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Abstract

We give a new criterion which guarantees that a free group admits a bi-ordering that is
invariant under a given automorphism. As an application, we show that the fundamental
group of the “magic manifold” is bi-orderable, answering a question of Kin and Rolfsen.
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1. Introduction

This work was motivated by a study of the Artin action [2] of the braid groups B, upon
the free group F), of rank n, as in [11]. In the course of our investigation, we introduce a
new method which may be applied more generally to establish that an automorphism of a
free group preserves some bi-ordering. From this, we develop new methods of determining
when a link L in §3, thought of as the closure of a braid together with the braid axis, yields
a bi-orderable link group 71 (S> \ L). Some definitions are in order.

If the elements of a group G can be given a strict total ordering < with the property that
f < g implies hf < hg for all f, g, h € G, then we say < is a left-ordering of G and that G
is left-orderable. However if we also have f < g implies fh < gh for all f, g, h € G, then <
is called a bi-ordering of G, and G is said to be bi-orderable. For example, torsion-free
abelian groups and also nonabelian free groups are bi-orderable [12, 14]. Let ¢ : G — G be
an automorphism. If there is a bi-ordering < of G such that f < g if and only if ¢(f) < ¢(g)
for all f, g € G, we say that ¢ is order-preserving, that < is invariant under ¢, and that ¢
preserves <.

Our main theorem for showing that an automorphism of a free group ¢ : F — F is
order-preserving is the following. We say that an orbit O of a bijection o : I — I is finite
(respectively infinite) if the cardinality |O] of O is finite (respectively infinite).
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2 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

THEOREM 3-6. Let F be the free group generated by {x; | i € I} where I is a nonempty set.
Let ¢ : F — F be an automorphism satisfying

Q) = wixoyw; L Viel,

where w; € F and o is a bijection on 1. Assume that o(ig) =iy for some ig €l and let
h:F — 7 be the homomorphism defined by h(x;,) =1 and h(xj) =0 for all j # iy. Assume
that for each finite orbit O of o we have

ged <|(’)|, Zh(wi)) =1.

€O
Then there exists a bi-ordering of F invariant under .

One source of automorphisms of 7, having a formula as in Theorem 3-6 is the Artin action
of B, on F,, [2]. The braid group B, is generated by o7y, . . ., o,—1, subject to the relations:

00110 =0410i0i11, forl<i<n-2
oi0j = gjo;, for |i —j| > 1.

There is an embedding of B, into the automorphism group of the free froup F;,, on gen-
erators {xi, ..., x,}, which yields the Artin action of B,, on F},. The embedding sends each
generator o; of B, to the automorphism which acts on each generator x; of F, according to

xl-xi+1x;1 ifj=i
X;'=1q X ifj=i+1
X;j ifj#i, i+ 1.

In [11, Section 2-4] the following was observed. Consider the link br(B) = ,3 UA in $3,
consisting of the braid closure 5 together with the braid axis A. Then the Artin action of a
braid § € B,, on F}, yields an automorphism that preserves a bi-ordering of F, if and only if
the fundamental group 1(S3 \ br(B)) of the complement of the link br(8) is bi-orderable.

An unanswered question in [11] was whether the braid 8 = 01202_ le B3 yields an auto-
morphism that preserves a bi-ordering of F3. This is equivalent to the question of whether the
fundamental group of the so-called “magic manifold” is bi-orderable; the magic manifold is
a 3-cusped hyperbolic 3-manifold conjectured to be of minimal volume, see Figure 1. We
are able to answer this question in the affirmative using Theorem 3-6 (see Proposition 4-1).
We also generate many new examples of order-preserving braids, and therefore many bi-
orderable link groups whose bi-orderability could not be determined with previously known
techniques (e.g. see [4, 5, 7-9, 11, 18]).

