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Abstract. There does not exist an algorithm that can determine whether or not a
group presented by commutators is a right-angled Artin group.
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1. Introduction. In [4], Day and Wade introduced an elegant new homology theory
for subspace arrangements and related it to recognition problems concerning right-angled
Artin groups (RAAGs). In setting the context for their work, they asked if there is an
algorithmic procedure for recognizing RAAGs among groups given by presentations whose
only relations are commutators ([4] Question 1.2) and speculated that the answer was likely
to be no. The purpose of this note is to confirm this speculation.

THEOREM 1.1. There does not exist an algorithm that can determine whether or not a
group presented by commutators is a RAAG.

In more detail, there is no algorithm that given 22 words ui in the free group
F(a1, a2, a3, a4) can determine whether or not the group with presentation

〈a1, a2, a3, a4, t | [a1, a3], [a1, a4], [a2, a3], [a2, a4], [t, u1], . . . , [t, u22]〉
is a RAAG. Nor is there an algorithm that can determine whether or not such a group is
commensurable with a RAAG or quasi-isometric to a RAAG.

2. Fibre products and triviality for two-generator groups. In the aftermath of the
construction by Novikov [9] and Boone [2] of finitely presented groups with unsolvable
word problem, many other decisions problems for groups were proved to be unsolvable
through subtle work by many authors. We shall appeal to two results that come from the
work of C.F. Miller III.

Let K be a group given by a presentation with n generators and m relations. Following
Miller, one can associate to each word w in the generators of K a presentation with two
generators and n + m + 3 relations – this is derived from the presentation in Lemma 3.6
of [7] by making Tietze moves to remove unnecessary generators. The group given by this
presentation is trivial if w = 1 in K, but it contains K if w �= 1.

The most concise finite presentation that is known for a group with unsolvable word
problem is the one constructed by Borisov [3] half a century ago – it has 5 generators
and 12 relations. By applying Miller’s construction to words in the generators of Borisov’s
example, we obtain a recursive sequence of two-generator presentations Pn = 〈a1, a2 | Sn〉
with |Sn| = 20 such that the group presented is either trivial or else has an unsolvable word
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problem, and there is no algorithm that can determine the set of integers n for which each
alternative holds.

We exploit these examples in the manner of Mihailova [8] and Miller ([6] p.39).

LEMMA 2.1. Let F be a free group of rank 2 with generators {a1, a2}. If k ≥ 20,
then there exists a recursive sequence (Sn) of subsets of F, each of cardinality k, such
that there is no algorithm to determine whether or not F × F is generated by Un =
{(a1, a1), (a2, a2), (s, 1) : s ∈ Sn}. Moreover, if 〈Un〉 is a proper subgroup, then H2(〈Un〉, Z)

is not finitely generated and there is no algorithm to determine which words in the
generators of F × F determine elements of 〈Un〉.

Proof. Associated with any two-generator finite presentation P = 〈a1, a2 |
r1, . . . , rM 〉, one has the fibre product P < F × F consisting of pairs (u, v) such that
u = v in the group G(P) presented by P . It is easy to check that P is generated by
U = {(a1, a1), (a2, a2), (r1, 1), . . . , (rM , 1)}. If G(P) is trivial, P = F × F. But if G(P)

is infinite, Baumslag and Roseblade’s Theorem A [1] shows that H2(P, Z) is not finitely
generated. Moreover, if the word problem is unsolvable in G(P), the membership problem
of P < F × F is unsolvable, because deciding if (w, 1) ∈ P is equivalent to deciding if
w = 1 in G(P). Consideration of the presentations Pn = 〈a1, a2 | Sn〉 from the discussion
preceding the lemma completes the proof.

We shall apply the following lemma with D = F × F and C = 〈Un〉.
LEMMA 2.2. For any HNN extension of the form � = D∗C, if H2(D, Z) is finitely

generated but H2(C, Z) is not, then H3(�, Z) is not finitely generated.

