THE REVIEW OF SymBOLIC LogGIc, Page 1 of 17

THE EXTERNAL VERSION OF A SUBCLASSICAL LOGIC

MASSIMILIANO CARRARA

Department of Philosophy, Sociology, Pedagogy, and Applied Psychology,
University of Padua
and

MICHELE PRA BALDI

Department of Philosophy, Sociology, Pedagogy. and Applied Psychology,
University of Padua

Abstract. A three-valued logic L is subclassical when it is defined by a single matrix having
the classical two-element matrix as a subreduct. In this case, the language of L can be expanded
with special unary connectives, called external operators. The resulting logic L° is called the
external version of L, a notion originally introduced by D. Bochvar in 1938 with respect to his
weak Kleene logic. In this paper we study the semantic properties of the external version of a
three-valued subclassical logic L. We determine sufficient and necessary conditions to turn a
model of L into a model of L®. Moreover, we establish some distinctive semantic properties of L¢.

§1. Introduction. In the philosophy of logic debate departures from classical
reasoning have been motivated by specific phenomena, such as paradoxes, partial
information and vagueness. However, as G. Priest argues, paradoxical sentences “seem
to be a fairly small proportion of the sentences we reason with. It would seem plausible
to claim that in our day-to-day reasoning we (quite correctly) presuppose that we are
not dealing with paradoxical claims” [34, p. 235]. When we are not dealing with these
phenomena, we generally want to reason classically, as classical logic (CL) appears to
function perfectly well in ordinary contexts. The challenge, then, is: how can we secure
we reason “classically” when we are not dealing with these non-normal phenomena?
Or, equivalently: how can we recover specific sets of classical inferences within a
non-classical propositional logic? A widely recognized approach is to enrich the
language with new unary connectives, commonly referred to as normality, classicality,
consistency, or determinedness operators. This is precisely the direction originally
pursued by N. da Costa, the founder of the well-established tradition of the Logics
of Formal Inconsistency within the field of paraconsistent logics (we refer the reader
to [12] for a comprehensive survey of this tradition). Subsequently, similar intuitions
led J. Marcos to the development of the Logics of Formal Undeterminedness [32].
More recently, D. Szmuc advanced this line of research by investigating consistency
and determinedness operators for a specific family of logics of variable inclusion (also
known as infectious logics) [37].
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2 MASSIMILIANO CARRARA AND MICHELE PRA BALDI

However, the theoretical origins of this approach can be traced back to 1938, when
the Russian logician D. Bochvar expanded his three-valued logic with the so-called
external connectives. Bochvar’s three-valued logic (B) is formulated within the classical
language (A, V, =) (see Example 3.2), and it was historically studied in connection with
paradoxes. Despite its modest success in dealing with paradoxes, this logic has been
experiencing a resurgence in recent years. On the formal side, it has been explored within
the framework of logics of variable inclusion [8]; in philosophy it has been applied to
the debate on subject-matter [4, 25]; and in epistemology it has been employed in
belief revision theory [13, 14]. In this logic, assigning the non-classical truth value 1/2
to a sentence ¢ traditionally means that ¢ is considered meaningless (or off-topic),
which is equivalent to evaluate a variable appearing in ¢ as !/2. Consequently, B
is a theoremless logic, in the sense that every classical theorem (think of ¢ V —¢)
admits a counterexample by simply evaluating one of the variables appearing in ¢ to
1/2. That is, when some of the information contained in ¢ V —p is meaningless, the
entire sentence becomes meaningless as well. This distinctive feature is traditionally
called the contamination principle. However, we might want our logical language to
express the idea that “p V = is true whenever it is meaningful.” This is precisely what
Bochvar achieved by enriching the language with new unary connectives Ao, Ay, Ay,
called external operators, whose intended interpretation is “being meaningful and
false,” “being meaningless,” and “being meaningful and true,” respectively. The same
operators were independently introduced, under different names, by D’Ottaviano and
da Costa in 1970 [23] to formalize the paraconsistent logic J3 (see Example 3.2), further
refined in collaboration with Epstein few years later [24].

Those external operators enable us to express new semantic features, otherwise
inaccessible from the internal language (A, V,—) of B. Semantically speaking, they
provide a yes/no answer, thus taking values among {0, 1} only, to the question
asking whether their arguments are classical/non-classical or true/false. The resulting
expansion of B with the external operators is known as Bochvar external logic (B¢),
and the sentence “p V - is true, whenever it is meaningful” can be formally identified
with the fact that Aj V —A;¢ is a theorem of B®.

A closer look into investigations of Bochvar through the lens of modern algebraic
logic shows that, when minimal conditions are met, the concept of external version of a
logic—i.e., its expansion with external operators—does not rely on specific properties
of B, but it can be applied to a wide family of three-valued logics, which we call
subclassical (see Definition 3.1).