1-1. Organisation of the paper

In Section 2 we introduce generalisations of the “positive eigenvalue” condition of [15],
and use it to show certain automorphisms of infinitely generated abelian groups preserve a
bi-ordering. In Section 3 we bootstrap this result to prove our main theorem. In Section 4
we apply our main theorem to analyse the Artin action on F;,, and show that the fundamental
group of the magic manifold is bi-orderable.
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Ordered bases, order-preserving automorphisms 3
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Fig. 1. The link br(B) for B :(71202_ ! whose complement is homeomorphic to the magic
manifold.

2. Ordered bases, modules and order-preserving homomorphisms

Let (S, <) be a set with a strict total ordering, and f: S — S a function. We say that f
preserves the ordering < if a < b implies that f(a) < f(b) for all a,b € S, in this case we
say that < is invariant under f, and that the function f is order-preserving. Note that our
definition of order-preserving is therefore context-sensitive: a bijection f : § — S from a set
S to itself is order-preserving if there is a strict total ordering < of S preserved by f, whereas
an automorphism ¢ : G — G of a group is order-preserving if there is a bi-ordering < of G
preserved by ¢.

In what follows, we let R be the ring Z, Q or R, each equipped with its usual ordering.
Given a free R-module M, an ordered basis for M is a pair ({v; | i € I}, <) where {v; | i € I}
is a basis for the R-module M, and < is a strict total ordering of the the index set /.

Definition 2-1. Given a free R-module M and an ordered basis B = ({v;|i €I}, <), the
lexicographic ordering of M associated with B is the bi-ordering <p of the abelian group
M defined as follows: Given o = ) _; a;v; € M \ {0}, set i(e) = min<{j € I | aj # 0} and define
0 <p a if only if @) > 0.

Definition 2-2. Let M be a free R-module, f : M — M an R-module homomorphism, and
B=({vi|iel}, <) an ordered basis. We say that f is positively triangular with respect to B
if there is an order-preserving map n : I — I with respect to < such that for each i € I,

FO)=divyi) + Z Cijvjs
J=n()
where ;, ¢;j € R and A; > 0. We say that f is positively triangular if there exists an ordered

basis B such that f is positively triangular with respect to 5.

Remark 2-3. Note that if M is a finite rank R-module, say with ordered basis B =
{vi,..., vy} where the index set {1,...,n} is equipped with its natural ordering, then
f: M — M is positively triangular with respect to I3 if and only if f is represented relative to
B by an upper triangular matrix with positive entries on the diagonal.

The proof of the following result is routine and thus omitted.
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4 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

LEMMA 2-4. Let M be a free R-module, and f: M — M and R-module homomorphism.
Assume that M is the direct sum of free sub-modules {M;};c; and that f(M;) € M; for all
Jj €J. Assume that for each j € J, there is an ordered basis B; = ({v;; | i € I;}, <; ) of M; with
respect to which f|y; is positively triangular. Fix a total order < on J and let B= ({VJ iljed,

iel}, <), where< is defined by (j, i) < (j/, ') if and only if j < j' or j=j and i <;i'. Then f
is positively triangular with respect to B.

LEMMA 2-5. Let M be a free R-module and B = ({v; | i € I}, <) an ordered basis for M. If
f:M — M is an R-module homomorphism that is positively triangular with respect to B,
then f preserves the bi-ordering <pg.

Proof. Suppose f is positively triangular with respect to B and let <, 1, A; and ¢;; be as
given in Definition 2-2. Recall thatif o =) _; a;v; € M\ {0} then i(ar) := min_{j € I | a; # 0}.
To check that <p is invariant under f, assume that @ = ), a;v; >3 0 and we want to prove
that f(«) >3 0. We have:

f(@) =ai@f i)+ Y, af(v)

J>i(a)

= Qi) | i) V(i) T Z Cier) 4V
J=n(i(@))

+ Z aj | Ajvyg) + Z Cj kVk

J=ilar) k>n()

= i@ Vni@) + Y CoiVk-
k- n(i(ct))

To reach the last equality, we have regrouped terms to arrive at new coefficients ¢/ wk for
k > n(i()), where we used the fact that k > n(j) and j > i(«) implies k > n(i(«)), as > is
invariant under 7.

