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Abstract

Let X, B, and Y be the Dirichlet, Bernoulli, and beta-independent random variables such
that X ~ D(ao, . ..,aq), Pr(B = (0,...,0,1,0,...,0)) = a;/a witha = ¥, a;,
and Y ~ B(1,a). Then, as proved by Sethuraman (1994), X ~ X(1 — Y) + BY.
This gives the stationary distribution of a simple Markov chain on a tetrahedron. In
this paper we introduce a new distribution on the tetrahedron called a quasi-Bernoulli
distribution By (ag, . .., aq) with k an integer such that the above result holds when B
follows B (ag, ..., aq) and when Y ~ B(k, a). We extend it even more generally to the
case where X and B are random probabilities such that X is Dirichlet and B is quasi-
Bernoulli. Finally, the case where the integer k is replaced by a positive number c is
considered whenay = --- = ay = 1.
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1. Introduction

In a recent paper Ambrus et al. [1] make the following observation. If V, Y, and W are
independent random variables such that V' ~ (1/71)(% — vz)’l/zl(_l/z,l/z)(v) dv, Y isuniform
on (0, 1), and Pr(W = 1) = Pr(W = —1) = 1, then

w
V~V(1—Y)+7Y.

The law p of a random variable V satisfying V. ~ VM + Q, where the pair (M, Q) is
independent of V on the right-hand side, is often called a perpetuity generated by the law v
of (M, Q). Thus, another way of stating the observation from [1] is that an arcsine random
variable on (—%, %) is a perpetuity generated by the distribution of (M, Q) ~ (1 =Y, WY/2).
This property of the arcsine law is actually an instance of a much more general result due to
Sethuraman (see [10] or Theorem 1.1 below) on the Dirichlet distribution.

To recall Sethuraman’s result, we will need the following notation. The natural basis of

R4t is denoted by eo, ..., eq. The convex hull of {eg, ..., eq} is a tetrahedron that we denote
by Ez41. The elements of E; | are therefore the vectors A = (Ag, ..., Ag) of R4*! such that
Ai >0fori =0,...,dandsuchthat Ao +--- + A5 = 1. If po, ..., pg are positive numbers
whose sum is equal to 1, the distribution Z?:o Di8e; of B = (By, ..., Bg) € E441 is called a
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Bernoulli distribution. By definition, B satisfies Pr(B = ¢;) = p;. If ap, ..., aq are positive
numbers, the Dirichlet distribution D (ay, ..., aq) of X = (Xo, ..., X4) € E441 is such that
the law of (X1, ..., Xg) is
1
— (== —xg) T ooy Xg)dxy - - -dxg,
B(a(),‘."ad)( 1 d) 1 4 1, d) dxi d

where B(ag, ...,aq) = I'(ag)---T(aq)/T(ap+ --- + aq) and Ty is the set of (x1, ..., x4)
such that x; > Oforalli =0, 1, ..., d, with the convention xy = 1 — x| - - - — x4. For instance,
if the real random variable X; follows the beta distribution

1
(a1, ap)(dx) = ————x“ 71 (1 = x)® 19,1y (x) dx,
p B(ay, ao) @D
then (1 — X1, X1) ~ D(ag, ay).
Theorem 1.1. ([11].) Let ao, ..., aq be positive numbers. Define a = ap + --- + aq. Let
X, Y, and B be the Dirichlet, beta, and Bernoulli independent random variables such that

X ~ Dlag,...,aq) and B ~ Z?:o a;8.; /a are valued in RI and such that Y ~ B(1, a).
Then X ~ X(1 —Y) + BY.

Remark. Considering each coordinate, Theorem 1.1 says that, for alli = 0, ..., d, we have
Xi ~ X;(1—=Y)+B;Y. Since 1 = Y9 X; = Y%, B;, the statement for i = 0 is true if it is
verified fori = 1, ..., d. For instance, for d = 1, Theorem 1.1 can be reformulated as in the

next result.

Corollary 1.1. Let apg,a; > 0. Let X1, Y, and By be three independent random variables
such that X1 ~ B(ay, ap), Y ~ (1, a9 + a1), By ~ apdo/(ap + a1) + a181/(ap + ay). Then
X1~ X1(1-Y)+ ByY.

The initial remark contained in [1] is therefore a particular case of Theorem 1.1 ford = 1
and ap = a1 = % More generally, the case in which d = 1 and @y = a; covers the power
semicircle distributions discussed in [2] (with 0 = ag — %). In particular, ag = a; = % is the
classical semicircle distribution.

Part of the reason we found Theorem 1.1 interesting is that there are relatively few examples
of exact solutions to perpetuity equations in the literature.

The aim of this paper is to generalize Sethuraman’s result, and our generalization (see The-
orem 4.1 below) will provide more examples of the explicit generation of perpetuities. Stating
Theorem 4.1 needs the introduction of a new distribution By (ag, ..., ag) on the tetrahedron
E44+1. We call it a quasi-Bernoulli distribution of order k. It is concentrated on the faces of
order less than k in a way that we will make reasonably explicit in Section 3. With these new
distributions, we add a family of laws with interesting properties to the zoo of distributions on
a tetrahedron.

