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Abstract. Many observations indicate that some mixing occurs in stellar
radiation zones: in massive stars, chemical elements resulting from nuclear
burning in the core are detected at the surface, and in solar-type stars
lithium is depleted with age. Since all mixing processes transport also mo-
mentum, the depletion of lithium should be linked with the loss of angular
momentum through the stellar wind, and there are indeed signs of such a
correlation in the behavior of tidally-locked binaries. Moreover, any trans-
port process leaves its signature in the internal rotation profile, and this can
help greatly in its identification. After reviewing the main transport mecha-
nisms which have been considered so far, our present conclusion is that the
uniform rotation observed in the radiative interior of the Sun is probably
achieved by the action of internal waves emitted at the base of the con-
vective envelope. It remains to be verified whether these waves contribute
directly to the mixing, or whether they act only through the shaping of
the rotation profile, which in turn determines the mixing through meridian
circulation and turbulent diffusivity.

1. Mixing in stellar interiors: the observational evidence

At first sight, it seems that stars undergo no mixing at all during their main
sequence phase, since most of them evolve towards the giant branch, which
proves that they build up a helium rich core surrounded by a hydrogen
rich envelope. This heterogeneous structure arises because a fraction of the
stellar interior is in radiative equilibrium - if the star were fully convective,
it would remain homogeneous.

At a closer look however, many stars show some signs of partial mixing
occurring even in their radiative regions, and we shall briefly recall them.
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Chemical elements which are produced through nuclear reactions in the
innermost regions of stars are observed at their surface, such as “N in B
stars (Lyubimkov 1984, 1991; Gies & Lambert 1992). An enhancement of
4He is detected in some OB stars (Herrero et al. 1992), and there is an
excess of 13C in RGB stars (Lambert 1976). Likewise, the overabundance
of 3He in the solar wind suggests that this isotope originates from the deep
interior of the Sun (Geiss & Reeves 1972).

On the other hand, the surface abundance of "Li decreases with age
in solar-type stars (Herbig 1965; Soderblom et al. 1993), which impli that
this fragile element has been carried some distance below the convective
envelope, to be destroyed where the temperature exceeds ~ 2.5 , 106K.

There is also indirect evidence that some mild mixing occurs in stars
possessing a radiative envelope; otherwise, as was pointed out by Bier-
mann (1937) and again by Schatzman (1969), microscopic processes such
as atomic diffusion, gravitational settling and radiative acceleration would
cause significant differences in their surface composition, which are not ob-
served as a rule.

The purpose of this contribution is to examine the possible causes of
such mixing, and to verify whether it is related to the rotation of the stars.

2. Rotational mixing in early-type stars

In the classical description, which we owe to Eddington (1925), Vogt (1925)
and Sweet (1950), the centrifugal force causes a thermal imbalance in the
radiative region of a rotating star, which in turn generates a large- scale
meridian circulation whose turn-over time is

Q2R3 -1
i

1)

lgs = tkH (

with tx g = GM?%/RL being the Kelvin-Helmholtz time (M, R and L are
the mass, radius and luminosity of the star,  its angular velocity, and G
the gravitational constant). This time is short enough for early-type stars
to prevent them from ever becoming giants. Mestel (1953) resolved this
paradox by explaining that the gradient of molecular weight which arises
from hydrogen burning tends to choke the circulation in creating adverse
p-currents; according to him, mixing can only occur in very fast rotators,
close to the centrifugal break-up.

But this appears in conflict with some observations, which indicate that
helium is enhanced by 15 to 20% in rapid rotators (Herrero et al. 1992).

The weakness of the classical Eddington-Sweet theory is that it pos-
tulates a prescribed rotation law, most often uniform rotation. When one
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takes into the advection of angular momentum through the meridian cir-
culation, which keeps modifying the internal rotation, the picture changes
radically. Early-type stars lose little angular momentum during their main-
sequence phase, as attested by their large rotation velocities. Hence, there is
no need to carry this angular momentum from the interior to the surface,
and therefore the circulation tends to vanish after an initial adjustment
phase. The proof of this was brought by Busse (1981, 1982), but it was met
with great scepticism, partly because his analysis was not carried to high
enough order and therefore produced an asymptotic solution with uniform
rotation.