Since both a;(«) and A;(y) are positive, we conclude that f(«) > 0, as desired.

Definition 2-6. Let B=({v;|iel},<) and C=({wj|jeJ}, <) be ordered bases of
R-modules of M and N respectively. We define the rensor B ® C to be the ordered basis
({vi®w;| (i, j)el xJ}, <) of R-module M ® N, where the total ordering < on I x J is
defined lexicographically: (i, j) < (s, t) if i< sori=sand j < t.

LEMMA 2.7. Let f:M — M and g: N — N be R-module homomorphisms. Assume that f
and g are positively triangular with respect to ordered bases B and C respectively. Then the
R-module homomorphism f @ g: M Q N — M @ N is positively triangular with respect to

B®C.

Proof. Let B=({v;|iel},<) and C=({wj|jeJ},<). For f, let n:1—1 be as in
Definition 2-2, and for g, we will use the function & : J — J. Define the map o : I x J —
I x J: o(i,j) = (n(i), £(j)), which is clearly preserves the lexicographic ordering < of I x J.
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Ordered bases, order-preserving automorphisms 5

Writing uy; j) for v; ® w;, we have

(f ®@ )(uij) =(f @ 9)(vi @ w)) =f(v;) ® g(w))

= | Aivyiy + Z aisvs | ® | wjwe() + Z bjwy
s>n(i) 1>£())

= hitjuninggy + ) Aibjatn
1>£(j)

+ Z Qi LjU(s.£()))
s>n()

+ Z ai,sbj,tu(s,t)
s>=n(D),1>£())

= AiljUs(ij) + Z Cijis,tU(s,1)s
(s,)>0 (i,))

for some ¢;j;; € R. As Aiu; > 0, f ® g is thus positively triangular with respect to B® C.

3. Order-preserving automorphisms of free groups

We now aim to build upon the results of the last section, bootstrapping to yield order-
preserving automorphisms of free groups of arbitrary rank.

Our first lemma is a generalisation of [15, Lemma 4-5], wherein we confirm that the free
group F'in that proof need not be finitely generated. The proof remains largely unchanged,
with two exceptions: (1) the summations appearing below over the variable j are sums of
terms drawn from an infinite set (though each summation is still finite), and (2) the Equation
(3-3) is demonstrated directly without referring to the Jacobian matrix as in [15]. Despite
the changes being minor, we present the proof here for the sake of completeness, and so that
the reader can confirm for themselves that the conclusion of the lemma is independent of the
cardinality of the generating set of F.

Here is the setup for the lemma. Let F be a free group generated by {z; | i € J}, where J is
not necessarily finite (unlike [15, Lemma 4-5]). Let F} be the kth term of the lower central
series of F, defined by F| = F and Fj41 = [F, F]. Let H be the abelianisation F/[F, F] of F,
written additively. Let ZF be the group ring of F over Z, and € : ZF — 7 the homomorphism
of rings defined by €( >, kigi) =Y i, ki for k; € Z and g; € F. Set I =Kker (¢), which is
an ideal of the ring ZF. Forg e Fand ke {1,2,...},wehave g € Frifandonlyif g — 1 eIk
[6, first paragraph of p. 557]. Therefore, there is an injective homomorphism
Vi Fr/Frye1 — Ik/1k+1, sending [g] to [g— 1], where the square brackets are to be
interpreted as equivalence classes in the appropriate quotient. Note that a basis of
Ik / Ik+1 iSl

{lze, = D) (zge — DI €1, .. L €T}
' This generates the group because of the Taylor expansion formula for the Fox derivation. To prove that it

is Z-independent, we use the the fact that D, - - - D, ((z,, — 1) - - - (z-; — 1)) #0if and only if (i, ..., i) =
(€, ...,%), which can easily be proved by induction.
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6 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN
Hence we can define a Z-module isomorphism iy : I¥ /I — H®* by
i([(zegy, =D (2, — DD =ae¢, @--- ®ag,,

where ay := [z¢] is the image of z; in H. Moreover, there is an injective Z-module
homomorphism j; from H®* to (H ® R)X, given by

Ja1® - Qap) =@ @1 Q- Q(ax® 1),Vay,...,ar € H.

