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Abstract. We give a discrete analogue of the harmonic morphism between two
Riemannian manifolds. Roughly speaking, this is a mapping between two graphs
preserving local harmonic functions. We characterize harmonic morphisms in terms
of horizontal conformality. Many examples including coverings, non-complete
extended p-sums and collapsings are given. Introducing the horizontal and vertical
Laplacians, the Green kernel estimates are obtained for the harmonic morphism. As
applications, a general and sharp estimate of the Green kernel for an infinite tree is
obtained.
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1. Introduction. The last decade has seen an increasing interest in Discrete
Potential Theory; that is, the study of Laplacians, harmonic functions, Green’s func-
tions, etc, associated with transition operators on graphs. The basic features remain
the same as in the continuous set-up, but one now has the advantage that they are
not obscured by technicalities stemming from local geometry and computations on
manifolds. It is therefore legitimate to take objects from continuous Potential Theory
and carry them over to the discrete setting to shed new light on the original issue.

In this paper, we want to discretize concepts of harmonic morphisms between
Riemannian manifolds; i.e., mappings that preserve harmonicity locally to graphs.
For Riemannian manifolds, harmonic morphisms were introduced by Fugulede [3]
and Ishihara [4] in the late 1970’s.

A graph G = (V, E) is a collection of the set V' of vertices and the set E of edges
connecting two vertices. For two graphs, G; = (V1, E}) and G, = (V>, E»), a map-
ping ¢: Vi — V, is called a harmonic morphism if fo ¢ is harmonic at x € V;
whenever fis harmonic at ¢(x) € V5.

The stochastic meaning of harmonic morphism is that it is a mapping sending
the Brownian motion on a Riemannian manifold into another such under a suitable
random time change, and our discrete harmonic morphism is a mapping sending the
random walk on a graph into that of another graph.

In Section 2, we characterize harmonic morphisms in terms of horizontal con-
formality, (cf. Theorem 2.5) which enables us to give several examples of harmonic
morphisms. As an application, we obtain the Green kernel comparison theorem (cf.
Theorem 3.3) which states that, for a harmonic morphism ¢ : G; — G, between two
infinite graphs G; (i =1, 2),

m(y)

m;(y)

gl(X, y) = g2(§0(x)v (0()/)),
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for all x and y in V. Here g; are Green’s functions on G;. This Green kernel com-
parison theorem enables us to estimate Green’s functions of several infinite graphs
explicitly in Section 4.

2. Harmonic Morphisms. In this section, we define two different notions, a
harmonic morphism and a horizontally conformal map between two graphs. We
shall prove the basic facts about harmonic morphisms and state the main theorem
(cf. Theorem 2.5).

It is well known (cf. [2], [7], [10], [11]) that the discrete Laplacian for a graph
G = (V, E) acting on the space C(V) of real valued functions on ¥ can be defined.

DEFINITION 2.1

AW =0~ S S A2 fe ),

z~X
where z ~ x means that z is incident to x.
Let us give an orientation on cach edge of G = (V, E), once and for all. For
e € E, let o(e), t(e) be the origin and terminal of e, respectively. For e € E, let ¢ be the
reverse of e; that is, the origin of e is #(¢) and the terminal of e is o(e). Let E be the set

of oriented edges of G. Then E = {e, ¢; e € E}. A 1-form of a graph G = (V,E) is a
function w on E satisfying that

w(e) = —w(e), Vee€E.

We denote by 4'(G) the space of all 1-forms on G. Also let 4%(G) = C(V).
The differential d : A°(G) — A'(G) by

dfle) = fit(e) — flo(e)), e A(G),

and the inner products on 4°(G) and 4'(G) are defined by

(f1./2) =D _fi0fX).  fi.fr € AG),

xelV

(91, 92) = Y_pi1(Opa(e), 1,92 € A'(G).
eeE

The co-differential § : A'(G) — A°(G) is defined by

m)s @) =— Y we)= Y we— Y o), xeV,

ecE,o(e)=x ecE, t(e)=x ecE,o(e)=x

for all w € A'(G). It is known that for all f € 4A°(G) and w € A'(G)

8(df)(x) = Afix) and  (df. ®) = (/. bw).
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A function f'€ C(V) is said to be harmonic at x if

) = @ S 1),

z~X

which is equivalent to Af(x) = 0. The spaces of harmonic functions and harmonic
1-forms are given as

HY(G) = {f € 4%G); Af=0}, H'G) = |w e 4'(G); sw =0},

Also the g¢-th Betti numbers of a graph G = (V,E) are defined by
by(G) = dimHY(G), (q =0, 1), respectively.