In fact, it turns out that mixing is not fully suppressed, because even in
the asymptotic regime predicted by Busse some differential rotation sub-
sists, and gives rise to shear instabilities (Zahn 1992). The turbulence gen-
erated by the horizontal shear tends to restore uniform rotation in latitude,
and to first approximation the rotation rate depends only on the radial co-
ordinate: Q = Q(r). The vertical shear d2/dr is stabilized by the (stable)
entropy stratification, but only to some extent, because radiative leakage
allows for turbulence at small enough scales (cf. Zahn 1974). Thus, a sta-
tionary solution is conceivable, in which the angular fluxes carried by the
circulation and the turbulent motions cancel each other, and it would allow
the star to be mixed.

But, the situation is more intricate, because the star evolves in a non-
homologous way, and angular momentum keeps being redistributed, thus
excluding an asymptotic regime. Moreover, the gradient of molecular weight
V, =dlInp/dIn P which arises from nuclear burning strongly inhibits the
vertical shear instabilities, which play a key role in the mixing near the
convective core (Meynet & Maeder 1996). According to the Richardson
criterion, these are suppressed as soon as

J_v, > Ri. (

rsin0dQ)2
Hp !

dr 2

provided no other instability is present (Hp is the pressure scale-height, g
the local gravity,  the colatitude and Ri. = 1/4 the critical Richardson
number). However, we have seen that the horizontal shear produces some
turbulence which tends to restore uniform rotation in latitude; although the
turbulent motions are highly anisotropic in this stable stratification, they
will erode the density fluctuations and thus weaken the buoyancy force.
The resulting turbulent transport in the radial direction is characterized
by a diffusion coefficient (Talon & Zahn 1996)

. 2
D, = 2Ricﬁ (rsin 0dQ/dr) ’
9 (Vaa = V)/(K + Dp)+V,/Dh

3)
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where K is the radiative diffusivity and Dy (> D,) the horizontal turbulent
diffusivity.

Presently, the weak point in the theory is the coefficient Dj, which we
are unable as yet to derive from first principles. It forces us to settle for a
substitute, in the form of a parametric relation which may be established as
follows. Since the horizontal shear is sustained by the meridian advection
of angular momentum, the strength of the turbulence must be related with
the amplitude U of the circulation velocity, in order to keep the differential
rotation in latitude at some moderate level. This leads to the following
prescription, which we shall use in lack of something better (see Zahn 1992):

rU {1dlnpr’U  1dInr’Q

Dh:C_h 3 dinr 2 dlnr (4)

with p being the density and C}, a parameter of order 1.

This description for the transport of matter and angular momentum
has been implemented in the Geneva stellar evolution code, and the first
calculations which have been performed for the main-sequence evolution of
a 9M star are rather encouraging. They allow indeed for partial mixing,
the main effects being observable in the surface abundances of 12C, N and
16(), accompanied by a slight increase of “He (Talon et al. 1996; see also
the poster presented at this symposium by Talon & Zahn).

3. Rotational mixing in late-type stars

It has been noticed from the start that the depletion of lithium in late-type
stars could well be related with their spin-down (see for instance Skumanich
1972). Both the abundance of “Li and the rotation rate decrease with age;
in the Pleiades, where one observes a large spread of these parameters, the
fastest rotators display the highest lithium content and the slow rotators
are generally lithium depleted (Soderblom et al. 1993).

As was mentioned in §1, lithium is destroyed at some depth below the
convective envelope of these stars, and therefore it has to be carried there by
a not too efficient transport process, whose effect is felt in a few 108 years:
from the age of the Pleiades to that of the Hyades, the lithium abundance
decreases roughly by 0.5 dex in a 1 Mg star.

Likewise, angular momentum must be extracted from the radiative in-
terior of the star, since the torque exerted by the stellar wind is applied on
its magnetosphere (Schatzman 1962), and thus on its convective envelope.