LEMMA 3-1. For every automorphism ¢ : F — F and every positive integer k, the following
diagram commutes:

ik

Fk/Fk+1 L Ik/1k+l H®k Jk (H ® R)®k

SDkL @ 0% l(‘ﬁab‘@ld)@k

}7]{/}7]“_1 L_ Ik/[k+1 ik H®k Jk (H ® R)@k

where the vertical maps are induced from .

Proof. Tt is easy to check that the first rectangle and the last rectangle are commuta-
tive, because all the maps involved are canonical. Therefore we focus on commutativity of
the middle rectangle. Let o := [(z¢;, — 1) - - - (z¢, — D] € I¥/I1 it is enough to prove that
k(@) (@)) = 2K (ir(e)) for all such a.

First, ¢ (a) = [(¢(z¢,) — 1) - - - (¢(z¢,) — 1)]. Note that we have

o(ze) — 1= DY(p(ze))ze — 1)+ 0(2),
0

where Dy, = d/0dz; is the derivation defined in [6], Dg(w) =€(D¢(w)), and O(2) is a term
in 7. We compute

k(@) = i ([( >~ DRtz = D) -+ (Y DY)zt — 1))]) (31)
14 14

= (Y DG )a) @@ (Y DYp(zg))ac)
4 0

= | X DYz |®- & 3 Do)z
7 14

Second, we have
oS (i) = 95 (ae, ® - ®ay,) (32)
= @ab(ag,) @ - - - & Qap(ae,)
=@z ® - - - ® [p(ze,)]-

Comparing (3-1) and (3-2), we only need to prove that for w € F, we have
[w] = [Z Dg(W)Zz} (3:3)
12
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Ordered bases, order-preserving automorphisms 7

in H. But this is true, because D?(w) is the sum of the exponents of z, that appear in w, and
recall that we write the operation in H additively.

We are now ready to prove the main result of this section, which by Remark 2.3, is a
generalisation of [15, Theorem 2-6] from finitely generated free groups to free groups of
arbitrary rank.

PROPOSITION 3-2. Let F be a free group, ¢ : F — F an automorphism, set H := F/[F, F],
and let @up : H— H be the automorphism induced by ¢. If o @ Id - HQR - H®R is
positively triangular, then there is a bi-ordering < on F which is invariant under .

Proof. Let k be an arbitrary positive integer. Let Fj be the kth term in the lower central
series of F and ¢y : Fi/Fir+1 — Fx/Fi+1 the automorphism induced by ¢. By Lemma 2.7,
(@ap ® Id)®* : (H @ R)® — (H ® R)®* is positively triangular. By Lemma 2.5, there is a
bi-ordering </, of (H ® R)®¥ which is invariant under (pa» ® Id)®*.

By Lemma 3-1, the ordering <) can be used to define a bi-ordering <y of Fj/Fy1 that
is invariant under ¢y. The ordering is defined by declaring that for a, b € Fj,/Fy+1, we have
a <x b if and only if j(ix(Yi(@))) < jk(ix(Yr(b))).

Finally, we use these orderings <; (k=1,2,...) to define a bi-ordering < on F. It is
known that ﬂ,file = {1}, thus for a # 1 in F, there is a largest k, denoted as k(a), such
that a € Fy. Then we define a > 1 if and only if [a] >k 1 in Fia)/Fk(a)+1, where [a] indi-
cates the equivalence class in the quotient Fi()/F@)+1 Which contains a. This defines a
bi-ordering of F and it is invariant under ¢ by construction.

Proposition 3-2 tells us that for automorphisms ¢ of a free group F, a sufficient condition
for ¢ to be order-preserving is that ¢, ® Id is positively triangular. However, this condition
is not a necessary condition for ¢ to be order-preserving. We will see in Example 3-8 that
there exist homomorphisms ¢ such that ¢4, ® Id is not positively triangular, but ¢ is still
order-preserving.

