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Abstract Several authors have shown that Kusuoka’s measure s on fractals is a scalar Gibbs measure;
in particular, it maximizes a pressure. There is also a different approach, in which one defines a matrix-
valued Gibbs measure p, which induces both Kusuoka’s measure x and Kusuoka’s bilinear form. In the
first part of the paper, we show that one can define a ‘pressure’ for matrix-valued measures; this pressure
is maximized by p. In the second part, we use the matrix-valued Gibbs measure p to count periodic
orbits on fractals, weighted by their Lyapounov exponents.
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1. Introduction

labelisect We begin with a loose definition of the fractals we consider. We are given ¢
affine, invertible contractions ¥;: R? — RY; the fractal @ is the unique compact set of
R such that

As shown in [11], it is possible to define on G a natural measure and bilinear form; these
objects are connected [6, 13, 16] to Gibbs measures for systems of d x d matrices. We
briefly outline the approach of [2] and [3], which derives Kusuoka’s measure and bilinear
form from a matrix-valued Gibbs measure.

First of all, under the hypotheses of §2, the maps v; are the branches of the inverse
of an expansive map F: G — G, and the construction of Gibbs measures for expansive
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maps is a staple of dynamical systems theory [12, 15, 23]. Let ¢ € {0,1,...,d} and let
A?(R?) be the space of g-forms on R%; since A(R?) inherits an inner product from R%,
we can define M9, the space of self-adjoint operators (or symmetric matrices) on A4(R%).
Let

(DY), : AR - A(RY)
be the pull-back operator induced by the maps D, i.e.,
(DY) w](v1, ..., vq) = w(DY; - v1, ..., Dy - vg). (1)
The linear map (Dt;), induces a push-forward operator
U,: M7 — M1
by
(T5(A) - v,w) = (A (D¥y)v, (Dihi)sw) or Wi(A) ="(Dy)s - A (Dy)s. (2)

In the formula above, we have denoted by (-,-) the inner product of A?(R%) and by ‘B
the transpose of the matrix B.

For a € (0,1], we define C%%(G, R) in the standard way, i.e., V € C%%(G,R) if there
is C' >0 such that

V(z) = V(y)| <Cllz —y||* forallz,y €.
For V € C%*(G,R), we define a Ruelle operator L,y in the following way:

Lav:C(G,M7) — C(G,M?)

t

(Lo A) (@) = 3 iAo ty(x)) - Vi), (3)

i=1

As we recall in Proposition 2.2 below, there is a unique Sg v > 0 and a function Qg,v €
C(G, M17) such that Qg v () is positive-definite for all x € G and

LavQayv = Bayvla,v. (4)

Moreover, the eigenvalue B¢ v is simple, i.e., Q¢ v is unique up to multiplication by a
scalar.

By Riesz’s representation theorem, the dual space of C(G, MY) is the space of M9-
valued Borel measures on G, which we denote by M(G, M?). Since L,y is a bounded
operator by (3), its adjoint

Lyt M(G, M%) — M(G, M?)

is again bounded. Again by Proposition 2.2 below, there is ug v € M(G, M%), unique
up to multiplication by a scalar, such that for the same eigenvalue S¢, v of (4), we have

Lévie,yv = Bevia,v- (5)
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The measure pqg,v is semi-positive definite in the following sense: for all Borel sets B C G,
pa,v(B) is a semi-positive definite matrix.
Kusuoka’s measure k¢, is the scalar measure on G defined by

kav: = (Qa,v, e, v)us-

On the right hand side of the above formula, there is the Hilbert—Schmidt product of the
density QQ¢,v with the measure p v; the details are given in §2. An important fact is
that kg, is ergodic for the expansive map F.

In dynamical systems, the positive eigenvector ug v of Lg y is usually called a Gibbs
measure [15, 23] and that is how, in the following, we shall call our matrix-valued pg,v;
the logarithm of the eigenvalue P(V): = log 8¢ v is called the pressure. This immediately
raises the question whether our pressure, like its scalar counterpart, is the maximal value
of a natural functional. The paper in [5] gives a positive answer to this question, but [5]
considers scalar Gibbs measures on a system of matrices, while in Theorem 1, we are
interested in defining a pressure for matrix-valued measures.

When M € M7 is semi-positive definite, we write M > 0; we define Ky as the set
of the couples {m, M}, where m is a non-atomic, F-invariant probability measure on G
and M: G — M¢? is a Borel function such that

M(z) >0 and (Qgv(z),M(z))us=1 for m-ae. z€G. (6)

We denote by h(m) the entropy of m with respect to F; the reader can find a definition
n [24]. In § 2, we shall see that p¢ v is absolutely continuous with respect to k¢ v, and
thus pg,v = Mg,y - kv, where Mg v : G — M1 is a Borel function that satisfies (6), i.e.,
{KG,V7MG,V} S Kv.

Theorem 1. Let the fractal G satisfy hypotheses (F1)-(F4) and (ND,) of §2. Let
V € C%*(G, R) and let kgv = (Qa.,v, e,v)us be Kusuoka’s measure for the potential
V. Let Ba,v be the eigenvalue of La v as illustrated in (4) and let us set P(V') = log fa,v -
Then,

P(V)=h(kagv)+ /G V(z)dke,v(z)

+Z} /G log(Qa.v (), 'W; 0 Mgy o F(x))usdrg.v (z)

= sup {h(m)—k/GV(a;) dm(z)

{m,M}eICV

: log(Qa,v (x),"W;0 Mo F(f))Hsdm(I)} . (7)
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Some remarks. First, in the classical case of [14] and [24], the topological entropy (i.e.,
the pressure of the function V' = 0) is always positive, while in our case, it can be positive,
negative or zero. Indeed, the contribution of the last term in (7) is non-positive, since
the maps 1, are contractions. It is well known (see for instance [7]) that for a famous
example, the harmonic Sierpinski gasket with ¢ =1, the pressure of the zero function is
negative, since fg o = %

The second remark is that the raison d’étre of hypotheses (F1)—(F4) is to translate
Theorem 1 to a theorem on the shift on ¢ symbols, where we shall prove it. We have
stated it on the fractal to underline the existence of a Riemannian structure on G, which
is natural with respect to the dynamics.

The last remark is that the measure kg v coincides with that found in [5] and [13];
this is shown in the appendix of [13] and we give another proof after Lemma 2.3. We also
remark that the papers [5], [13] and [16] are more general than ours: they consider the
pressure of a real power s of the Lyapounov exponent, while we fix s =2.

Another property of the scalar Gibbs measures is that they satisfy a central limit
theorem; we recall its statement from [23] and [15].

Let m be an F-invariant probability measure on G and let ¢ be any function in

C%(G, R), which satisfies
| ota)am@) =o. ®)

o —/¢>2 ) dm(z +22/¢ ~po F(x) dm(z).

7j>1

We define

We say that m satisfies a central limit theorem if, for all functions ¢ as above, the three
points below hold.

(1) o €0, +00).
(2) If 0 =0, then ¢ = uo F — u for some u € L?(G,m).
(3) If o >0, then for all intervals A C R, we have that

1= . 1 _ 22
mixeEG: — oFl(x)e A} — /e 202

vn jgo ¢ (@) oV2m Ja
It turns out [23] that m satisfies a central limit theorem if it has an exponential

decay of correlations, which means the following: there are C,§ > 0 such that, for all
¢, € C*(G,R), we have

<C —n5

2)¥ o F"(z) dm(z /¢ ) dm(z /1/) ) dm(z

Moreover, the constant C' only depends on |||, 1 and |[¢]|-0,a + |[¢]],1, while § does
not depend on anything.
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Since Kusuoka’s measure k¢ satisfies the formula above by point (6) of
Proposition 2.2, we have that kg, satisfies a central limit theorem.

Next, we want to count periodic orbits, a task that does not look very interesting
because our hypotheses on the fractal G and the expansive map F imply almost imme-
diately that there is a bijection between the periodic orbits of F' and those of a Bernoulli
shift on ¢ elements. What we are going to do is to count periodic orbits, but weighted by
their Lyapounov exponents. In order to be more precise, we need some notation.

Let

To =X, T1= F(Z‘()), sy T4l = F(I‘i),

be a periodic orbit with minimal period n; in other words, x; = x;4,, for all ¢ > 0 and n
is the smallest integer with this property. We group in a set 7 all the points of the orbit

T={20, 21, Tn_1} (9)
and we define
Mr)=n=4r, Vup0n, ; =V ;0-0W,, W, = t\IIIO.‘.mnil
= t\IJxO o---ot\Ian_l. (10)

Note the reverse order in the definition of Wy .... .

Let V € C%*(G,R) be positive and let us set V(1) = V(xo)+- -+ V(2n_1); for r > 1,
we define for ¢ € R such that P(—¢V) = 0,

)= > [Ty o-0tW, ], (11)

T° chIV(T) S'r‘

where 7 and zg - - -, are related as in (9); by the cyclical invariance of the trace of a
product, tr[t\I!zo 0-+-0 t\Ilznfl} does not depend on where we place zg along the periodic
orbit. As we shall see in §4, the summands on the right side of (11) are all positive.

We saw in Theorem 1 that the topological entropy (i.e., P(V) with V' = 0) can be
positive, negative or zero; we have to exclude the case in which it is zero. Moreover,
we have to make the usual distinction [14, 15] between the weakly mixing and non-
weakly mixing case because they have different asymptotics. For simplicity, in point (1)
of Theorem 2, we shall consider only one case of a non-weakly mixing suspension, i.e.,
the one with V = 1. In the scalar case, a delicate study of the dynamics (chapters 4-6 of
[15]) shows that the topological weak mixing property for the suspension by the function
V is equivalent to the fact that the zeta function can be extended to a non-zero analytic
function on Re(s) = 1, save for a simple pole at 1. In point (2) of Theorem 2, we shall
simply suppose that this extension is possible since we do not know how to adapt [15] to
our situation.

Theorem 2. Let V € C%*(G, R) be a potential such that V(x) > 0 for allz € G, and
let ¢ be the unique real such that the pressure of —cV is zero. Let  be defined as in (11)
and let us suppose that ¢ # 0.
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(1) Let V =1 and let us set for simplicity 8 = Ba,0- Then, if we take c =log B in (11),
we have

It
lim sup m(r)logr < B
r—+4o00 T 6 -

T log 8 (12)

if B>1;4if B< 1, w(r) is bounded.

(2) Let nowV € C%*(G, R) be strictly positive and let us suppose that the zeta function
of § 5 below can be extended to a continuous, non-zero function on {Re(s) > 1}\{1},
with a simple pole in s= 1 in the case ¢> 0. Then,

lim sup (13)

r——+oo r

7(r)logr < 1ife>0
“ 10 ife<O.

Naturally, in the second case, the inequality is an equality.