It is therefore natural to examine first whether the same physical mech-
anism may be responsible for both of these transports, and we shall call
this possibility rotational mizing of type I
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Two physical processes are known to transport both angular momentum
and matter, namely turbulent diffusion and advection through a large-scale
circulation. The effect of turbulent mixing has been studied thoroughly at
Yale by Endal and Sofia (1978), and more recently by Pinsonneault et al.
(1989, 1990). In their picture, the magnetic torque slows down the convec-
tive envelope, and thereby induces in the radiative interior a differential
rotation which is liable to various instabilities, thus leading to turbulent
transport. The contribution of the meridian circulation is also included,
but for simplicity it too is handled as a diffusive process. As mentioned
above, the differential rotation in latitude is smoothed out by horizontal
shear instabilities, which permits to consider the angular velocity Q as a
function of depth only. Its evolution in time is governed by the diffusion
equation 5 -
Pa; [r2 Q =33 [pu,otr 7 ] (5)
with a prescription for the turbulent viscosity v,..; inspired by the instabil-
ities which are most likely to occur.

Equation (5) is integrated with a surface boundary condition specifying
the loss of angular momentum dJ/dt through the wind as a function of
the angular velocity, which never departs much from the power law given
originally by Skumanich (1972):

dJ

W = —fwﬂs. (6)

The additional parameter f,, involved in that prescription is adjusted so as
to yield the present rotation rate.

The transport of lithium (or any other element) is modeled by a similar
diffusion equation

dc; 1 Oc;
pat : + ""‘5‘ {7“ P[Dm lcz+(Dm,2+chr0t)E.{|}’ (7)

where ¢; designates the concentration of the considered species, ¢; its cre-
ation or destruction rate through nuclear reactions; the D, ; account for
the microscopic diffusion and f.v,.,; is the turbulent diffusion coefficient.

To yield the observed "Li abundance, the parameter f, must take a
rather small value (= 0.035), whereas the turbulent diffusivity and viscosity
should be of the same order.

This disparity, which has been pointed out by Law et al. (1984), has
no physical reason: it is simply due to the crude treatment of the meridian
circulation. When its transport is properly accounted for, the rotation rate
obeys an advection/diffusion equation:

2] = o

0]+ 12 [orre22)
il 35, QU] Uy T (8)
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where v, is the turbulent viscosity in the vertical direction, and U(r) the
amplitude of the meridian velocity).
The transport of lithium obeys an equation similar to (7)

Jdc;

PE= 1+

{T P [Dm lcz“'(l)m2"'Vv"'l)eff)acz } (9)

26 or

but it includes an extra diffusivity given by

[rU(r)?

Dess = 30D,

(10)

where Dy, is the horizontal diffusivity (4) which we have encountered in §2.
This term represents the contribution of the meridian circulation, which
is changed into a vertical diffusion because the turbulent motions asso-
ciated with the latitudinal shear instabilities tend to erode the chemical
composition on horizontal surfaces, hence reducing the advective transport
(Chaboyer & Zahn 1992).

In contrast, the advection of angular momentum is hardly affected by
this horizontal homogeneization, because a net momentum flux subsists
even when Q is constant on horizontal surfaces. We have thus a physi-
cal explanation for the different efficiencies characterizing respectively the
transport of angular momentum and that of lithium, as observed in the
Sun and solar-type stars.

An important property of this type of rotational mixing is that the trans-
port of lithium is tightly linked with that of angular momentum. Therefore,
if no other transport process is present, the depletion of lithium is correlated
with the loss of angular momentum through the wind. To first approxima-
tion, the theory predicts a linear relation between the relative variation of
the lithium concentration cz; and that of angular momentum:

d
%lncuoc %an

wind ’ (1)
once the asymptotic regime has been reached (Zahn 1992, 1994).

But, there is an alternate possibility, which we shall call rotational miz-
ing of type II: the extraction of angular momentum may be due to another,
more powerful process, which enforces nearly uniform rotation in the radia-
tive interior, whereas the transport of lithium is achieved mainly through
the meridian circulation. In that case, the lithium depletion is related di-
rectly with the rotation rate:

d 2
aln cr; o< —Q°. (12)
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With single stars, one cannot distinguish between these two types of
mixing, since during their spin-down the angular velocity decreases with
time roughly as Q oc t~1/2 (Skumanich 1972), and this means that

d
—InJ x =02 13
o (13)
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Figure 1. The lithium abundance in the Hyades (on logarithmic scale), as a function of
effective temperature (Thorburn et al. 1993). The binaries with known orbital elements
are indicated by circles, which are filled for the three tidally-locked binaries (Zahn 1994).
Those binaries permit to distinguish between the two types of rotational mixing, as
explained in the text.