Finally, one can prove Corollary 1.1 directly by showing that E(X{(1 — Y) + B1Y)") =
E(X7) for all integers n. Our proof of Theorem 4.1 is somewhat linked to this method of
moments. It relies on the properties of the T, transform of a distribution on the tetrahedron
E ;41 introduced in [4] (see also [9]). We will prove several convenient properties of the T,
transform in Theorem 2.1. Theorem 5.1 extends Theorem 4.1 to random probability measures
on an abstract space €2, where the Dirichlet distribution is replaced by the Dirichlet random
measure governed by the positive measure o on 2. Surprisingly, the construction of the quasi-
Bernoulli random measure of Section 5 uses Ewens’ distribution.
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Note that the same perpetuity can be generated by different v. See Section 6 for a reminder
of the classical link between perpetuities and the stationary distributions of the Markov chains
obtained by iteration on random affine maps.

2. The T, transform of a distribution on the tetrahedron

In the sequel if f = (fo,..., fg) and x = (xp, ..., Xxy4) are in R+ we write (f,x) =
Zf’lzo fix; and define Ugy1 = {f = (fo,..., fa) € R fo > 0,..., fs > 0}). Let X =
(Xo, ..., Xq) be a random variable on E44, and let ¢ > 0. The T, transform of X is the

following function on Ugy1:
Te(X)(f) = E(f, X)79).

Its existence is clear from 7.(X)(f) < (min; f;)~¢ < oo. It satisfies
T.(X)(Af) = 2 Te(X)(f).

The explicit calculation of T.(X) is easy in some rare cases, including the Dirichlet case
Dlag,...,aq) whenc = a = ag—+ - - - +ay and the Bernoulli case Z;{:o Di8e;. In some sense,
the present paper originated from an effort to compute 7,.(X) when X ~ D(ao, ..., aq) and
¢ = a + k, where k is a positive integer. For d = 1, knowing the T, transform is equivalent to
knowing the function ¢ — E((1 —#X)™) on (—o0, 1) when X is a random variable valued in
[0, 1] since

T.(1 =X, X)), 1 —1) =E{(1 —tX)™).

The T, transform is a tool which is in general better adapted to the study of distributions on the
tetrahedron than the Laplace transform E(exp(—(f, X))). The next theorem gathers its main
properties. It shows for instance that 7.(X) characterizes the distribution of X and gives in
(2.4) a crucial probabilistic interpretation to the product 7,(X¢)75(X1) when X and X are
independent random variables valued in E;4 .

Theorem 2.1. 1. If X and Z are random variables on E41 and if there exists ¢ > 0 such that
T.(X)(f) =T(Z2)(f) forall f € Ugy, then X ~ Z.

2. If k is a nonnegative integer and H = —(9/0dfo + - - - + 9/9f4), then
H To(X) = (@ Tesr(X), @1
where (c),, is the Pochhammer symbol defined by (c)o = 1 and (¢)p+1 = (¢)n(c + n).
3. If(ap,...,aq) € Ujyr witha =ag+ -+ aq and X ~ D(aop, ...,aq), then
T(X)(f)=fo - f; . 2.2

4. Suppose that Xy, ..., X,, Y are independent random variables such that X; € E;11 for
i=0,....,randY = (Yy,...,Y) € Ery1 has Dirichlet distribution D (by, ..., b;). Then,
forb=byg+---+brand Z = XoYy+ - + X, Y,, we have, on Uy,

Ty(Z)(f) = Tpy(X0)(f) - - - Thy (Xa) (). (2.3)
In particular, if Y ~ B(b1, by), we have
Tpo+b, (1 = Y) X0 + Y X1) = Tpy (X0) T, (X1). (2.4)
5. The probability of the face xo = - - - = xx = 0 is computable by the T, transform:
f(}iinooTC(X)(fo""’fO’ L,...,)=Pr(Xo=X; =---= X; =0).
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Proof. To prove part 1, fix g € R¥t! set f; = 1 — tg; for small enough ¢, and develop
t — E((f, X)™°) in a neighborhood of t = 0. Since (f, X) =1 — (g, X), we have

o
T.OOG) = E(( = t{g, X)) = 3 D m((g, X)),
=0 n:
It follows from the hypothesis 7. (X) = T.(Z) that E({g, X)") = E((g, Z)") for all n. Thus,
(g, X) ~ (g, Z) since both are bounded random variables with the same moments. Since this
is true for all g € RYt!, we have X ~ Z. Equation (2.1) is easy to obtain by induction on k
using the fact that Xo +--- + X4 = 1.

We do not give a proof of the classical formula (2.2); see Proposition 2.1 of [4], or [9]
where three different proofs are discussed. Equation (2.3) follows from (2.2) by replacing
X,a0,...,agwithY, by, ..., b, and f with (f, Xo), ..., (f, X;). Using conditioning and the
independence of Xy, ..., X, we obtain

Xo0,..., X r))

r —-b
Ty(Z)(f) = E(E([Z Yi(f, X,->}
j=0

= E(H(f, Xj>—bf)

j=0

,
=[] 7,&x)H.
j=0
Applying (2.3)to (Yo, Y1) = (1 =Y, Y) ~ D(bo, b1), we obtain Z = (1 —Y)Xo+ Y X;. This
leads to (2.4). Property 5 is obvious since the events Xo+---+ Xy =0and X = X1 =--- =
X = 0 coincide.

Remark. Theorem 2.1 may be used to obtain a proof of Theorem 1.1 that is different to
Sethuraman’s original argument. Since it is related to our proof of Theorem 4.1 below, we
briefly sketch it. Take Xg = X, X1 = B, b1 = 1, and by = a in (2.4). Thus,

T (B)(f) 1("0 - “d)
] Y e B
a\ fo fa
The trick for computing T74,(X) is to observe from (2.1) and (2.2) that

d d

—1 ad 1

Tia(X)(f) = — (Z —) [ = T.COANTIB)Yf).
a i=0 8fi i=0 fl

From (2.4) we also know that, for Z = (1 — Y)X + Y B, we have T1,(Z) = T,(X)T1(B).