Let us now define a harmonic morphism and a horizontally conformal map. Let
G;= Vi, E),i=1,2 be two graphs and ¢ : V| — V> a mapping.

DEFINITION 2.2. (1) ¢ is said to be a harmonic morphism of G| to G, if for any
y € V, belonging to the image of ¢, say y = ¢(x), x € V1, any function fon V, that is
harmonic at y, the composition fo ¢ is harmonic at x.
(2) ¢ is said to be horizontally conformal if the following two conditions hold.
(a) Forallz,x € Vi, ¢p(z) ~ ¢(x) or ¢(z) = ¢(x) whenever z ~ x.
(b) Forall y € V; and x € ¢~ '(y), #{z € ¢7'()/); z ~ x} is constant in
Vv € V, with y/ ~ y.

The conditions of horizontal conformality correspond to the surjectivity of the
differential on the non-vanishing set of the energy density, and the conformality on
the horizontal spaces. The following Figure 1 illustrates harmonic morphism and
horizontal conformality.

G

Figure 1
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REMARK 2.3. The probabilistic meaning of a harmonic morphism is the follow-
ing. Let Z; be the random walks, in general, the Markov process corresponding to
graphs G; = (V;, E;),i=1,2. Let ¢ : V| — V, be a mapping. Then ¢ is a harmonic
morphism of G to G, if and only if Z; projects to Z, by ¢ under a suitable random
time change on the set of non-negative integers.

DEFINITION 2.4. Let ¢ : V| — V, be a harmonic morphism of G; to G,. For
x € V1, let us define the vertical degree m,(x) and the horizontal degree my(x) by

my(x) =#{z € Viiz € ¢ (p(x)) and z~ x},
my(x) =#{z € Vi; 2 ¢ ¢ (p(x)) and z ~ x}.

Clearly we have

m(x) = my(x) + mpu(x).
Our main result can be stated as follows.

THEOREM 2.5. Let G; = (V;, E)), i = 1,2 be two graphs and ¢ : V1 — V, an onto
mapping. Then ¢ is a harmonic morphism if and only if ¢ is horizontally conformal.

To prove Theorem 2.5, for two graphs G; = (V;, E;),i = 1, 2 let di(x, y) be the
graph distance of G; and m;(x) the degree of x € V; for G;. We also denote by N;(x),
the set of neighbors of x and x itself, where x € V.

LEMMA 2.6. Let ¢ : Vi — V3 be a harmonic morphism of G| to G,. Then, for all
x € Vyand y € N(x), dr(p(x), o(y)) < 1. Therefore ¢ is distance decreasing i.e.,

d(p(x), 9(y)) < di(x, p),
forall x,y € V.

Proof. Let v = ¢(x). Consider a function fon V, defined by

1 we Ny,
Jiw) = 0 otherwise.

Then, by definition, f is harmonic at v. Since ¢ is a harmonic morphism, fo ¢ is
harmonic at x. Therefore, we have

L= fopn) =-S5 fop) = #{r e Vo~ o) € M),

~x my(X)

which implies that m(x) = #{y € Vi; y ~ x, ¢(») € N(v)}. It follows that
o(y) € Ny(v) for all y € V| with y ~ x.

To see the last statement, assume d(x, x') = n, for x, x’ € V; and take a shortest
path ¢={z,zy---,z,] (z1 =x and z, = x’) connecting x and x’ with length
L(c) = n. Then ¢(c) = [¢(z1), ¢(z2), - - -, ¢(z,)] 1s a path in G, connecting ¢(x) and
o(), by virtue of the first statement. Therefore, we have
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d(x, x') = L(c) = L(p()) = d(¢(x), p(x")).
0

LEMMA 2.7. Let ¢ : Vi — Vo be a harmonic morphism of G, to G,. Let
v=g(x),x € Vyandw € V, with w € N(v). Then,
my(x), if w=y,
#y e Viiy ~x,00) =w} = { my(x)
ma(v)

, 1f w~,

which depends only on x if w ~ v.
Proof. For w € N(v), we denote by
kw(x) =#{y € Vi y ~ x, 0(y) = w}.
Then by definition we have k,(x) = m,(x). If w ~ v, define a function f,, on V, by

Jw(w) =1,
1
Su(y) = m
fw = 0 otherwise.