Note that in the case ¢>0, we are only giving an estimate from above on the
asymptotics, while [15] gives much more, an equality.

As a last remark, we make no pretence at novelty: already in [22], D. Ruelle considered
transfer operators and zeta functions acting on matrices. Moreover, the paper [10] applies
similar techniques to a different problem, the Weyl statistics for the eigenvalues of the
Laplacian on fractals.

This paper is organized as follows. In § 2, we set the notation and define our family of
fractals; it is the standard definition of an iterated function system. We end this section
recalling the construction of Kusuoka’s measure sy from [2] and [3]. In §3, we prove
Theorem 1, in §4, we recall an argument of [15] for the proof of Theorem 2 in the non-
weakly mixing case; we shall apply this argument to the simple case V=0 (or V=1,
since all constants induce the same Kusuoka’s measure). In §5, we prove Theorem 2 in
the ‘weakly mixing’ case; we follow closely the arguments of [15].

2. Preliminaries and notation

The Perron—Frobenius theorem

We recall without proof a few facts from [23]; we refer the reader to [4] for the original
treatment.

Let E be a real vector space; a cone on F is a subset C C E \ {0} such that, if v € C,
then tv € C for all ¢ >0. We define the closure C of C as the set of all v € E such that
there is w € C' and ¢, \ 0 such that v + t,w € C for all n > 1.

In the following, we shall always deal with convex cones C' such that

Cn(-C)={0}. (2.1)
Given v1,v9 € C, we define

a(vy,ve) = sup{t > 0: vo — tv, € C},
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1

———— =sup{t>0: vy —tvg € C
5(0171}2) p{ ! 2 }

and

ﬁ(vlﬂb)

0(v1,v2) = log a(vr,v2)

We define an equivalence relation on C' saying that v ~ w if v=tw for some ¢ >0. It
turns out that 6 is a metric on € though it can assume the value 4+o00. As shown in [23],
it separates points thanks to (2.1).

We recall the statement of the Perron-Frobenius theorem.

Theorem 2.1. Let C C E be a convex cone satisfying (2.1) and let L: E — E be a
linear map such that L(C) C C. Let us suppose that

D: =sup{0(L(v1), L(v2)): v1,v9 € C} < +00.
Then, the following three points hold.
(1) For all vi,vy € C, we have that
O(L(v1), L(v2)) < (1 — e P)(vy,v3).
(2) If (g, 0) is complete, then L has a unique fived point v € €. Since L is linear, this

means that there is v € C, unique up to multiplication by a positive constant, and
a unique A > 0 such that

Lv = \v.

(3) Let (£,0) be complete and let v be the fized point of point (2). Then, if vo € C, we
have that

(1 —e P)n

O(L"vg,v) < oD

0(vo,v).

Fractal sets

The fractals we consider are a particular case of what in [9] (see definitions 1.3.4 and
1.3.13) are called ‘post-critically finite self-similar structures’.

(F1) We are given ¢ affine bijections t;: R 5 R i e {1,...,t}, satisfying

n: = sup Lip(y;) < 1. (2.2)
ie€{1,...,t}
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By Theorem 1.1.7 of [9], there is a unique non-empty compact set G C R? such
that

G= U ). (2.3)

i€{1,...,t}
In the following, we shall always rescale the norm of R¢ in such a way that
diam(G) < 1. (2.4)

If (F1) holds, then the dynamics of F on G can be coded. Indeed, we define ¥
as the space of sequences

Y= {(.’Ei)izoi x; € (1, . 7TL)}

with the product topology. One metric that induces this topology is the following:
for v € (0,1), we set
0 (25)i20, (9s)iz0) = mE{* 1 2y =y fori € {0,...,k}}  (25)

with the convention that the inf on the empty set is 1.
We define the shift o as

oYX =X, o: (xg,x1,22,...) = (T1,22,23,...).

If x = (xox1 -+ ) € X, we set iz = (ixoxy -+ ).
For x = (zox1 ---) € X, we define the cylinder of ¥

(o] ={(¥:i)izo € E: ys = ; for i € (0,...,0)}.
For = (xox1---) € X and I € N, we set
R

and

[0 ila = g 0 Py 0+ 0Py (G). (2.6)
Formula (2.6) immediately implies that, for all ¢ € (1,...,¢),

Yi([z1 - ile) = iz - aile. (2.7)

Since the maps 1; are continuous and G is compact, the sets [z ---x;]¢ C G are
compact. By (2.3), we have that ¢;(G) C G for i € (1,...,t); together with (2.6);

this implies that, for all (z;);>0 € £ and [ > 1,

[xo - x1—12)¢ C [x0 - - T1-1]G- (2.8)
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From (2.2), (2.4) and (2.6), we get that, for all [ > 0,
diam([zo - - - z1]q) < 't (2.9)

By (2.8) and (2.9) and the finite intersection property, we get that, if (x;);>0 C 3,
then

ﬂ[xomlﬂc (2.10)

1>1

is a single point, which we call ®((z;);>0); Formula (2.9) implies in a standard way
that the map ®: ¥ — G is continuous. It is not hard to prove, using (2.3), that ®
is surjective. In our choice of the metric d, on 3, we shall always take v € (1, 1);
we endow G with the Euclidean distance on R%. With this choice of the metrics,
(2.5) and (2.9) easily imply that ® is 1-Lipschitz. By (2.7) and the definition of ®,
we see that

P; 0 B(x) = B(ix). (2.11)

(F2) We ask that, if ¢ # 7, then ¢;(G) N;(G) is a finite set. We set

Fio=Jvi(@) nyi(@).
i#j
(F3) We ask that, if i = (ipi1 ---) € Sand 1 > 1, then ¢; L, (F)NF =0.
We briefly prove that (F1)—(F3) imply that the coding ® is finite-to-one and
that the set N C X, where ® is not injective and is countable. More precisely, we
assert that the points of G in

H: =FUlJ U tegay(F) (2.12)

[>0zxeX

have at most ¢ preimages and that those outside H have only one preimage.

We begin by showing this latter fact. If y € G\ F, then y = ®((x;);>0) can
belong by (F2) to at most one v;(G), and thus there is only one choice for zy.
Using the fact that ¢, is a diffeomorphism, we see that there is at most one choice
for z, if moreover y & vy, (F); iterating, we see that the points in H¢ have one
preimage.

If y € F, then y can belong to at most ¢ sets 1;(G), and thus there are at most
t choices for zg. As for the choice for z1, once we have fixed zg, then we have
that y € ¢, 0 Y5, (G), i.e., that w;ol(y) € ¥y, (G). Since y € F, (F3) implies that
w;ol (y) ¢ F and thus we have at most one choice for z;. Iterating, we see that
there is at most one choice for xq, 3, ete. If y ¢ F but y € 1, (F), then we have
one choice for zg but ¢ choices for z1; arguing as above, we see that there is at
most one choice for x5, z3, etc. Iterating, we get the assertion.
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(F4) We ask that there are disjoint open sets O,

...,0, c R such that
GNO;=Y;(G)\F forie(l,...,n)
We define a map F: |JI_, O; — R% by

F(x) = Y(z) ifxe€O;

719

This implies the second equality below; the first one holds by the formula above if
we ask that ¥(0;) C O;.

Foy(z)==x Vee©; and vY,o0F(x)==x Vo € O;.

From (2.6) and the definition of ®, we see that ®([z¢---x]) = [xo- - x]g. We saw

earlier that ® is finite-to-one and that there are at most countably many points with

more that one preimage; an immediate consequence is that the set

O [z x)a) \ [xo- -

'xl]

is at most countable. Let us suppose that ®(zox1---) € O;; the discussion after (F3)
implies that there is only one choice for z( and it is xg = i; by the first formula of (2.13),

this implies the second equality below; the first and last ones are the definition of ®.

Fo®(xozy-)=F | [\ ¥egey e, (G) | =) Yayagay (G) = Lo o(zoms---).
1>0 1>0
This yields the first equality below, while the second one is (2.11).

® o o(r) = F o ®(x) save possibly when ®(x) € F, (2.14)

O(ir) = ;(®(z)) Vzex, Vie(l,...,n). '
In other words, up to a change of coordinates, shifting the coding one place to the left is
the same as applying F.

A particular case we have in mind is the harmonic Sierpinski gasket on R? (see for
instance [7]). We set

3 ¢ 3 3 3 _\3
n=(>Y) n=(y T) n=(1 "0
0, 3 o0 3 -
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We call a; the unique fixed point of ¥;; note that, by (2.3), a; € G. If x € F, we

define F'(z) = a; for some arbitrary a,;. This defines F' as a Borel map on all of G,
which satisfies (2.13).
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c C
Figure 1. The first two prefractals of the harmonic Gasket.

and
Yi(z) =Ti(x), ta(z)=B+Ta(z—B), YPs(x)=C+T3(x-C).

Referring to Figure 1, ¢; brings the triangle Go: = ABC into Abc; 19 brings Gy into
Bac and 13 brings Go into Cba. We set F = {a,b,c} and take Oq, Oy, O3 as three
disjoint open sets which contain, respectively, the triangle Abc minus b, ¢, Bca minus ¢, a
and Cba minus a, b; in this way, hypotheses (F1)—(F4) hold. It is easy to check that also
hypothesis (ND); is satisfied.

We define the map F' as

F(x) =; Y(z) ifzec0;

and we extend it arbitrarily on F = {a, b, c}, say F(a) = A, F(b) = B and F(c) =C.
For g € (1,...,d), we consider A%(R?), the space of g-forms on RY; if (-,-) is an inner
product on R?, it induces an inner product on the monomials of Aq(Rd) by

(1 A== Awg), (Wi A== Awg)) = (01 A= Awg) (i(wr), -+ i(wg)),

where 7: Al(Rd) — RY is the Riesz map, i.e., the natural identification of a Hilbert
space with its dual. This product extends by linearity to all A?(R?), which thus becomes
a Hilbert space.

As a consequence, if A is a matrix bringing Aq(Rd) into itself, we can define its adjoint
tA. We shall denote by M? the space of all self-adjoint operators (a.k.a. symmetric
matrices) on AY(R?). Again since AY(R%) is a Hilbert space, we can define the trace
tr(A) of A € M? and thus the Hilbert—Schmidt product

('7')HS: MIx M?T— R

(A, B)us: = tr(A'B) = tr(AB),

where the second equality comes from the fact that B is symmetric.
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Thus, M ? is a Hilbert space whose norm is

|Allns = v/ (A, A)us.

Since AF (Rd) is a Hilbert space, we shall see its elements b as column vectors, on which
the elements M € M? act to the left: Mb.