Thus, T144(Z) = T1+4(X). Part 1 of Theorem 2.1 implies that X ~ Z.

3. The quasi-Bernoulli distributions on a tetrahedron

We begin by slightly extending the definition of a Dirichlet distribution D (ao, ..., az) by
allowing a; > 0 instead of @; > 0 while keeping a = Z?:o a; > 0. For such a (ag, ..., aq)
sequence, we define the nonempty set T = {i; a; > 0}. We say that D(ao, ..., ay) is the
Dirichlet distribution concentrated on the tetrahedron E7 generated by (e;);er with parameters
(apier- f X ~ D(ao,...,aq), the formula E((f, X)™%) = H?:o f[_”" still holds. If T
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contains only one element iy then D (ap, . . ., agq) is simply 8% and does not depend on a. Now
recall a simple combinatorial formula where & is a positive integer and a = ag + - - - + ag4:

Z l—[ (az)'h _ (a)k. G.1)

(bo,...,.bg)eNd+1 i=0
bo+--+byg=k

The proof is immediate if we use generating functions: expand ]_[flzo(l -ty =(1-0n""1
in a power series on both sides. We now define our new distributions.

Let ag,...,aq > Oand a = ap + --- + a4, and let k be a positive integer. The quasi-
Bernoulli distribution of order k is the distribution on the tetrahedron E;4; defined as the
mixing of Dirichlet distributions:

k! (a; )b,
Bi(ag, ....an) = —— ]_[ Db, .. ba). (32)
(a)k 1+1 0
(b0, ....,bg)eNd+1 i=
byt +bd k

Equation (3.1) shows that (3.2) is indeed a probability on E;41. Setting ¢ = k in Theorem 4.2
below gives an explicit form of By (ap, ..., ag) in the particular case ag = - -+ = a4 = 1. For
the sake of simplicity in the following, define

d_
i=0 Ji
Proposition 3.1. If B ~ Bi(ao, ..., aq) then
d
k! (ai)p;
LBH=— > ] (34)
(@) (BoonrbgyeNe+1 =0 b;i! f;
bo+---+bg=k
k! ko g™
' J
= — > 3.5)
Mg 1
(a)k (my,..., mk)eNk Jj=1 J jm

m1+2mo+---+kmp=k
Proof. Equation (3.4) is obvious from the definition of By (ao,...,a4) and (2.2). To
prove (3.5), denote by k! By /(a)x and by k! Ci/(a)i the right-hand sides of (3.4) and (3.5),

respectively. Now
o tjmj O_
2 Gt
k=0

Zl_lm,m,

my,ma,... j>1

{5)

izl
:exp<z t Z a; )
j>1 i=0 f

a’< £\ a
1-2)
HU=7

We compute Y oo Byt* similarly, leading to By = Cy and (3.5).
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The remainder of this section comprises several remarks on By (ao, .. ., a4), with Section 4
containing further information. If T C {0, ..., d}, denote by Fr the relative interior of Er.
This set is sometimes called a face of E44. It is equal to the relative interior of Egj4 if
T ={0,...,d}, and the family of Frs is a partition of E;1. Therefore, By (ap, ...,aq) is a
mixing of distributions on the faces F7 which have densities /i 7 with respect to the uniform
distribution A7 on Fr. Here Ay = D(by, ..., bg), where b; = 1ifi € T and b; = 0 otherwise.
Note thatif T is reduced to the point i then A7 = 83,.0 , while the relative interior of E7 is empty.
Observe that if k < d, only faces of dimension less than k are charged by By (ag, ..., aq). To
be more specific, define ar = ) ; .y a; and by = Y, b;. When restricted to (a;)ier, (3.1)

becomes ( ) ( )
a; a
Z l_[ b; T )k )

(bi)iereNT 1€T
br=k

A probabilistic interpretation of this is

(ar)k
!Bk(ao,...,ad)(U FS> @

ScT

Since the F are disjoint, for S C {0, ..., d}, the weights ws = B (ao, ..., aq)(Fs) satisfy
> scr ws = (ar)r/(a)r. The pr1n01ple of inclusion—exclusion therefore 1mphes that wy =
A/ (@) Y oser (= DT\SI(gg)g. Let us introduce the symmetric polynomial

Pi(ao, ...,a0) = Y (=D Blag),.

Sc{o,...,d}

Its explicit calculation is not easy. With the convention that Py = 1, we obtain the following
generating function:

t* d+1—|S| 2 : it
LR ] _— _1 -
,;:0 Py (ag ad)_k! E (=1 kzo(aS)kk!

Sc{0,...,d}
_ Z (—1)d+1=18I (1 — py—ai
Sc{o,...,d}
=[Jia-n"-1
i=0
d —a;
= ¢+l ]‘[w (3.6)
i=0

In particular, (3.6) shows that Py(ag, ..., aq) = 0if k < d and that

Pyii(ap, ...,aq) = d+Dlag---aq.

.....

representation of the quasi-Bernoulli distribution as a sum of mutually smgular measures is

Bi(ao.....aq)= Y  wrhirhr. 3.7
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For simplicity, denote A 1 by h 4 in the particular case T = {0, ..., d}. Of course, it is not
zero only if k > d 4 1. The following proposition gives a generating function for the sequence
(Px(ao, - .., ag)hk.qa(x))k>a+1 in terms of confluent hypergeometric functions.