Despite the extensive logico-philosophical literature focusing on consistency,
determinedness, and other specific types of external-like operators, a uniform, logic-
independent approach to external operators remains lacking. Likewise, the general
concept of the external version of a subclassical logic has not been fully explored.
Further motivation for this investigation comes from the fact that several well-known
logics, beyond B¢, can be interpreted as the external version of a subclassical logic. One
example is three-valued Lukasiewicz logic t.3, that can be equivalently formulated by
replacing the implication — with the operator A; in the three-element Lukasiewicz
chain (see Figure 1). In this algebra, A; is known as the Monteiro-Baaz operator,
commonly understood as a modal operator of necessity (see [15, 16, 18]). Thus, L3
can be viewed as the external version of strong Kleene logic K3, in symbols K§ = L;.
Similarly, the paraconsistent logic J; results as the external version of the logic of
paradox (LP). Despite this, the connection between these logics has not yet been
explored within the conceptual framework considered here.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 19 Dec 2025 at 16:53:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/51755020325100993


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1755020325100993
https://www.cambridge.org/core

THE EXTERNAL VERSION OF A SUBCLASSICAL LOGIC 3

The algebra SK (type (2,2,1))

SK SK

Ao e V9o n
0 0 0 0 0 0 12 1
2 10 12 12 V2 | 12 12 1]
1 0 12 1 1 1 I 1
The algebra WK (type (2.2. 1))
Ao Voo
0 10 12 0 0 10 12 1
1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/2
1|0 121 1|1 a1
The algebra L; (type (2,2,2,1))
AR o e Valo o SR o
0 |0 0 0 0 0 12 1 0 1 1 1
12 10 12 1) Vo |12 12 1 I |12 1 1
1o 12 1 S T 1o 1n 1
The algebra S; (type (2.2, 1))
AT lo a1 VP o e
0 {0 0 O 0|0 0 1
1210 12 1 1010 1 1
1 0 1 1 1 I 1 1
The algebra Z; (type (2.2,2,1))
AP o e Vilo a1t SP o e
0 |0 0 O 0 0 12 1 0 1 1 1
1210 12 1) 12 |12 12 1 1210 12 1
1 0 12 1 1 1 I 1 1 0 0 1

Figure 1. Defining algebras.

The key takeaway is that several well-known logics, which might initially seem
unrelated, actually converge as external versions of certain three-valued logics. This
suggests that this method of deriving new logics could provide a common framework
for studying a broad family of logics under a unified umbrella.

In this paper, we tackle two central questions connected with the external version
L¢ of a subclassical logic L. Firstly, we provide a characterization of the quasivariety
playing the role of the algebraic counterpart of L¢ (§4). More precisely, we will provide
necessary and sufficient semantic conditions to define an external operator over a
model of L (Theorem 4.7). This question, in the special case of Bochvar logic and
strong Kleene logic, has been answered in [10, 15]. We prove that not every model of a
subclassical logic allows for the definability of an external operator, and we establish
a useful criterion to detect when this is the case (Corollary 4.8). Furthermore, in §5
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4 MASSIMILIANO CARRARA AND MICHELE PRA BALDI

we provide an overview of the logical properties that are recaptured in the step from a
logic to its external version. This is the case of well-known and desirable properties of
CL. such as algebraizability and the deduction theorem (DDT).

§2. Preliminaries. For unexplained terminology the reader can refer to [26] or [22].
In this paper we will mainly deal with (expansions of) two propositional languages:
the classical language (A, V, ) of type (2,2, 1) and the language (A. V.-, A;) of type
(2.2.1.1)." Once a propositional language is fixed. by Fm we denote the set of formulas
built over it, and by Fm the absolutely free algebra with universe Fm. When necessary,
we will write Fm, to empathize that we are referring to the language £. We will
often omit the notational distinction between an algebra A and its underlying universe
A, thus writing @ € A in place of a € A. Whenever A, B are algebras of the same
type (or similar) and h : A — B is a homomorphism, we set A[X]={b €B:b =
h(a) for some a € X}, for X C A. The dual notion applies to 4~ '[Y]. where Y C B.
For a class of algebras K we denote by I S, H, P, Psp, Py(K) the closure of K under
isomorphic copies, subalgebras, homomorphic images, products, subdirect products
and ultraproducts.

A logic L in a specified language is a reflexive, monotone and transitive relation L C
P(Fm) x Fm, which is also invariant under substitutions, meaning that if (', ) € L
then (A[['].h(p)) € L for every homomorphism /4 : Fm — Fm. As usual, instead of
using the infix notation, we denote a rule of the logic (I',p) € L as I' - ¢. We
use ¥ L ¢ as a shorthand for ¢ F v and w . ¢. For @ C Fm, by ' @ we
understand I' - ¢, for each ¢ € @. In this paper, we always assume that the logics
we deal with are non trivial. Similar conventions apply when considering equations
instead of formulas and the equational consequence Fy of a class of algebras K instead
of the consequence relation of a logic. A logic L is finitary if T 1 ¢ entails A . ¢,
for some finite A C I'. In this paper, we will only deal with finitary logics, unless stated
otherwise. On the semantic side, our main tools will be provided by the theory of
logical matrices. A matrix consists of a pair (A, F), where A is an algebra and F is a
subset of its underlying set. Each matrix (A, F') uniquely defines a logic - (AF) (in the

same language as A) as follows:

Lh,pe = Yh:Fm— A if h[T'] € F then h(p) € F,

(AF

forT' U {¢} C Fm. A matrix (A, F) is complete or characteristic for a logic L when

L < I'F (Char)

(AaF)y P

When the left-to-right implication of (Char) in the above display holds, we say that
the matrix is a model of L. Of course, this entails that A is an algebra of the same type
of L. In this case, F is called a filter of the logic L. Intuitively, F C A is an L-filter when
it is closed under all the possible interpretations of L-rules over A, and its elements
are the so-called designated values. A formula ¢ is a theorem of L if | . A set of
formulas I' is an antitheorem of L if for each model (A, F) and /& : Fm — A it holds
h(y) € F for some y € I'. This is equivalent to saying that the formulas in I cannot be
jointly designated within a model of the logic. Each logic L is canonically associated