Matrix-valued measures

Let (E, cZ) be a compact metric space; in the following, (E,(f) will be either one of the
spaces (X, d,) or (G, ||-||) defined above. We denote by C'(E, M?) the space of continuous
functions from E to M9 and by M(E, M?) the space of the Borel measures on F valued
in M2. If p € M(E, M?), we denote by ||u|| its total variation measure; it is standard
[20] that ||x]|(E) < 400 and that

p=M-||pl
where M : E — MY is Borel and
[|M(z)|lus =1 for ||p|l-a.e. z € E. (2.15)

Let now p € M(FE,M?) and let f: E — M? be a Borel function such that ||f||lus €
LY(E,||u|]). We define

/ (f.dpus: = / (F(2), M (z))nsdl ] (2). (2.16)
E E

Note that the integral on the right converges: indeed, the function x — (f(x), M(z)) is
in L' (G, ||p||) by our hypotheses on f, (2.15) and Cauchy—Schwarz. A particular case we
shall use often is when f € C(E, M1).

If u € M(E,M% and a,b: E — AY(R?) are Borel functions such that ||a|| - ||b]| €
LY(E,||ul]), we can define

/E (adu-b): = /E (ale), M(2)b()) d] ] (2).

Note again that the function * — (a(z), M(z)b(x)) belongs to L'(G,||u||) by our
hypotheses on a, b, (2.15) and Cauchy—Schwarz. We have written M (x)b(x) because,
as we said above, we consider the elements of AY(R%) as column vectors. Since

(a®b,M)Hs = (a,Mb),

we have that

/E(a,du-b)z/E(a@@b,du)Hs. (2.17)
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By Riesz’s representation theorem, the duality coupling (-, ) between C'(E, M?) and
M(E, M?) is given by

(fym): :/E(fadﬂ)H&

where the integral on the right is defined by (2.16).

Let p € M(E, M9); we say that p € M (E, M9) if u(A) is a semi-positive-definite
matrix for all Borel sets A C E. By Lusin’s theorem (see [2] for more details), this is
equivalent to saying that

(fim) =0 (2.18)

for all f € C(E,M7) such that f(x) > 0 (i.e., it is semi-positive definite) for all x € E.
An equivalent characterization is that, in the polar decomposition (2.15), M (z) > 0 for
[|lp)]-a.e. x € E.

As a consequence of the characterization (2.18), M (E, M?) is a convex set closed for
the weak# topology of M(E, M?1).

If p € M(E,M9) and A: E — MY belongs to L' (E, ||p|]), we define the scalar measure

(A7 :U’)HS by

/ F(2) d(A, s (x) = / (f(2)Alx), dua))ns
E

E

for all f € C(E,R). Recalling the definition (2.16) of the integral on the right, we have
that

(A, wus = (A, M)us - [[ull;
where p = M - ||u|| is the polar decomposition of p as in (2.15).

We recall (a proof is, for instance, in [2]) that, if A,B,C € M? if A> B and C > 0,
then

(A, C)us > (B, C)zs. (2.19)

As a consequence, we have that, if f,g € C(E, M?) satisfy f(z) > g(x) for all z € E and
if p € My(E,M7), then

/E(f($)7du(w))Hs 2/(g(w),du(w))Hs. (2.20)

E

Let Q € C(E, M9) be such that Q(x) > 0 for all z € F; by compactness, we can find
€ >0 such that

Id<Q@)<Id  Veeb (2.21)
€
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It is shown in [2] that there is C; = Cy(e) > 0 such that, if @ satisfies (2.21) and
we My (E,M?), then

5§5WMg<@umsscummw (2.22)

Let Q € C(E, M) satisfy (2.21); we say that p € Pg if p € M4 (E, M?) and

(@, 1) =1. (2.23)

We saw after Formula (2.18) that M (E, M?) is convex and closed for the weaks topol-
ogy; Formula (2.23) implies that Pg is also closed and convex; (2.22) and (2.23) imply
that it is compact.

Cones in function spaces

We say that f € Cy(FE,M?) if f € C(E,M7) and f(z) is positive-definite for all z € E.
It is easy to see that C(E, M?) is a convex cone in C'(E, MY) satisfying (2.1). We let

q
0T denote the hyperbolic distance on w

Let a>0 and « € (0,1]; we say that A € LogC{*(E) if A € C;(F,M?) and for all
z,y € E, we have

Afy)eeden® < A(z) < Afy) erden”,

where the inequality is the standard one between symmetric matrices.
It is easy to check that LogC}*(E) is a convex cone satisfying (2.1). We let §* denote

LogC{"™(E)

~

the hyperbolic distance on
Next, we introduce the subcone of the elements A € LogC{"(E) whose eigenvalues
are bounded away from zero. In other words, we define

[|Al|oo = sup [|A(z)|]us,
z€E

and for € >0, we set

LogC&*(E) = {A € LogCL"(E): A(x) > €||A||ocld  Vx € E}.

The Ruelle operator

Recall that the maps 1; of § (2.2) are affine and injective; in particular, D; is a constant,
non-degenerate matrix. We define the pull-back (D);),: AY(R?) — A9(R?) as in (1) and
the push-forward ;: M9 — MY as in (2). Let a € (0,1] and let V € C%*(G,R).

The Ruelle operator Lg, v on C(G, M?) is the one defined by (3).
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We also define a Ruelle operator Ls v on C(X, M?): defining (iz) as in §2, we set

'C'Z,V: C(Zan) - C(Z7Mq)7

(LsyA)(z) =Y e 00W;(A(i)). (2.24)

=1

Note that V o® is a-Holder: indeed, V is a-Holder and we saw in § 2 that @ is 1-Lipschitz.
In order to apply the Perron—Frobenius theorem, we need a non-degeneracy hypothesis.

(ND)q

We suppose that there is v >0 such that, if ¢,e € Aq(Rd), we can find ¢ € (1,...,¢)
such that

(D), e)] = Alle]] - [le]]-

In other words, we are asking that, for all ¢ € AZ(R%)\ {0}, (D1;).c is a base of A(R%);

clearly, this implies that t >
q

We state the standard theorem on the existence of Gibbs measures, whose proof [15, 23]
adapts easily to our situation; the details are in [2] and [3].
Proposition 2.2. Let (E,d,S) be either one of (2,d,0) or (G,||-||,F); let V €

CO%(%, R) such that V ="V o® for some V € C%*(G, R). Let the Ruelle operators L, v
and Lg v be defined as in (2.24) and (3), respectively. Then, the following holds.

(1) There are a,e >0, Qg y € LogCé 1% (E) and Brv > 0 such that
LevQeyv =BevQEyv.
If Q' € C(E, M?) is such that
LeyvQ = Bryv@Q,

then Q" =nQp,v for somen € R.

(2) Since Qp,v € LogC’f(;)l’a(E), Qp,v satisfies (2.21), and we can define Pg,, |, as in

(2.23). Then, there is a unique up,v € Poy ,, such that

E3
Ly vieyv = BeVEEV-
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(3) Let A € C(E,M?9); then,

B%ﬁlfz,vA = Qe v(A uev)

E,V
uniformly as k — +oo. If A € LogC{"(E), then the convergence above is expo-
nentially fast. A consequence of this is the last assertion of point (1), i.e., that the
eigenvalue By of point (1) is simple.

(4) pev(E) is a positive-definite matriz.

(5) The Gibbs property holds; in other words, there is D1 > 0 such that

eVl(gg) . eVl(x) .

DA Vag.oop 1EV(E) <pev([ro. . zi-1]a) < Di——"Way 2 uEv(E).
lﬁE,v ﬁE,V

In the formula above, [xg ... 2T1—1]a = [0 ... 21—1] if we are on X and [xg ... T1—1]a =
[xo...xi—1]c if we are on G. We have also set

Vig)=V(@)+Voo(z)+...+ Voo (z)

if we are on ¥ and

Vi) =V(@)+VoF(x)+...+VoF(z)

if we are on G. Lastly, It\Ilmo___ml_l is defined as in (10).

(6) Let us define gy = (QE,v, e, v)us; then kg,v is an atomless probability measure
ergodic for S. Actually, the mizing property holds, which we state in the following
way: if g € C(E,R) and A € C(E, M?), then

/(QOSR'A, dpp,v)us — / (9QE,v,dup,v)us - / (A, dpg,v)us.
E E E

The convergence is exponentially fast if A € LogCy*(E) and g € C%*(E, R).

Definition. We shall say that pp v is the Gibbs measure on E and that kgy =
(Qe,v, e v)us is Kusuoka’s measure on E. Since pgy € Popyv: KBV U5 G probability
measure. 7

We recall Lemma 4.6 of [3], which shows that there is a natural relationship between
Gibbs measures on ¥ and G; the notation is that of Proposition 2.2.

Lemma 2.3. We have that Ba v = Ps,v; we shall call By their common value. Up
to multiplying one of them by a positive constant, we have that Qs v = Qg,v o ®; the
conjugation ®: ¥ — G is that of (2.11). For this choice of Qs v and Qa,v, let us v and
pa,v be as in point (2) of Proposition 2.2; then payv = Qyusyv and gy = Pyrs v,
where @4 denotes the push-forward by ®.
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Definition. Let 8y be the eigenvalue of the lemma above; we shall say that P(V): =
log By is the pressure of the potential V.

Just a word on the relationship with [5] and [13]. It is standard [2] that, if V' = 0, then
the eigenfunction @ is constant and D7 = 1 in point (5) of Proposition 2.2. On constant
matrices, our operator Ly and the operator Ly of Proposition 15 of [13] coincide;
in particular, they have the same spectral radius and the same maximal eigenvector,
Q. Looking at the eigenvalues, this means that our (s coincides with their ef(4:2)
Moreover, when V' = 0, kx v coincides with the measure m on the shift defined in [5]
and [13]; we briefly prove why this is true.

A theorem of [5], recalled as Theorem 2 in [13], says that the probability measure
m of [13] satisfies the following: there are C'>0 and P(A,2) € R such that, for all
X1,...,Tn €{1,...,t}, we have

We have already seen that P(A,2) = pBy. Together with the Gibbs property of
Proposition 2.2, the formula above implies that m is absolutely continuous with respect
to kx,v. Since m is invariant and g,y is ergodic, they must coincide.

Before stating the last lemma of this section, we need to define the Lyapounov
exponents of the fractal. We consider the map

H:G— M?

H:z— (DY), ifzeO,,
which is defined k¢ y-a.e. on G. For the expanding map F' defined in (F4), we set
H'(zr) = H(x)- H(F(z)) -~ H(F'"!(x)).

Since Kusuoka’s measure kq,y is ergodic for the map F, we can apply the results of [21]
(see [8] for a more elementary presentation) and get that for kg y-a.e. © € G, there is
A, € M9 such that

lim [Hl(x) ey (G) ~tHl(a:)] el =A,. (2.25)

l—+oco
The fact that kg v is ergodic for F' implies by [21] that neither the eigenvalues of A, nor
their multiplicities depend on z.