Since f,, is harmonic at v, f,, o ¢ is harmonic at x, by definition. Therefore, we have

mi(x
) (o) =m0 ()
my(v)
=Y fuow®)
y~X
= Y fuoeM+ D fuoe®)
yx,o(y)=v YX,0(0)=w
my(x)
= + kw(x)’
my(v)
which implies the desired result. O

By Lemmas 2.6 and 2.7, we have immediately the following result.

ProrosiTION 2.8. Let ¢ : V| — V, be a harmonic morphism of G| to Gy and
v = @(x) € Vy with x € V. Then we have p(N(x)) = {(p(x)} or N(¢(x)), and

m(x) > my(x) > m(y). (2.9)

REMARK 2.10. The meaning of (2.9) in Proposition 2.8 is the following. If we
define the curvature at x € V of a graph G = (V, E) by Kg(x) = 2 — m(x), then

K, (x) < Kg,(¢(x)), for all x e V.
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It is known that the analogy holds for a harmonic morphism between two
Riemannian manifolds.

LEMMA 2.11. Assume that ¢ is horizontally conformal, i.e., () for all x € V| and
yeVy with y~ x,0(y) € N(p(x)); (b) for all xe V| and w e V, with w~ ¢(x),
ky(x) =#{y € Vi;y ~x,0(y) =w} depends only on x. Then ¢ is a harmonic
morphism.

Proof. For any x € V1, k,(x) =#{y € V1; ¥y ~ x, o(y) = w} depends only on x,
and so we denote k(x) = k,(x). Put v = ¢(x). By (a), we have

my(x) = my,(x) + Z #yeViiy ~x 0x) =w)
welV,,w~v (2 1 2)

= my(x) + ma(v)k(x).
Now assume that ¢ is harmonic at v = ¢(x); i.e.

myA) = Y flw).

W~y

Then, we have

Do =D fe+ D fle)

yx yx,9(y)=v VX, @(p)=w, W~y

=m0+ Y _#y € Visy ~ x, 0(n) = wifiw)

W~y

= m, () + k(x) Y fw)
= (my(x) + k(x)ma (M)
= m (X))

= my(x)f o (),

which implies that f'o ¢ is harmonic at x. O
On combining Lemmas 2.6, 2.7 and 2.11, we obtain Theorem 2.5. O

We give here applications of Theorem 2.5.

Let ¢ : V| — V, be a harmonic morphism of G| to G,. By Theorem 2.5, it is
equivalent that ¢ is horizontally conformal. By the condition (a) of horizontal con-
formality, for each edge e € E; of Gy, the map ¢ sends it to an edge in E, or one
vertex of V7. It is easy to see that the condition (b) is equivalent to the following
condition.

(b') For each xeVi,y=¢(x)eV, and each ¢ € E, incident to y,
#{e € E\;p(e) = ¢, ¢ is incident to x} depends only on x, but not on ¢’ € E; inci-
dent to x. Note that this number is equal to k(x), x € V.

LEMMA 2.12. Let ¢ : V| — V, be a harmonic morphism of G| to G,. Then for
each ¢ € Ej, #{e € Ey; ple) = e/} is independent of ¢'.
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Proof. Assume that two edges ¢ and ¢” in E, are incident to a common vertex
y € V5. Due to the condition (b’), for each x € ¢~!(y) we have

#le € E\;pe) = ¢, incident to x} =#{é¢ € Ej; p(¢) =¢", incident to x}.

Therefore,

#lee Egple)=¢} = Z #le € Ei;p(e) = ¢, incident to x}
xe ()

> #{éeEip@) =¢", incident to x}
xep~'(»)
=#|e e Ei;p@) =¢"}.

We assume that G is connected and so, given two edges ¢’ and ¢” in Ej, there exists

edges ¢ in E; (i=1,2,---,n+ 1) with ¢; = ¢ and ¢, | = ¢” such that each two ¢;
and e}, | are contiguous by a common edge in V. Applying the above argument to €]
and e, in succession, we obtain Lemma 2.12. ]

We have the following result.

THEOREM 2.13. Let ¢ : V| — V, be a harmonic morphism of G| to G,. Then the
pull-back by ¢ induces an injection gx : H(G>) — HY(G1), where HY(G)) is the space
of harmonic I-forms of graphs G; = (V;, E;).

