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ABSTRACT

Solution spaces are sets of designs that meet all quantitative requirements of a given design problem,
aiding requirement management. In previous works, ways of calculating subsets of the complete solution
space as hyper-boxes, corresponding to a collection of permissible intervals for design variables, were
developed. These intervals can be used to formulate independent component requirements with built-in
tolerance. However, these works did not take physical feasibility into account, which has two
disadvantages: first, solution spaces may be useless, when the included designs cannot be realized.
Second, bad designs that are not physically feasible unnecessarily restrict the design space that can be
used for requirement formulation.

In this paper, we present the new concept of a requirement space that is defined as the largest set of
designs that (1) allows for decomposition (e.g., into intervals when it is box-shaped), (2) maximizes the
useful design space (good and physically feasible), and (3) excludes the non-acceptable design space
(bad and physically feasible). A small example from robot design illustrates that requirement spaces can
be significantly larger than solution spaces and thus improve requirement decomposition.
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1 INTRODUCTION

Complexity in the context of systems design is strongly related to the involved uncertainties in the
development process. When a system includes many design variables and teams, decisions must be
made with incomplete information, which can make them difficult (Suh, 2005; Parkinson et al., 1993).
Reasons for this include manufacturing problems, detailed design modifications in later stages of the
process, and changes in operation conditions (Daub et al., 2020). Under these circumstances, classi-
cal optimization approaches with an associated performance function which is minimized (as shown in
Avriel et al. (1973); Boyd et al. (2004)) may have their performance deteriorated by such uncertainties,
and may even violate requirements. New levels of complexity are added when also considering many
design objectives (which may have non-linear dependencies with the design variables) and the devel-
opment of product families (where different products may share components between them) (Jiao et al.,
2007; Eichstetter et al., 2015).

Methods for robust design have been developed over the years to deal with the increasing complexity. In
Beyer and Sendhoff (2007), many different approaches to dealing with uncertainties are presented, using
what is called robust design optimization (RDO). RDO leads to a design that combines an optimum
of system performance and its variation due to a prescribed change in the design and environmental
variables. The issue with this approach is that it requires said change (normally via a probabilistic
distribution), and that is often also not known beforehand. Much of the same can be said for other
quantitative uncertainty propagation methods (Le Maitre and Knio, 2010), such as reliability-based
design optimization (RBDO) (Zhao and Ono, 1999; Gunawan and Papalambros, 2006; Mourelatos and
Liang, 2005).

A different type of strategy revolves around not trying to find one particular design, but instead finding
an appropriate group of designs; this is called set-based design (Al-Ashaab et al., 2009; Sobek et al.,
1999). Comprehensive studies on the current state and development of set-based design strategies have
been performed (Shallcross et al., 2020; Dullen et al., 2021), showing the growing interest in the topic.
These approaches hold the advantage that they are able to give more freedom to the design teams while
allowing them to work concurrently. Of particular interest to this work is the set-based design that uses
so-called solution spaces, which are sets of designs that meet all the system requirements.

Solution spaces were initially conceptualized in Lehar and Zimmermann (2012) and more formally
introduced in Zimmermann and von Hoessle (2013). This approach separates the input space into a good
region (where all requirements are met, composed therefore of the appropriately named good designs)
and a bad region (where at least one requirement is violated, composed of so-called bad designs). More-
over, the introduced method would compute intervals of permissible designs for each design variable,
allowing for independent work on each one with some design freedom. This allowed for concurrent
engineering in the development process, while also accounting for uncertainties without requiring an
uncertainty model.

One pitfall of the current solution space-based methods is that, so far, physical feasibility of the designs
has not been taken into consideration during the computation. In this work, a certain design being phys-
ically feasible means it has a correspondent detailed design, and so, can actually be realized. This has
two disadvantages: first, the computed solution space may contain few or no physically feasible designs,
which might nullify the advantages of the method; second, it may lead to over-restrictive intervals, since
designs that are bad but physically infeasible (and so, cannot be realized, and will not lead to a system
that cannot fulfill its requirements) are also excluded from the intervals.

In this work, therefore, we aim to introduce a new concept, called requirement spaces, where physical
feasibility may be taken into account to obtain sets of designs which are more useful. The term “require-
ment spaces” was used before in Ponn and Lindemann (2011), but with a different meaning (there, it
is used to express the space of development goals and constraints), and no other use of this term was
found in the literature at the time of writing this work. Here, a “requirement space” is a set of designs
that are to be pursued in order to produce a physically feasible solution.