Though we would not need it in the following, we recall Lemma 6.2 of [3].

Lemma 2.4. Let the maps v;, the Gibbs measure pq,v and Kusuoka’s measure ka,v
be as in Theorem 2.1. Let us suppose that the mazximal eigenvalue of A, is simple and
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let us call E, its etgenspace; let Py, be the orthogonal projection on E,. Then, we have
that

ne,v =Py |lpc,vll

Moreover, we have that, for kgv-a.e. x € G,

. — lim H'(x) v (G) tH Y (x)
P, = ZLJFOO 1H (z) - pov (G) - "H (2)||as (2.26)

3. Pressure

We define the map v;: ¥ — X by v;(z) = iz. As in the last section, (F, S) is either one of
(X,0) or (G, F); in both cases, we denote by «; a branch of the inverse of S, i.e., a; =
if E =% and a; = 1; if E = G. If m is a probability measure on E invariant for the map
S, we denote by h(m) its entropy.

Given a potential V € C%*(E,R), let Qg v be as in Proposition 2.2; we define Ky (E) as
the set of the couples {m, M}, where m is a non-atomic, S-invariant probability measure
on £ and M: E — M1 is a Borel function such that

M (z) is semi-positive definite and (Qg v (z), M(x))us = 1 for m-a.e. x € E.

As a consequence of the equality above, defining Pg, |, as in (2.23), we have
m = (Qg,v, Mm)us and thus Mm € Pgp, - (3.1)

Let now kg,yv and ug,y be as in Proposition 2.2; recalling that ||pg,v|| and kg v are
mutually absolutely continuous by (2.22), we can write

pev =Mpy - |lpev] = Mgy - kev,

~ d
with Mgy = Mgy - %, where the derivative is in the Radon-Nikodym sense. This

yields the first equality beiow, while the second one comes from the definition of kg v in
point (6) of Proposition 2.2.

(Qev,Mgv)us - kev = (Qev, Mpy)us - ||ev] = ke v.
As a consequence, we get that
Qev(z),Mgy(z))us =1 for kgyv -ae. z €@,
i.e., that (kpv,Mgyv) € Ky (E).
We denote by B the Borel g-algebra of E and by m|a;(E)|S™!(z)] the conditional

|
expectation of 1,,(m) with respect to the sigma-algebra S ~1(B); paradoxically, this
notation means that m[o;(E)|S™1(z)] is a Borel function of S(z).
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We denote by h(m) the entropy of an S-invariant measure on E. For {m, M} € Ky (E),
we set

Ig(m,M): :h(m)—i—/EV(x)dm(x)

+; /E log(QE,V(a:),t\Ili oMo S(I))Hs dm(x) (3.2)

By the last two formulas, (7) becomes

Ig(ka,v,Magyv) = sup Ig(m, M).
{m,M}eKy (G)

The definition of Ir in (3.2) implies immediately that g is conjugation-invariant; in
particular, if ®: ¥ — G is the coding of §2 and (m, M) € Ky (X), then

Is(m, M) = Ig(®ym, M o 1),

where ®ym denotes the push-forward; note that ®~! is defined m-a.e.: indeed, (m, M) €
Kv(G) implies that m is non-atomic and we have shown in §2 that the set {y €
G : & !(y) > 1} is countable.

By the two formulas above and Lemma 2.3, (7) is equivalent to

Is(ksyv, Msyv) = sup Is(m, M) (3.3)
{m, M}y (D)

and this is what we shall prove.
Notation. Since from now on we shall work on ¥, we simplify our notation:
Ly: =Lsy, kv: =kgyv,pv: =psv,fv: =Psyv,Pv: =loghsyv, Qv: =Q@syv.
We begin writing I in a slightly different way. Since m/[y;(E)|o~!(z)] is the conditional
expectation of 1 (s with respect to o ~1(B), we get the first equality below; the second

one follows since 7; o ¢ is the identity on ~;(X); the last equality follows since the sets
~;(X) are a partition of X.

Z/m% ()] - log(Qv 0 vi o o(x), "W, - M o o(x))us dm(x)

M=~

/ log(Qv 07 0 #(x), "y 0 M o o())us dm(x)
71(2

.
Il
-

I
Mﬁ

/ log(Qv (), W; 0 M o o(x))ug dm(x)
i

1 [

-
Il
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— [ 108(Qu (2. Wi 0 M 0 o(a)s dmo).
b
We can thus rewrite (3.2) as

In(m, M): = h(m) + /Z V() dm(z)

+ ; /E m[yi(Z) o (x)] - log(Qy o v; 0 (), "W, - M o o(x))us dm(x). (3.4)

Let m be a o-invariant probability measure on Y; in Formula (3.5), we express
mlilo~!(x)] using disintegration; in (3.6), we express it as a limit. We recall that a
statement of the disintegration theorem is in Theorem 5.3.1 of [1]; the full theory is in
[19], while [17] and [18] follow a different approach.

We disintegrate m with respect to the map o: ¥ — X, which is measurable from B
to B and preserves m. The disintegration theorem implies the first equality below, the
second one follows from the fact that m is o-invariant.

m =1y ® (oym) =, @ m.

This means the following: first, 7, is a probability measure on ¥, which concentrates
on o~ !(z). Second, if B € B, then the map : x* — #,(B) is B-measurable. Lastly, if
f: 3 — R is a bounded B-measurable function, then

[ r@am@) = [ anm@) [ i),

We set 1, = 7y (); by the remarks above, 7, concentrates on o' (o (x)), i.e., on the fibre
containing , and, if B € B, the map : x — 1,(B) is o~ !(B)-measurable.

Let g: ¥ — R be a bounded Borel function; the first equality below comes from
the disintegration above; the second one follows from the fact that oym = m and the
definition of 7. The third equality follows from the fact that g o o is constantly equal to
goo(z) on the fibre 0= (o (x)) on which 7, = 7j,(,) concentrates.

[ 1@y eote)an) = [ an) [ 100 i)

:/de(:c)/z1[i](2)900(2)d77x(2)=/Egoa(w)dm(m)/z1[1'}(Z)d77w(2)~

Since g o o is an arbitrary, bounded ¢! (B)-measurable function and we saw above that
n:([i]) is o~1(B)-measurable, the formula above is the definition of conditional expecta-
tion. In other words, we have the first equality below, while the second one is trivial.

https://doi.org/10.1017/50013091523000287 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000287

730 U. Bessi

mlilo~"(@)] = na([i]) = / 1 (2) dna 2). (3.5)

Rokhlin’s theorem [17, 18] is an analogue of Lebesgue’s differentiation theorem for
sequences of finer and finer partitions; the ones we consider are

{U_l[xo .. .Il}: {xi}iZO ex > O}

These partitions generate o~!(B); by Rokhlin’s theorem, for m-a.e. z € X, 1,([i]) is the
limit of the quotient of the measure of [i] intersected with the element of the partition
containing o~ (o(z)) (i.e., the fibre containing z) and the measure of this element. This
yields the first equality below, while the second one follows by the definition of ¢ and the
third one from the fact that m is o-invariant.

N~ Tim m([i) o~ olzg - x]))
)= e e T oleo =)

= lim m(izs - ) = lim
ls+oo m(o~[zy - x])) 1=t m([z1 - ])

m([izy - x1])

We already know it, but from the formula above, it follows again that 7, ([i]) is o~ *(B)-
measurable. Expressing 7, ([¢]) as a limit as in the formula above and using (3.5), we get
that, for m-a.e. x € X,

. (3.6)

We recall a lemma of [15].

Lemma 3.1. Let m be an invariant probability measure on X; then, for m-a.e. x € X,
we have

Zm[i\a‘l(m)] =1. (3.7)

Proof. The first equality below is (3.6), and it holds for m-a.e. z € X; the second one
follows since the cylinders [ix; - - - x;] are disjoint as ¢ varies in (1,...,¢); the third one
follows by the definition of the map o and the last one from the fact that m is o-invariant.
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— lim m(Uzzl[ml'”“’lD

I—+00 m([xy - xzy]) ot m([wy - xy))

O

We also recall from [15] a consequence of the Kolmogorov—Sinai formula ([24]): if m is
an invariant probability measure on X, then

h(m) = —Z/Zm[ﬂa_l(x)] log mfilo—(x)] dm(x). (3.8)

The next lemma is another well-known fact.

Lemma 3.2. Let m be an invariant probability measure on 3; let v;: (xoxy...) —
(izox1 - +) and let us suppose that

(y:)gm = am (3.9)
for a probability density a which is positive on [i]. Then,

1

PP (3.10)

mlilo™" (2)] =

Proof. The first equality below is (3.6), and it holds for m-a.e. z = (xoz1---) € X;
the second one follows from the definition of v; and of the push-forward; the third one
follows from (3.9) and the fourth one from Rokhlin’s theorem applied to the partition of
[i] given by the sets [iz1-- 2] as I > 1 and (izozy---) € X; it holds for m-a.e. z € X.
The last equality follows from the definition of v, and o.

mlilo~(z)] = lim M: ‘m m([izy - x1])
[ | ( )] l—1>+oo m([m e xl]) l—+o00 [(%)ﬁm]([le e xl])

— lim m([izy - - xy]) _ 1 _ 1 .
l—+o0 f[ a(z)dm(z)  a(izizz---) aovy;oo0(x)

iwy @]

O

Lemma 3.3. Let V € C%(X,R), let puy and Qv be as in the notation after
Formula (3.3); let v;: ¥ — X be as in Lemma 3.2. Then, the following formulas hold.

(Vi)giy = By eV (W) |- (3.11)

(vi)ekv = Bv eV (Qy oa(x), ("T;) " - pvli)us (3.12)
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or equivalently, setting py = My - Ky,

(vo)skv = L (@) - By eV (Qy o o), ("W)™ - My (z))us - k- (3.13)
Lastly,
oV (io(2))
~ Bv(Qv o o), (W)t My (io(x)))as

Proof. We begin with (3.11). We recall that the Gibbs property follows iterating
Lemma 4.1 of [3], which says the following: let n € (0,1) be as in (2.2); then, there is
Dy > 0 such that, for all z = (zgzy---) € ¥ and ] € N,

ry il (x)] (3.14)

1 al
— e D1,

V(z
e
Bv

Vo py ([ wia]) < v ([woa -+ 2-1])

1 al
< BT/GDM V@O Ny ([ xq]), (3.15)

where the inequalities are the standard ones between symmetric matrices.
The first equality below is the definition of the push-forward, the second one follows
by the definition of ~;.

py ([ x—q]) fxg =1

(()zp (o - aia]) = v (377 (o -+ a1a))) = { 0 otherwise.