In tidally locked binaries, however, the angular momentum carried away
by the wind is drawn from the orbit, not from the interior of the stars (Ryan
& Deliyannis 1995; Zahn 1994). Therefore, if they are subjected to what we
have called rotational mixing of type I, they should deplete less lithium than
single stars of the same mass. This is indeed confirmed by the observations,
at least to some degree: in the Hyades, the three tidally-locked binaries
all show higher lithium abundances than single stars of the same effective
temperature (Thorburn et al. 1993).

However, these binaries do not display the original lithium abundance of
N(Li)= 3, which indicates that they experience in addition some rotational
mixing of type II. The depletion associated with each type of mixing is
sketched in Fig. 1.
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The presence of another, more efficient process for the transport of an-
gular momentum is confirmed by the internal rotation of the Sun. If this
momentum were transported only by meridian circulation and related tur-
bulent diffusion, as in type I mixing, the solar rotation profile would be
rather steep, with the core spinning about 20 times faster than the surface.
This was shown already by Pinsonneault et al. (1989), and it has been con-
firmed in the most recent work by Chaboyer et al. (1995). The calculations
we have performed with the improved treatment of the meridian circulation
give the same result (cf. the poster by Matias & Zahn at this symposium).

These predictions are in clear conflict with the solar rotation profile de-
termined by helioseismology, which was presented again during this sym-
posium (see also Brown et al. 1989; Thompson et al. 1996). Below the
convective envelope, which is differentially rotating as observed at the sur-
face the rotation appears to be uniform, at least down to a fractional radius
of about r = 0.4Rg,.

Our conclusion is that the wind-driven circulation certainly plays a role
in the transport of angular momentum and chemical species, but that it is
insufficient to establish the flat rotation profile observed in the Sun. There-
fore, another mechanism must be present, which extracts angular momen-
tum in a more efficient way. We shall examine in turn the two obvious
candidates, namely magnetic torquing and wave transport.

4. Magnetic torquing in solar-type stars

It has been pointed out long ago by Mestel (1953, 1961, 1965) and Roxburgh
(1963) that even a very weak magnetic field is able to enforce uniform
rotation in the radiative interior of a star. The reason is clear: differential
rotation winds up any existing meridian (or poloidal) field By, into a toroidal
component §¢, and the resulting Laplace-Lorentz force reacts back on the
rotation rate.

The magnetic diffusivity is so small that the toroidal field reaches easily
the level where the magnetic torque balances the loss of angular momentum
through the wind, which occurs when

dJ
r2 < B,By > = =

wind (14)
at the base of the convection zone (r = r;). That torque then enforces
nearly uniform rotation along the field-lines of the poloidal field B:,, a law
first predicted by Ferraro (1937). The rapid evolution towards this state
has been described by Mestel, Moss and Tayler (1988), and more recently
by Charbonneau and MacGregor (1993), who considered various configu-
rations of the poloidal field.
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However, if the magnetic field is responsible for the extraction of an-
gular momentum from the radiative interior, its poloidal component must
be deeply rooted in the radiation zone and it must be connected to the
convective envelope. The alternating dynamo field does not satisfy the first
condition, since it does not penetrate much into the radiation zone.

A slowly decaying fossil field would comply with both conditions, but it
would pose another problem: along each field-line of B}, the angular velocity
would be that of its entry point into the differentially rotating convection
zone, which means that the rotation would be non-uniform in the radiative
interior, unless all its field-lines converge into the convection zone within
a narrow latitude band in each hemisphere. Such a situation cannot be
excluded a priori, but no coherent model has been built yet to substantiate
it.

Furthermore, the question of the stability of stellar magnetic fields has
still not been answered in a satisfactory way, and the subject has not ad-
vanced significantly since the excellent review by Spruit (1987). Purely
poloidal and purely toroidal fields are known to be dynamically unstable,
although rotation may reduce the growth-rate of the instability. Moreover,
when radiative damping and magnetic diffusion is taken into account, ad-
ditional instabilities occur, of the double diffusive type.

We thus conclude that magnetic torquing is a very efficient process to
put the radiation zone of the Sun into corotation along the field-lines of
the poloidal field, but that the outcome would probably be a differentially
rotating interior, contrary to the observations. Furthermore, it remains to
be verified whether an internal field of this type would last long enough to
play the expected role.

