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The ideals of the

hurwitzean polynomial ring

Margaret J. Morton

In 1919, Adolf Hurwitz formed the gquaternion ring R  composed
of elements whose coordinates were either all integers or halves
of odd integers. The objective of this paper is to examine the
(two-sided) ideal structure in the hurwitzean polynomial ring
R[x] , formed by taking all polynomials with coefficients in R .
The maximal and prime ideals of R{x] will be characterized with
results surprisingly analogous to those in Z[x] . 1In addition,
a canonical basis, of the type developed by G. Szekeres, 1952,
for polynomial domains, will be developed for the ideals of

Rlx] .

A. Preliminaries
The hurwitzean ring of quaternions (R) is formed of all quaternions
a=a+ ali + azj + a3k where
(i) the coordinates ao, al, a2, a3 are either all integers or
are all halves of odd integers,

(ii) +the units 4, j, k satisfy the relations

The conjugate of o is

Q
1]
Q
'
N
~
|
NQ
L
|
Q
=
5
:
o]
H
]

is N(a)=u§=&x=a§+ai+a2+a§. For all & and B in R, N(a)

is in Z and N(oB) = N(a)N(B) . The trace of o is tr(a) = o + a .
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tr(a) is in Z for all a in R . R is the maximal quaternion ring
with the property that if o is in R , then W#N(a) and tr(a) are in
z .

If a is in R , then o 1is a unit, if and only if WN(o) = 1 . The
group of units of R consists of the twenty-four quaternions #*1, i, *j,

*th, H(+lxitfth)

The center of R is Z . Closely related are elements in R of norm
two. Any such element which is a right divisor of an element in R is

also a left divisor and vice versa.
RéEdei [2] showed:
THEOREM 1. AZ1l the distinct ideals of R , different from zero, ave

the principal ideals (mkt) , where m=1,2, ..., t=0,1,
A=1+ 4,

From this theorem it follows quite readily that all ideals in R
generated by elements of norm two are equal and that all ideals in R

commute. The ideals of R will be denoted by 4, B, C, ... .
It can also be shown that:
THEOREM 2. The following are equivalent:
(i) P 18 a proper prime ideal in R ;
(i1} P is a proper maximal ideal in R ;
(iii) P
P

(p) , where p #1 is an odd prime in Z , or

(A) .

Let K[x] be the quaternion polynomial ring composed of all elements

plx) = r'o(x) + rl(x)&' + 1, l(x), r(z), r3(x)

are in @[x] . Then K[x] is a non-commutative integral domain with the

x)f + r3(x)h , where ro(x), r

obvious multiplication and addition. For an element p(x) in K[x] ,
conjugate, norm and trace are defined as in R . In addition the symbol 9

will be used to denote the degree of a polynomial. For any elements

olx) = rolz) + r ()4 + ry(x)f + r3(x)k

and

(z) to(x) + e ()l + t(x)f + t3(x)k

>
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in X[x] the following results are easily verified.

(1) 1f g(x) is in Q[z] , then gqlz)p(x) = p(x)q{x) (that is,
@[x] 1is the center of K[x] ).

(ii) M{p(x)t(2)) = #{p(z))¥ (t(x))
N (p(x)) + aw(t(x))

max{BN(p(x)), aN(T(x))} .

(iii) av(p(x)T(x))

1A

(iv) av(p(x)+1(x))
(v) aN(p(x)] =0 , if and only if, ro(x), cees r3(m) are in § .

Such elements p(x) are in the quaternion ring.

DEFINITION. p{(x) is a unit in X[x] if there exists o(x) in K[x]
such that either p(z)o(xz) =1 or o(x)p(x) =1 .

It is not necessary to distinguish between left and right units in

K[x] . For if p(x)o(x) =1 , then plx) = p(x)p(x)o(z) = o(x)p(x)p(x) ,
so 1 =o(x)plx) .

THEOREM 3 (Division Algorithm). Given p(z) and o(zx) not units
in Klx] , there exist 1(x) and uw(xz) in K[z] such that
plz) = t(x)o(x) + ulx) , where M(x) < 30{x) . (As stated this is a right
division algorithm. Similarly, there is a left division algorithm.)

THEOREM 4 (Existence of a greatest common divisor). Any two
elements p(x) and olx) in K[z] , which are not both zero, have a
greatest common right divisor ¢(x) which is wniquely determined up to a
wunit.

Furthermore, there exist Y(xz) and wlx) in Klx] such that
olx) = pla)(x) + o(x)w(x) . (A similar result holds for a greatest common

left divisor.)

DEFINITION. Let p(x) = ro(x) + 7

l(x)i + ra(x)j + r3(x)k be in

K[z] . Then p(x) is primitive in K[x] if the greatest common divisor
of ro(x), cees r3(x) in Q{zx] is a unit.
The ideals of K[x] will be denoted by S(x), T(xz), ...

THEOREM 5. ALl the distinct ideals of Klx) , different from zero,

are the principal ideals (a(x)) , Wwhere alx) 1is in Z[x] .

Proof. It follows from Theorem 3 that K[x] is a principal ideal
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domain.
Let S(x) = (0(:::)] be an ideal in K[z] where

o(x) = so(:c) + sl(x)i + sz(x)j + 33(x)!z

is a primitive element in K[x] . Then

do(x)4 + fo(x)f + ko(z)k = -ks (x) + o(x) ,
S0 l4.~‘>'o(:z:) is in S(x) . Furthermore,

2(4o(z) §-fo(x)4) = bs(z) + bsy(x) ,

hence hs3(x) is in S(«x) . Similar calculations show that hsl(:x:) and
l;82(:1:) are in S(x) . But o(x) is primitive, so the greatest common

divisor in Q[x] of hso(x), cees hs3(x) must be a unit. By Theorem L
this greatest common divisor must be in S(x) . Hence S(x) contains a

unit and must equal KX[x] .