Since both (7;)gpy and py ;) concentrate on [4], it suffices to show that the two measures
of (3.11) coincide on the Borel sets of [i]. Thus, in the formula above, we suppose that
xo =4 and we rewrite (3.15) in this case.

ﬂiv e PV @ () v (20w - @isa]) < v (0w - zi))

1 1
< VOt o )

This is true for all € [xzox; - - - 2;-1]; by the last formula and monotonicity of the integral,
we get that

1 al -
— oDin / V@ 1 d(yi)suv] (@) < pv ([0 - 21-1))
Bv [zoz1--my 1]

1 @
< L oo / V@ 0 d[(7) v ().
/BV [ljoa:‘l...ajlil]

Fix k > 1; since [z - - - 2] is the disjoint union of the cylinders [zg - - - zxZgy1 - - - 2], the
l
last formula and the fact that eP17*" — 1 as | — +o0 imply easily that if zg = ¢ and
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k > 1, then
1 V(z) t
pv(fpo- ) = 5 e AW - d[ (i) gmv] (@)
V Jwgzy -y _q]
Since the cylinders [xq---xk_1] generate the Borel sets of [xzg] = [i], the last formula

implies that

1
vl = - eV W - [(vi)gmv ]

from which (3.11) follows.

Now to (3.12). Let f: ¥ — R be a bounded Borel function. The first equality below
is the definition of the push-forward, the second one of ky; the third one comes because,
by definition, o o ; is the identity on Y. The fourth one follows from the definition of
the push-forward and the last one from (3.11).

@A) = [ £ o) dev 2
[4] b

- / £ 07(2)(@v (=), dpay (=) s = / F07:(2)(@Qv 0.0 07 (2), duv ())ms
> >

~Jy f(@)-(Qvoo(z), d[(vi)spv](x))us /['] f(@)-By eV (Quoa(@), ("T;) T -dpy (2))s.

This shows (3.12); as for Formula (3.13), it follows from (3.12) and the fact that
Hy = MV Ry .
Formula (3.14) now follows from (3.13) and (3.10). O

We recall a well-known fact: if

t t
=1 i=1
then
t t
—Y ailoggi+ Y gilogp; <log A (3.17)
=1 =1
— P

with equality if and only if ¢; = 5t for all i € (1,...,1).

Usually (see for instance [15] or [24]), this formula is stated for A=1; applying this
particular case to {51}, we get the general one.

For completeness’ sake, we prove below another well-known formula from page 36 of
[15]: if g: ¥ — R is a continuous function and m is an invariant probability measure,
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then the second equality below comes from the definition of conditional expectation; the
last one comes from the fact that the sets [i] form a partition of 3.

iz - - \mlilo™Hz m(x) = o~; oo(x)mlilo™(x m(x
;/Egm e @)dm(z) =~ [ 5050 o@mlile” @] dmie)

:Z/Zgo%oo(x)l[i](x) dm(x):Z/ g(ixl-n)dm(x):/Eg(x)dm(x)‘ (3.18)

i—1 v [l

Proof of Theorem 1.

As we saw at the beginning of this section, it suffices to show Formula (3.3), and this
is what we shall do.
For {m, M} € Ky (X) and x € X, we define the following two functions of z.

gi(z) =mlilo™"(@)],  pi(x) =" (Qulio(x)), Ui Moo(x))us.  (3.19)
By (3.7), {q:}: satisfies (3.16) for m-a.e. © € %; we show that, setting A = Sy, {p:};
too satisfies (3.16) m-a.e.. The first equality below comes from the definition of p; in the
formula above, and for the second one, we transpose; the third one follows by the definition

of Ly = Lyx,y in (2.24); the fourth one comes from the fact that Ly Qv = By Qv and
the last equality follows from the fact that (m, M) € Ky (X).

t t

S = e 6 (Qulio(w), Wy M o o(w))us

=Y eV (W, - Qu (io(x)), M o o(x))ns

i=1

= ((LvQv)(o(x)), M oo(z))ns = Bv - (Qv co(x), M o o(x))ns = Bv.

Since (3.16) is satisfied, Formula (3.17) holds, implying that for m-a.e. € G, we have

=Y (@) logqi(x) + Y _ ¢i(x)[V (io(x)) +log(Qv (io(x)), "W, - M o o(x))us] < log Bv-
=1 i=1

Integrating against m, we get that

72/2‘11(@ log gi(z) dm(z)

+Z/ ¢ (2)[V (io(x)) +1og(Qy (io(x)), ' W; - M o o(x))us]dm(z) < log By .
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By the first one of (3.19) and (3.8), we get that
t
—Z/ gi(z) log ¢;(z) dm(x) = h(m).
i=1"%
The first one of (3.19) and (3.18) imply that

> [ at@Viio(@)dm(z) = [ Vie)dm(a).

735

The last three formulas imply that, if (m, M) € Ky (2) and Iy, is defined as in (3.4), then

Is(m, M) < log By .

To end the proof of (3.3), it suffices to show that, in the formula above, equality is
attained when {m, M} = {ky, My }. The only inequality in the derivation of the formula

above is that of (3.17), which becomes an equality if

() Pil@)
Qz( )_ By

forie (1,...,t) and ky-a.e. z € X.

(3.20)

This is what we are going to prove. The first equality below is the definition of ¢; in

(3.19) for m = Ky, and the second one is (3.14).

oV (io(2))
Bv(Qv oo(x), (*¥;)~1 - My (io(2)))ns

gi(z) = kvlilo™ (2)] =

(3.21)

We assert that (3.20) would follow if there were some positive Borel function A: ¥ - R

such that
", - My o o(z) = M) My (i (x))

for m-a.e. x € 2.

(3.22)

Indeed, this formula implies the two outermost equalities below; the two innermost

ones come from the fact that {ky, My} € Ky (2).

1 B Az)
(Qv oo(x),t¥; - My (io(z)))us  (Qv oo(x), My oo(z))us

= A(z)

= M)(Qv (io(2)), My (io(2)))us = (Qv (io(x)),"¥; - My o o())ns.
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The first equality below is (3.21); the second one is the formula above; the last one is
(3.19).

- eV(ia(a:))
a(x) = Bv(Qv oo(x), (W)~ - My (io(z)))ns

= e (Quio @), W My o o(a)us =

pi(z)
By’

proving (3.20).
In order to show (3.22), it suffices to recall that, for ky-a.e. x € X,

Wagoa;_y * v (E)
= lim — :
l—=+o00 H \I’xO"'xl—l : .UJV(E)HHS

dHV
]|

(z)

Mv(.'IJ)

The proof of this equality follows from point (5) of Proposition 2.2 and Rokhlin’s theorem;
the details are in [3]. By (10), the last formula easily implies (3.22).

4. The non-weakly mixing case

In this section, we give an estimate from above on the asymptotics of the periodic orbits
of the shift when the potential V is constant. This is the so-called non-weakly mixing
case of [15] and [14], in the sense that the shift is weakly mixing, but its suspension by
V =1 is not; we refer the reader to [15] for a precise definition of these objects.

The first order of business is to show that counting periodic orbits on ¥ is the same as
counting periodic orbits on G. We do this in Lemma 4.1 below, but we need a hypothesis
stronger that (F3).

(F3+4) We ask that, if ig,...,4-1,70, -5 k-1 € (1,...,p), then

wi?):.[..il—l © Pjgejp_y © Yigiy_y (F) NF =0

unless k=0, when t;...;, ; = id by definition and thus the composition of the three
maps on the left is the identity. Note that, since 9j...;, , is a diffeomorphism, (F3+)
implies (F'3) taking [ =0.

We briefly show that (F3+4) holds for the harmonic Sierpinski gasket. Since Yigiy_q
is a diffeomorphism, we can rewrite (F3+) as

wjo“'jk—l o ’l/)io...il_l(f) N wiou'il—l(f) = @ (41)

We use the notation of Figure 1 and distinguish two cases: in the first one, the cell
Vio-ip_1 © Vig-iy_, (G) is not contained in the cell 1;,...;, ,(G); then the two cells can
intersect only at points of the type ¥y ..., , (1) with R € {A, B, C}; these points are not
in tjg..q;  (F) since ;,...;, | is a diffeomorphism and {A, B, C} and F are disjoint.
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The second case is when 9jq...;, | ©¥ig..iy | (G) C Yig...iy ,(G); if k > 1, this implies
that jo = 4g,...,J51—1 = 4;_1. Applying w;()%"il—f (4.1) becomes

wjl"'jk—l Oin'“il—l(‘F) O.F: @,

which is true since (F3) holds on the harmonic gasket. If k </, we note the following:
if ij"'jkfl o in"'ilfl(G) C ¢i0”'i171(G)’ then the first [ indices of jo - - jr—1%0 - 1—1
must be ig---4;_1. In other words, we have that jo = ip,...,jx—1 = itx—1 and also
10 = Tk, ... 4j—k—1 = 1;—1. Now we apply 1/}1'_0?"14171 and (4.1) becomes

%‘l_kmil_l (f) NF= wa

which is implied by (F3).

Lemma 4.1. Let (F1)-(F2)-(F3+)-(F4) hold. Then, the map ®: ¥ — G of §21s a
bijection between the periodic points of (X,0) and those of (G, F).

Proof. We consider the set H of (2.12); since after this formula, we saw that the
conjugation is injective on ®~(H¢), and it suffices to show the following:

(1) every periodic orbit of F' has a periodic coding, which is trivial, and
(2) the points of H do not have a periodic coding (and thus, in particular, are not
periodic.)

For point (2), we begin to show that the points with a periodic coding are not in F.
Indeed, if x = (zoxy . ..) satisfies x; = x;1, for all 4, then by the second formula of (2.14),
we get that 1y,..., ; © ®(z) = ®(z); now (F3) implies that &(z) & F.

But points with a periodic coding are not even in 9., (F). Indeed, let z = (xox1 - - - )
be n-periodic and let us suppose that ®(z) = 9u...,; () for some 2 € F; then, again by
(2.14),

Va1 0 Bugy(2) = Vg (3]

Applying to both sides, the inverse of 9., (which is a diffeomorphism) (F3+) shows
that z ¢ F, as we wanted. O

Thus, from now on we shall count periodic orbits on X; since we work on X, we stick
to the notation after (3.3), but often writing S instead of Sy.

Definition. We say that two periodic orbits x,x' € ¥ are equivalent if there is k € N
such that x} = x;yp for all i > 0. We call 7 = {z}, the equivalence class of z; if x
has minimal period n, then T has n elements. Said differently, we are going to count the
periodic orbits T, not the periodic points (x;) € .