Proposition 3.2. Fora, b > 0, define

— (a)
Fila;b;7) = =
1F1(a; b; 2) ;n!(b)nz
Then
i 1 41
Y ———Piao, ..., ahkaxo, ..., x)* T =] =1 Fi(a + 152 xi0).
k=d+1 (k - 1)' i=0 ai

Proof. Restricting (3.7) to the interior of E44 we obtain, writing n; = b; — 1 and using the
definition of the Dirichlet distribution,

Pi(ao, ..., ag)hiqa(x)1E,, (x)dx

L (a;)
- ¥ <Hﬁ>£(bo,...,bd)(dx)

bi>0foralli Ni=0 '

Yo bi=k
L @
=k -1 ;Hx-"")l x)dx.
( ) ni>(§;a]1i <11:([) (I’l,' +1)!ni! l Ed+]( )
>4 ni=k—d—1

Multiplying both sides by =41 and summing over k = d + 1, d +2, ... completes the proof.

4. Perpetuities for quasi-Bernoulli

We now compute the Ty transform of a quasi-Bernoulli distribution By (ag, ..., aq),
deducing from it the desired extension of Theorem 1.1.

Theorem 4.1. Let ag,...,aq > O witha = ag + --- + aq, and let k be a positive integer.
Suppose that X ~ D(ao, ...,aq) and B ~ By (ao, ..., aq). Then
Ta1k(X)(f)
Te(B)(f) =~ =i,
To(X)(f)

In particular, if X, B, and Y ~ B(k, a) are independent then
X~0-Y)X+YB.

Proof. Recall the differential operator H on Uy introduced in Theorem 2.1. Consider the
function F(f) = n?:o £ = To(X)(f). The idea of the proof is to compute F~'HK(F) in
two ways. A multinomial expansion shows that

d b;  ab;
‘0 (=D a"
H" =k Z l_[ b;! afbi ’
(bo,...,bg)eNd*1 i=0 i
bo+--+bg=k
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We also observe that

d b d
;07 (ai)p;
[Tenr 5 )= ry
<i=0 8fl l i=0 fia, '
Combining these two formulae with the definition of By (aq, . . ., ag) we obtain F~ ! HX(F) =

(a)r Ty, (B). On the other hand, by applying (2.1)to X ~ D(aq, ..., aq) andto ¢ = a, we obtain
F~YHK(F) = (a)x T,4+x(X). Comparing these two results yields a proof of T, (X) T (B)(f) =
T,+x(X). Applying (2.4) completes the proof.

Corollary 4.1. It holds that limy_, Bi(ag,...,aq) = D(ao,...,aq), where the limit
converges in the weak sense.

Proof. If X ~ D(aop,...,aq), Yr ~ B(k,a), and By ~ Bi(ao, ..., aq) are independent,
Theorem 4.1 shows that (1 — Y3)X + YiBr ~ D(ao,...,aq). Since E; 4 is compact,
there exists a subsequence k, — o0 as n — oo and a probability « on E;y1 such that

Bk, (ao, . ..,aq) — pasn — oo in the weak sense. Furthermore, the distribution of 1 — ¥
converges to the Dirac mass §o—a quick way to see this is to consider the Mellin transform for
s > 0:

P _F(a+s) I'(a+k)
E((1-Y)%) = r@) F(a+k+s)_>0 as k — oo.

Therefore, the distribution of (1 — Y, )X + Yy, By, converges weakly to 1. As a consequence,

u = D(aop,...,aq) and does not depend on the particular subsequence (k;). This completes
the proof.
Theorem 4.1 implies that, for all integers k and X ~ D (ao, - .., aq), there exists a probability

distribution for B such that Ty (B) = Tj+4(X)/T,(X). A natural question to ask is whether
this statement can be extended to positive real numbers c¢. More specifically, does there exist
a distribution B.(ag, ..., aq) on E441 for B such that T.(B) = T,44(X)/T.(X)? We easily
observe that this cannot be true. Taking c to be a positive number, X uniform on (0, 1), and
Y ~ B(c,2) with X and Y independent. Then

e if 0 < ¢ < 1, it is impossible to find a distribution for a random variable B independent
of X and Y such that X ~ (1 — Y)X + Y B;

e ifc>1and B ~ (8o +81)/c+ 1+ (c—1)1,1)(b) db/(c + 1) is independent of (X, V),
X~(0-Y)X+YB.
More generally, we prove the following result.

Theorem 4.2. Let ¢ be a positive number. For a nonempty set T C {0, ..., d}, we denote by
AT the uniform probability on the convex set generated by {e;;i € T}. We also introduce the
uniform probability on the union of the faces of E 41 of dimension k,

(k+ D! —k)!
SERRES TR DR
: TC{0,....d)}, |T|=k+1
and consider the signed measure on Eg441 defined by
di(d +1)! Xd:(c—l)(c—Z)n-(c—k)A
Ved = .
T D+ e+ d & kDA -0l
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Then, forall f; >0,i=0,...,d,

Ve,d(dx) Ag(dx)
: = CEEEEY . 4']
/;aur] <fax)c fO fd Egq1 (f’x>C+d+1 4.1)

In particular, if Y ~ B(c,d + 1) and X ~ Ag4 are independent, then there exists a random
variable B on E 1 independent of (Y, X) such that X ~ (1 — Y)X + Y B if and only if either
c is a nonnegative integer or ¢ > d. Under these conditions, B ~ v, 4.