Let T(x) be any proper ideal in K[x] . Then T(z) = (t(x)} , where
T(x) is a nonprimitive element in K[z] . Let 1t(z) = g(z)o(x) , where

g(x) is in Q[x] and o(x) is primitive in X[x] . Then,
(z) = (1(2)) = (q(=) (6(x)) = (a(x)) .
Let I ©be the lowest common multiple of the denominators of gq(x) , then

Z_la(x) , where a(x) is in Z[{x] . Since I is a unit in X[x]

q(x)
it now follows that T(x) = (a(:z:)]

THEOREM 6. The following are equivalent:
(i) M(z) is a proper maxrimal ideal in Klz] ;
(ii) M(xz) <s a proper prime ideal in K[z] ;

(iii) M(z) = (p(x)) , where 3p(z) 21 and p(x) is irreducible

in 2[x] .

B. The quaternion factor rings RA[‘”] and Rp[:c]

Before the quaternion polynomial ring R[x] can be discussed it is

necessary to examine the structure of certain quaternion factor rings.
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B . . . - R
Let A=1+ 4 and p be an odd prime in Z . Then Ry = ™
R [x] = —EL-[x] , R = £ and R [xz] = —BL-[x] are all quaternion
A ) p (p)° p (p)

factor rings.
Rk is a finite field with four elements. It has a complete set of

representatives, namely 0, 1, %¥(1+{+j+k) and %(1-{-j-k) , in R . Thus

Rk[x] is a commutative principal ideal domain with a complete set of

representatives in R[x] . By the same type of proof used for Z[x] it

follows that the proper maximal and prime ideals in Rx[x] are generated

by the irreducible elements of Rl[x] .
THEOREM 7. (%) Eb is igsomorphic to the ring of quaternions with
coordinates in Zp and consequently has ph elements.

(it) ﬁb[m] is isomorphic to the ring of quatermions with coordinates
A Z .
in p[x]

(ii1) Rp i8 isomorphic to the full ring of two by two matrices with

entries in 2
p

(iv) Eb[x] i8 isomorphic to the full ring of two by two matrices

with entries in Zp[x] .
(v) Rb[x] is a principal ideal ring.

Proof. (i) Clearly ngRp . Since p # 2, 271 s in zp and
the desired result follows.
(12) Immediate from (1).

(ii1) By Theorem 2, {p) 1is a proper maximal ideal in R . By (),

Rp has only a finite number of elements, thus it can have only a finite

number of maximal ideals and must be simple. Therefore, by the Wedderburn-

Artin structure theorem, Hb must be isomorphic to a full matrix ring over

a division ring. But by Theorem 1 this full matrix ring must have ph

elements, thus the matrices must be two by two. Moreover the division ring
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must contain p elements, so, without loss of generality, it can be taken
as Z_ .
1%

(iv) Follows from (Z1Z).

ay,(®)  ay,(2)

(v) Let A(x) be an ideal in Eb[x] and afx) = ,
azl(x) aez(x)
where amn(x) is in Zp[x] for n=1,2, m=1, 2 , be any element in
A(x) . Using the fact that A(x) is a two-sided ideal it follows that the
amn(x) 0
matrices , n=21,2, m=1,2 , are in A(x) .
0 0

k(x)

0
Let L(x) = {k(x) in Zp[x] | [ 0] in A(x)} . Then L(x) is

0
a non-trivial ideal in Zp[x] . But Zp[x] is a principal ideal ring,
1{x) ©

hence L(x) = (Z(x)) for some L(x) in L(x) . Thus is
0 0

contained in A(x)
Conversely, since amn(x) , m=1,2, n=121,2 , are in L(x) it

follows that in Zp[x] , a f{x)=1x)p_(2) for m=1,2, n=1, 2.

m m
Thus
Z(x) 0 bll(x) bl2(x)
a(x) = R
0 Ux)]|by(x) b, (=)
(x) 0
so A{x) is contained in
0 I(x)

It is clear from this Theorem that Eb has a complete set of
representatives in R and Rb[x] has a complete set of representatives in

Rp[m] .

DEFINITION, 1et o(x) = ao(x) + al(x)i + a2(x)j + a_(x)k be an

3
element in Eb[x] . Then o(x) is primitive if the greatest common
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divisor of the az(x) , 0=1=3, in Zp[x] is a unit.

THEOREM 8. () The only proper ideals in Rb[x] are of the form

(alz)) , where alx) ¥ 1 mod p is in Zp[x] .

(i1) The proper prime and maximal ideals in Rp[x] are (p(x)) ,
where p(xz) ¥1 mod p is irreducible in Zp[m] .

Proof. (7Z) This follows by the same type of argument that was used
in Theorem 5.

(i) By (i) the proper ideals in Bb[x] commute, so the desired

result follows by the standard method.

C. The quaternion polynomial ring R[z]

The ring R[x] is clearly a subring of X[x] . Thus the definitions
made for X[z] are applicable for R[x] . However, the structure of R[x]
is more complicated than that of KX[x] . R[x] does not have a division
algorithm and is not a principal ideal domain. It can be verified that it
is a noetherian ring. The ideals of R[x] will be denoted by
A(z), B(x), C(x),

In R ideals other than those generated by a unit were equal to the
whole ring. The same type of situation arises in R[x] as will be shown

in Theorem 9.
Let ¢A denote the natural epimorphism from R[xz] to Rx[x] , where
A=1+4 . Let ¢p denote the natural epimorphism from R[z] +to
Rp[x] , where p is again an odd prime in Z .
THEOREM 9. Let B(x) be an ideal in Rlx] . Then B(x) = R{zl ,
if and only if either
(i) B(z) = (a(x), p) , where ¢p(a(x)) is primitive in

R H
p[x] or

(it) Blz) = (alz), A) , where ¢, (a(x))

1 mod A in Rx[x] .