Remark 3-3. Let ¢ be an automorphism of a free group Fandset H =F/[F, Fl. If 4 : H —
H is positively triangular, then ¢, ® Id : H® R — H ® R is positively triangular. However,
the reverse is not true, and it is for this reason that we insist ¢, @ Id : H R - H® R be
positively triangular in Proposition 3-2.

As an example of this behaviour, let F be the free group generated by x1, x3. Let ¢ be the
automorphism of F given by

2 2
@(x1) =x7x2, and @(x2) = X]X2X1X2.

Writing the abelian group H = F/[F, F] additively and the cosets of x| and x, as X1 and X7
respectively, ¢qp sends X7 to 2x7 + X2 and X, to 3x7 + 2X; respectively. Then matrix of ¢z, ®
Id-HRR — HQ®R is therefore A = [T ;] with eigenvalues 2 + /3. Hence Oab : H—
H is not positively triangular, whereas ¢, ® Id : H® R — H ® R is positively triangular,
because the matrix A is diagonalisable over R. Note the map ¢ is thus order-preserving by
Proposition 3-2; we can explicitly define a bi-ordering on H ® R which is invariant under
<Pab®ld:x_1®a+x_2®b>Oifandonlyifa+b\/§>Ofora,bER.

We can check that the construction of < in the proof of Proposition 3-2 doesn’t depend on
the homomorphism ¢, and instead depends only on the underlying choice of ordered basis.
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8 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

In fact, the ordering is constructed as in our next definition, where (3-4) involves Definition
2-1, Definition 2-6 and the diagram in Lemma 3-1.

Definition 3-4. Let F be a free group and 3 be an ordered basis of (F/[F, F]) ® R. Let
<y denote the ordering of Fy/Fy1 defined by a < b if and only if

Jk(ik(P(a))) <gek jk(ik(Yi(D))). (34

Let < be the bi-ordering of F induced by the orderings <y as in the proof of Proposition 3-2.
We call < the bi-ordering of F associated with B and denote it by <g.

We can thus, upon reviewing the proof, give a version of Proposition 3-2 that makes
explicit the invariant bi-ordering.

THEOREM 3-5. Let F be a free group and B an ordered basis of (F/[F, F]) @ R. Let < be
the bi-ordering of F associated with B. If ¢ : F — F is an automorphism such that

Pab @1d: (F/[F,F)@ R— (F/[F,F)) @ R
is positively triangular with respect to B, then <p is invariant under .

As an application of Theorem 3-5, we are now ready to prove Theorem 3-6, our main
result from the introduction.

THEOREM 3-6. Let F be the free group generated by {x; | i € I} where I is a nonempty set.
Suppose that ¢ : F — F is an automorphism satisfying

o(x;) = Wixa(i)Wi_la Viel,

where w; € F and o is a bijection on 1. Assume that o fixes iy € I. Define homomorphism
h:F — Z by h(x;)) = 1 and h(x;) = 0 for all j # iy. Assume that for each finite orbit O of o,
we have

ged <|(9|, Zh(w,)) =1.

€O
Then there exists a bi-ordering of F invariant under ¢.

Proof. Let K be the kernel of h. We see that ¢(K) =K and thus the restriction ¢|g is
an automorphism of K. Let ¢ : F — F be the conjugation o — xio(xxigl. Similarly, we can
verify that |k is an automorphism on K. We now proceed in two steps.

First, we assume that there is a bi-ordering < on K which is invariant under both ¢|g and
Y| k. Under this assumption, we now show that the lexicographic left-ordering on F' coming
from the short exact sequence

1-KS5Fh 750

is in fact a bi-ordering invariant under ¢. Here, i is the inclusion of K in F. The positive cone
of F is defined to be

Pp:= i(Pg) Uh™(Z-0) = Px U{a € F, | h(a) > 0},
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Ordered bases, order-preserving automorphisms 9

where P is the positive cone of K corresponding to <. To verify that it gives a bi-ordering,
we only need to verify that xfOPKxi; k— Pk for all k € Z. This is true because xioPlegl =
Y|k (Px) = Pk as <k is invariant under v |g. To verify that it is invariant under ¢, we want
to show that ¢(Pr) C Pr. This is true, because ¢(Pg)= ¢|x(Px) = Pk using that <g is
invariant under ¢|k; and if o € F satisfies h(a) > 0, then have h(p(«)) = h(a) > 0.