' We do not consider constant symbols in the language. This is a purely conventional choice,
and it does not affect the results of the paper.
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THE EXTERNAL VERSION OF A SUBCLASSICAL LOGIC 5

with a class of algebras, its algebraic counterpart Alg L. For instance, if we consider
CL. intuitionistic logic (IL) and strong Kleene logic (K3 ), we obtain that Alg CL is the
class of Boolean algebras, AlgIL is the class of Heyting algebras, and Alg K3 is the
class of Kleene lattices. For any logic L, the class Alg L is closed under IPsp, but need
not to be closed under S. AlgL is, intuitively, the class of algebras that support the

“interesting” models of L, the so-called reduced models. These are the models (A, F)
such that QA F is the identity relation on A, where the congruence OAF on A is defined,
forevery a,b € A as

(a.b) € Q*F ifand only if p(a.¢) € G < ¢(b.¢) € G.

for each formula ¢(x,Z), each ¢ € A and each L-filter G O F on A. Crucially,
A € AlgL if and only if, for some L-filter F on A, QAF is the identity relation.

We say that the matrix (A, F) is a submatrix of (B, G) if A is a subalgebra of B (in
symbols A < B) and F = G N A. When £’ is a sublanguage of £, given an £’-algebra
A and an L-algebra B, we say that A is a subreduct of B when A is a subalgebra of the
algebra we obtain by restricting B to the operations of £’. When this condition holds
and A, B have the same universe, we say that A is the reduct of B. The same terminology
applies to matrices if we replace “subalgebra” with “submatrix.” A class K is a variety
if it is closed under H, S, P, and it is a quasivariety if it is closed under ISPPy. When
K is a finite set of finite algebras, the smallest quasivariety containing K is ISP(K).
A quasivariety is axiomatized by a set of quasi-equations, namely, universal first-order
sentences in prenex normal form, where the non-quantified part is an implication
whose antecedent is a finite conjunction of equations and the consequent is a single
equation.

§3. The external version of a three-valued logic. We say that a logic L is n-valued
if n € w is the smallest cardinality that a complete reduced model for L can have.
For instance, CL is two-valued, Belnap—Dunn logic FDE is four-valued, while IL is
not n-valued, for any n € w. Three-valued logics typically emerge as an attempt to
weakening CL by rejecting some of its distinctive inferences. This is done by expanding
the classical (Boolean) domain {0, 1} with a third non-classical truth value (1/2), whose
interpretation may vary depending on the specific context under consideration. For
instance, in the LP the rules of disjunctive syllogism (¢, = V y F ) and of ex falso
quodlibet (o A = F ) admit a countermodel by evaluating ¢ to /2 and y to 0.

From now on, it is convenient to denote the universe of a three-valued matrix by
{0,1/2, 1}, where {0. 1} is the subuniverse of the two elements Boolean algebra. This
kind of logics retain the classical language (A,V,—) as a (not necessarily proper)
fragment and, semantically, their operations behave classically when restricted to the
Boolean universe. Examples can be found in the realm of Kleene logics (e.g., LP, K3, B,
and PWK), relevant logics (e.g.. RM3 and S3) and fuzzy logics (L3 and J3), semantically
defined in Example 3.2.7 We condense these features within the definition of subclassical
logic.® From now on B, denotes the two-element Boolean algebra with universe {0, 1}.

2 We refer the interested reader to [3. 19, 20, 35] for a comprehensive treatment of the
mathematical and philosophical aspects of three-valued logics.
3 This expression is taken from [21]. where this name is used to identify similar logics.
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6 MASSIMILIANO CARRARA AND MICHELE PRA BALDI

DEFINITION 3.1. Let L be a three-valued logic whose characteristic reduced matrix is
(A, F) (which will be called defining matrix). We say that L is a subclassical logic if"

(i) By is a subreduct of A and F N B, = {1};
(ii) A satisfies p =~ ——p.

In general, no philosophical or arithmetical reading of the non-classical element 1/2
should be assumed, as the appropriate interpretation only depends on its realization
in a specific algebra. Notice that (ii) in Definition 3.1 entails that 1/> = =1/ in every
defining algebra of a subclassical logic. Thus, in every subclassical logic with defining
matrix (A, F), the operation — is uniquely determined on A as =0 = 1, -1 =0, and
—la =1/,

We now introduce a stock of logics that will be instrumental for our purposes. These
are paradigmatic representatives of subclassical logics (Definition 3.1) that the reader
may keep in the background throughout the paper. This will provide a solid base to
constantly test the new concepts and the forthcoming results.

EXAMPLE 3.2. The following logics are subclassical (see Figure 1).

o Kj, the logic defined by the matrix (SK.{1}). This is strong Kleene logic, a
well-known three-valued logic introduced in relation with theories of truth and
paradoxes (see [1] for a detailed formal study).

o LP, the logic defined by the matrix (SK, {1, 1/2}). This is known as the LP, a
famous paraconsistent logic introduced in [2] and further applied and developed
by Priest [34].

e B, the logic defined by the matrix (WK, {1}) This logic, known as Bochvar logic,
has been introduced in [7]. Recently, it has been studied in connection with logics
of variable inclusion [8)] and their application to several topics in philosophy of
logic [14, 38, 39].

e PWK, the logic defined by the matrix (WK, {1,1/2}). Together with Bochvar
logic, PWK belongs to the family of weak Kleene logics and it has been studied
in the context of a paraconsistency [31].

e RMj, the logic defined by the matrix (Z3,{1,1/2}). This logic is the strongest
(non-classical ) extension of the logic of relevant mingle RM, a well-known logic
connected with the relevant family (see [3, 27]).

e S, the logic defined by the matrix (S3,{1.1/2}). Such system is equivalent
to Sobocinski logic, a relatively well-known logic studied for its relation with
linguistic fragments of the logic RM [6, 33, 36].

e S, the logic defined by the matrix (S, {1}). To the best of our knowledge, this
logic is not studied in the literature.

o L3, the logic defined by the matrix (L3, {1}). This system is widely recognized as
Lukasiewicz three-valued logic, and it probably is the most famous three-valued
fuzzy logic [16, 17].

o I3, the logic defined by the matrix (L3, {1,1/2}). This logic has been developed
by Da Costa and D’Ottaviano as the (weakly) paraconsistent counterpart of
Lukasiewicz logic (see [26, example 3.20]).