Proof. Case 1: B(z) contains prime p # 2 . Now (p) is in the
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kernel of ¢p and (p) < B(x) , thus R[x]/B(x) ng[x]/q)p(B(x)) .

If R[x] = B(x) , then Rp[x] = d)p(B(x)) , 50 by Theorem 8,
(bp(B(x)) = (ocp(x)) , where ap(x) is primitive in Rp[x] . But ¢p is an

epimorphism, hence there must be o(x) in B(xz) such that

d>p (a(x)) = otp(x) . Hence B(zx) < [a(x), p) and it is then immediate that
B(x) = (a(x), p)
Conversely, suppose B(x) = (a(x), p] where ¢p(a(x)) is primitive
in Rp[x] . Then, by Theorem 8, q;p(B(x)) = Rp[x] , hence R[x] = B(x)
Case 2. B(x) contains A . Then, as in Case 1,
Rlz]/b(x) mR)\[x]/(b)‘(b(x)) . Since Rk[ac] is commutative, any ideal in
Rx[x] which equals Rx[x] must be generated by an element which is

congruent to 1 . The remainder of the proof now follows as in Case 1.

Theorem 9 is non-trivial. One example of an ideal equal to R[x] is

(z+d, 3) .

Theorem 9 indicates that the maximal ideals of R[x] might not have
the prime elements of R{x] among their generators. This is indeed the
case as will be shown in the following discussion which characterizes the

maximal ideals of R[x] .

LEMMA 1. Let g(x) , not a unit, be in Zlz] . Then (g(x)) <s not

a maximal ideal in Rx] .

Proof. Since Z[x] is noetherian it must contain a maximal ideal
(f(:z:), p) , where f(x) is irreducible mod p and p is prime in Z ,
such that (g(x))z[x] i (f(x), p)Z[x] . Let a(x) be any element in

(g(x))R[x] . Then, since g(z) is in the center of R[z] ,
a(x) = g(x)B(x) for some B(x) in R[z] . But g(z) = f(x)gl(x) + ph(zx) ,
where gl(x), h(z) are in 2Z[x] . Hence ofx) = f(x)gl(x)B(x) + ph(x)B(x)
and ol(x) is in (f(x), p]R[x] - Thus (g(x))R[a:] 3 (Flx), p)R[:x:] .

Case 1. p # 2 . It suffices to show that (f(z), p)R[x] # Rlz] .

Now the natural epimorphism ¢p will map R[z]/(f(xz), p) onto
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Rp[ac]/(¢p(f(x))) . By Theorem 8, since f(x) is in 2[x] , [¢p(f(x)) is
& proper ideal in Rp[x] . Therefore (f(x), p) must be a proper ideal in
Rlx] .

Case 2. p=2 . DNow UUﬁ,ﬂRh]g(ﬂxL Uﬁu]' Then, as in
Case 1, it follows that (f(z), A) # R[x] .

LEMMA 2. ret A(z) = (og(x), ..., o (x)) be a proper maximal ideal

in Rlzx] . Then A(x) contains a non-zero integer from 2 .

Proof. Let uz(x) = aéz)(x) + agl)(x)i + aél)(x)j + agZ)(x)k , for

1 =1 =<vr. Then, by the same argument that was used in Theorem 5,

(2)

ba{ (@), 1alP(2), 4al?) (2), bal

(x) are in A(x) for 1 =1 =r.

(1)
3

and their greatest common divisor in Z[z] must be 1 or 2 . Suppose

(A

Thus 2aél)(x), 2a§l)(x), 2a\(2), 20 (2) are in 2(z] , for1s1=1,

not. Then there exists g(x) , not a unit, in Z[x] such that g(x)
divides a;Z)(x) for 0<m=3 and 1 =1 =3 . Hence g(x) divides
al(x) for 1 =71 =<pr. But then A(z) g}(g(x)) g R{xz] . Since A(x) is

maximal it now follows that A(x) = (g(x))R[x], which is false by Lemma 1.
Since the greatest common divisor in Z[x] of the ZaLZ)(x) is 1

or 2 , there exists t;z)(x) , 1=<1l=r, 0=m=s3,in Q[xz] such

that

2 ZZa'(nZ)(x)tr(”z)(x) =1 or 2.
Im

Clearing denominators in the preceeding immediately gives the desired

result.
LEMMA 3. Let A(x) = (al(x), cees ar(x)] be a proper maximal ideal
in Rlz] . Then A(x) contains either
(i) a prime integer p # 2 from Z , or

(i7) an element from R of norm two.
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Proof () (showing that A(x) contains some prime integer p ) By
Lemma 2, A(x) contains a non-zero integer »n . Let the prime
decomposition of n in Z be Py -+ P, -
if p, is in A(x) the proof is finished.

Suppose p; is not in A(x) . Since A(x) is maximal it follows

that (A(ac), pl) = R[x] . Hence there exists of{x) in A(zx) and B(x)

in B(x) such that o{x) + B(ac)pl =1 . Thus

ot(x)p2 oo D+ Bla)n =Py see Py s

$© p, --. p, is in A(x) . If p, 1is in A(x) , the proof is finished.
If not, by the same arguments as above, p3 pm is in A(x)
Repeating the above argument, it must eventually follow that pm is in

Alx) if pPy» «» P,_y are not.

(i7) If the prime integer obtained in (Z) is odd the proof is

finished.

