s)_1.
(=1 ()=t
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10
The product
[1 (1+a,~|P|_S+bi|P|_25+- )

(P)=1
does not converge near s = 1 when a; # 0. Hence, we define
Ai(s) = l_l l+ai|P|_s+bi|P|_25+,,_)(1_|P|—s)a,-.

()=t
Note that by construction,
OEN| (1 +eilPTS )

(=1
for some c; and hence A; (s) converges at s = 1 since it does not have any linear term. Therefore,

we have
. -1
Lis) = (1=~ [] a=1pm)=0=a [T (1-1017%) " Aics)
(4.3)

(%)=t ($=-1
=g [Ta-1er2 [T (1-1e7) " ano.
(&)= (=1
Now,
-1
L4 =)L) =(1=g™7 [T a=1pmH™ [] (1-1017)
&)= ($)=-1
Hence '
2= Jla-1prH™ ] (1-1er)
(7)=1 (2)=-1
Using this in equation (4.3), we get
i-1 i-1 2i7!
L) =2 0= [T (1-1er7>) 7 A
(2)=-1 (4.4)
=227 (5)Bi(s).
where )
is1 211
Bi)=(1-¢™" """ ] (1-1217™)"  Aio).
($=-1

Note that B;(s) is non-singular for Re(s) > 1. Now, we will use the L-series L;(s) to prove

Theorem 1.3.

Proof We note from (4.4) that
i—1
Li(s) = (5)Bi(s)
__ Bi(s)
(1-qu?™"’
where u = g~%. Abusing the use of notations, we will write £;(«) and B;(u) in place of L;(s)

and B;(s). Now, by Perron’s formula
Bi(u)

» 1
5N =3 § Y
fe%:nyq 270 Jjuj=g=1-¢ (1= qu)¥ " un+!
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We have a pole of order 2!~ at u = ¢~ !. Hence we enlarge our contour to collect the residue at
the pole. Hence

Z 51 f) = gy f —Bi(l{) du — Res —B,(u) =q -1

FEMnyg ul=g=< (1= qu)?""u+! (1= qu)*~ !’
4.5
We know that B; converges absolutely when |u| < ¢~!. Also
lqgu—1]>¢g' "€ =1>1.

Hence
1

RS
(1-qu)?
So we get

1 Bi(u 1
o %du <<f rdu < q"¢
21l Jjuj=g=< (1= qu)*~ un*! lu|=g~< u"™*
For the next step, we have to compute the residue in (4.5). To do just that, we make a note that for
a memomorphic function f(z) with a pole of order r at z = 7, the residue is given by

r—1

Res(f(2).z0) = - _1 ol Jim jzr_l ((z=20)"f(2).

Let
B (u)

(1- qu)ziflu""'l ’

Hence using the above formula for the residue, we get

g(u) =

2i71-1 ;
-1y _ . _ -1 21—1
Res(g(ua™) = Gy Bim oy (0= a7 ()
1 , 1 @7 (8w
= lim — — T
(21 bl 1)' 1,{—)q’1 qz duz -1 u'
2i-1_1 . -1_q_j
1 1 d (1) d
= —zi—l Y lil’ni1 2i- i1 d 7 ( il ) —2‘ _1 Bl(u)
( - ) u—q =0 q u u du J

The last line follows by using the product rule. Noting that the j = 0 term corresponds to the
leading order term of the residue, we get

_ _ (n+2’1 1)! i1 i1
Res(g(u),q~ ") = (g™ ") — " +o@@t

1
m(f”(
ENUEPARES -
=-8Bi(q 1)( \ )q"+0<q" D,

where (;) is the binomial coefficent s choose 7. Plugging it back into (4.5) and using the relation
5 (f) = 26(f) gives us the result. [ |

5 Higher Moments of r; in the large finite field limit

In this section, we use another approach to estimate the moments. We define the set 7, C Mj, 4
consisting of all f € My, 4 such that by (f) = 1. By the definition of 7, it is clear that

D= .