This paper is organized as follows: in Section 2, the classical solution space formulation is revisited
and explained, and some of its applications and expansions are described; in Section 3, an example is
shown where such classical formulation can lead to a region where no designs can be realized, or to a
relatively small space; Section 4 is where the concept of requirement spaces is introduced, along with a
more general problem statement; in Section 5 an application example in the form of an industrial robot
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is described, showcasing the advantages of the new method; finally, in Section 6, a summary of this
paper is given, as well as general conclusions and an outlook for future research.

2 STATE OF THE ART

2.1 Definitions

Assume there is a model of the system available, but the values of the design variables are not yet set.
There are a total of d design variables, which are collectively represented by vector x € R¥. Similarly,
there are a total of m quantities of interest (performance metrics) for this system. Each quantity of interest
has a map that relates it to the design variables, as per the system model; such output function is rep-
resented by f; (x),j = 1,...,m. For every quantity of interest, there is also a critical value (requirement)
which it must not exceed, named yj.,j = 1,...,m. The design space is indicated by $245. A design that
meets all of the requirements is called a good design, and a design that violates at least one requirement
is called a bad design. The considered measure of a space, which is generally its area/volume/hyper-
volume, is represented by w(£2). The physical feasibility indicator p (x) is a function such that the output
is less or equal to zero if the design is physically feasbile, or greater than zero if not. The complete solu-
tion space is designated by 2, = {x | f; (X) < yjc.J = 1,...,m}, the complete physically feasible space is
designated by €2, = {x | p(x) < 0}, and the intersection between the two is written as Qg, = Q4 N 2.
The complete space of physically infeasible designs is designated by €2, = {x | p(x) > 0}.

2.2 Problem statement

The classical goal when calculating solution spaces is to find the set of designs that has the largest
measure possible and that does not include any designs that do not meet the system requirements.
Mathematically, that reads as follows:

Q
mgxu( )

(1
subject to: f; (X) <y VX € Q,j = 1,...m

If the sought solution is (hyper-)box-shaped, then the space €2 has the particular form Q = Q(§) =
[X15,X1,] X ... X [Xa1,Xaq,], where & = (x17,X21, ..., X(d—1)u>Xdu) and x;,x;, are the lower and upper bounds
respectively of the permissible intervals for the i-th design variable x. The hyper-volume of the solution
space, in this case, is given by u(Q2) = ]_[;1:1 (i — x31).

A sampling-based algorithm used to solve this problem was originally shown in Zimmermann and von
Hoessle (2013) and was further expanded upon in Graff et al. (2016). An example of how the result can
look is shown in Figure 1, where this method was applied to a two-dimensional example where the set
of good designs forms a hollow circle.

Solution Box with the Largest Area

Bad Designs
Good Designs
Solution Box

T2
o

Figure 1. Solution box with largest area for this hollow circle example; the edges of the box represent
the limits of the intervals for each design variable.
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2.3 Applications and extensions

The solution spaces approach was first developed and used in the context of vehicle crash design (Lehar
and Zimmermann, 2012; Zimmermann and von Hoessle, 2013; Fender, 2013; Zimmermann et al., 2017)
in order to deal with the high degree of uncertainty present in the development process. Since then, it
has also seen use in the development of product families for electric vehicles (Eichstetter et al., 2015;
Rétzer et al., 2020, 2022) and on the integration design of a powertrain (Stumpf et al., 2022).

As for the extensions of the classical method, many different approaches have been developed with the
goal of increasing the size of the resulting solution space. Solution-compensation spaces, for example,
separate the problem into early- and late-decision variables in order to give more design-freedom to the
early-decision variables, while still ensuring there’s a degree of built-in tolerance for the late-decision
variables (Vogt et al., 2018; Stumpf et al., 2022). A different approach involves introducing pair-wise
coupling of design variables, either through enabling rotation of the box or by introducing 2d-polygons
for paired variables, which decreases the restrictiveness of the problem and thus increases the overall
size of the solution space (Erschen et al., 2018; Harbrecht et al., 2019, 2021). Another approach involves
coupling any number of design variables, forming so-called component solution spaces, though at the
time of writing, this is restricted to problems with linear output functions only (Daub et al., 2020).

The new theory shown in this work is framed in the context of the classical formulation of solution
spaces, but could be adapted and used in any of the aforementioned extensions.