Proof. We first have to check that the pull-back can induce the homomorphism
of H'(G,) into H'(G)). Due to the condition (b), #{e € E;; ¢(¢) = ¢'} depends only
on x, but not in ¢ € E, (cf. Lemma 2.12). We denote by k, this number. Then for

w € AY(G»), i.e. a function on E, satisfying w(e) = —w(e), we have
Yo wee)= > > w(p(e)
ecEy, o(e)=x ek, o(e)=y ecE;, p(e)=¢
= kx( > a)(e/)>.
'€k, o(e')=y

Therefore, if w satisfies dw = 0, for x € V] and y = ¢(x) € V3,

m)s(g o) x)=— > o)

ecE;, o(e)=x

=— Y olge)

ecE|, o(e)=x

=—kx< > w(e’))

¢'€E,, o(e)=y

= k.m(y)sw(y) = 0,
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which implies that ¢ induces a homomorphism ¢* : H'(G,) — H!(G}). To prove that
it is an injection, we assume ¢*w(e) = 0, for all e € E;, and so we have w(¢(e)) =0
for all e € E;. But since ¢ : E; — E, is a surjection, we have w(¢’) = 0 for all ¢’ € E,;
that is, w = 0. O

COROLLARY 2.14. Let ¢ : V| — V; be a harmonic morphism. Then the first Betti
numbers and Euler numbers satisfy bi(G) > bi1(G>) and x(Gz) > x(G)).

Proof. 1t is clear due to Theorem 2.13; indeed, we have

b1(Gy) = dimHY(G)) > dimH'(Gy) = b1(G»),

and x(G2) = x(Gy), since bi(Gy) =1 — x(Gy). O

3. The Laplacians and Green Kernels of Harmonic Morphisms. We first define the
vertical and horizontal Laplacians for harmonic morphisms and apply them to
estimate Green kernels.

DEFINITION 3.1. Let ¢ : V| — V5 be a harmonic morphism of G, to G>.
(1) The vertical Laplacian is defined by

Afx) =flx) ———= Y S

1
m,(x) =~
zep~(p(x))

where m,(x) is the vertical degree of x (cf. Definition 2.4).
(2) The horizontal Laplacian is defined also by

1
Anfl) =f0x) = mes ), Se),
20 (9(0)

where m;,(x) is the horizontal degree of x (cf. Definition 2.4).

PRrOPOSITION 3.2. (1) A ="+ A, + 75 Ay, holds.
(2) Moreover, for f € C(V>), we have

Ao =0, Aifop)=(ANog Afog)="(AN)o.
Proof. Since m(x) = m,(x) + my(x), for each x € V|, and

zeViiz~xt={ze o (@) z~ x} | J{z ¢ 07" (0(x)): 2 ~ x}.

we have (1) immediately. For (2), note that for z € ¢! (¢(x)) with z ~ x, fo@(z) =
fo @(x), and by the definition of m,(x), we have A,(fo ¢)(x) =0, for all x € V. For
An(fo ), we have
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1
Ah(fo@(x):fogo(x)—m Z foe()
ze!wi‘(;(x»

—for-—— 33 fou.
mh(x) v

~ X
V~g(x) e i(y)

But here, since fo ¢(z) = fo ¢(y’) for z € ¢~'()'), we have

D foe@) =#zeg ()2~ x}fow(y)

zegzaflx(v/)
_ mh(x) - %
= gy’ * )

Hence, we have Aj,(fo ¢)(x) = (Af)(p(x)). It is clear that A,(fo ¢) =0, and so

mp(x)
m(x)

my(x)
m(x)

A(fep)(x) = An(fop)(x) = (Af)(@(x))-

Proposition 3.2 is proved. ]

Now let us recall the heat kernel and Green kernel for an infinite graph
G = (V, E). Let p(x,y), x,y € V, be the one-step transition probability of a random
walk on G from x to y, that is,
1
p(x,y) = | mx)
0 otherwise.

y~ X,

Let us define inductively

Py =) plx, 2P ),

zelV

where p°(x, y) is defined by

0 1 o x=y,
We call p”(x, y) the heat kernel and the Green kernel G(x, y) is defined by

G(x, ) =Y _p"(x, ),

n=0

for x,y € V. The graph is said to be transient if G(x,y) < oo, for all x,y €V,
and recurrent otherwise. Note that if the graph is transient, the Green kernel
satisfies
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AG(x,y) = p(x, p).