Remarks. Note that Ay = D(1, ..., 1). Therefore, Theorem 4.2 says that the quasi-Bernoulli
distribution v, 4 = B.(1, ..., 1) with continuous parameter ¢ does exist if and only if either ¢
is an integer or ¢ > d. For d = 2, denote by A;; the uniform distribution on the segment ¢;, ¢;,
and by A the uniform distribution of the triangle with vertices eg, e1, e2. Then, for ¢ = 1 or

c>2,
Vc,2 = °(BC(1’ 19 1)
1
=———(2( 3 ) 2(c — (A A A
(C+1)(C+2)( (Bep + 8¢, + 8ey) +2(c — ) (Ao1 + 202 + 212)
4+ (c — D(c —2)A2).
The proof of Theorem 4.2 is intricate enough for us to think that the existence of B, (ap, . . ., aq)
for arbitrary positive numbers (a, . . ., aq) is a delicate problem, even when all the a; are equal.

To illustrate this for d = 1, we have to determine whether there exists a positive probability
w(db) on [0, 1], depending on ag, a1, and c, such that, for all (fo, f1) = (1, 1 — ¢), we have

/lxuw> (=9 [t —x)n!
0

(1 —th)e  B(ag,a1) Jo (1 — tx)dotarte

Application of property 5 of Theorem 2.1 shows that w(db) necessarily has atoms at 0 and 1.
As shown by Proposition 4.1 below, the mass at 0 is given by the limit

(1—na fhxa=1(q —x)o-! B(ag + ¢, ay)
m X =
i—=cc B(ag,ar) Jo (1 —tx)dorar+e B(ao, ar)

A similar result holds for the mass at 1. However, finding the part of 1 (db) concentrated on
(0, 1) is challenging. One can postulate that it has a density f which therefore satisfies, in
terms of the Gauss hypergeometric function » F'p,

1
f®d)db B(ap + ¢, ay)
= (1 -0 F +ay+c,ai;a0+ay,t) - ———
/0 (1 —1b) ( Y2 F1(ap +ay +c,ai;a0 +ap, t) Blao.ap)

B(ag, a1 + ¢) 1
B(ag,a;) (1 —1)°

If ap and a; are positive integers, one can show that f is a polynomial of degree ag + a; — 2
with a complicated expression.

Proof of Theorem 4.2. Since all probabilities Ao, . .., A4 are mutually singular, clearly, v 4
is a positive measure if and only if either c is an integer or ¢ > d. We also observe that

d

! 1
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(Compute the coefficient of z?! on both sides of (1 + 2)4(1 4+ z)¢ = (1 + 2)4*¢ to see

this.) This proves that the total mass of v. 4 is 1. For simplicity, define F.(fo, ..., fa) =
/ Eapy Na(d)/(f, x)¢t4+1 This is a symmetric function of the f;s. We now show by induction
on d that
d
d! 1
Fe(fo, ...y fa) = : . 4.2)
(c+Dc+2)---(c+d) ; f;Jrl Hj#i(fj - fi)

This holds for d = 1 since

| T v - e e 5
o (fo(l—x1)+ fix)*2 — (c+D(fo— O\ et et

Assuming that (4.2) holds for d — 1 we write (recall that 7 is the tetrahedron defined in Section 1
and that its Lebesgue measure is 1/d!)

FC(an'--afd)
—d'/ dxp---dxy
U, (fo(l—x1 — - —xg) + fixi + -+ faxg)eTdt!
1 —
:d!/ (/ B ! dxg )
Ti—1 \JO (fod —x1 — -+ —xg) + fixg + -+ + fyxg)ctd+l

X dxp .- dxg_g

d
= ———F——(F(f fo, .-, — Fe(fo, fi -+, faz1).
(C—l-d)(fo_fd)( (f1, f2 fa) (fo. fi fa-1))

The last equality is enough to extend (4.2) from d — 1 to d. We now apply (4.2) to the computation
of fEd+1 Ar(dx)/({f, x))¢ when |T| = k + 1 by changing (d, ¢) to (k,c —k — 1):

/ Ar(dx) k! 3 1
Ean (LX) (c—k)(c—k+1)---(c—1)" I e jer (fi = f)

ieT
Using this result, (4.1) can be equivalently written as

d

Z Z 17| 1 = Jfo- ff’Z e+l ] :
G#TC0,...,d} ieT Ji H,# jeT(f] fi) iz Ji nj#i,jeT(f/ — fi)
4.3)
Interchanging the order of the summations on the left-hand side yields
Z -2 11 Z : H
R = (f 7 7 (f, Y
Now we easily prove that, foralli =0, ...,d,
i
> T] ]_[ . (4.4)
Tsi j#i, jeT f f’ i (fi = 1)

To see this, it is enough to prove the i = 0 case. Lettlng X; = fo/(fj — fo), equality (4.4)
for i = 0 becomes ZTc{l ,,,,, d) ]_[jeT X;= ]_[ 1 (1 + X;), which is obviously true and
proves (4. 1). The remainder of the theorem stralghtforwardly follows.
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The next proposition concerns the weights of a face and a vertex for B.(ao, ..., a4) when
this distribution exists.