feMn,q fe7:n
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for each i € N. Partitioning ¥, as in [1], we define
Fin={f€Fn:f=PiPr...Pr,P;i £Pj Yi# jr=0},
Fon={f€Fn:f=TP\Py...P,Pi #Pj Vi#j,r>0},
{feFn:f=PiPy...PQ3,degQ1 =1,P; # P; Vi# j,r>0},
Fan={f€Fn:f=PiPy...Pr,degPy =1,P; £ P; Vi# j,r >0},
{feFn:f=TP1Py...P Q3 degQ1 = 1,P; # P; Vi# j,r>0},
5
7'_6,n = Fn\ U ﬁ,n-
i=1
The motive behind the partitioning is that the major contribution to the moments of 7 ( f) comes
from specific types of polynomials described in the partitions. To show this, we will estimate the
sum for each of the subsets of F;,. Before the estimation, we state the version of the Chebotarev
density theorem we will be using.
Lemma 5.1 [1, Lemma 3.2] Let
Toa(n) =#{R e Mug: R\ Z oo = <1, Rirreducible | = L + 0 (gln/2]
qa = g\ | THE==5 = o q .

Then, we have

qg-—1
ﬂq;a(l) = 2_,
1 2 1+a a
big 2)=-q° - + —,and
q,a( ) = 4 q 4 an
q"
ﬂ'q;a(n) = ﬂ +0 (qniz), n>3.

Let us introduce some notations before we proceed. Let A + n denote a partition
(41,42, ..., An) of n such that Z;!:I Jjdj = n,ie, 4; is the number of times j appears in the
partition. In the next few results, certain coefficients show up often. We define

2(l 1)/[

')’ln—Zl—[ ’ll/l"

Arn j=

Proposition 5.1 We have

D) =2 ying" =2 (20 i+ (2070 422070 ) o) g 00,
FTin

Proof Say f € F1,,. We have f = P1P;....Py for primes P}, j < k. The degrees of P; form
a partition of n say (11, A2, - -, 4,), where 4;is the number of primes in the factorisation with
degree j. Since every prime in the factorisation has exponent 1, Theorem 1.1 gives

r(f) =2 20ttt

Hence, we have

PRGHGEEDY ]‘[( ‘“(J))zw

feFin Arn j=1
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Note that the term (”";{ _(j )) denotes the number of ways to choose A primes of degree j. From
J

Lemma 5.1, we have

(i—])/ll 2(1’—1)1112
ﬂql(l) il 2 A 1A=l ( /1_2)
i1 (- Y+ 0 g7 7)),

( Aq! 4 1! 1 1
ﬂql(Z) Jits _ H(i-1)2, s 2123, 20,— 0( 2/12—2) and

A 242 2,! 1 242 25! ! ,

] (i-1)a; | .

ng;1(7) 2id; _ 2t i qj/lj +0 (ql/lj‘z).

Aj jliaj

Hence, we get

(i-1)2; 5= 1)4,

n . n
T ;1(]) iA 2
l_[( ll/l' )zuljzl_[ — 'qn_ /1%1—[ 21_[ Pl 1+0(qn 2)
j=1 J =1 J Ta;! j=1
Hence
Vid 1(/) n z(i—l)/lj 2(1 1)/11 _ _
Zl—[( 4 )2”17—')/ nq —Z /1%1—[/1—|+2/121—1/1—| qn 1+0(C]n 2).
Arn j=1 Arn j=1 J "/lj' Jj=1 J J’lf'
(5.1)
Define Cy and D, as
2([ 1)/11 n Z(i—l)/lj
C/l—/lzl—[ , Dy = 2/12]_[—
iy,
JYa;! j=1 JA!

Also, define the partitions y and v as follows: y is a partition of n—1 givenby (11— 1, A2, .., 4y—1)
and v is a partition of n — 2 given by (11 — 2, A2, .., 4,—2).If 11 = 0, then Cj = 0 and hence such
partitions do not contribute to our sum. If 4; = 1, then 4,, = 0 and

where y is a partition of n — 1. So, when A runs through all the partitions of n with A1 = 1, y runs
through all partitions of n — 1 with 1 =0.1f Ay > 2,1,,-1 =1, =0and

n n i— .
2(! 1)/11 2(l 1) J Z(l I)/l]
C)= /1% — | = 11—[ + /11(/11—1)1_[—
A A
=1 J ia;! =1 J i !
Hence
n-1 i—1)u; n=2 .(i-1)v;
C/l _ 2(!—1) l_l 2(! )/Jj +22(i—1) n 2(1 )Vl
0 V. |’
i Jﬂjﬂj! =i j .lyj!