The logics introduced in Example 3.2 do not form an exhaustive list of subclassical
logics. Notice, moreover, that a subclassical logic is finitary, as it is complete with
respect to a single finite matrix. Before proceeding, we state an assumption that will be
effective for the rest of the paper.
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THE EXTERNAL VERSION OF A SUBCLASSICAL LOGIC 7

ASSUMPTION 1. We assume that, whenever L is a subclassical three-valued logic whose
defining matrix is (A, F), then AlgL = ISP(A).

All logics of Example 3.2 satisfy Assumption 1, which always holds when L is
algebraizable (see Theorem 5.4). One can notice that the just mentioned three-valued
subclassical logics can be partitioned into two subclasses, depending on the set of
designated values they preserve in the consequence relation. More precisely, given a
three-valued algebra A having B, as subreduct, the only two non-degenerate filters
over A are {1} and {1,1/2}. The pairs (K3, LP). (B,PWK), (S,.S). and (L3.J3) are
instances of this phenomenon with respect to the algebras WK, SK. Ss, L;. We are now
ready to introduce the notion of external version of a subclassical logic.

DEerNITION 3.3. Let L be a three-valued subclassical logic in the language L, whose
characteristic matrix is (A, F). The external version of L, L, is the logic defined by the
matrix (A°, F), where A® is the algebra in the language £ U {A,} with universe A and
whose operations are defined as: oA = oA, foro € L and

- fUe
0 otherwise.
With these notions at play it is possible to see that t.; is the external version of K3,
J3 is the external version of LP and, of course, B¢ (see [9]) is the external version of B.
It now seems natural to investigate the relationship between a subclassical logic L
and its external version L¢. With this goal in mind, we proceed to tackle two central
questions.

e How are the matrix models of L and of L¢ related?
e Which semantic properties are preserved or gained in the step from L to L¢?

§4. The semantic meaning of external operators. The goal of this section is to
examine the semantic impact of external operators on the class of models naturally
associated with a subclassical logic. One might expect that, given a model of a
subclassical logic, it is always possible to define an appropriate external operation A;
to obtain a model of its external version. However, this is not the case. The definability
of such an operator forces non-trivial semantic conditions. Thus, the central question
to answer is: under what conditions can the algebraic reduct of a reduced model of a
subclassical logic L be expanded to a reduced model of its external version L°? In the
special case of the logic K3, a solution was given in the pioneering work of [15]. In the
case of Bochvar logic, this result has been recently established, with different methods,
in [9, 10]. In both cases, the conceptual framework employed relies on very peculiar
properties of the respective algebras and the associated logics. Here, we will provide a
more general solution to the problem based on the theory of nuclei. The result is that
the algebraic reduct of a reduced model B of L can be turned into a reduced model of
L° if and only if a specific conucleus is definable on B.

As in the rest of the paper, let us denote by A the algebra that supports the
reduced matrix (A, F) of a three-valued subclassical logic L. Also recall that, as
stated in Assumption 1, we require AlgL = ISP(A) (notice that all the subclassical
logics discussed so far fulfill this assumption). Now, if we consider B € SP(A),
namely, B < A/, for some set of indexes I. each b € B is a tuple (7;);c; such that
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8 MASSIMILIANO CARRARA AND MICHELE PRA BALDI

m;b € {0,1/2,1} for every i € I, where ;b denotes the i-th entry of b. In plain words,
each element of Bis a tuple whose entries are values among the underlying set {0, 1/2, 1}
of A. We now introduce the notion of Boolean skeleton for an algebra B € SP(A), as it
will play a central role in this section.

DEFINITION 4.1. Let C < Al The Boolean skeleton of C. B for short, is defined as
BC:={ccC:mecec{0.1}, foralli € I}.

One can see that, if BC #£ () (the case B = () may arise. as we do not assume
constant operations in our language), then it forms a subalgebra of C. Moreover,
for each ¢ € BC, n;(c A—=c) =0, 7;(c V—c) =1 for each i € I. In other words, the
elements of the Boolean skeleton of C < A’ are tuples whose values are among {0, 1}
and they form a Boolean subalgebra of C. Since AlgL is a quasivariety, this notion
can be naturally extended to an arbitrary B € Alg L by taking isomorphic pre-images,
as specified in the next definition.

DEFRINITION4.2. LetB € Alg L. namely, B =2 C < Al where h is an isomorphism B — C.
The Boolean skeleton of B determined by h is B8 := h'[BC].