Proposition 4.1. If B ~ B.(ao, ..., aq) witha = ap+ -+ ag and a’ = ap41 + - - + ay,
then

_T(@r@ +o)
T T(a+o)l@)’

_ '@ (a; +c¢)

Pr(By=--- = By = 0) T Ta+ol(@)

Pr(B =¢;)

Proof. By definition, T,(B) = Ty4+.(X)/T,(X), where X ~ D(ap,...,aq). We use
property 5 of Theorem 2.1 and consider

T.(B)(fo,..-» fo, 1,..., 1)

foa—a’ xgo—l .. ~x:;d:1171(1 —Xg— - — xd_1)ad_l dxg...dxg—1
~ Blao, ... aq) Jz, ((fo— Do+ -+ +x) 4 1ate
EF f 45)
- —————— as fy — oo, .
B(ao, ..., aq)
where X .
ulO™ % dug - - - du
E=/ 0 k 0 X — Bag, ..., a5, d +¢) (4.6)
©,00k+1 (14 ug+ - +up)*+e
and
F= / xlffll_l ~~x3“’:f_1(1 — X1 — = Xg—1)™ Ndxg - - - dxgg
Ta—k—-1
= B(ay+1, ..., aq).

Equality (4.5) is obtained by making the change of variable u; = fyx; fori =0, ..., k and
taking the limit when fy — oco. The second equality of (4.6) can be easily proved by letting
A=1+uy+---+urin

1 — /-oo e—sAsa+c—1 ds
Aate 0 Fa+c)

Letting k = d — 1 so that a’ = a4, we obtain

_ I'(@)'(ag + ¢)

Pr(B =eq) =Pr(By="-=Bs-1 =0) = =S

The general case Pr(B = ¢;) follows by symmetry.

5. Quasi-Bernoulli and Dirichlet processes

Recall thatif (€2, «) is ameasure space such that ¢ (€2) = a is finite, the Dirichlet process with
parameter « is a random probability P ~ D («) on 2 such that, for any partition (Ag, ..., Ag)
of 2,

(P(Ao), ..., P(Ag)) ~ D(a(Ap), ..., a(Aq)).

While the term ‘process’ is questionable since no idea of time is involved in this concept, it is
now well ingrained in the literature; the reason is that, when €2 is the interval [0, T'] and « is the
Lebesgue measure, the distribution function P{[0, ¢]} for0 <¢ < T is Y (t)/Y(T), where Y is
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the standard gamma Lévy process. A striking property of P ~ D(«) is that it is almost surely
purely atomic: if (V;) j= are independent and identically distributed (i.i.d.) random variables
on 2 with distribution Q = «/a, there exists random weights (Wj)‘]?i1 (that is, W; > 0 and
Z?ozl W; = 1) such that Z‘;il W;8y, ~ D(a). Various descriptions of the distribution of
(W;)j>1 can be found in the literature, in particular in [6], but the simplest is obtained from
the data of i.i.d. (Y;) j>1 with distribution 8; , and by taking W; = Y; ]—[,J(;i(l — Yi). Alarge
number of papers has followed [6]. The survey by Lijoi and Prunster [10] contains a wealth
of information on the Dirichlet process P ~ D («) and on the distributions of the functionals
f o f (w) P(dw) with numerous references. We also mention the inspiring paper by Diaconis
and Kemperman [5]. Here we describe the analogous random probability P ~ By («): for any
partition (Ao, ..., Ag) of 2,

(P(Ap), ..., P(Ayg)) ~ Br(x(Ag), ..., a(Ay)). 6.

The object By («) is natural since, for k = 1, the random probability P = §y, where V ~ «/a,
satisfies (5.1). Not surprisingly, we will see that random probabilities on €2 satisfying (5.1)
are concentrated on at most k points Vi, ..., Vi, where V; ~ «/a, although they will not
be independent as they are in the limiting case of the Dirichlet process. Needless to say, the
distribution of the random weights on these atoms will not be simpler than in the limiting case.

Before stating the theorem for general k we sketch the construction of B; (). We first select
Vi1 ~ a/a. Then, with probability 1/(a + 1), we take V, = V| and, with probability a/(a + 1),
we choose V5 independently from Vi with distribution «/a. Finally, we take Wi uniform on
(0,1) and W, = 1 — W, and we consider the random probability P = W3y, + Wady,.
To prove that (5.1) is satisfied for k = 2, let a; = «(A;) for simplicity; we observe that the
probability of (P(Aop), ..., P(Ag)) equaling e¢; fori =0, ..., d is exactly

2
1 a a a; _(a,-)z

Pr(Vi, Vo € A)) = - O )
r(Vi. V2 i) a+1la a+1a? (a)2

Fori # j, we have

a aiaj
Pr(Vi € A;, Vo e Aj) = Pr(Vie A)Pr(V, € Aj) = —.
W i 2 j) a+1 W i) Pr(V, ]) (@)1
As a consequence, the conditional distribution of (P(Agp),..., P(Ag)), with Vi € A; and

V2 € Aj,is equal to the law of Wie; + Wse ;. These two facts show that (5.1) holds for k = 2.

Theorem 5.1. Let (2, ) be a measure space such that «(2) = a is finite, and let k be a
positive integer. We select the random variables (M, X, W) as follows.

1. M =M, ..., My) € N are such that My + 2M> + - - - + kM = k, with the Ewens’
distribution with parameters k and a:

k
aZj:l mj

Pr((My, ..., M) = (my,...,my)) = C(im)————.
(@)k

Here
k!

k M . :
Hj:]-] ij!

We define S; = M1 +---+ M and B(M) = (bt)tsip where by = j for Sj_1 <t < §j.

C(m) = C(m1, ...,mk) =

2. Let (Xn)1<n<k be a sequence of i.i.d. random variables with law o /a, independent of M.
Let the conditional distribution of X given M be the same as the law of (X1, ..., Xs,).
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3. Let W = (Wf)f=1 be a random vector such that the conditional law of W given M is
D(B(M)) for (Wy, ..., Ws)and W; =0for j € {Sx +1,...,k}.