Proof. The Mayer–Vietoris sequence for the HNN extension contains the exact
sequence

H3(�, Z) → H2(C, Z) → H2(D, Z).

3. Proof of Theorem 1.1. Given 20 words S = {r1, . . . , r20} in the free group F =
F(a1, a2), we denote by �(S) the group with generators a1, a2, a3, a4, t and relations

[a1, a3], [a1, a4], [a2, a3], [a2, a4], [t, a1a3], [t, a2a4], [t, r1], . . . , [t, r20].
Note that this presentation is of the type described in Theorem 1.1. The group �(S) is
an HNN extension of F × F with a stable letter t that commutes with the fibre product
P < F × F associated with the presentation P = 〈a, b | S〉.

As in the proof of Lemma 2.1, we have a dichotomy: if G(P) = 1, then �(S) = F ×
F × Z is a RAAG; but if G(P) is infinite, then �(S) is not a RAAG, because RAAGs have
finite classifying spaces [5], whereas H3(�(S), Z) is not finitely generated, by Lemma 2.2,
because H2(P, Z) is not finitely generated.

Lemma 2.1 tells us that there is no algorithm to determine which of the possibilities
in this dichotomy holds. Moreover, by choosing sets (Sn) as in the lemma, we can arrange
that when �(Sn) is not equal to F × F × Z, it will have an unsolvable word problem: given
a word w in the generators a1, a2, Britton’s Lemma implies that [t, w] = 1 in �(Sn) if and
only if w = 1 in G(Pn), and this is undecidable.

Since being of type FP3 and having a solvable word problem are both invariants of
commensurability and quasi-isometry, there is no algorithm that can determine whether
�(Sn) is commensurable with or quasi-isometric to a RAAG.

https://doi.org/10.1017/S0017089519000235 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089519000235


ON THE RECOGNITION OF RIGHT-ANGLED ARTIN GROUPS 475

REFERENCES

1. G. Baumslag and J. Roseblade, Subgroups of direct products of free groups, J. London
Math. Soc. 30(2) (1984), 44–52.

2. W. W. Boone, Certain simple unsolvable problems in group theory, I, II, III, IV, V, VI,
Nederl. Akad.Wetensch Proc. 57 (1954), 231–237, 492–497; 58 (1955), 252–256, 571–577; 60
(1957), 22–27, 227–232.

3. V. Borisov, Simple examples of groups with unsolvable word problem, Math. Zametki 6
(1969), 521–532; English transl. Math. Notes 6 (1969), 768–775.

4. M. Day and R. Wade, Subspace arrangements, BNS invariants, and pure symmetric outer
automorphisms of right-angled Artin groups, Groups Geom. Dyn. 12 (2018), 173–206.

5. K. H. Kim and F.W. Roush, Homology of certain algebras defined by graphs, J. Pure Appl.
Algebra 17 (1980), 179–186.

6. C. F. Miller III, On group-theoretic decision problems and their classification, Annals of
Mathematics Studies, vol. 68 (Princeton University Press, Princeton, NJ, 1971).

7. C. F. Miller III, Decision problems for groups: survey and reflections, in Algorithms and
classification in combinatorial group theory (Baumslag G. and Miller III C. F., Editors), vol. 23
(MSRI Publications, Springer-Verlag, 1992), pp. 1–59.

8. K. A. Mihailova, The occurrence problem for direct products of groups, Dokl. Akad. Nauk
SSSR 119 (1958), 1103–1105.

9. P. S. Novikov, On the algorithmic unsolvability of the word problem in group theory, Trudy
Mat. Inst. Steklov 44 (1955), 1–143.

https://doi.org/10.1017/S0017089519000235 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089519000235

	ON THE RECOGNITION OF RIGHT-ANGLED ARTIN GROUPS
	Introduction
	Fibre products and triviality for two-generator groups
	Proof of Theorem 1.1



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