3 PROBLEM DESCRIPTION

Solution spaces are used in the systems design phase of the development process. It may be that not all
designs that are part of the design space are physically feasible designs. In this context, a design being
physically feasible means it has a correspondent detailed design, and as such, can be realized when
proceeding to the component design phase. An example of a physically infeasible design would be a set
of stiffness components for a structure that are too high for the given geometric constraints and material
available (Krischer and Zimmermann, 2021). A different example, explored in Section 5, is motors with
given combinations of torque and mass which simply are not available in the market and might not be
able to be built with current technology. It is important to distinguish between physical feasibility and
requirements: physical feasibility is viewed from a bottom-up perspective, being a property of a given
design which cannot be altered, and does not depend on the wishes of a designer; on the other hand, a
requirement is viewed from a top-down perspective, and expresses what a designer wants to achieve.
Current methods for the computation of solution spaces do not take into account whether a design is
feasible or not, only if it meets the given system requirements. To show how this may lead to useless or
overly-restrictive results, the two-dimensional example shown in Figure 2 will be used. This example
has similar characteristics to the application problem shown in Section 5, but was crafted to further
exacerbate the differences and improve the understanding of the concepts.

Example Problem

4
Good Designs
Bad Designs
3l Physically Feasible Designs
& 2r

T

Figure 2. Example problem used in this section to illustrate the short-comings of the current formulation
of the computation of solution spaces.
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A designer will be interested only in the designs that are simultaneously good and physically feasible,
since those are the ones that meet all system requirements and can be realized. When computing the
solution space using the formulation shown in Equation 1, however, no physically feasible design will
be included in the final result, as shown in Figure 3a. This is due to the shape of the region of good and
bad designs, which makes the left-hand side of the domain contain many more good designs then the
right. The classical problem formulation will hereby be referred to as problem type €2o.

The initial way of dealing with this, without changing the problem statement, would be to introduce
physical feasibility as a requirement. While that is possible, it leads to an overly-restrictive result, as
shown in Figure 3b. Now all designs in the solution box are physically feasible, but many of the designs
that both physically feasible and good are left out. This formulation will be referred to as problem type

Q.

Problem Type Qq: p(2)=8 ; (2 N Qyy)=0

Good Designs

Bad Designs

Physically Feasible Designs
— Solution Box

0 L . . HER N . . 1
0 0.5 1 15 2 25 3 35 4 4.5
T

(a)

Problem Type Q;: p(£2)=0.25 ; u(Q2 N Qy,)=0.25
4r

Good Designs

Bad Designs

Physically Feasible Designs
—— Solution Box

0 0.5 1 15 2 25 3 35 4 4.5
Ty

(b)

Figure 3. Largest solution box when using the classical approach for the example problem. In one
case, the resulting box is large but contains no physically feasible design; on the other, all designs are
physically feasible, but the result is overly restrictive.

Ideally, the solution box would focus around the points which are both good and physically feasible,
but would still allow for physically infeasible designs to be a part of the solution if that meant including
more of these useful designs. However, there’s no way to express this in the original problem statement,

showing there is an inherent limitation to it.

4 REQUIREMENT SPACES THEORY

As alluded to in the previous section, the current problem statement is limited in its form, since it cannot
separate between designs that can be included in the solution box and designs whose presence in the
solution box should be maximized. In order to deal with that, a new problem statement is introduced,

which reads as follows:

mSX (€2 N yse)

subject to: 2 C Q.. (acceptability condition)

2

V(i,x; € 0€2;),3x € Q. (leanness condition)

Two new spaces where introduced, 2., and 2,5.. Qg4 1S the acceptable space, and is closely related
to the acceptability condition; essentially, the acceptable space defines which designs will be allowed
inside the box, and the acceptability condition is what substitutes the previous constraint that all designs
in the space must meet all requirements. €2,., on the other hand, is the useful space; it defines which
designs will actually contribute to the objective function when included in the space 2. An important
distinction is now relevant: up until now, €2 always only contained good designs, and so, it could be
called a solution space. With this new problem statement, however, the accepted space does not need
to be only composed of, or even include (on a theoretical level), good designs. As such, Q2 is now
denominated as requirement space. Note that a requirement space can also be a solution space if it only

includes good designs, but that is not imposed anymore.
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There is another new component to the problem statement, and that is the leanness condition. The
leanness condition is included because, without it, the problem may become ill-posed depending on the
distribution of the useful designs. For example, assume a case where all designs are acceptable, but not
all are useful; in said case, all boxes that include all useful designs would share the same value of the
objective function between themselves, and the problem would not have a unique solution. Not only is
that a problem mathematically, but it also doesn’t represent the wanted behavior: designs that are not
useful are being allowed to be inside the resulting requirement space only so the space of useful designs
is larger; they are not desired by themselves, and should be eliminated if that wouldn’t result in losing
any useful space. The leanness condition accomplishes that; it is an additional constraint, which says
that for every edge of the requirement space box, there must be one design that is useful and lies on that
edge. This is illustrated in Figure 4.