4. When conditioned on M, the random variables X and W are independent.
Then P = Y | W,Sx, satisfies (5.1).

Remarks. 1. We say thatm = (my, ..., my) is the portrait of a permutation  of {1, ..., k} if
7 has m j cycles of order j for j = 1,2, ..., k. Therefore, C(m) is the number of permutations
with portrait m. For the history and the properties of Ewens’ distribution, see, e.g. Johnson et
al. [8, Chapter 41]. Note that m = (my, ..., my) can be seen as the coding of a partition of
the integer k. For instance, if K = 13 and the partition is represented by the Ferrers diagram

(¢] [e] [e]

O O O O O ©O
O O O O

corresponding to the partition 1 +14+2+2+2+5 =13, thenm = (2,3,0,0, 1, ...), where
the dots represent a sequence of eight Os. In this example, Zf: | M, which is the height of the

k
Ferrers diagram, is equal to 6. The sequence (bt)lz”:1 "* mentioned in part 1 of Theorem 5.1 is
also another coding of the partition and describes the lengths of the rows of the Ferrers diagram
from below. In the above example, (b1, by, b3, ba, bs, bg) = (1,1,2,2,2,5).

2. Let us consider Theorem 5.1 for k = 3. In this case

a3 3a2 2a
- Pr(M =(1,1,0)) = —, Pr(M = (0,0,1)) = —,
(@)3 =1 1.0) =3, M= 0.0.Dy= 35,

B(3,0,0) =(1,1,1), B(1,1,0) =(1,2), B(0,0,1) = (3).

Pr(M = (3,0, 0)) =

Therefore,

o the conditional law of P given M = (3, 0, 0) is the same as W dx, + Wadx, + W3dx,
with (W, Wa, W3) ~ D(1, 1, 1);

o the conditional law of P given M = (1,1, 0) is the same as Widx, + Wadx, with
(W1, W) ~ D(1, 2);

o the conditional law of P given M = (0,0, 1) is 8.

3. Toillustrate the notation of Theorem 5.1, let us return to the case k = 2. Above, we informally
first took Vi ~ o/a, then took V, with a mixed distribution 8y, /(a + 1) 4+ aa/(a + 1)a, and
finally took P = Wjdy, + W28y,. Under the new notation, M takes two values:

e (My, M) = (0, 1) with probability 1/(a + 1)—in this case X1 = V| = V,, B(0, 1) =
(2),and P = dx;

e (M, M>) = (2, 0) with probability a/(a + 1)—in this case B(2, 0) = (1, 1), the random
probability P has in general two atoms X1 and X» (at least when « has no atoms), and
(W1, Wy) = (Wi, 1 — W) ~ D(1, 1), that is, W is uniform on (0, 1).
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4. If we consider the particular case where 2 = (0, 1) and « is the Lebesgue measure (therefore,
a = 1), therandom probability P ~ By («) on (0, 1) will be computed according to Theorem 5.1
as follows. To create M, take a permutation v of {1, ..., k} with uniform distribution. Consider
M = (My, ..., My), where My, ..., My are the numbers of cycles of 7 of sizes 1,...,k,
respectively; the sequence M induces a partition B(M) of the integer k. Take i.i.d. random
variables (X, )1<n<k uniformly distributed on (0, 1) such that they are independent of M (then
X1, ..., XMy4-.4+m, will be the points of discontinuity of the random distribution function
F(t) = P([0, t])). Finally, take a Dirichlet random variable W = (W,)ﬁllJr"'Jer ~ D(B(M)),
where W; is the amplitude of the jump of the random process F in X;.

5. We observe that the idea of the T, transform extends well to the context of random
probabilities on 2. If f is a positive measurable function on €2, ¢ > 0, and P is a random
probability on €2, we define

TC(P><f>=1E<</Q f(w)P(dw)) >§oo,

which is finite in particular if there exists m > 0 such that f(w) > m for all w € Q.
If P = X ~ D(w) is a Dirichlet process such that a = «(£2) then (3.1) or [4, p. 35] shows that

Ta(X)(f) = E((fg f(w)X(dw)> ) = eXp(-/Qlog f(w)a(dw)).

An interesting application of Proposition 3.1 gives the following when P = B ~ By(«) is
the quasi-Bernoulli process of Theorem 5.1. Defining o (f) = fQ a(dw)/f(w)’, we have the
elegant result

—k k! k
Te(B)(f) = E((/Q f(w)B(dw)) ) = on > I1

(my,..., mk)GNk Jj=1
m1+2mo+---+kmp=k

(e

m,
J
jm-fmj!'

For instance, for k = 2,

h(B)(f) =

( a(dw))2+ 1 a(dw)
ata+ 1D \Jg f(w) a@+1) Jg f(w)?

6. Needless to say, the formula which is the backbone of the paper, namely,

Tark(X)(f)
T(X)(f)

still holds for a Dirichlet process X ~ D(«) and a quasi-Bernoulli process B ~ Bi ().
Consequently, X ~ (1 — Y)X 4 Y B holds when Y ~ B(k, a) is independent of B.