So, to prove the theorem it suffices to prove that there is a bi-ordering on K which is
invariant under both ¢|x and ¥ |k, which is our second step in the proof.

It can be shown that K has a free basis:

{xf,ﬁoxix;of lie\{io).j € Z} :

For @ € K, we write o for the image of « in the quotient H := K/[K, K], which is the
abelianisation of K. Then H is a free abelian group and

B 1= (A |i € \lio}.j € Z) with Ayj 1= ] xx;! (35)

is a basis of H.
We now define two bijections on 1, ¢ : (I\{ip}) X Z — (I\{ip}) X Z by

Claim: The abelianisations (1 |g)ap of ¥ |x and (¢|g)ap of @ |k satisfy

WKab(Aij) = Aijr1 = Ay, (@lK)ab(Aif) = Ac (i) jrhiw) = An(ij) (3:6)

for all i € I\{ip} and j € Z. (We will usually omit parentheses in the subscripts and identify
A;j with Agj).)

Proof of claim. The first equality follows easily by definition, so we focus on the second.

Note that we have )T’O A; 7

"=A; j+r and that for k # iy we have Xy = Ay and therefore

x_,’CA,‘z,-x,:r =A;; since H is abelian. Therefore for o € F, we have &A,-Joe—l =Ajj1h@). Now
for the abelianisation (¢|x)ap of ¢|x on H, i € I\{ip} and j € Z, we have

(@lK)ab(Ai) = () i)

= (WigXigWj, YWilo (5.0W;  (WigXigwy, )~/
= Ao (i)j+h(w) = An(ij)-

By Theorem 3-5 and the second sentence of Remark 3-3, we only need to prove that there
is an ordered basis of H, such that with respect to this ordered basis, both (¢|x)a» and (V' |x)ap
are positively triangular. Let O(o) be the set of orbits of o which are not equal to {ip}. For
each O € O(0), we let Ho be the subgroup of H generated by B := {A;;|ie O,je Z}.
By (3:6), (¢|x)av(Ho) C Ho and (¥ |x)ap(Ho) C Ho. Hence by Lemma 2-4, we only need
to find an ordered basis of Hp with respect to which (¢|x)qp and (¥ |x)ap (When restricted
on Hp) are positively triangular. By (3-6) again, to do this we only need to find a total order
on O x Z which is preserved by both ¢ and 7, for each O € O(o).

First, we consider infinite orbits. Fix an infinite orbit O of o. We define a total order <
on O x Z: (i,j) < (i',) if and only if i’ € {¢*(i) | k> 1} or (/,]') € {(i,j + k) | k> 1}. This
order is easily seen to be preserved by ¢ and 7, as desired.
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10 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

Second, we consider finite orbits. Fix a finite orbit O which is not equal to the orbit {iyp}.
We also fix a tuple (ki, ..., k) such that O ={ky,...,k} with r=1|0)|, o(k;) =k;y for
l1<i<r—1lando(k,)=ki.Lethp = Z;:l h(wy,), then by assumption gcd (ho, r) = 1. Let
Vi = Zlfjii_l —h(wkj) fori=1,2,...,r+ 1. (Then we have, for example, y; =0, y,+| =
—ho and y; 11 =y; — h(wy,) for 1 <i <r.) We now proceed by the following two sub-steps:

(1) We define amap W: O x Z — Z by
W(ki, ) = r(yi +)) + iho, V(ki,j) € O x Z.