5. Internal waves in the solar interior

Gravity waves (also called internal waves) play an important role in the
tidal braking of massive binary stars, as was shown by Zahn (1975) and
confirmed by Goldreich and Nicholson (1989). But, they have been invoked
only recently as a process which could extract angular momentum from
the radiative interior of the Sun (Zahn 1990; Schatzman 1993), and the
efficiency of this transport has just been evaluated ( Kumar & Quataert
1996; Zahn, Talon & Matias 1996).

These waves are characterized by their cyclic frequency o and their
horizontal wavenumber kj, (or equivalently by their spherical order £), and
these determine the vertical wavenumber k&, through the dispersion relation

kﬁ:(’:—:—l) Iczs(]:—:—l) W'H), (15)

r2
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with N being the Brunt-Viisila frequency (¢ < N). In a differentially ro-
tating star, the local frequency o is Doppler-shifted through the horizontal
motion, and it varies with depth according to:

o(r) = oo — mQ(r), (16)

with o¢ being the frequency in the inertial frame. It is straightforward to
evaluate the flux of angular momentum Fj; carried by a travelling wave,
which is related to the flux of kinetic energy by

Fy=2 ? Fr, (17)

with mr being the azimuthal component of the horizontal wavenumber. In
the adiabatic case, the angular momentum is conserved, i.e.

4rr2Fy(r) = Lj = cst, (18)

but when radiative damping is taken into account, the angular momentum
“luminosity” decreases as

Ly (7") = 'CJ(rc) exp —T(T‘), (19)
where 7, akin to an optical depth, is given by
1
N3 N? 2 dr
T(r)=[(+1) ]3/2/ K — (m) el (20)

with r. being the coordinate of the top of the radiation zone, K the radiative
diffusivity. (The assumption has been made here that the star is homoge-
neous; for the general case where composition gradients are present, see
Zahn et al. 1996). Note that the damping is tremendously enhanced when
o — 0, which in a differentially rotating star arises at the depth where
mQ = o(r) — oo.

It remains to integrate the angular momentum luminosity L£j(r) over
the whole spectrum of the internal waves emitted at the base of the convec-
tive envelope. We describe here the approach taken by Zahn et al (1996).
Following Garcia Lépez and Spruit (1991), we match the pressure fluc-
tuation in the wave with that of the turbulent convection, and allow the
convective eddies of spherical order £, to generate, by stochastic excitation,
waves of lower order £. Furthermore, we assume that the energy spectrum
of the convective motions is adequately represented by the Kolmogorov law.
This yields the following expression for the flux of internal wave energy at
the top of the radiative interior:

-2 0t
L] [E e
0 ec

We

[

we [Nedw 1
Fr(re) = PCU?NQ/ - (Nc2 "“’2)2
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with w., €. and the velocity v, corresponding to the largest convective
eddies, and N, being the Brunt-Viisila frequency, which takes a finite value
here due to convective penetration (see Zahn 1991). To derive the flux of
angular momentum, we need to know how the energy is distributed over
the azimuthal order m. We settle for the simplest assumption, which seems
to be substantiated by the solar p-modes, namely that this distribution is
uniform. Making use of (17), of (19) and of (21), we then get the following
expression for the angular momentum luminosity:

1
N, 2\ 2 -3 ¢ ¢
2 pcv c dw w w v df
Ly(r) =4rr NL ) @ (1 - —Nz) [w—c] /0 7 /_eexp(——r) mdm.

(22)
Obviously, the damping factor exp(—7) plays a crucial role in this in-
tegral: in order to extract angular momentum from the deep interior of
the Sun, a wave must be able to reach that far, which requires its spher-
ical order £ to be as small as possible. A drastic simplification consists
in retaining only those waves for which the Sun would be transparent, if
their frequency were not Doppler-shifted to zero. For moderate differential
rotation, this leads to

£0(r) = £a(r0) - 22 ]’;:L,( )L;“(—l (23)

with I(r) being the damping integral deduced from (20)
Te dr
I(r)=/r K N°—. (24)

If the wave transport were the only present, the angular velocity would
evolve according to

d [ 4 1pvd 0 wt [Q>r) - Q(r.)]
-t oo () Bz

From this equation one readily derives the timescale characterizing this
transport process; approximating p.v3 by 1/10 of the convective flux, and
this flux by Lg/4nr?, one obtains an estimate for the synchronization time
tsync, With p being the mean density (see the poster by Zahn et al.):