Our next main result is as follows.

THEOREM 3.3. Let G; = (V;, E)),i= 1,2, be two infinite graphs, and G;, their
Green kernels. Let ¢ : V| — V5 be a harmonic morphism of G| to G,. Then we have

Gi(x.y) < ;h—((yy))c;z(w(xx o).

forall x and y € V.
To prove this theorem, we need the maximum principle.

LeMMA 3.4. Let D be a finite connected subset in a graph G =(V, E) and f, a
Sfunction on D U dD satisfying

Af>0 on D, and f>0 on 0dD.
Then f> 0 on DU JD.
For a proof, see [2] or [9, Lemma 1.3].

LeEmMA 3.5. Let G = (V, E) be an infinite graph and G(x, y) be its Green kernel.
For a connected finite subset D with boundary oD in V, let us denote by Gp(x, y) its
Green kernel; (see [9, Definition 4.3]). Fix a vertex peV and let B,(p)=
{x e V,d(x,p) < r},for all r > 0. Then we have

rllfgo GB!‘([’)('X’ y) = G(X, y)’

for every x andy € V.
For a proof, see [9, Theorem 4.6].

Proof of Theorem 3.3. For p € V; and r > 0, let us define
B(p)={xeVisdx,p) <r}, Bipp)={ye Vady, o) <r}.

By Lemma 2.6, we have

o(B}(p)) C B} (¢(p)).

Denote by G ,(x,y) = GIBII_(p)(.x, y), x,y € Vi, and Go,(z, w) = Gappipy (2, W), Z, W €
V>, the Green kernel for B!(p) and B?(¢(p)), respectively.

Now let us consider for a fixed y € B!(p) the function u on B!(p), defined by
m(y)

u(x) = =G (x,») + )

Ga.r(@(x), ¢(1)).

Then we have the following result.

https://doi.org/10.1017/S0017089500030019 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030019

A DISCRETE ANALOGUE OF HARMONIC MORPHISMS

LEMMA 3.6. (1) The function u on Bl(p) satisfies

u(x) =0, for all x € dB(p).

(2) Moreover, we have

Au(x) >0, for all x¢€ Brl(p).

329

Proof. For (1), we have Gy ,(x,y) =0 for all x € 3B!(p) by definition (cf. [9,
Proposition 4.4]). Therefore, u(x) > 0 because of positivity of the Green kernels. For

(2), let x € 3B!(p). Making use of Proposition 3.2, we obtain

my)

o) A1 G (@(x), (1)),

m(y) my(x)
my(y) m(x)

Au(x) = —A1 Gy (x, ) +

= _Al,xGl,r(xs y) +

(A2G2,,)(@(x), 9(1)).

Therefore, if x # y, we have,

04+0=0, (if o(x) # @(»),
A]M(X) = m(y) ”nh(x) . _
() 1) >0, ((f o(x) = o(»)).

If x =y, we have

m(x) mu(x) _

Al == )

Therefore, we obtain Aju(x) > 0 for x € Bl(p).

O

Proof of Theorem 3.3 (continued). By the maximum principle (Lemma 3.4), we

obtain

u>0, on B(p)UdBl(p).

Therefore, we obtain that, for x, y € B!(p) U dB(p),

G, (x.7) < n’:“h—((yy)) G (9(x), 9()).

Letting r — oo, we obtain that for x, y € V1,

Gi(x. ) < Zh—((yy)) Ga(0(x). (7).

We have proved Theorem 3.3.

O

REMARK 3.7. It is not true, in general, that the heat kernels p7(x, y) for the

harmonic morphism ¢ : V| — V, of G| to G, satisfy
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m(y)
ny, (V)

pix,y) < P (@(x), p(1)),

foreachn=1,2---and x,y € V. 1
Indeed, if we consider the example given by Figure 2, we have pl(x, yo) = 1 and
PH(@(x), ¢(30)) = 0. However, Theorem 3.3 shows that

4
G](X, .VO) = g GZ(@(x)v ‘P(J/O)), G](X, y) = GZ(fﬂ(x)s (p(y))’ (y # J’O)

4. Examples and applications. In this section, we give examples of harmonic
morphisms and show applications in estimates of the Green kernels for infinite trees.