Suppose the prime integer obtained in (<) is 2 . Note that 2 = .
Suppose A is not in A(x) ; then since A(z) is maximal,
(A(x), A) = R[x] . Recalling that if A is a left divisor it is a right
divisor and vice versa, there must exist a(x) in A(x) and B(x) in

R[x] such that oa(x) + B(x)A =1 . Thus a(x)X + B(z)2 =X, so A is

in A(x) .

COROLLARY. Let A(z) be a proper maximal ideal in R[x] . Then
A(x) must contain a proper maximal ideal from R .

Proof. This is immediate from Lemma 3.

Since all ideals in R generated by elements of norm two are equal it

follows from this corollary that A =1 + £ must be in A(z) .

LEMMA 4. Let M(x) be a proper maximal ideal in R[x] . Then

either

(i) M(z) = (a(z), p) , where p <is an odd prime in 2 and

alz) £ 1 mod p is in Z[x] and irreducible mod p ; or
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(i) M(x) = (alz), A) , where N(X) =2 and ol(x) $1 mod A <s

irreducible mod A .

Proof. By Lemma 3, M(x) contains either a prime p # 2 or

A=1+ 4.,

Case 1. M(x) contains a prime p # 2 . Let
M) = (p, al(x), cees cxr(x)) . Then since (p)R[x] C M(x) , it follows

that R{x]/M(x) %Rp[m]/dap (M(x)) , vhere ¢p is again the natural
epimorphism from R[x] to Rp[m] . Thus ¢p (M(x)] is a proper ideal in
Rp[:c] . By Theorem 8, qbp (M(:x:)) c (ap(.’c)) , for some ap(:c) which is

irreducible in Z [x] . Hence ¢p(al(x)) = ap(x)zsp(x) for some Bp(x) in

AT

Rp[x] , where 1 =1 = pr . Therefore az(x) - a(z)B(z) must be in
(p)R[x] , 1=1=<r, for some B{x) in R[x] and a(x) irreducible in
Zp[x] . Thus az(x) is in (a(x), p) for 1 =1 =< r , and consequently
M(x) ¢ (alz), p) < Rlx] . But

Rlz1/(a(z), p) %Rp[x]/(¢p(a(x))) = Rp[x]/(ap(x)) ,

and (ap(x)) # Rp[x] so (a(x), p) # R[x] . Then, since M(x) is maximal
it must be that M(x) = (a(x), p)

Case 2. M(x) contains XA . Let M(x) = (A, afx), ..o,y ar(x))
Then, as in Case 1, ¢)‘(M(x)) c (a)‘(x)) for some a)\(x) irreducible in
RA[x] . Thus, since R)\[x] is commutative, for some BA(:c) in R)‘[a:] ,
('b)\ [az(x)) = al(x)BA(x) vhere 1 =1 =r . The argument is now completed

in a similar fashion to Case 1.

LEMMA 5. () Let p be an odd prime and alx) ¥ 1 mod p be in
z[z] and irreducible mod p . Then M(x) = (a(x), p) is a proper maximal
ideal in R[z] .

(i) Let A =1+ 4 and olx) 1 mod X in Rlz] be irreducible
mod A . Then M(z) = (al(z), A\) is a proper maximal ideal in R[z] .

Proof. (%) Suppose (alz), p) is not a maximal ideal in R[z] .

Since R[x] is noetherian there must exist a maximal ideal lVl(x) in
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R[x] such that (p, a(x)) § Nl(x) g R[x] . By Lemma 3, Nl(x) must
contain either an odd prime or X . Since Nl(x) # Rlx] it is clear that
IVl(:x:) can not contain A or any odd prime except p . Thus, by Lemma b,
Nl(:z:) = (b(:x:), p) , where b(x) , not a unit, is in Z[x] and irreducible
mod p.

Since a(x) 1is in (b(x), p) = N (x) , there must exist a(x) and

B(x) in R[z] such that a(zx) = b(x)B(x) + pa(x) . Hence
(a(x)) (b(x)(b ( (x)]) in Rp[x] . But a(z) is irreducible mod p,

hence ¢p(a(x)) must be irreducible in Rp[x] 5  thus q)p(B(x)) must be a
unit in Rp[ac] . Let yp(:z:) be its inverse in Rp[ac] ; then since ¢

is an epimorphism there must be a vy(x) in R[x] such that

¢p(y(x)] = yp(x) . Hence vy(z)a(z) - b(x) is in (p) in R[x] . Thus
b(z) is in (a(x), p} . But then (a(z), p) = x) ,which is a
contradiction.

(ii) Suppose (a(x), )\] is not a maximal ideal in R[x] . Then it

must be contained in a maximal ideal Nl(x) . By Lemma 3, Nl(x) must

contain either an odd prime from Z or A . Since Nl(:z:) # Rlzx] it is
clear that IVl(x) can not contain an odd prime p . Thus Nl(x) must be
of the form [s(x), )\) where ) $ 1 mod X and B(x) is irreducible

mod A . Hence (alz), A) € (B(:C A) s s0 (4 (al@)) < (0, (8B(=))) in
Rp[x] . But a(x) is irreducible mod X , so (9, (a(x))) is a maximal
ideal in Rx[x] ; hence (¢>\( ))) = (¢)\(B(x))) . Returning to R[x] it
follows that (a(x), A) = (8(x), A) = ¥, (x), which is a contradiction.

THEOREM 10. M(x) <s a proper maximal ideal in Rlx] , if, and only
1f, either

(i) M(x) = (alz), p) , where p <is an odd prime in 2 and

alz) $ 1 mod p in Zlx] is irreducible mod p ; or

(ii) M(z) = (a(z), A) , where N(A) =2 and a(x) 1 mod A is
irreducible mod A .
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Proof. Immediate by Lemmas 4 and 5.