M@Rép(r >3< rc)2 I 7
toume 2 60 ——@ L ([ ) (= =) =~ )
sync = 60 Io 7 \Eg o Nwt <w04> 10" years (26)

The transport efficiency evaluated independently by Kumar and Quataert
(1996), using a somewhat different approach, is of the same order.
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Those estimates are obtained with a number of simplifying assumptions,
and more work is needed to refine the theory. For instance, the Coriolis
force has been ignored in the description of the internal waves; it may
well introduce an unbalance between waves of opposite azimuthal order m,
leading to an extra momentum transport. Moreover, the recipes used to
couple the internal waves with the convective motions are rather crude,
and these are assumed to obey Kolmogorov’s law. Fortunately, the result
quoted above is not too sensitive to the slope of the power spectrum.

6. Conclusion

We have seen that the rotational mixing due to the meridian circulation
and related shear instabilities seems to explain rather well the composi-
tion anomalies which are observed in rotating early-type stars (Talon et
al. 1996). But, the picture may still be incomplete, and other physical pro-
cesses may well compete in the transport of angular momentum, as it has
become obvious recently for late-type stars. Furthermore, semi-convection
contributes also to the mixing in the more massive stars, and it has still
not received a satisfactory treatment.

For late-type stars, the situation is also more complex than it was
thought before. Although the rotational mixing which we designated by
type I is rather successful in modeling the lithium abundance as a function
of age (see Pinsonneault et al. 1989, 1990; Chaboyer et al. 1995), it fails to
predict the correct internal rotation of the Sun. Having reviewed the few
mechanisms which have been proposed so far for the transport of angular
momentum in the solar interior, we conclude that the process which seems
to prevail, at least in the later stages of evolution, is the transport by inter-
nal waves. Its efficiency is so high that it can easily enforce the flat rotation
profile revealed by helioseismology (Zahn et al. 1996). This result has been
anticipated by Schatzman (1993), and it is confirmed also by the estimates
of Kumar and Quataert (1996).

Magnetic torquing is another possibility, although its action depends
crucially on the topology of the field, as discussed in §4. To our best knowl-
edge, no consistent model has been published yet, with realistic boundary
conditions at the base of the convection zone and with meridian circulation
advecting the decaying poloidal field. But, there is no need to invoke mag-
netic fields. Most observational facts can be explained by the conjugated
action of the rotation-induced meridian circulation and of the gravity waves.
Let us sketch what we hold for the most plausible scenario.

During the early phases of the evolution of a solar-type star, while its
rotation speed is large, the transport of angular momentum is ensured
mainly through the meridian circulation, and the depletion of lithium is
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correlated with the loss of angular momentum by the wind. These processes
combine in what we have called the rotational mixing of type I. Their
strength scales as the deceleration rate; it thus decreases as the spin-down
proceeds. At some point, to be determined by the more detailed calculations
which are in progress, the transport of angular momentum by internal waves
takes the leading role, and it tends to flatten the rotation profile. This will
not stop the meridian circulation, which subsists even when rotation is
uniform ( the classical Eddington-Sweet case), but the depletion of lithium
is then no longer correlated with the loss of angular momentum: instead,
it will scale as Q% and we have called this process rotational mixing of
type II. Referring back to the tidally-locked binaries in the Hyades which
have been discussed above, type I mixing is responsible for the difference in
lithium abundance between these binaries and single stars of the same mass,
whereas the depletion from the original value log (Nz;) = 3 to the present ~
1.5 occurs during the later phase, which is dominated by rotational mixing
of type II (see Fig. 1).

Further work is required to confirm this scenario, and to adapt it to
early-type stars. As top priorities, I would rank a realistic description for the
anisotropic shear turbulence which is generated by differential rotation, and
an improved treatment for the excitation of internal waves at the boundary
of a convection zone. But, it is also very important to verify whether internal
waves can contribute directly to the mixing, as it has been suggested by
Press (1981), Garcia Lépez and Spruit (1991), and Schatzman (1993, 1996).
Finally, we look forward for even tighter observational constraints, and
hope that those will be provided soon thanks to helio- and asteroseismic
techniques which have been discussed during this symposium.
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