Ti(B)(f) =

Proof of Theorem 5.1. Toshow (5.1), weleta; = a(A;). We compute first the distribution of
Z = (P(Ap), ..., P(Ag)) by conditioning withrespect to M and X. Denote by ; ; the number
of X, suchthat§;_; <t < §; and X, € A;. Note that Z?:o N;,j = M;. Conditionally on M,
the vector N; = (N;, j)?:o of R4t! has a multinomial distribution

. n().]' nd’j
M;! ag ' -e-ay

Pr(N; = (no j,...,nq,j)) = M; ’

nojl--ona il a

https://doi.org/10.1239/jap/1402578633 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1402578633

414 P. HITCZENKO AND G. LETAC

where ng j + --- +ng j; = M;. Furthermore, Ny, ..., Ny are conditionally mdependent
given M. Now we introduce the quantities B; = le 1 JNi j, which satisfy Z B =
Z?:o Z’;Zl JNij = yok i—1JMj=k. Observe that, conditionally on M and X, We have
Z ~ D(Bo, ..., Bg). To see this, we use the following definition of Z:

(Z Wl {t;X:€Ap}s Z Wll{t X,eAd})
k k

=<Z Z th{t;Xler},“-aZ Z th{f;XIEAd}>‘

j=18;_1<t<S; j=18;_1<t<S;

A property of the Dirichlet distribution is that if b; = le": 1

aij Withal‘j >Q0andi =0,...,d,
(Xijo<i<d, 1<j<k; ~ Daij)o<i<d, 1<j<k;)>

andY; = Z];’zl Xij,then (Yo, ..., Yq) ~ D(bo, ..., bsg). Aquick way to see thisis touse (2.2).

We apply this principle to (X;;) = (W;), to k; =k, to a; = a;; = j when ZSH«sSj’ and to

Y; = P(A;). We obtain

k k
Z ~ @(ZjNo’j, ...,Zde,,) = D(Bo, - .-, Ba).
j=1

j=1

The last step of the proof removes the conditioning on X and M. We have

(i)~ )
(f, Z)k (f, Z)k

1
:E(IE(— M,x>>
fOBO...ded

1
Ty £ M
a 1
ARV
B k 1 M;
- l_llanUj
]:

k mj
|
e D
" (an L imim ;)
(ml,...,mk)eNk Jj=1
my+2mo+---+kmyp=k

where in the last equality we have used the notation o; introduced in (3.3). The second
equality follows from Z ~ D(By, ..., By) when conditioned on (M, X) and from (2.2);
the third equality follows from the definition of By, ..., By; the fourth equality follows from
the independence of the N;; and the last equality follows from the generating function of a
multinomial distribution. Equation (3.5) proves that Z ~ By (ao, - . ., aq).
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6. A Markov chain on the tetrahedron

In this section we give an application of Theorems 1.1 and 4.1; it does not contain new
results and serves as a conclusion. Consider the homogeneous Markov chain (X (n)), >0 valued
in the convex hull E441 of (ep, ..., eq) with the following transition process. Given X (n) €
E; 11, randomly choose a point B(n + 1) € E; 41 such that B(n + 1) ~ By (ag, ..., aq) and
independently a random number Y,y ~ B(k, a). Now draw the segment (X (n), B(n + 1))
and take the point

X(n+1)=Xm)1—Ye1) + B)Ynp

on this segment. Theorem 4.1 says that the Dirichlet distribution D (ag, . . ., aq) is a stationary
distribution for the Markov chain (X (n)),>0. Recall the following principle (see [3, Proposi-
tion 1]).

Theorem 6.1. If E is a metric space and C is the set of continuous maps f: E — E, fixa
probability v(df) on C. Let F1, F», ... be a sequence of independent random variables on C
with the same distribution v. Let W, = F,o0---oF,o Fiand Z, = Fio---0 F,,_1 o F,,.
Suppose that Z = lim,, Z,,(x) almost surely exists in E and does not depend on x € E. Then
the following assertions hold.

1. The distribution v of Z is a stationary distribution of the Markov chain (W, (x))n>0 on E.

2. If X and F) are independent and X 2 F1(X), then X ~ L.

Choose E = E;41. Apply Theorem 6.1 to the distribution v of the random map Fj on Eg4
defined by Fi1(x) = (1 — Y1)x + Y1B(1), where Y| ~ B(k,a) and B(1) ~ Bi(ao, ..., aq)
are independent. If the F), defined by F,(x) = (1 — Y;,)x + Y, B(n) are independent with
distribution v, clearly,

n

n k—1
Zn(x) = (H(l - Yj))x + Z(]‘[(l - Yp) YiB(k)
Jj=1 =1

k=1 “j=

converges almost surely to the sum of the converging series

oo k—1
Z = Z(l—[(l — Yj)) Yy B(k), 6.1)
k=1 \j=1

and, therefore, the hypotheses of Theorem 6.1 are met. As a consequence, the Dirichlet law
D(ao, ..., aq) is the unique stationary distribution of the Markov chain (X (n)),>0 and is the
distribution of Z defined by (6.1). Finally, recall the definition of a perpetuity [7] on an affine
space 4. Let v(d f) be a probability on the space of affine transformations f mapping 4 into
itself. We say that the probability u on +4 is a perpetuity generated by v if X 2 F(X) when
F ~ vand X ~ p are independent. If the conditions of Theorem 6.1 are met for v, there
is exactly one perpetuity generated by v. Theorems 1.1, 4.1, and 4.2 say that the Dirichlet
distribution is a perpetuity for the random affine map F(x) = (1 — Y)x + Y B on the affine
hyperplane 4 of R“*! containing e, . . ., eq generated by various distributions v of (1—Y, ¥ B).
Theorem 6.1 shows that a Dirichlet process is also a perpetuity generated by the distribution
of (1 — Y, Y B), where the set of probabilities on €2 replaces the tetrahedra with d 4 1 vertices
and where Y ~ B(k, a) is independent of the quasi-Bernoulli process By («).
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