The preceding discussion showed that the maximal ideals were not, as
might be expected, generated by the prime elements of R[x] . The
following discussion will show that the unexpected also happens in the
characterization of the prime ideals. Again, as for the maximal ideals, a
characterization surprisingly analogous to the situation in Z[z] will be
shown to occur.

LEMMA 6. Let P(x) be a prime ideal in R[x] . Then P(x) n R 4is
a prime ideal in R .

Proof. Suppose P(x) n R is not a prime ideal in R . Then there
exist ideals A and B in R such that AB € P(x) n R , but neither 4
nor B 1is in this intersection. Now raise the ideals 4 and B to Rx]
forming the ideals A(x) and B(x) . Then A(x) = (a) and B{xz) = (B)

for some o and B8 in R .

Let Y(x) be any element in A(x)B(x) . Then

m
Y(z) = [z P @) (=) [hgl Y}f)(x)ev;f‘)(x)] :

(2) x (3)(x), Yéh)(x) , 1=1=n, 1=h=m, are

8

=<
™~

<
Bl

in R[x] . Thus 7Y(x) is a polynomial with coefficients in AB . Hence
A(xz)B(x) < P(x) , which is prime. Without loss of generality, suppose
P

(@
A(z) € Plx ) ; then AC 4(z) n RS P(x) n R, which is a contradiction.

LEMMA 7. Let m be in Z , alx) be in Zlz] , and alz), Blz) be
in Rlx]l . If molz) = alx)B(x) and alx) is irreducible in Zlx] , then
m divides B(x)

n
Proof. Let a(x)=a, +a,x+ ... +ax 1o z[x]
0 1 nl
i
= . + i cve i
B(x) BO + .. anx in R{zx] and Py pq be the prime

factorization of m in Z . Since a(zx) is irreducible in Z[x], there

must exist a first coefficient, say a, » such that P does not divide

a in Z .
8
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Suppose does not divide B(x) in R[x] . Then there exists a
Py

first coefficient, say Bt , such that pl does not divide B8 in R .

t

+
Now the-coefficient of x° ¢ in c(x)B(x) is

AoBorr * TBgypg P T ARt e ta By

Since this coefficient is divisible by pl and ao, ooy as 10

B are divisible by p, it follows that p, divides asﬁt in

10 0 By

R . But since is prime and does not divide a_ , there exist ¢
1 Py s 1

and e, in Z such that e.Py teyan = 1 . Hence clplBt + ceath = Bt ,

so that p divides B, in R, vwhich is a contradiction. Hence Py

t
divides B{(x) in R[x] .

Suppose B(x) = plBl(x) 3 then Py -~ pqa(x) = a(x)Bl(x) , 50 by the
same argument as above p, must divide Bl(x) . Continuing in this
fashion it follows that m divides B(x)

COROLLARY. Let p be prime in 2 , alz) be in Z[x] and o(z),
B(x) be in R[z]l . If polz) = a{z)B(x) in R[z] and p does not
divide alx) , then p divides B(z) .

Proof. Let aflx) = ag taEt ...t anxn in z{z] and

B(x) = BO + ...+ Bmxm in R[x] . Since p does not divide a(xz) there
must exist a first coefficient, say as » such that p does not divide as
in Z .

Now suppose p does not divide B(z) in R[x] and obtain a

contradiction as in Lemma 7.

LEMMA 8. Let P(x) be a proper prime ideal in Rlz] . Then P(z)

must have one of the following forms:
(i) (p(x)) , where p(x) is irreducible in Z[z] ;
(i2) (P) , where P 1is a prime ideal in R ;

(iii) (a(x), p) , where p is an odd prime in Z and

alz) $ 1 mod p in Zlx] is irreducible mod p ;
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(iv) (alx), ) , where N(A\) =2 and oaf(x) $ 1 mod A

18 irreducible mod X .

Proof, By Lemma 6, P(x) N R is a prime ideal in R . Thus, by

Theorem 2, there are three cases to consider.

i

Case 1. Plz) nR
K[{x] . Since P(z) nR
by Theorem 5, P(x)K[x] = @a(x)) for some a{x) in Z[x] . Hence alx)

{0} . PFirst raise P(z) to be an ideal in

{0} this must be a proper ideal in K[z] ; so,

can be written as a K[x] linear combination of generators for P(x) .
But then there exists a d in Z such that da(x) can be written as an
R[x] 1linear combination of generators for P(x) , so that da(x) is in
P(x) . Since d and a(x) are in the center of R[x] it follows that
the ideal product (d)(a(x)] is in P(x) . But P(x) is prime and
P(z) n R = {0} ; therefore (a(x)) < P(x) .

Let al(x) . an(x) be the prime factorization of afx) in Z[x] .
Then one of the ideals (az(x)) , 1 =1=<n, must be in P(z) . Without
loss of generality, suppose (al(x)) < P(xz) . Then it remains to show that
P(z) S.(al(x)) . Suppose the generators of P{x) are al(x), cees ar(x)
Since P(x)K[x] = (a(x)) = (al(x) cee an(x))K[x] it follows that there
exist integers mL,

1 <h=r, vhere Bh(x) is in R[x] and a

., m, in Z such that mhah(x) = al(x)Sh(x) s
l(x) is irreducible in
Z[z] . By Lemma T, my divides Bh(x) in R[x] for 1 =h =1pr . Thus
o (z) , 1=h=p,isin the ideal (g)(x)) in R[z] ; so

P(z) € (a (=)
Hence P(z) = (al(x)) , where al(x) is irreducible in Z[zx] .
Case 2. P(x) nR=P , where P # {0} is a proper prime ideal in

(i) P= (p) where p is an odd prime in Z . The first step is to
show that ¢p(P(x)) is a prime ideal in Rp[x] . Let (ap(x)] and

(bp(z)) be proper ideals in Rb[x] such that (ap(x))(bp(x)) E}¢p(P(x)] .