Let now U;: M? — M9 be as in (2); let © = (zoz1---) € ¥ and let | € N; we define
tW, ; as in (10). The definition of the Hilbert-Schmidt product and (2) easily imply that
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"Ui(A) = (Dihi)s - A-H(Dihy)s.
Iterating this formula and recalling (10), we get that
t\I’a:,l(A) = (D%O-..xl,l)* A t(Dwmomzlil)*- (42)
Lemma 4.2. Let the operators 'W, ;: M? — M9 be defined as in (10) or, which is
equivalent, (4.2); recall that m = dimM??. Let x € ¥ be n-periodic, with n not necessarily

minimal. Then, the linear operator "W, ;: M9 — MY satisfies the five points below.

(1) For alll > 0, we can order the eigenvalues a1, ...,z m of "Wy in such a way
that

1>ap1 > |agae| > > lagm| > 0. (4.3)
Note that the largest eigenvalue is real.

(2) In the same hypotheses, o ; = (i forall j >0 and alli € (1,...,m). Since
0,; does not depend on the particular point of the orbit on which we calculate it, if

n is the minimal period and T = {z}, then we can set o, ;1 = oy ;.
(3) Let x € ¥ be n-periodic with n minimal and let k € N. Then, the eigenvalues of
[
of ok, ok with |l ] €(0,1) Vi

By point (2), they are all shift-invariant.
(4) Let x be a periodic orbit of period n and let k,j € N; then,
trt‘I'L;m = trt\l’aj(m),kn'

In other words, the trace of "W, k, is the same for all x on the same orbit.
(5) For an n-periodic x € ¥ and k € N, we have that

0 S trt\Ifm,;m.

Proof. We begin with Formula (4.3) of point (1): since by (4.2), U, ; is the compo-
sition of bijective operators, and it is bijective too; thus, all its eigenvalues are non-zero
and we get the inequality on the right of (4.3). We shall show at the end that a, 1, the
eigenvalue with largest modulus, is positive and smaller than 1.

Point (2) follows because the eigenvalues of a product of invertible matrices do not
change under cyclical permutations of the factors, which implies that the eigenvalues of
Wym ='Wy 00", | coincide with those of ‘W, (5, =W, 0o 0, | o'W, .

Point (3) follows from two facts: the first one is that, by (10) or (4.2), ‘W, g, = ("¥y n)";
the second one is that the eigenvalues of A* are the kth powers of the eigenvalues of A.
Point (2) implies the last assertion about shift-invariance.
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Point (4) is an immediate consequence of point (3).
Next, to point (5). If A € M? is semi-positive definite, then ‘¥, ;(A) is semi-positive
definite by (4.2). By (2.19), this implies that

("W, 1(A), A)us > 0.

If the matrix *¥, ; on M7 were self-adjoint, this would end the proof, but this is not the
case. However, the last formula implies that trt\IlLkn > 0 follows if we find an orthonormal
base of M7 all whose elements are semi-positive-definite. A standard one is this: if {e;}
is an orthonormal base of A9(R?), just take s(e; ®ej+ej@e;).

We show that the maximal eigenvalue in (4.3) is a positive real. Let us consider the cone
C C M1 of positive-definite matrices; in the last paragraph, we saw that *¥, ;(C') C C.
We would like to apply Theorem 2.1 to this situation, but we do not know whether the
constant D in its statement is finite. It is easy to see that if € >0, then D < +oo for the
operator ‘W, ; + eld; if we apply Theorem 2.1 and let € N\, 0, we get that the eigenvalue
a1 of maximal modulus of ‘¥, ; is non-negative real, as we wanted.

Lastly, we end the proof of (4.3) showing that all eigenvalues have modulus smaller
than 1. We shall use a version of the sup norm on A4(R%): if w € AZ(R?), we set

|lw|[sup = sup{w(v1, ..., vg) = [Jvr]] -+ - [lvgl|] < 1}

Since D1; is a contraction, (1) implies immediately that (D);). contracts the sup norm:

H(Dwi)*WHsup < Hstup'

Since the spectrum of ¥, coincides with that of ¥;, it suffices to show that the modulus
of the eigenvalues of ¥; is smaller than 1, and this is what we shall do. Let A € MY be

such that U; A = AA; |A\| < 1 follows if we show that, for some norm || - ||y over M9, we
have

Wi Afl < [[A]]1-
The function || - ||; defined below is a norm on the space M? of symmetric matrices.

IAllr = sup |(Aw,w)|.

[lwllsup <1

The first equality below comes from the definition of the norm in the formula above and
the definition of ¥, in (2); the second one is the definition of the adjoint; the inequality
comes from the fact that (D). contracts the norm: the set of the forms (Dv;).w with
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[lwllsup < 1is contained in a sphere of radius strictly smaller than 1. The last equality is
again the definition of the norm.

1T (Al = sup |((Di) . A(Dty) s, )]

llw|lsup <1

= sup  [(A(DYi)ww, (Di)sw)| < sup  [(Aw,w)| = [[A]]1.

[lw][sup<1 [lw|[sup<1

From now on the argument is that of [15], with some minor notational changes.
We begin to assume that the potential V' depends only on the first two coordinates,
i.e., that

V(z) = V(zo,x1). (4.4)

We are going to see that in this case, the maximal eigenvalue of the Ruelle operator
coincides with that of a finite-dimensional matrix; another consequence will be that the
zeta function of Formula (4.11) below is meromorphic.

We consider (M7)¢, the space of column vectors

M,
M = I (4.5)
M;
where the entries are matrices M; € MY; we denote by d the dimension of (M9)t; clearly,
d=m -t for m as in Lemma 4.2. For j € (1,...,t), we define

t
Ly (MY — M9, LM = U;(M;)eV ).
=1

With the notation of (4.5) and of the last formula, we define an operator

Ly, M
Lvl (Mq)t — (Mq)t, LvM = :
LY, M

It is easy to decompose the matrix Ly into ¢ x ¢ blocks from M ? into itself; the jith block
of Ly is given by

LY =0y, (4.6)
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We define the positive cone
(M)} C (M)

as the set of the arrays (4.5) such that M; is positive-definite for all ¢ € (1,...,¢).
On the cone (M49)", we define the hyperbolic distance 6 as in §2. The nondegeracy
hypothesis (ND), of §2 implies easily that

diamg[Ly ((M9)"%)] < +oo0.

We skip the standard proof of the formula above and of the fact that ((M?)!,6) is com-
plete; by (4.9) below, they are a consequence of the corresponding facts on LogC{*(%),
which are proven in [2] and [3].

By Theorem 2.1, these two facts imply that Ly has a couple eigenvalue-eigenvector

(8,Q") € (0,+00) x (M)} (4.7)

An element M € (M%) defines a function M € C(3, R), which depends only on the first
coordinate of x = (xgx ...); we continue to denote it by M:

M(z): = My, (4.8)

Let V be as in (4.4) and let M depend only on the first coordinate as in (4.8); by (2.24)
and (4.6), we easily see that, for all x = (zoz1---) € X,

(Lv M)(z) = (LvM)q,.- (4.9)

As a consequence, (8,Q’) of (4.7) is a couple eigenvalue-eigenvector for Ly too; by
the uniqueness of Proposition 2.2, we get that, if we multiply ¢ by a suitable positive
constant,

(Bv,Qv) = (8., Q).

In particular, Qv (z) = Q;O, i.e. Qv depends only on the first coordinate.

Recall that we have set d = dim(M9)*; an immediate consequence of the
Perron—Frobenius theorem is that all other eigenvalues of Ly have modulus strictly
smaller that 5 = e”(V). Let us call them names:

Aovy A vy s Mgy with [N v| < 8=e"Y) for j > 2. (4.10)

Definition. We define Fiz, as the set of (xox1---) € ¥ such that x; = T;4n for all
1 > 0; note that n is any period, not necessarily the minimal one.

We define the zeta function ((z,V) as

((z,V)=exp Z % Z evn(w)trt\I/Ln, (4.11)

n>1 zEFixn
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where ‘W, ,, is defined as in (4.2) and V™ as in point 5 of Proposition 2.2.
We recall Proposition 5.1 of [15].

Proposition 4.3. Let V € C%%(Z, R) and let 3 = ePV) be as in Proposition 2.2;
then, the radius of convergence of the power series in (4.11) is

R=ePV) =

1
=. 4.12
3 (4.12)
Proof. We begin to note that the innermost sum in (4.11) is non-negative: indeed, all
the summands are non-negative by point (5) of Lemma 4.2. Thus, we can take logarithms,

and (4.12) is implied by the first equality below, while the second one is the definition of
P(V).

1 n

li - V™ (z); .t _ _ ) )

Jm log E e tr'¥, ., =log 8 = P(V) (4.13)
x€Fixn

We show this. Since V' € C%%(X, R), for any given € >0, we can find a function W: ¥ —
R depending only on finitely many coordinates such that

W = V]sup < €. (4.14)

Up to enlarging our symbol space, we can suppose that W depends only on the first two
coordinates, i.e., that it satisfies (4.4). Thus, we can define an operator Ly as in (4.6);
this formula implies easily that the ith block on the diagonal of Lj}; is given by

D

{z€Fixn, zg=i}

where x = (zox1 ), Yo = Wy, ,0---0W,  and W™ is defined as in Proposition 2.2.
Since tr(!B) = tr(B), the first equality below follows; the second one comes from the
formula above and the linearity of the trace; the last one follows from (4.10) for L.

Z eWn(x)trt\le}n = Z eWn(x)tr\Ifm’n = tr(L},) ="’ 4 Ay + e+ /\Z’W.
x€EFixn zeFixn

(4.15)

Since we saw above that the left hand side is positive, we can take logarithms in the last
formula; we get the equality below, while the limit follows from the inequality of (4.10)
applied to W.

1 W (@) gt L oglenP(W) 4 \n n
- log Z e tr'v, , = - log[e + A e+ /\dA7W} — P(W).

r€Fixn
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This is (4.13) for the potential W; it implies that (4.13) for the potential V' if we show
that, as W — V in C(3,R), we have that

PW)— P(V) (4.16)

and
sup |— log W (@) gyt Vom — — log eV @)yt Uyn| — 0. 4.17
n>1|"m ace;;a;n ze;;xn ( :

Formula (4.16) follows immediately from the theorem of contractions depending on a
parameter applied to the operator Ly on the cone LogCﬂi’a(E) with the hyperbolic
metric.

For (4.17), we begin to note that, by (4.14),

—ne | eW”(w) < eVn(z) < ele . eWn(a:)

e

Since tr'¥, ,, > 0 by Lemma 4.2, the formula above implies that

Z eV tr\I/mng Z eV ””)tr\I/ e Z eV x)tr\I/

rzEFixn rEFixn xEFixn
Taking logarithms, (4.17) follows and we are done. O

Now we suppose that (4.4) holds. The first equality below is the definition (4.11); the
second and third ones come from formula (4.15) applied to the potential V. The next
two equalities come from the properties of the logarithm, the last one comes from the
definition of \; v in (4.10); the matrix Id is the identity on (M9)*.