4.1. Coverings. A mapping ¢:Vy — V, is a covering of G(Vi, E;) to
Gy, = (V, ) if o : V| — V), is surjective, m(x) = m(p(x)) for all x € V| and for each
x and z € V|, ~ x is equivalent to ¢(z) ~ ¢(x). A covering is locally a distance pre-
serving mapping of V| to V. By definition, a covering is a harmonic morphism.

4.2 NEPS. Let us recall the definition of non-complete extended p-sum, we say
briefly, NEPS (cf. [7]): Let Gy, - - -, G, be n graphs. Take a non-empty subset B in the
n-product space {0, 1} x --- x {0, 1} satisfying that B does not include (0, -- -, 0). Let
H be a graph whose set of vertices, V(H) 1is the product space
V(H) = V(Gy) x --- x V(G,). H is said to be NEPS with basis B if the adjacency
relation is defined as follows. For (uy, -+, u,) and (v, -+, v,) € V(H), (uy, -+, u,) ~
(v, -+, vy if and only if there exists an element b = (by, - - -, b,) € B such that

{ui:v,- 1fb,:0,

u; ~ Vl'il’lGl' if bi: 1.

Gy

(vo)

Figure 2
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Then we obtain the following result.

ProproOSITION 4.1. Let H be NEPS of Gy, ---,G, with basis B. For each
i=1,---,n, the i-th projection of H onto G;, defined by ¢i(u;, - - -, u,) = u;, is a har-
monic morphism.

Proof. We only have to see horizontal conformality of ¢;. It is clear that the
condition (a) is satisfied. To prove (b) observe that for each u; € V(G)),

o ) = {wr, s wist, ug Wi, ) wy € V(G)),j # i)

Let us take an element x = (2, -+, 20 |, u;, 2%, -+, 2)) € o' (;) and take v; € G;

with v; ~ u;. The set {z € ¢~'(v); z ~ x} coincides with
{z = (Wi, -y Wisl, Vis Witl, =+ Wy); Z ~ x}
= {(w], Cee Wit Vi, Winl, e, Wy); A(by, -+, by) € B, by =1,
wi=2 (b= 0. # i), w~ z)(b;=1.j # i)}.

Let B’ be a subset of the (n — 1)-product {0, 1} x --- x {0, 1} defined by

B/ - {(blv 9bi717bl’+17 tet 7bn); (bls o '1bi711 11 bi+ls Tt bn) € B}
Then #{z € ¢~ '(v); z ~ x} coincides with
#{(wl. Ce Wil Wigl, e, Wy); 3D € B w; = z?(b// = 0), wj ~ z?(b; = 1)},

which does not depend on v;. We have (b).

4.3. Collapsing. We give another type of harmonic morphism, which has no
analogy in Riemannian geometry. Let G = (V, E) be a graph, and V’ be a subset of
V satisfying the condition that V7 is connected to V' — } through only one vertex
x" € V. Let {y1,---, ya} be the set of vertices in ' — I being connected to x". The
collapsing is to produce a new graph G, = (V>, E) by shrinking }” into one point,
say, p, and connecting all y; to p. Let us define the collapsing of G to G, ¢ : V — V;
by

X xeV-V,
p xeV.

p(x) = {
Then we have the following result.

PROPOSITION 4.2. The collapsing ¢ : V — V3 of G to G, is a harmonic morphism.

Proof. We only have to prove for ¢ the condition (b) of the horizontal
conformality. First, let y € V> with y#y, y#p. Then ¢ '(y)={p}. Since
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{/s»' ~»} does not intersect V', we have {ze€ ¢ '());z~x}={y} Thus
#{z € ¢7'()); z ~ x} = 1, which is independent on ' € V5 with ' ~ y.

Second, let y = y; for some i=1,---,n. Then ¢~'(y) = {y]. Let y € V, with
v ~y. Then yeV—-V or y =p. In the case y e V-V, we have
{z€@7'(); 2~ x} = {)'}, which implies that #{z € ¢~'()/); z ~ x} = 1. In the case
V=p, we have {[ze¢!'());z~x}={zee ' (piz~y}=1{¥}. We have
#{z € ¢7'(»); z ~ x} = 1, which does not depend on a choice of ' € V, with y/ ~ y
in this case.