Then ap(x)bp(x) is in ¢p(P(x)) , so that ap(x)bp(x) + a{x)p is in
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P(z) for some of{x) in R[x] . But p is in P(x) , so ap(x)bp(x)
must be in P(x) . Since ap(x) and bp(:c) are both in the center of
Rf{x] and P(x) is prime it must be that ap(x) or bp(x) is in P(zx)
Hence (ap(a:)) or (bp(x)) must be in ¢p[P(x)] and thus ¢p(P(x)) is a

prime ideal in Rp[x]
By the above the prime ideals in R[x] containing p must lie among
the inverse images with respect to (bp of the prime ideals in Rp[x]

But the only ideals in R[x] which contain p and are among these inverse
images are (p) and (a(x), p) , where a(x) is in Z{x] and irreducible

mod p .

(ii) P = (A) where WN(A) =2 . Then, since A is in P(z) , the
isomorphism R[x]/P(x) '_—‘_Rx[x]/d))\(P(x)) holds. But Rx[x] is a
commutative ring; thus P(x) is a prime ideal in R[x], if, and only if,
q))\(P(x)) is a prime ideal in Rp[x] . Thus the prime ideals in R{x]
containing A must be among the inverse images with respect to ¢)\ of the
prime ideals in R)\[:c] . Consequently, the only possibilities are (A)

and (u(x), )\) , where of{x) in R[{x] is irreducible mod X .

Case 3. P(x) NR =R . If this istrue, then 1 is in P(x) which

is impossible.

LEMMA 9., (Z) Let p be an odd prime in Z and alx) ¥ 1 mod p in
zlz] be irreducible mod p . Then (alxz), p) is a proper prime ideal in
Rlx} .

(ii) Let N(A) =2 and olz) in Rlx] be irreducible mod X .
Then (a(x), A) is a proper prime ideal in R[z] .

Proof. (i) Let C(x) and B(x) be two ideals in R[x] such that
¢(x)B(x) < (alx), p) . Then

¢, (C(x))q)p(B(x)) g¢p(a(x), p) = ¢p(a(x)) = Ap(x) ,

say. By Theorem 8, Ap(ac) is a prime ideal in Rp[x] . Without loss of

generality d)p(B(x)) gAp(x) . Then
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B(x) < ¢;1¢p (B(z)) < o1 (4

2 (z)) € (al=x), p) ,

p

for, by Theorem 10, (a(x), p) is a maximal ideal. Thus (a(:c), p) is a

prime ideal.
(i7) Follows by the same argument as was used in (7).

LEMMA 10. () Let p be an odd prime in Z . Then (p) is a

proper prime ideal in R[z] .
(ii) Let N(A) =2 . Then ()) is a proper prime ideal in R[x] .
Proof. (Z) Let A(x) and B(x) be two ideals in R[x] such that
A()B(z) < (p) . Then, in R [z], ¢p(A(x))¢p(B(x)) c (o) .
Case 1. At least one of ¢p(A(:c)) or ¢p(B(x)] is (0) . Without

loss of generality suppose it is ¢p(A(x)] . Then
Alx) < ¢;l(¢p(,4(x;}) < (p) and the proof is complete.

Case 2. ¢p(A(x)) and ¢p(B(x)) are both proper ideals in Rp[x].
By Theorem 8, there exist ap(x) and bp(x) in Zp[:c] such that
¢P
(ap(x)) (bp(x)) € (0) , p must divide @ (¥)b(z) in Z[z] .

(A(x)) = [ap(x)) and ¢p(B(x)) = (bp(x)) . Then, since

Consequently, without loss of generality, p divides ap(x) in Z[x] .
Thus (ap(x)) =(0) ; so A(x)c ¢;l(¢p(A(x))) < (p) and the proof is
complete.

Case 3. Either ¢p(A(.7c)) or d)p(B(x)] is Rp[:c] . Without loss of
generality, suppose q)p(A(x)) = Rp[x] . Then, by Theorem 8, it must be

generated by a primitive element in R _[x] . Thus the generator of

¢p(B(x)) must be divisible by p ; so d)p(B(x)) = (0) , and again the
proof is complete.

(ii) Let A(x) and B(x) be two ideals in R[x] such that
A(x)B(x) < (A) . Then d))‘[A(x))d))‘(B(x)) c (0) in R)\[:c] . Since R)\[x]

is a commutative integral domain it follows, without loss of generality,
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that ¢,(4(2)) = (0) . Thus Alx) € 779, (A(x)) € () , and the proof is
complete.

LEMMA 11. Let p(x) , not equal to a constant, be irreducible in
Z[x] . Then (p(x)) 18 a prime ideal in R[x] .

Proof. Let A(x) and B(x) be ideals in R[x] such that
A(x)B(z) < (p(x)) . Then, lifting each of these ideals to KX[z] , it
follows that A(x)K[:x:]B(x)K[x] c (p(x))K[x] . By Theorem 6, (p(x)]K[x]

is a prime ideal in K[x] . Without loss of generality, suppose
A& 1 S P ey -

Let ot.l(x), cees ar(x) be the generators of A(x) in R[x] . Then
az(a:) = p(x)pz(x) , 1=1l=r, pZ(:z:) in K[z] ; so
mzaz(x) = p(x)BZ(x) , 1=1=r, Bz(x) in R[x] , and m in 2 .
Hence, by Lemma 7, my divides Bz(x) in R[x] for 1 =1 =pr . Thus
al(x) is in (p(x)] for 1 =1=r . Hence A(x) < (p(x)) and (p(x))
is a prime ideal in R[z] .