where u is a partition of n — 1 and v is a partition of n — 2. In this case, when A runs through all
partitions of n with A1 > 2, u runs through all partitions of n — 1 with g1 > 1 and v run through
all partitions of n — 2. So overall, as A runs through all partitions of , u and v runs through all the
partitions of n — 1 and n — 2. Hence

m=1 o (i-1)u; n=2 ,(i-1)v;
. 2 j . 2 J
§ C,1=2(l_1) g | | -z 4 92(i-1) E | |—
) . 'V .
n primen) \j=1 1R ey =t 470 (5.2)

= 2Uil)?’i,n—l + 22(i71)7i,n—2-
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If 12 = 0,then D, = 0 and hence such partitions do not contribute to the sums.If 1 > 1,4,-1 =
Ay = 0. Hence

2(i-1); 2(1 v;

”l_[
/ll/l' V/y!’

where v is a partition of n — 2 given by (11,42 — 1, .., /ln_z). We see that as A runs through all

D)= 2/12|_|

j=1 J

partitions of n, v runs through all partitions of n — 2. Hence

i1 n-2 z(i—l)Vj 1
2, 0= 5 [ o | =2 s 6.3
Arn vrH(n-2) \j=1 A
Finally using (5.2) and (5.3) in (5.1), we have our result. [ |

Proposition 5.2 We have

DD =2 Yin1g" 04",
fe€Fon

Proof We exploit the one to one correspondence between 73 , and F1 ,—1. For f € 73 ,, the
degrees of P; form a partition of n — 1 and so we have

n-1

Z ') =2" Z I_[ (ﬂq’l(]))zl’lf

fe€Fon Arn-1 j=1

Using (5.1), we have the result. [ |

Proposition 5.3  We have

DTN =2y n2g" T +0(g" D).
fe€Fsn

Proof Say f = P1P2...PrQ% € F3,n with degree of Q1 being 1. Let Q be fixed. Then the
degrees of P; form a partition of n — 2 and for a fixed O, we have a correspondence between 73 ;,
and F7 ,,—2. So we have

D D =2 yin2g" T+ 04" ).
fe€F3.n,0 fixed

Note that the choice of Q does not influence the function 73 (f). We have qT_l choices for Q.
Hence

-1 _ i _ _
> 0 () = o (2Yin-2a" 2 4 06" D) = 20 Vyi2g" T + 00",
f€Fsn

Proposition 5.4 We have

S i =2 ylnzq T+ 0(g" ).
f€Fan
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Proof For f € F4pn,say f = P%Pz..Pr with degree of P; being 1, the degrees of Py, P3,..Py
form a partition 4 = (41,42, ...,4y—2) of n — 2 where A1 is the number of linear terms in the
factorisation excluding Pj. Also,

r3(f) =62ttt A,

Hence
n-2
V) q_l i ﬂ-q;l(l) i ﬂql(]) il;
> o= 3 (0 e ] 2,
fE ﬂ,n 2 Arn-2 ]:
Similar analysis gives the result. ]

Proposition 5.5 We have

> DN =0(g"D).

S€F5.nUF6n

Proof Exploiting the one to one correspondence between ¥s , and 3 ,—1, we have from
Proposition 5.3 that

D3 =0(g").
fe€Fsn

Also, from [1, Lemma 3.1], the size of the set F_,, is bounded above by %q"_z. Hence, the result
is evident. n

The coefficients y; , also arise naturally in the study of Ewens sampling formula which
describes the probabilities associated with the number of different alleles observed in a sample.
Using the sampling formula, we get that

2004 (420D (420D -
7’"_21_[ A m@i -1y _( n )

Arn j=

Refer to [5] for more details. Finally, we prove Theorem 1.4.

Proof From the definition of ¥,

DL DO =D .

feMuq f€Fn
Splitting the sum over partitions of 7, and using the estimates obtained in Proposition 5.1 to
Proposition 5.5, we get the result. ]
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