Leanness Condition Application

Useful Designs
Useless Designs

___Possible Requirement Space Box
Solutions without Leanness Condition

xj

Requirement Space Box Solution
with Leanness Condition

Figure 4. Application of the leanness condition, turning an ill-posed problem into a well-posed one,
while not removing any useful designs.

Note, €2 and €21 can also be put into this framework, by considering ;.. = Qg and Q.. = Qg, Tespec-
tively, as well as Q. = Q4 for both. This shows the requirement space problem statement in 2 is a
generalization of the solution space problem statement in 1.

Now, one can define new problem types by using the suggested framework. In order to allow for all
good designs to be inside the solution results, while focusing on the physically feasible designs, one can
consider Q4. = Q¢ and Q5. = €2,,. This leads to problem type €2, and the result is shown in Figure
Sa.

It can be observed that now the requirement space is more suitable compared to the result with €1, given
that the area of designs that both and physically feasible has increased by a factor of approximately 3.2.
In a real application, this would directly translate to more design freedom for the design teams. Note
the bottom-right corner is restricted by the region of bad designs, while the bottom-left and top-right
corners are restricted by the leanness condition, since expanding from where they currently are would
not increase the amount of useful designs inside the resulting requirement space.

However, the requirement space can still be further improved. Assuming the physical feasibility indi-
cator is globally reliable, one can consider relaxing the acceptability conditions further and allowing
bad designs inside the box as well, as long as those are physically infeasible. If a design is physically
infeasible, by definition, there will be no correspondent detailed design of it, and as such, a design team
will not be able to build a component from it, and that means such a choice will not lead to a system that
does not meet the requirements; simply another design will have to be chosen instead, with no further
loss of time or money. By relaxing the problem as such, it is possible that more designs that are good
and physically feasible might be included. This defines problem type 23, where Q4. = 24 U 4 and
Quse = 2. The result of using this problem type for the example problem is shown in Figure 5b.

For this example problem, the solution box for €23 contains a factor of 2.2 more good and physically
feasible designs than 2;, or approximately 6 times more than 21, which is a considerable improvement.
It is important to keep in mind, however, that problem type Q23 depends heavily on a good physical
feasibility indicator for both the existence and nonexistence of given designs, which can be challenging
(especially for the nonexistence side, which is in fact the critical one for this problem type); if that
is not the case, a design that does not meet the requirements and is actually physically feasible might
end up being chosen, which could lead to problems later. In those cases, 2, might be a better choice,
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Problem Type Qg: pu(Q)=1.77 ; n(2 N Q,,)=0.83
.-

Good Designs

Bad Designs

Physically Feasible Designs
Requirement Space Box

0 . . . . I

0 0.5 1 15 2 25 3 35 4 4.5

T

(a)

Problem Type Q3: 1(0)=5.38 ; u(2NQ,,)=1.82
.-

Good Designs

Bad Designs

Physically Feasible Designs
Requirement Space Box

) . . . . n n n 1
0 0.5 1 15 2 25 3 35 4 4.5
T

(b)

Figure 5. Largest solution box when using the new approach for the example problem. In one case,
only good designs are accepted; on the other, bad designs are also accepted if they are physically
infeasible.

as all designs inside it are good by definition. Table 1 summarizes the definitions and recommended
applicability of the four problem types in accordance to the requirement space problem statement.

Table 1. Summary of the different problem types.

Type Quce Qe  Application

Qo Qg Q4s  No information is known about the physical feasibility, or every
design is physically feasible

Q Qgp Qus -

Q) Qq 2, Physical feasibility indicator is reliable for what exists, but not
necessarily for what doesn’t

Q3 QUQ, £, Physical feasibility indicator is reliable for both existence and
nonexistence of any design

5 APPLICATION EXAMPLE

5.1 Description

To illustrate the use of requirement spaces, an application with an industrial robot is considered.