THEGREM 11. P(x) <s a proper prime ideal in Rlz] , if, and only

if, one of the following is true:

(i) Plz) = (p(z)), where p(x) , not a unit, is irreducible in Z[z];
(i1} P(z) = (P) , where P <{g a proper prime ideal in R ;
(iii) Plx) = (alx), p) , where p 1is an odd prime in Z and

alz) ¥l mod p in 2Zlx] s irreducible mod p ;

(iv) Plz) = (alz), A) , where N(A) =2 and alz) ¥ 1 mod A

is in Rlz] and irreducible mod A .

Proof. This is immediate from Lemmas 8 through 11.

D. A Szekeres type basis for the ideals of R[z]

DEFINITION. Let A(x) be an ideal in Rlx] . A(x) is a primitive
ideal if there does not exist an ideal [a(x)) , where a(z) is in Z{z]
or N(a(z)) =2 , such that A(x) ¢ (alx)) g Rlz] .

Let alxz) be an element in R[x] . Then
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20(z) = a.(x) + al(x)i + az(x)j + a3(x)k

%
for some ao(x), al(x), a2(x), a3(x) in Z[x] . Let a(x) be the

greatest common divisor of ao(x), v, a3(x) in Z{x] . Then
20(x) = a(x)(bo(x)+bl(x)4+b2(x)j+b3(x)h) = a(x)B(x) ,

where B(x) is in R[x] , its coordinates are in Z[x] , and have no

common divisor there. Then there are two possibilities:

(i) two divides a(x) in Z[x] ; then, clearly,
largest element in Z[x] which divides oa{z) in R[x] ;

(ii) two does not divide a(x) in Z[x] ; then, by the
corollary to Lemma 7, two must divide B(z) in R[z]
Hence, a(x) is the largest element in Z[x] which

divides of(x) in R[z] .
Now let B(zx) = (Bl(x), v Bs(x)) be any ideal in R[x] . By the

preceding paragraph, for each B(x) , 1 =1 =s , there is a greatest

az(x) in Z[x] such that BZ(x) = az(x)yz(x) , Yl(x) in R[z] . Now
let a(x) ©be the greatest common divisor of the az(x) , 1=1=<s8, in
Z[x] . Then

B(z) = (a(x) (vy(x), ..., Y ()

m

Let v,(x) = Y(Z) + Y(Z)x + ...+ Y(Z)x z , 1 =1<s . Factor from the
l 0 1 my

Yél) , 1s1l=s, 0=hs=s m s all common factors A in R with norm

two. Let Yl(x) = Al .. Ataz(x) , 1=1=<s , and

#(A) =...=0() =2. Then

B(z) = (@) () ... () (=), ..., a(@) = (a(x)) (M) a(z) |

vhere t 1is a non-negative integer and A(x) = (al(x), ceey as(x)) . Then
A{x) is a primitive ideal in Rx] .

Thus, in order to characterize all the ideals in the ring R[z] , it
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is sufficient to characterize the primitive ideals. This will be done by

adapting a proof by Szekeres [3].

LEMMA 12. Let A(x) be a primitive ideal in Rlx] . Then A(x)

contains a non zero integer from 7 .

Proof. Let A(z) = (al(x), .evs 0 (x)) where

r
ay(2) = alP(@) + P (@i + {P @) + ol (ot

(1)

for 1 =1 =pr . Then, by the same argument as in Theorem 5, ham

(z) ,

1=1l==r, 0=m=3, are in A4{x) n Z[{x] . Moreover, since 4{(zx) is

primitive, the greatest common divisor in Z[x] of these elements must be

2 or U4 . Thus, there exist h;z)(x) , 1=1l=r, 0=m=3, in @Q[x]

such that L E:Z:aél)(x)héz)(x) is 2 or 4 . C(learing denominators, it
I m

follows that

- ' k#o0

T3 4 ()l (o)
im

in Z , where the k;l)(x) , 1s1=»r, 0=m=3, are in Z[x]
Hence %k is in A(x) .

DEFINITION. Let o and B be in R . Then 0o is equivalent to
B (o~ B), if, and only if, (a) = (B)
In each equivalence class of R defined above choose a certain

element. This will be called a normed element of R .

Now the only proper ideals in R are of the form (mkt) where m 1is
non negative in Z , N(A) =2 ,and ¢t =0 or 1 . Thus one complete

representative set of the normed R is
¥=10, 1,2, .00 Ay 2A, 3%, ...} .
For convenience let N = {0, 1, 2, ..., A, 2X, 3k, ...}
LEMMA 13. Let A< B be ideals in R and A = (Yl] » where Y, is

given in N u N . Then there exists a Y, in N N such that B = (Yz)
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and Yl = aYz where o is in N .

Proof. Clearly Y, can be chosen in N U N so that B = (Y2) and

t t
Y2 can be either of the form mgk 2 or mzk 2 . It Jjust remains to show
t2 —ﬁz
that given Yl and the fact that Yl = almak = a2m2Y , at least one of
the al or a2 is in N .
& 3 2
Case 1. Y, isin ¥ . Let Yy, =mY,~ = almzk = a2m2>\ .
(i) ¢, =t, =0 Then m, = o_m so m2 = N(a )m2 in Z and m
1 2 : 1 12 ° 1 1’72 2
must divide ml . Thus al is in N for Y2 =m, .
(i1) ¢, =0, #,=1. Then m =amX , so m = 2NW(a)me in
1 ’ 2 : 1 272 1 272

A . Thus m, = kn_, for some k in Z ; hence ke = N(a2)2 , 50 k must

be even. Let k = 2kl .  Then 2kl = azi', so klk = a2 ; that is, o,
is in ¥ if y2=m27.
(iii) ¢, =1, ¢,=0. Then mA=oam, ; so 2m = N(a )m> in
1 2 1 12 2 1772
A . Hence m, divides m in Z . Thus oy is in N if Y, =M, .