Z V —eXpZ Z z)tr \I’a:n

n>1 x€Fizn

2" Zn
= exp Z ;tr(L’(,) =exp Z -~ [enP(V) FARy Ag,v

n>1 n>1
= exp[—log(1 — zeP(V)) —log(1 - /\2,\/2) — -+ —log(1 - )‘&,VZ)]
B 1
(1=2ePM)(1=Agvz) - (1= Agy2)
1
(4.18)

~ det(Id— zLy)

Thus, if (4.4) holds (or if V' depends on finitely many coordinates, which we have seen
to be equivalent), the function {(z, V') is meromorphic.
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Definition. Let © € X be periodic of minimal period n, and let 7 = {x} be its
equivalence class; with the notation of Lemma 4.2, we define

A(T): = ﬁT =n, V(T): = Vn(x)aar,i: = az,ivtrt\IJT: = trt\I/a:,n =071 + -+ Orm-
(4.19)

Periodicity implies immediately that V(1) does not depend on the representative x € T
we choose. As for o, ; and tr'*W., they too do not depend on the representative z € T by
points (2) and (4) of Lemma 4.2.

As a further bit of notation, we call 7/ a k-multiple of a prime orbit 7. More precisely,
7" = (7,k), where 7 = {x} is a periodic orbit of minimal period n and k € N; we set

AT = A1) =
A7) =kn
4.20
0 =t Uy =l 4+, e

V(r'): =V(z) = kV (7).

In the third formula above, the second equality is point (3) of Lemma 4.2; the notation
for the eigenvalues is that of (4.19). In the last formula above, the second equality is an
immediate consequence of periodicity. We stress again that none of the expressions above
depends on the particular x € 7 we choose.

Now we can give an alternate expression for the zeta function ((z,V); this time, we
do not require (4.4). The first equality below is the definition of {(z, V') in (4.11); for the
second one, we group together in the innermost sum all the multiples of a periodic orbit.
In the third one, the outer sum is over the prime orbits 7; we recall that 7 has n elements
and use (4.20). The last two equalities follow from the properties of the logarithm.

¢(z,V) 7expz Z eV z)tr\I/xn

n>1 x€Fizn

T T

n>1 " {o"(z)=z, n least} k>1
Z)\(‘r)k

e B Dl IR

T k>1

= exp Z Z log[l — a; V(). A(T)]

T j=1

m
:Hnl_aTjeVT) M)

T j=1
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We single out two equalities from the formula above.

HHl_a T) Ye)

T j=1

RV (T) . LRA(T)

- expzzz : (4.21)

T j=1k>1

By Proposition 4.3, we know that the series above converges if |z| < %; by the way, this
justifies the formal manipulations above.

Proof of point (1) of Theorem 2.
The first equality below comes from (4.18) and requires (4.4); for the second one, we

use (4.10).

1

V) = Gerd =)

d

1 1
B l—ﬁz.gl—)\j,vz'

In other words,
C(z,V)-(1=Bz)=a(z) (4.22)

and, by the inequality of (4.10), there is € >0 such that & is non-zero and analytic in

Be: :{ZEC:|Z|<(;}. (4.23)

The first equality below follows taking derivatives in the last expression of (4.21);
recall that A(7) is defined in (4.19). Differentiating the product in (4.22) and recalling
that & # 0 in B, we see that the second equality below holds for a function « analytic
in the ball B, of (4.23).

- ok V() L kA1 _ (= V)
33Tt 0 s - L)

T j=1k>1

s
“1-3: + a(z). (4.24)
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From now on we shall suppose that V' = 0. We rewrite (4.24) under this assumption;
for the term on the left, we sum on the periodic orbits 7/ = (7, k) and use (4.20); for the
term on the right, we use the geometric series.

/
72/\ tr‘I’w (/):C(Z,V)

= 136" +al2)

n>1

Subtracting the sum on the right, we get that

Zz"‘l Z AT, — 8" | = a(z).

n>1 A)=n

Since « is analytic in the disc B, of (4.23), we get that the radius of convergence of the
series on the left is & > % Since the general term of a converging series tends to zero,

we deduce that, for any smaller € > 0,

ene

ﬂn

> AL, — BT =0 asn — +oo. (4.25)
A(T)=n

In particular, the sequence above is bounded by some D; > 0.

We consider the case § > 1; we define n(r) in the first equality below, where the sum
is over the periodic orbits 7 = (7, k), not just the prime ones; A and A are defined in
(4.20). The second equality comes (for r integer) by adding and subtracting.

ZA tr\I//

AT <r

= > | > AT, - +ﬁﬁ -1 (4.26)

nell,r] | X(v/)=n -

By (4.26) and the remark after (4.25), there is Dy > 0, independent of r, such that the
first inequality below holds; the second one holds for some Dy = Dy(8) > 0 independent
of r by the properties of the geometric series; note that eﬁg > 1 if € is small enough, since
we are supposing that 5> 1.

r+1 n r
n(r) — 5 B'<D1 > (f) nge%. (4.27)

ne(l,r]
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For tr' ¥, defined as in (4.19) and r > 1, we set

)= Y (), (4.28)

AT)<r

where 7 varies among the prime orbits.
For v > 1, we set r = ~y; (4.28) implies the equality below; the inequality follows since
% > 1 on the set of the first sum, while 22 > 0 for all 7; recall that tr! Wk > 0 by

Lemma 4.2. The second equality comes from the definition of 7 in (4.26) and the notation
(4.20).

Ty =ry+ > ()

{7: y<X(7)<r}

sr@+ > Aute)—w)+ L)

{(k,7): k-X(T)<r} y

If we multiply this inequality by ﬁLT and recall that r = vy, we get

r-m'(r) < (vy) - 7'(y) N ven(r) (4.29)

pr prY pr
In Lemma 4.4, we are going to show that, if 4/ > 1, then

™ (y)
By

—0 asy— +oo. (4.30)

We show that the last two formulas imply

ro(r) 8
<7 g7

lim sup (4.31)

r— 400 BT

For the proof, we fix v € (1,7); (4.29) implies the first inequality below, while (4.30)
and the fact that B’Y_"YI > 1 imply the second one; the last one comes from (4.27).

. e (r) . y ' (y) . n(r)
lim su < ~limsup ———— - + v lim sup —=
imsup 5 < ylimsup 2o T+ ylimsup
. n(r) B
<~limsup —= <~y - ——.
r—+00 ﬁr 5 -1

This shows (4.31).
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Since v > 1 is arbitrary, (4.31) implies that

/
lim sup ™ (r)r
r—-+4oo 6T

<2
<507

Consider now the function 7 of (11) with V= 1; in this case, it is immediate that the
constant ¢ of Theorem 2 is log 8 > 0, where 3 is the eigenvalue for the zero potential.
By the definition of 7’ in (4.28), we get that

)= Y ¥ =7 <1Ofr> .

eC)\(T) ST

Since ¢ = log 3, the last two formulas imply (12).
The case 8 <1 is simpler: (4.26) and (4.28) imply the first inequality below, the second
one comes from (4.25) and the last one from the fact that 5 < 1.

' (r) < n(r)

<. {6"+D15n] < D,.

ene
nell,r]

Now (12) follows.

Now there is only one only missing ingredient, the proof of (4.30); we begin with some
preliminaries.

We note that, by point (5) of Lemma 4.2,

m

Z alﬁﬂ- > 0.

i=1

If we assume that x >0, this implies the first inequality below; the second inequality
comes from the fact that © > log(1 + z) and the formula above again. The two equalities
that bookend the formula come from the properties of the logarithm.

1 1 i
H l—ar;-x P ngk (Zla];Z)

= (1 +2)Zi=197i (4.32)

> exp KZ am-) log(1 + )
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Lemma 4.4. Formula (4.30) holds for all v > 1.
Proof. Since 7/ > 1 and we are supposing 8> 1,

L1
ﬁ'yl < B
Together with Proposition 4.3, this implies that ﬁ belongs to the disk where ((z,0)

converges. Now we take y > 1; since % > 0 and tr(¥,;) > 0 by Lemma 4.2, (4.21)

implies the first inequality below, while the first equality comes from the properties of
the logarithm; recall that V' = 0. For the second inequality, we apply (4.32) to the

innermost product. For the third inequality, we note that 1+ 71, " is smaller than all the

factors in the product. The second equality comes from the definition of 7" in (4.28). The
second last inequality follows from the binomial theorem, while the last one is obvious.

V(r)

1
c(Bl )>exp 3 zz kﬂ”“(”

Mr)<y j=1k>1

HH

A(r)<yi=t 1 ,37’ AT
2?;1 QT 1 2211 Qrq
= ( mf)> = <1+¢.y>
7)<y p Mr)<y pr
!/
(1 LYY T W
By = gy T gy
Thus ;;(,1)/ is bounded for all 4/, y > 1, which implies that
/
gv(’yy) —+0 fory— 400

for all 4/ > 1. O

5. The weakly mixing case

In this section, we shall work with a potential V such that V > 0. We begin with the
following lemma.

Lemma 5.1. Let ¢ € R, let V € C%*(X, R) be positive and let P(—cV) = log B_.v
be as in the notation after Formula (3.3). Then, there is a unique ¢ € R such that

P(—cV) =0. (5.1)
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Moreover, ¢> 0 if P(0) > 0 and c< 0 if P(0) < 0.

Proof. The thesis follows from the intermediate value theorem and the three facts
below.

(1) The function : ¢ — P(—cV) is continuous. To show this, we recall that P(—cV) =
log B_.¢, where 8__; is the maximal eigenvalue of the Ruelle operator £_ i ; thus, it
suffices to show that : ¢ — 8__; is continuous. Recall that Proposition 2.2 follows from
the Perron-Frobenius Theorem 2.1, which says that the eigenvector Q__y is the fixed
point of a contraction; now the theorem of contractions depending on a parameter implies

that Q__; (or, better, its ray) and §__; depend c?ntinuously on c.
(2) The second fact is that the map : ¢ — P(—cV') is strictly monotone decreasing. To
show this, we set e: = min V and note that ¢ >0 since V is continuous and positive and

¥ is compact. Let ¢’ > c and let @ be a positive eigenvector of £L__;; then we have the
equality below, while the inequality (between matrices, of course) comes from (2.24).

L o Q < efe(clfc)ﬁ . Q _ ﬂ . efe(clfc) . Q
v = —cV —cV ’

Iterating, we get the second inequality below, while the first one comes from the fact that
L_ sy preserves positive-definiteness.

—cV

E . n
0< <—C’V> Q< e*m(C'*C)Q 0.

By point (3) of Proposition 2.2, this implies that

O<ﬂ—c’\7 <B—c\7’

as we wanted.