Since ged (hp, r) =1, given t € Z, there is aunique i € {1, 2, ..., r} and auniquej € Z
such that t = r(y; +j) + ihop. Therefore the map W is a bijection from O x Z to Z.
So we define a total order < on O x Z by: (k;,j) < (ky,j) if and only if W(k;,j) <
Wk, ).

(2) Now we only need to verify that this order < is preserved by ¢ and 5. This is true
because we have, for every (k;, j) € O x Z,

W(C (ki j)) = W(ki,j+ 1) =r(yi+j+ 1)+ iho = W(ki,r) +r
and, letting k1 = k1 and recalling that y,; | = he (for the case that i = r),

Wn(ki, ))) = Wkiz1,j + hwi,)) = r(yig1 +j + h(wi,) + (i + Dho
=r(yi +J) +iho + ho
= W(k;, )+ ho.

Theorem 3-6 says that if an automorphism as in the statement of the theorem satisfies
the coprime condition: ged (hp, |O|) =1 for each finite orbit O of o, then the automor-
phism preserves a bi-ordering of the free group. If we replace this coprime condition by the
(weaker) non-vanishing condition: h» # 0 for each finite orbit of o with |O| > 2, we can
still prove that the automorphism preserves a left-ordering.

The proof of this fact remains almost the same; except that we forget about the maps i,
(¥ lx)ap and ¢ (which were used to prove the bi-orderabiliy of the ordering constructed) and
changed the definition of the map W to the following.

Fix a finite orbit O. Write O ={ki,...,k;} with r=|0|, ok))=kiy1 for 1 <i<
r—1. Let hj= le;:sjfl h(wkp) for j=1,2,...,r+1 and so hp =h,41. For every
(ki,j) € O x Z, there are unique m, t € Z such that j=mho + h; +t and 0 <t < |hp| — 1,
and now we define

W(ki,j) = (mr + Dho + 1.
(We then verify that we still have W(n(k;, j)) = W(ki,j) + ho.)

Example 3-7. Consider the free group F with basis {x;,x2,x3} and ¢ : F — F given by
x| x3x2x;1,x2 — x3x1x§1,x3 > x3. With ip =3 we see hp =2 for the orbit O = {1, 2},
and so ¢ preserves a left-ordering, although it clearly does not preserve a bi-ordering.

Example 3-8. Theorem 3-6 gives us an example of automorphism ¢ on free group F which
is order preserving but ¢, ® Id is not positively triangular on F/[F, F] ® R. For instance,

Downloaded from https://www.cambridge.org/core. IP address: 18.97.9.174, on 15 Dec 2025 at 11:53:25, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/5S0305004125101734


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125101734
https://www.cambridge.org/core

Ordered bases, order-preserving automorphisms 11

let F be free with basis {x1, x2, x3} and let ¢ be the automorphism of F defined by
X1 — x3x2x3_1,x2 = X1, X3 > X3.

Then ¢ is order-preserving by Theorem 3-6. However ¢, ® Id is not positively triangular
on F/[F,FI®R.

To see this, suppose that p,, @ Id : F/[F, F]@ R — F/[F, F] ® R is positively triangular,
then by Lemma 2-5 ¢, ® Id preserves a bi-ordering on F'/[F, F] ® R. But this is impossible
as @qp @ Id swaps the two elements X1 ® 1 and X, ® 1.

4. Order-preserving braids, bi-orderable link groups and 3-manifolds

Recall from the introduction that the braid group B, is generated by o1, . . ., 0,1 subject
to 0;0;410; = 0i4+10;0i11 for 1 <i <n — 2, and 0,0; = ojo; for |i — j| > 1; and that the Artin
action of B, on Fj, is determined by the following action of the generators o; of B, on the
generators x; of F:

x;xH_lxi_l ifj=i
X;' =1 x; ifj=i+1 (3-6)
X ifj£ii+1.

We will call a braid 8 € B, order-preserving if its action on F,, induces an order-preserving
automorphism F' — F.

Every braid has an associated permutation, which is its image under the homomorphism
B, — S, given by sending o; to the transposition that exchanges i and i + 1. We will often
refer to the image of B under this map as “the underlying permutation of 5.” The kernel of
this homomorphism is PB;,, the subgroup of pure braids.