Notice that in Definition 4.2 the Boolean skeleton of B is relative to a fixed
isomorphism % : B — C. Moreover, this definition has a purely technical role, and
it does not introduce any real conceptual gain with respect to Definition 4.1. Indeed,
up to isomorphism, all the algebras belonging to Alg L can be thought as subalgebras
of AL,

Now, let us define a partial order < on {0,1/2, 1} as0 < 12 < 1. Fora.bh € C < A/,
seta <. bif and only if 7;a < n;b, foreachi € 1. When /& : B — C s an isomorphism
and ¢.d € B, we set ¢ <, d if and only if i(c) <. h(d). It is trivial to check that
=g+ =¢ are partial orders. It is clear that this order can be equally defined on algebras
belonging to ISPP(A¢). The key tool for our purposes is the notion of conucleus. This
concept found useful applications in logic, and it historically plays a central role in
the study of varieties of residuated lattices, namely, algebraic varieties arising as the
equivalent algebraic semantics of substructural logics [28, 29]. For our purposes, a
convenient formulation of the definition of conucleus is the following.

DEFINITION 4.3. Let B = C < Al and h be an isomorphism B — C. A conucleus on B
is amap o : B — B. which is monotone with respect to < and such that:

(i) ala) =5 a:
(ii) o(a) Na(b) =, ala Ab):

(iii) o(a(a)) =ala).

for every a,b € B.

We will refer to [B] = {a € B: a(b) = a for some a € B} as the conuclear image of
a. As we shall see, we will be interested in special kinds of conuclei, whose features are
defined below.

DEFINITION 4.4. Let B = C < A, and h be an isomorphism B — C. A conucleus ¢ on
B is called:

e Boolean if its conuclear image is B®;
e complete if, for each a € B, \/Al{b c®A 1 p =, h(a)} € h(a[B]).
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THE EXTERNAL VERSION OF A SUBCLASSICAL LOGIC 9

We will say that B € AlgL admits a conucleus when there exist C < A’ and an
isomorphism % : B — C such that the conditions of Definition 4.3 apply, and similarly
for the specifications introduced in Definition 4.4. Notice that if ¢ is a Boolean
conucleus on B, then BB £ (), ¢[B] = B® and a € B® entails o(a) = a. Moreover.,
the condition that ¢ is complete entails that the join \/{b € BA p = h(a)} exists

in A7, for each a € B.

When needed, we will write o, to emphasize the fact that it is a conucleus on
B, and we will sometimes omit parentheses in order to simplify the notation. If we
replace A’ with (A¢)! and L with L¢ in Definitions 4.3 and 4.4, they obviously extend
to algebras belonging to AlgL°. Since the property of being a Boolean conucleus is
preserved by isomorphic preimages, the following fact is an immediate consequence of
the definitions.

FACT 4.5. Let B be the A\-free reduct of an Alg L¢-algebra B® and let h : B — C <
(A be an isomorphism. Suppose o is a Boolean conucleus on C. The map o defined
for every a € Bas ay(a) = h'a.(h(a)) is a Boolean conucleus on B.

The next lemma characterizes how the operation A; is computed in a power of A°.

eI e
LemMa 4.6. Let a € (A¢)!. Then Aja = \/*") {b € BA) : p = aeyt at.

Proof. Consider a € (A¢)!. In order to simplify the notation, let us write < as a
shorthand for jw) , and set

X=1{b e 1 p < a}.

Notice that X is clearly non-empty. as Aja € B4 and Aja = a. This is true because
the operation A; is computed component-wise over a power of A¢. Suppose, towards a
contradiction, that » € X and b ﬁ Aia. Thus ;b = 1 and 7;Aja = 0 for some i € I,
which entails 7;a € {0,1/2}. However, b < a implies 7;a = 1, a contradiction. This
proves that Aja is an upper bound of X. The fact that Aja = \/ X follows from the
fact thatif » € X and Aja < b thenb = Aja. O

In view of the above lemma, an equivalent description of the computation of A; is
the following:
eI
Ara = max{h € BA) . p -<(A€>I at.

We are now ready to state the main result of this section.
THEOREM 4.7. Let B € Alg L. The following are equivalent:

(i) B can be equipped with the structure of an Alg L¢-algebra;
(ii) B admits a complete Boolean conucleus.

Proof. (i)=(ii). Let B € AlgL and suppose it is possible to equip B with a unary
operation Ay, i.e., we can expand B with a unary operation Ay, so that the expanded
algebra BA € Alg L¢. This means that B® is isomorphic via a map / to some C < (A¢)’.
Thus, the elements of C are tuples whose entries are among {0, 1/2, 1}, i.e., for ¢ € C,
mic €{0,1/2,1} for every i € I. Since C < (A¢)", Af is a map C — BC. This is true
because, for any element a € C, ASa = (AA);a);¢; and clearly A(1A6>7z,-a € {0,1} for
every i € I. Thus, Alc is a map C — BB, We now show that Af is a Boolean conucleus
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10 MASSIMILIANO CARRARA AND MICHELE PRA BALDI

on C. To this end. recall the partial order 0 < 1/2 <1 and its realization <. over the
algebra C defined, forevery a,.b € Casa =c bifand only if 7;a < n;b foreveryi € I.
If we consider a € C, it holds that

niAICa _ 1 lfﬂia : 1 (DefACi)
0 otherwise,

thus ACa <. a. Moreover, if a € BC, clearly ASa = a.