(iv) ¢, = ¢t, =1 . Then mlx = almzk 3 S0 my = ogm, and the proof

is as in (i).

t
Case 2. Y1 is in N . Let Yy = mlxll . Then the same type of

argument that was used in Case 1 holds.

Let R(a) be the system of representatives containing the element

0 , of the residue classes mod o0 , for an element o in N .

THEOREM 12. Let A(x) be a primitive ideal in R[x] . Then
Az) = (ao(x), cees am(x)) , where

(i) ao(z) =0 e a
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7
azal(x) =z, )+ hgl thah_l(x) , 1=1<m;
(1) Ops vees O are in N , az;ﬁo, and am;él;
(iit) BlZ’ cees BZZ are in R(al) for 121 =m -

Proof I (showing that ao(x), cens am(x) are in R[x] }. Obviously

Oto(x) is in Rlx] .

(i) a,a (x)

Lo xao(x) + B, .a (x)

11%
(w8 )y o0

]
al(msll]az see O
] N N - t . -
where Bll is in R . Thus ocl(:c) = [x+Bll)oc2 ... 0 and is in Rlz] .

Moreover al(x) has leading coefficient o, ... O

2 m "’
(i) ouzaz(x) = acal(ac) + Blzuo(x) + Bzaal(x)
— )
= (x+822) (x+Bll)a2 P T TP
— ] n 1 ]
= a, (x+6,,) (2+8]) o P SRR
1 n ! 1 Y . -
where B, Bll’ 612, @, are in R . Thus a2(x) is in R[x] and has
leading coefficient o, ... o .
3 m

(i21) Continuing in this fashion it follows that ao(x), cees am(x)
are in R[x] . The leading coefficient of al(x) , 1=1=m, is
%

1 00 % and the leading coefficient of am(x) is 1 .

II (showing that (ao(x) s eees am(x)) is indeed a primitive ideal) .
Since ocm(x) has leading coefficient 1 and oto(x) is a constant other
than zero it is obvious that for m > 0 , the ideal (ao(x), vy am(x))

is primitive. For m = 0 , the polynomial sequence (x), «.., am(x) is

%

reduced to ao(x) =1,; so (ao(x), cees otm(ac)) is again primitive.

II1. Let MZ(:L') be the two-sided R-module consisting of those

elements of A(x) whose degree is at most 7 . Then
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My(2) c M (=) c My(x) < ...

Furthermore, the leading coefficients of the elements of Mz(x) form

an ideal My = (YZ) in R . By Lemma 12, MO # {0} ; thus

MyS M SH, S ...

is a non-trivial chain.

IV. Since R[x] is a noetherian ring, A(x) is finitely generated.
Consequently, there is a minimal I for which A(x) is generated by the
elements of Ml(x) . Denote this 7 by m(A(x)] =m.

V. Now choose, in one way or another, from among each of the
Mo(x), cees Mm(a:) a polynomial al(x) = YZxZ + ..., 0<1<m. Then,
for each element a(x) of Ml(x) » L >0, since its leading coefficient

is in MZ which is principal, there is an o in R for which
alx) = aal(x) lies in Ml—l

al(x)’ cees ao(x) are descending, it follows by induction that

(x) . Then, since the degrees of

ao(x), cees az(x) constitute a left R-basis of the R-module Mz(x)
Moreover, by definition of m ,

Alx) = (ao(x), cees am(x)]

VI. By III, M, C M € M,c ... . Bach of these ideals is principal

0 1
in R and the generator YO of MO can be taken in N . Then, by Lemma
13, there exists y, in N u N such that Ml = (Yl) and Yo 5 %Yy
where oy is in N . Continuing up this ideal chain applying Lemma 13, it

follows that there exist elements al, fees am £ 0 in N such that

o = aYg > 1=1=m.

Vii. By VI, oY = for 1 =7 =m. Hence «a

V-1 1 % T
for 1 <1 =<m. Thus, alaz(x) - xaz_l(x) is in Ml—l(x) for

1 <171=<m. Hence, there exist th s L=h=1, 1=1=<m,in R
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such that
A
= + =
a,a(x) = 20, (x) héi B %, 1(®) for 1sls=m,
and o.(x) =a, ... ca_ .
mom
Now, using the formulations for ao(x), cees am(x) in I, it follows

that Y, divides ao(x), cees am(x) . But Y is in N u N and

ao(x), cees am(x) generate A{x) which is primitive. Thus Y, = 1

VIII (showing that o, #1 ). 1r @ =1 (thus m >0 ) it would
follow from VII that am(x) is contained in the ideal generated by
ao(x), e am_l(x) . But then this ideal would be equal to A(x) ,
contradicting the definition of mLA(x)) =m in IV.

X (showing that BlZ’ e BZZ are in (az) for 1 =1 =<m ].
Clearly this condition holds for ao(x) . Now continue by induction.

Suppose that for some » , 1 < r =<m , the ao(x), e (x) have been

%p1
chosen as in V so that the coefficients Bhl , 1=h=1, 1=1<pr1,
satisfy condition (7).

Let a;(x) be any polynomial in A(x) which might replace ar(x) .

e O

% . ..
Then ar(m) and ar(x) have the same leading coefficient Oy -

. % . . .
Thus, since ar(x) is in M}(x) , there exist 60, cens Gr—l in R such
that

af(x) = a,(x) +6 (x) + ... + Goao(x)

r-1%r-1
From this it follows that
r
* = + +
aaX(z) =z (x) Zl[,l (870,68, 1)y o (=) .

- < < g .. - . -
Thus BZP BZP + ar61-1 s 1 =1=pr , and condition (24Z) is satisfied.
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