Third, let y = p. Then ¢~'(y) = {p} U {x € V; x # p}. In the case x € V' with
x#p.{y € Vi) ~p} = {yi}. Then, {z € 9~'("): z ~ x} = { s yi ~ x} is an empty
set, so that #{z e '(Y)iz~ x} = 0 is independent of the choice of ). In the case
x=p {yeVyy ~py={yii=1,-- n}sothatfory =y, {ze ¢ '();z~x} =
{viyi ~p} = {»i}. Hence #{z € ¢7'()/); z ~ x} = 1, which in independent of the
choice of ' with )’ ~ p. We have established (b). O

Applying Theorem 3.3, we obtain the next result.

THEOREM 4.3. Let G = (V, E) be an infinite tree. Assume that W is a subset of V
satisfying

(a) V — W is connected and an infinite set, and

(b) m(x) >k >3, forallxeV—-W.

Then we have
k—2 1 d(p(x), (1))
G(x,y)S—k_3<—k_2> (x,yeb)

where we take V' = WU {X'}, X' is a unique vertex in V — W connected to some vertex
in W, and ¢ : V — V, is a collapsing given by

X xeV-V,

<P(X)={p xeV,

where p € V' is a unique vertex connecting to V — V', and d, is the distance of the
graph G, = (1, E»).

Proof. Let G, be the resulting collapsing, which is a tree satisfying
m(x)>k—1, for all xe V).
Due to the above Theorem 3.3 and Theorem 7.2 in [9], we obtain

k—2 < 1 >d2(§0(X),tp(}'))

G(X, y) < GZ((p(x)v (p(y)) < GTk—l ((p(x)» (p(y)) = k——?) m

We have established Theorem 4.3. O
The following Figure 3 illustrates the situation in Theorem 4.3.
REMARK 4.4. (a) In general, a harmonic morphism is not rough isometric in the

sense of Kanai [5], [10]. In fact, ¢ : V| — V; is rough isometric of Gy to G, if and
only if there exist positive constants 4 and B satisfying
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Figure 3
A7 di(x, y) = B < do(@(x), () < Adi(x, y) + B, do(x', ¢(V1)) < B,

for all x,y € V7 and X’ € V,, where d; is the distance of G;,i=1,2. But in our
harmonic morphism, one can change the vertical part, i.e. making the collapsing
part V' large, so that dj(x,y) with x,y e}’ tends to infinity, but keeping

dr(e(x), ¢(»)) = 0.
(b) We have not considered the case k = 3 in Theorem 4.3.

ACKNOWLEDGEMENTS. The author would like to express his gratitude to Pro-
fessor Anand who gave many useful comments, Mr. Tsuruta who corrected mistakes
in the first draft, and the referee who improved the proof of Theorem 2.5.

REFERENCES

1. G. Besson, A Kato type inequality for Riemannian submersions with tottally geo-
desic fibers, Ann. Global Anal. Geom. 4 (1986), 273-289.

2. J. Dodziuk, Difference equations, isoperimetric inequality and transience of certain
random walks, Trans. Amer. Math. Soc. 284 (1984), 787-794.

3. B. Fugledge, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Four-
ier (Grenoble) 28 (1978), 107-144.

4. T. Ishihara, A mapping of Riemannian manifolds which preserves harmonic func-
tions, J. Math. Kyoto Univ. 19 (1979), 215-229.

5. M. Kanai, Rough isometries and the parabolicity of Riemannian manifolds, J. Math.
Soc. Japan 38 (1986), 227-238.

6. A. Kasue and T. Washio, Growth of equivariant harmonic maps and harmonic
morphisms, Osaka J. Math. 27 (1990), 899-928.

https://doi.org/10.1017/50017089500030019 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030019

334 HAJIME URAKAWA

7. B. Mohar and W. Woess, A survey on spectra of infinite graphs, Bull. London Math.
Soc. 21 (1989), 209-234.
8. H. Urakawa, Spectral geometry of the second variation operator of harmonic maps,
Hllinois J. Math. 33 (1989), 250-267.
9. H. Urakawa, Heat kernel and Green kernel comparison theorems for infinite graphs,
J. Functional Analysis 146 (1997), 206-235.
10. H. Urakawa, Eigenvalue comparison theorems of the discrete Laplacian for a graph,
Goem. Dedicata 74 (1999), 95-112.
11. W. Woess, Random walks on infinite graphs and groups. A survey on selected topics,
Bull. London Math. Soc. 26 (1994), 1-60.

https://doi.org/10.1017/S0017089500030019 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030019