Let now a =< b. By the above display (Def Af") it is immediate to check that that
if m;a < m:b then m;ACa <. m;ACh, so Af is monotone with respect to <... The fact
that AS(A€a) = A€a can be checked similarly. We now prove (i) in Definition 4.4,
namely, that ASa A ACH <. A (a A b). Observe that ASa A ASH, A (a A b) € B and
that, for every ¢,d € BC it holds that ¢ 2cd if and only if ¢ A d = ¢. Moreover, as
C c P(A¢), it satisfies all the quasi-equations that hold in A¢. Since it is easy to check
that

ACE (Ao ANA) A (Al(e Aw)) = (A AAy),
then
(Ala A\ Alb) A\ (Al(a A\ b)) = (Ala A\ A]b)

holds in C. thus AYa A ASh <. AS(a A b). This shows that A€ is a Boolean conucleus.
By Fact 4.5 the map o, defined for every a € Bas o,(a) = h''o.(h(a)) is a Boolean
conucleus on B. It remains to show that this conucleus is also complete, but this
follows from Lemma 4.6, upon noticing that. for @ € B, AA) h(a) = ASh(a) € B =
h(a,[B]).

(i))=-(i). Consider B € AlgL = ISP(A). Suppose B admits a complete Boolean
conucleus g, : B — BB where B8 is the Boolean skeleton determined by some algebra
C < Al isomorphictoBvia/ : B — C.Itisimmediate to check that the map defined for
everya € Caso.a = h(o, h~'a) is a Boolean conucleus on C. Consider the algebra B’
obtained by expanding B with the operation o, and similarly for C with respect to ..
Clearly the isomorphism / extends to an isomorphism between the expanded algebras
h:B° — C’ because, for a € B, g h(a) = h(o,h'ha) = h(c,a). We only need to
show that, for i(a) € C?. o.h(a) = Ajh(a). where A, is the operation computed on
(A¢)!. From the fact that o, is complete, together with Lemma 4.6, we obtain that

Ah(a) = \/{b € B :b < h(a)} € h(o,y[B]) = BE,

where the join takes place in (A¢)! and < is a shorthand for < o Clearly,

(A
o.h(a) =< h(a) because o is a Boolean conucleus, so by the above display o./(a) <
Aih(a). Moreover, since g ismonotone, Aji(a) < h(a)entailso Ajh(a) = Ajh(a) <
o.h(a). thus o h(a) = Ayh(a). as desired. O

The intuitive meaning of being a complete Boolean conucleus can be described as
follows. If we see the elements of a model as truth-values. it expresses the fact that,
whenever a is a non-classical truth value, then it is possible to select the greatest Boolean
truth value below a. In other words, completeness ensures that a notion of “closest”
Boolean value is always defined in a model.

The following corollary provides a criterion to identify the algebras of AlgL that
cannot be equipped with the structure of an L°-algebra.
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[ 2|

e 0
Figure 2. The four-element chain Kleene lattice K4.

COROLLARY 4.8. Suppose B € Alg L admits a Boolean complete conucleus o. Then,
for different elements a, b € B it holds that

ifo(a) = o(b) then o(—a) # a(=b). (Sep)

Proof. Theorem 4.7 ensures that the expansion B? of B is isomorphic via /4 to some
C < (A9, thus, for a € B, h(oa) = Ajh(a). where A; is the operation on (A¢)7. It
easy to check that

AEAp= ANy &A= A~y = p=y.

Since the validity of quasi-equations persists in isomorphic preimages of subalgebras
of products, (Sep) is true in B?. Thus, for different a.b € B, o(a) = o(b) entails
o(—a) # a(-b). O

The concrete meaning of this result is briefly exemplified below.

ExamPLE4.9. Consider the four-element Kleene lattice depicted in Figure 2. In the light
of Corollary 4.8, it is easy to verify that and why this algebra cannot be turned into a three-
valued fukasiewicz algebra. To see this, suppose it admits a complete Boolean conucleus
. This entails that, the Boolean skeleton determined by an isomorphismh : B — C < A!
is not empty. Therefore, as it can be easily checked, this Boolean skeleton consists of the
elements {0, 1}, depicted with solid circles as in Figure 2. The induced Boolean conucleus
is represented by arrows. Clearly, ¢ does not satisfy the condition (Sep), as a # —a but
o(a) = o(—a). against Corollary 4.8.

For a wide class of subclassical logics the above results can be refined, and the extra-
condition imposed on a conucleus of being complete can be substituted by a single
inequality. In such cases, the sufficient and necessary conditions needed to turn an
algebra B € AlgL into an Alg L°-algebra can be verified on B, without any reference
to the second condition in Definition 4.4. If we refer to the stock of logics introduced
in Example 3.2, this is the case of K3, LP, B, PWK, and RM3.

LeMMA 4.10 [11, Theorem 7.15]. Let A, B be similar algebras. Then A € ISP(B) if
and only if there exists a family of homomorphisms h; : A — B such that (", , ker h; is
the identity relation.

THEOREM 4.11. Let L be a subclassical logic such that 0V 1/2 # 0 is true in A°. Then, for
B € AlgL the following are equivalent:
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(i) B can be turned into an Alg L¢-algebra:
(ii) there exists a Boolean conucleus o on B satisfying x < ox V —x.

Proof. ()=(ii). If B can be turned into an AlgL‘-algebra, then the expansion
B of B is isomorphic to C < (A¢)! via h. Theorem 4.7 ensures that A; on B is a
Boolean conucleus. The fact that for a € B, it holds that ¢ < Aja V —a is equivalent to
h(a) = Ath(a) vV =h(a) on C. To prove this, it suffices to mechanically check that, for
each i € I, m;h(a) < n;(A1(h(a))) V n;(=h(a)), upon recalling the assumption that
1/2v 0 # 0 holds in A°.