(3) The last fact is that P(—cV) — +oo as ¢ — Foo; since P(—cV) = log B_ .y, this
is equivalent to 3__; \ 0 as ¢ / +o0 and B__; 400 if ¢\, —oo. This follows easily
from the formula in point (2) above. O

Definition. Having fized ¢ so that (5.1) holds, we set V = |¢|[V > 0; in some of the
formulas below, we shall have to flip signs according to the sign of c.

We shall count periodic orbits according to a ‘length’ induced by V; by Lemma 5.3, it is
equivalent whether we use the length induced by V or by V, and we shall use the former.

Let g: ¥ — R be a function; let g™ be as in point (5) of Proposition 2.2 and let Fiz,
be as in the definition after (4.10); we set

2= 3 " u(u,,)

n>1 xeFizn

and

C-v(s) =exp Z(—sV)
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1 — x)-s
zexpzﬁ S V@t ). (5.2)

n>1 z€Fixn

We must understand for which values of s the series above converges; since by (4.11),
C—v(s) = ¢(1,—sV), the radius of convergence of (-, —sV') must be larger than 1. By
Proposition 4.3, thls holds if S_,y < 1; now recall that ¢ satisfies (5.1); since V = |¢|V/,
we get that f_y = 1if ¢>0and By = 1 if ¢ <0. Let us suppose that ¢ > 0; since the last
lemma implies that the function : s — S_;y is monotone decreasing, we get that (_y(s)
converges if s > 1. If ¢ <0, we see that _, = 3, ; recall that 8__; = By = 1 and that
: 8 = f_sv is monotone decreasing; all these facts imply that (y (s) converges if s > —1.

Actually, (_v (s) converges for Re(s) > 1 in one case and in Re(s) > —1 in the other
one; we skip the easy proof of this fact, which is based on the last paragraph and the
fact that tr(*¥, ,,) > 0.

Throughout this section, we are going to use the notation of (4.19) and (4.20); now we
proceed to find an analogue of (4.21). We could use the fact that (_y(s) = ((1,—sV),
but we repeat the proof of §4.

The first equality below is the definition (5.2). For the second one, we recall from
Lemma 4.2 that, if x is a periodic orbit of minimal period n, then the eigenvalues of
"Wy kn are af ; = ok and V¥ (x) = kV"(x) = kV"(r). The third equality comes from
(4.19) and the fact that 7, the equivalence class of z, has n elements. The last two
equalities follow from the properties of the logarithm.

—expz Z —V* (@) Str(t Vo)

n>1 wEFm:n

m —kVn (x)-s

) ST DD B Pttty

n>1  {o"(z)=z, n least} k>1i=1

RPN I EERE 3 s |

T k>11i=1 T 1=1

_HH]__e V(‘rs (53)

T =1

Standing hypothesis

Our standing hypothesis from now on is that, when ¢ >0, the function (_y (s) can be
extended to a continuous function on {Re(s) > 1}\ {1}, with a simple pole at s =1. When
¢ <0, we do not make any hypothesis: it will suffice the fact, which we saw above, that
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(_v extends to a holomorphic function in Re(s) > —1. In other words, we are supposing
that

ife>0

(v(s)=4q(s=1) (5.4)

a_(s) ife<0,

with &4 analytic and non-zero in Re(s) > 1 if ¢ >0, and &_ analytic and non-zero in
Re(s) > —1if ¢<0.

Remark. In the scalar case of [14], the fact that the zeta function has no zeroes on
the line Re(s) = 1 has a connection with the dynamics, being equivalent to the fact
that the suspension flow by Vs topologically mixing. One of the ways to express the
topologically mixing property is the following. We define the operator

V:C(2,C) - C(3,C),

(Vw)(z) = e~V @)y o o(x).

We say that the suspension flow (which we leave undefined) is weakly topologically mixing
if Vw = w implies that ¢« =0 and that w is constant. As we said, we shall not study the
connection between this property and the behaviour of the zeta function on the critical
line.

Next, we set
N(r) = eV = ¢V, (5.5)
With this notation, we can rewrite one equality of (5.3) as
o~ N(m) =
cr-m T TE A

As we saw after (5.2), this holds in Re(s) > 1if ¢>0, and in Re(s) > —1 if ¢ <O0.

Now we take derivatives in two different expressions for log (_y (s); for the equality on
the left, we differentiate the formula above, for that on the right we differentiate (5.4)
and recall that &1 # 0; the function o is analytic in an open half-plane containing
Re(s) > 1 and a_ is analytic in the open half-plane Re(s) > —1.

=D > D logN(r)]- N(r)~*F - af,

E>1 T i=1
! ]' .
_ C_V(s) _ —Sj + Oé+(8) ife>0 (56)
v (s) a_(s) ife<0.
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We denote by |a] the integer part of a > 0; recall that we saw at the beginning of this
section that V' = ||V > 0; by (5.5), this implies that log N(7) is always positive. As a
consequence, for r > 1, we can define n(r,7) > 0 by

We define the function S: (1,4+00) — R in the first equality below; the second one comes
from the definition of n(r, ) above and the fact that N(7) > 1

S(r): = Z ZlogN

{(,n): N(r)"<r} i=1

n(r,7)
= Y (logN(r)- > (Za”>. (5.7)
T: N(T)

{ Sr} n=1 =1

Note that S is monotone increasing and thus its derivative d.S is a positive measure; from
the first sum above, we gather that each orbit 7/ = (7, k) contributes to d.S the measure

Z IOgN 'r,i : 61\/‘(7—)167
i=1

where §, denotes the Dirac delta centred at z. Let now ¢ > 0; the second equality below
is the right hand side of (5.6); the first equality follows from the formula above, the left
hand side of (5.6) and the fact that N(r) > 1 by (5.5). The integral is Stieltjes and
Re(s) > 1

oo —s _ CI—V(S) _ -1 (s
—/1 r°dS(r) = ) 51 +ay(s). (5.8)+

When ¢ <0, we do the same thing, but using the second expression on the right of (5.6);
the equalities hold for s > —1.

e —s _ CI—V(S) —a (s
—/1 r=*dS(r) = v —(s). (5.8)—

We recall the Wiener-Tkehara Tauberian theorem. A proof is in Appendix I of [15]; for
the whole theory, we refer the reader to [25].

Theorem 5.2. Assume that the formula below holds, where A € R, the integral on the
left is Stieltjes, av is analytic in Re(s) > 1 and has a continuous extension to Re(s) > 1;
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the function S is monotone increasing.

+oo
/1 =5 dS(z) = % +als).

Then,

m 28 4 (5.9)

s——+oo S

For N () defined as in (5.5), we set, as in (11),

)= > Y an (5.10)

N()<r i=1

Lemma 5.3. Let the potentials V,V > 0 be as at the beginning of this section; let
be defined as in (5.10) and let

)= > . (5.11)

eV(T)ST
Then,
#(r) = m(rlel). (5.12)
In particular, if
1
i T18T (5.13)
r—+00 r
then
1 A
i T losT A (5.14)
r——4o00 rlel ‘c|

Lastly, if we had > in (5.13), then we would have > also in (5.14).

Proof. We define N(7) as in (5.5); the first equality below comes from the fact that
V =c|V and the second one is (5.5).

. 1 1
V) — TV N(r)lel.

The first equality below is the definition of # in (5.11); since |¢| > 0, the second one
comes from the formula above and the third one is the definition of 7 in (5.10).

(r) = Z Zam- = Z Zam- = (rlel).

T () <y i1 V() <plel =1
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This shows (5.12); now a simple calculation shows that (5.13) implies (5.14). O

Proof of point (2) of Theorem 2.

By Lemma 5.3, formula (13) of Theorem 2 follows if we show (5.13) with A =1 when
¢ >0 and with A=0 when ¢ < 0; this is what we shall do.

We distinguish two cases: when ¢ >0, (5.8); implies that S satisfies the hypotheses
of Theorem 5.2 for A=1 and thus (5.9) holds, always for A=1; a consequence is the
asymptotic sign in the formula below, which holds for r — +o00. The equality comes from
(5.7).

n(t,) m
r~S(r)= Z (log N (7)) Z (Z afﬂ-> . (5.15)

N(r)<r n=1 \i=1

Now we consider v >1 and, for r > 1, we define y = y(r) by the formula below.

1
1<y=r7 <r. (5.16)

The first equality below comes from the definition of 7r(r) in (5.10); for the first inequality,

we use point (5) of Lemma 4.2 and the fact that % >1if N(r) > y and % >0
in all cases; this follows from (5.5) and the fact that V' > 0. The second equality comes

from (5.7); the equality at the end comes by (5.16).

n(r)=ay)+ Y, (")

y<N(7)<r

log N (T) tak
< + § — I r(tw
<7(y) log y r("WT)
{(r.k): N(m)k<r}

1 Y
=m(y) + logys(r) =m(y) + 1OgTS(7“)-

logr
T

If we multiply the last formula by and recall (5.16), we get

wﬁ) .y'logy+7'@~ (5.17)

(logr) - WTT) <

In Lemma 4.2, we are going to see that, if 4/ > 1, then

lim sup 71'(y/) < +o0. (5.18)
y—+—+00 y‘*
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Let now +" € (1,7); Formula (5.17) implies the inequality below, (5.18) and (5.15) imply
the equality.

1
lim sup 7 1987
r—~+o0o r
1 S
W(y) Y | Jimsup (r) _
y~>+oo y yr= r—+oco0 T

Recalling that y>1 is arbitrary, we get the inequality of (5.13) with A=1, i.e.,
Formula (13) of Theorem 2.

The case ¢ <0 is similar. Formula (5.8), implies that S satisfies the hypotheses of
Theorem 5.2 for A =0; in turn, this implies that

5(r) — 0 asr — +oo.

Now the same argument as above implies that

m(r)log(r)

r

—0 asr— 4oo.

Now (5.18) is the only missing ingredient of the proof of Theorem 2.
Lemma 5.4. If v > 1, Formula (5.18) holds.

Proof. We show the case ¢ > 0, since the other one is analogous. We take v>1 and
y > 1; recall that we saw after (5.2) that (_y (s) is analytic in Re(s) > 1; as a consequence,
(5.3) holds for s = 7; by point (5) of Lemma 4.2, this yields the first inequality below. As
for the equality, it comes from the properties of the logarithm as in (5.3). For the second
inequality, we use (4.32). For the third inequality, we note that (1 +y~7) is the smallest
argument; the last inequality follows by the binomial theorem.

moa—kV () ko

STUETID i y) pra

N(r)<y k>11i=1

H Hl_e VT)’YQT’L H H1+N aZT

N(r)<yi=1 N(r)<yi=1

-7\ (y) (y)
> 1+y )" = o

Thus, for y sufficiently large, # is smaller than (_y (7). O
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