The robot has a two-link structure, with one motor at the base of each link, and the given task is to
complete a given periodic movement. A simplified model is taken, where the dynamics are reduced
to the 2D-plane and it is considered each link has to move sequentially, and not in parallel. The two
motors are also assumed to be the same, in order to make the visualization of results easier. On the
system level, there are imposed three requirements: one is on the cycle time required to complete the
periodic movement, another is on the energy used during that movement, and finally, the last one is on
the absolute velocity of the end effector. This choice of requirements is simple but fairly realistic: in any
industrial application, it is absolutely desirable for the robot to complete its task and get ready for the
next one as soon as possible, but simply brute-forcing the system with extremely high torques makes it
also costs more during operation (from the electrical energy used); additionally, safety measures must be
considered, especially if any sort of human interaction may occur. A sketch of the considered industrial
robot is shown in Figure 6. For the designs variables, then, at least two are necessary: the operational
torque of the motors, and their mass. To determine which motors are physically feasible, data from
Padilla-Garcia et al. (2018) was used.

5.2 Results

An adapted algorithm based on the work presented in Zimmermann and von Hoessle (2013); Graff
et al. (2016) was used to find the boxes with the biggest areas; in a nutshell, this algorithm considers a
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Motor 2
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0

Motor 1 o

AL End effector

Figure 6. Sketch of the industrial robot considered in the application.

candidate box which iteratively expands and then gets trimmed based on samples which are evaluated
inside it, with the goal of always finding the biggest possible box that only contains acceptable designs.
For requirement spaces, an extra step at the end is added to apply the leanness condition. The results
from each problem type are shown in Figure 7; as it can be observed, €23 had the best results, with a
resulting area of good and physically feasible designs that is approximately 85% larger than that of €
and approximately 15% larger than that of €2;.

() ()

Good Designs L Good Designs
50 «  Bad Desings - 50 «  Bad Desings
. Physically Feasible Designs < : Physically Feasible Designs
Requirement Space Box Solution Requirement Space Box Solution

60Type Qo p (QNQy, (2N Qyy)=76.1Nmkg

=275.7Nmkg ; u

)=22.7Nmkg Type Q1: u(Q)=76.1Nmkg ; p
60 p— :

El g
Z., 30 Z., 30
S =
20 20
10 10 |
0 . 0 :
0 10 20 30 40 50 0 10 20 30 40 50
m [kg] m [ke]
(a) (b)
Type Qo: p(Q)=147.1Nmkg ; (N Qyp)=122.6Nmkg Type Q3: p(2)=212.3Nmkg ; (N Qyp)=141.0Nmkg
60 o : 60 ; : ‘

< Good Design & - Good Design
50 «  Bad Desings 50 «  Bad Desings
. Physically Feasible Designs Physically Feasible Designs
Requirement Space Box Solution 2 Requirement Space Box Solution
40 9 7 ; - 40 B 7 ; i
g o g =
Z % Z %
S S
20 | 20 |
10§ 10§
0 — " 0 - "
0 10 20 30 40 50 0 10 20 30 40 50
m [kg] m [ke]
(©) (d)

Figure 7. Solution and requirement space boxes for the industrial robot application problem.

5.3 Discussion

As can be observed, by using €2, we were able to include more good and physically feasible designs
than what was possible with the previous problem formulation, a result which was then further improved
upon with 3. Important to note, however, that this is a case where the physical feasibility indicator may
not be so reliable; with the data, it is easy to show such motors exist, but there’s no proof that others
outside the delimited area do not, and as such, the result of 23 may include some bad designs that can
actually be realized. In such a case, €2, is better suited for use.

In general, by using this method in the early design phase, a designer can generate better requirements
for the components of the system, which can then be used in the later phases to make concurrent design
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decisions. In this example, with the new requirements in hand, a component designer could then pro-
ceed to look for motors commercially available which meet these requirements and make a decision
based on a defined criterion, such as cost, without worrying if the chosen design meets the system level
requirements, independent of what other component designers choose (as long as all of them follow the
generated requirements).

6 SUMMARY AND CONCLUSION

In this paper, the concept of requirement spaces was introduced. A review of the classical method of
solution space computation was performed, and its short-comings when it comes to considering physical
feasibility were made clear with an example. After that, a new problem statement was introduced, which
was shown to be a generalization of the previous one. With it, new problem types were defined, and it
was shown that in the example they could lead to areas of good and physically feasible designs that were
2 to 6 times better than what was possible before. Finally, an application example with an industrial
robot was also considered, where the new problem types showed results up to 85% better than those of
classical types. Of note is that, much like solution spaces depend heavily on the accuracy of the system
model to properly guide design choice, requirement spaces methods depend heavily on the accuracy of
the physical feasibility model, which may be a limiting factor to the application of the method.

In the future, it would be important to extend the concepts shown here for the computation of boxes
to more generalized versions of the solution spaces method, such as component solution spaces and
solution-compensation spaces. By incorporating this, even more design freedom might be achieved.
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