(ii)=(i) Let B as in the statement, thus, as in Theorem 4.7, B’ = C? via h, for
some C < A’. For each i € I consider the projection map 7; : C — A€. It is clear
that each 7; preserves the operations of the language of A. We now show that each
map 7; extends to a homomorphism C’ — A¢. Thus, we need to prove that, for
each a € C it holds ni(aca) = A(m;a). To this end, we consider three exhaustive
and mutually exclusive cases. If 7;a = 0 or ;@ = 1/2 then, since oc.a <aando.a €

B necessarily ni(o.a) = 0= A|(m;a). Suppose now 7;a = 1.Sincea < g.a V —ais
true in C7, then 7; (6.a V —a) = 1. Thus, since 7;-a = 0, we conclude 7; (6 .a) =1 =
Ai(m;a). as desired. Moreover notice that (),., Kerz; is the identity relation on B, so

B° € ISP(A¢) = AlgL¢ by Lemma 4.10. O

§5. External operators and classical recapture. As already hinted, the operator A;
can be seen a way to provide a yes/no answer, understood as a 0/1-answer, to the
question of whether its argument is both classical and true. In other words, A; enriches
the expressive power of the underlying logic L in order to re-capture the “external”
notion of classical truth, which cannot be represented by the linguistic resources of L
alone. This section explores some of the classical features that are recaptured in the
step from a subclassical logic L to its external version L°.

Informally speaking, it is easy to see that if ' - ¢ is a classical rule failing in L, the
external version of L validates a rule encoding the idea that “whenever the arguments
of the formulas occurring in the rule can be safely asserted, the rule can be safely
applied.” The next proposition shows how to produce L¢-valid inferences of this kind.
In the next proposition CL¢ denotes the logic defined by the matrix whose algebra is
the expansion of the two-element Boolean algebra with the operator A;, and whose set
of designated values is {1}.

PROPOSITION 5.1. Let y1, ..., v, F @ be a classically valid rule and Fm be the formula
algebra in the language of L°. Then h(y1).....h(y,) = h(p) is a rule of L, where h :
Fm — Fm is the substitution mapping x — A x for each variable X.

Proof. Let y1,...,7, F ¢ be a classically valid rule and let /1 be as in the statement.
The restriction of /4 to the language (A,V,—,Aj) is a substitution on the formula
algebra of CL’, thus (1), .... h(y,) F h(p) is a rule of CL®. Let (A, F) be the defining
matrix of L. If {y;.....y,} is a classical antitheorem then, by definition of /4, for any
g : Fm — A¢ there exists some y; with 1 <i < n such that g(h(y;)) =0 ¢ F. In this
case h(y1).....h(y,) F h(p) is a rule of L°.

Otherwise, let g:Fm — A® be a homomorphism such that g(h(y1)) €
F....g(h(y,)) € F. By definition of 4 this entails g(#(y;)) =1 for each 1 <i < n.
Since h(y1). ... h(y,) F h(ep) is a rule of CL® we conclude that g(h(yp)) = 1. O

Let us briefly provide an example.
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EXAMPLE 5.2. Consider the logic PWK®. Clearly the rule of modus ponens o, —p \V
w =y fails in PWK. From Proposition 5.1 it follows that

Arp. ~ (A1) VA F Ay

is a valid rule of PWKEC. A similar argument shows that Ajp V —A ¢ is a theorem of B°.
It is important to note that Ai(¢ V —) is not a theorem of B°: this emphasizes the role
of the substitution h in Proposition 5.1.

We now recall the notion of algebraizability. This concept lies at the core of algebraic
logic, and it requires the availability of a mutual interpretation between a logic L and
the equational consequence of a specific class of algebras K. This interpretation is
witnessed by two maps 7(x). p(x,y) that assign a set of equations 7(p) to each
formula ¢ and a set of formulas p (¢, ) to each equation ¢ ~ .

DEFINITION 5.3. A logic L is algebraizable with respect to the class of algebras K (in the
same language as L) if there are maps t : Fm — P(Eq) from formulas to sets of equations
and p : Eq — P(Fm) from equations to sets of formulas such that the following hold:

'L <= t(T) Fx t(p) (Algl)
o~y Ak Tple = ). (Alg2)

In the case of CL the two maps witnessing the algebraizability with respect to the
variety of Boolean algebras BA are defined as7(¢) = {p ~ p V ~p}tand p(p ~ y) =
{¢ = w.y — ¢}. Conditions Algl and Alg2 are instantiated accordingly by letting
K = BA. Remarkably, if a logic is algebraizable with respect to K, then it is algebraizable
with respect to Alg L. In this case Alg L is called the equivalent algebraic semantics of
L. The following important theorem will be used in the forthcoming part.

THEOREM 5.4 [22, Theorem 3.2.2]. Let L be an algebraizable logic with respect to a finite

set of formulas p(x,y). If L has a reduced characteristic matrix (A, F) and A is finite,
then AlgL = ISP(A).

In general, the notion of algebraizability states an equivalence, witnessed by the
maps z, p, between the consequence relation of a logic and the equational consequence
of its algebraic counterpart.

When a logic L® has (A°, F) as defining matrix, it is possible to define two more
unary operators of special interest, as follows:

AogD = Al—\go and Al/z‘P = —‘<A1(p \Y Alﬁ(p).

They are computed on A¢ according to the truth tables below

¢ [ Aoy ¢ | App

0 1 0] 0
2] 0 2|1
1| o 1] 0

The intended reading is clear: Ay intuitively asserts that “¢ is classical and false,”
while A, asserts that “¢ is non-classical.” It is now convenient to fix new notations.
Let A be an arbitrary but fixed three-element algebra having B, as subreduct. By L
we denote the logic defined by (A, {1}). while L,, is the logic defined by (A, {1,1/2}).
This also applies to the external version of a subclassical logic. Thus, L is the logic
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defined by the matrix (A¢, {1}), while Lj, is the logic defined by (A¢, {1.1/2}). For a
set ' C Fmand i € {0,1/2,1} we denote {A;(y)},er as A;T.

With this new information at hand, it is easy to show that L is an algebraizable
logic.

THEOREM 5.5. Let L be a subclassical three-valued logic, and (A°, F) be the characteristic
matrix of L°. Then L° is algebraizable, and its equivalent algebraic semantics is
AlgL® = ISP(A®).

Proof. Define a new binary operation — as follows:

© =y =2pV(Ape A(Apy VAY))V (Ap AAy).

If L =LY, consider 7 (p):={p~p — ¢} If L= L},. consider T1(p) =
{A1p V Ao = 1}. Upon defining p(¢ =~ y) := {¢ — y.y — ¢}, it is immediate to
check that 7. p witnesses the algebraizability of L{ and 7. p the algebraizability of
Lf/z, both with respect to A¢. Finally, the fact that the equivalent algebraic semantics
of L¢ is ISP(A®) follows by Theorem 5.4. O

Of course, the algebraizability of some external versions of a logic, such as L3, is a
well-known fact. In this case, the usual way of interpreting equations into formulas
differs from the one encoded by p: the standard transformer consists of the set {p —¢
w,w —y ¢}, where —y is the so-called Lukasiewicz implication, defined according
to the truth tables in Figure 1. Clearly the two operations —¢ and — are different,
as — only takes values among 0, 1. However, as required by the general theory of
algebraizability, it holds:

o=y =L o =Ly =L e
Recall that a logic L has the DDT if there is a set of formulas I (x, y) such that
Moty < Tk I(pw). (DDT)

Notice also that being algebraizable and having the DDT are independent properties.
The DDT is lost in several subclassical three-valued logics considered so far, such as B,
PWK, K3 and LP. Differently, other subclassical three-valued logics enjoy the DDT:
this is the case, for instance, of ¥3,J3, S, and RMj3. The DDT is a further property
recaptured in the step from L to its external version. The next fact provides the details.

FAcCT 5.6. The external version of a three-valued subclassical logic has the DDT.

Proof. The set ¢ —1 w = =A@ V Ay witnesses the DDT for L{. and ¢ —1, w =
—~(A1p V Aipp) V (Ary V Aipy) does it so for Li,. O

Notice that the traditional DDT-set for L5 is a singleton containing the formula
x —¢ (x —¢ »), which can be equivalently written as =A;x V y. A quick computation
shows that x —; y is a different operation on L3 from x —¢ (x —¢ y).as1 —¢ (1 —¢
1/2) = 1/2, while 1 —1 /2 = 0. Thus, as for the notion of algebraizability, there is a term
witnessing the DDT in L3 where the non-classical value 1/2 never appears in the output
when interpreted in Ls.

If we take another look at the definition of algebraizability, we can see that it can be
generalized to relate two logics rather than just relating a logic to the equational
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consequence of a class of algebras. This generalization requires an appropriate
modification of the maps 7. p and leads to the concept of deductive equivalence.*

DEFINITION 5.7. Let L be a logic in the language £ and L' be a logic in the language
L'. L and L' are deductively equivalent when there exist maps t : Fm; — P(Fm,/) and
p :Fm, — P(Fmg) such that, for every T U C Fm,, w € Fmg/,

ThL e <= (D) z(p) (Eql)

y A Tp(y). (Eq2)

As we already sketched, subclassical logics come into pairs of logics of the form
(Li.Lys) sharing the same defining three-valued algebra. In many cases. L; lack
any theorem, while L1/2 lacks antitheorems, and this suffices to show that a faithful
mutual interpretation satisfying Eql and Eq2 between their consequence relations is
unavailable. An example is provided by the pairs (K3, LP) and (B, PWK). The situation
is reversed when moving to the external versions. The next theorem indeed shows that
the external versions of each pair of the form (L, L, /2) are deductively equivalent.

THEOREM 5.8. Let L, L, / be three-valued subclassical logics. Then L, Lf/2 are pairwise
deductively equivalent.

Proof. Recalling Definition 5.7 we need to prove that
r FL? Q < AT FLT/z Al(p (Del)

¥ FLf/z A(A1p V Ayrp) and A (A V Ayygp) FLg/z ®. (De2)

We begin by proving (Del). Assume I’ }—Li ¢ and let & : Fm® — A° be such that

h(A1y) € {1,1/2} for each y € T'. By definition of A;, this entails /4(y) = 1. So, by
assumption, 4(p) = 1. Thus, we conclude i (Ap) = 1, which proves A;I’ }_L‘f/z Arp.
For the converse we reason by contraposition, so suppose there exists 4 : Fm® — A¢
such that 4(y) = 1 foreachy € I'and h(p) # 1. Thus, #(Ay) = 1 foreach y € I"and

h(A1p) =0, ie., All"}‘Le{/z Aj¢p. as desired.

For (De2), it is immediate to check that, for any 4 : Fm® — A¢, it holds i(p) €
{1.1/2} if and only if A(A;(A1@ V Ayppp)) = 1. O

Thus, adding external operators to a subclassical logic ensures the recovery of
several desirable properties of CL, such as the Deduction-Detachment Theorem—
and consequently, modus ponens and theoremhood—as well as algebraizability.
Moreover, this method of constructing expansions naturally yields examples of
pairwise deductively equivalent logics.
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4 For our purposes, it is inconvenient to present the details of the beautiful theory underlying
this approach, which can be found in [5, 30].
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