As our convention is that the action of B,, on F}, is a right action (consistent with [11]), for
this section our convention for composition of permutations is to do the leftmost first. For
example, o T acts on elements first by o. We therefore write the action of a permutation o
on an element i as exponentiation, i°.

4-1. Minimal volume 3-manifolds

In [11], the authors initiated a study of bi-orderability of the fundamental groups of mini-
mal volume cusped hyperbolic 3-manifolds. For such manifolds, they determined whether or
not the fundamental group is bi-orderable for all examples with five or fewer cusps, with one
exception. The fundamental group of a three-cusped manifold, called the “magic manifold”,
could not be addressed by the techniques of [11].

PROPOSITION 4-1. The fundamental group of the magic manifold is bi-orderable.

Proof. By [11, Section 5-5], the fundamental group of the magic manifold is bi-orderable
if and only if the braid 01202_ lis order-preserving. Let F3 denote the free group on generators
X1, X2, x3. One can verify that 01202_ !induces a map ¢ : F3 — F3 given by

-1 -1 -1 -1
@(x1) =x1x3x1x3 X, @(x2) =x1x3X] @9(x3) = X3 X2X3,
the underlying permutation o is the transposition (2 3).
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12 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

In order to apply Theorem 3-6, we define h: F3 — Z by h(x;) =1, h(xp) =0, h(x3) =0.
Then observe that o has a single orbit O = {2, 3} that does not contain 1, and that hp =
h(x1) + h(xsy 1) = 1. Since gcd (2, 1) = 1, the braid 01202_ Uis order-preserving.

This resolves [11, Question 5-6] in the affirmative. Moreover, from the proof, we see that
the braid g = 01202_ s order-preserving. Note that multiplication of this by 022 does not
change the underlying permutation and also does not alter the value of ho in the above

discussion. The same is true of multiplication by o, 2 Therefore the braid 012(722"_1 is also
order-preserving. On the other hand 012022", being a pure braid, is also order-preserving.

Therefore we have the following.

THEOREM 4-2. For every integer n, the braid 01202" is order-preserving.

We note that it was shown by Johnson, Scherich and Turner that the braids 01022k+1 are

not order-preserving for any integer k [10]. Such 3-braids have underlying permutation a
single cycle. We do not know if there exists an order-preserving braid whose permutation is
a single cycle.

4-2. Dehn surgery and sublinks of bi-orderable links

We can also improve upon [11, Theorem 5-12], which says that every link L in S is a
sublink of a link L’ such that 7 (S> \ L) is bi-orderable. We provide a construction of such
an L’ by adding only two components, and show that a similar result holds for all links in
arbitrary 3-manifolds.

Recall that the pure braid group PB, is generated by

-1 -1

i+1"'0‘

2
Ajj=0j_1...0i410{0 i1

where 1 <i<j<n [3, Lemma 1-8-2]. For example, we have A; ;1| = aiz forl<i<n-1
and A; ;40 = O'i+10'i(7i:_11 forl <i<n-2.

LEMMA 4-3. Fixi, jwith 1 <i<j<n. Then we have the following:

(x,-xj)x,-(xj_lxi_ ! ) ifk=i
A _ | g D D i k=g 5
g xinxfl ifk=j
Xk otherwise.

Proof. First, if k¢ {i,i+1,...,j} then xﬁi‘/ = x; follows from the observation that
xt=xpforall€efi,i+1,...,j—1}

. A P
Next consider x; . We compute

-1 -1
—1 -1  —1\0;,{.-0;_
=X 1 X XiXiX X )

-1 -1
=(x,~xj)xi(xj x; ).
.. Ajj —1
One similarly computes that XU = XXX,
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Ordered bases, order-preserving automorphisms 13
On the other hand, if ke {i+ 1,...,j— 1} then

R S |
xA,‘J _xUk---Gl+IU[ Oip10—1
k Tk

) 2 _—1 —1
:(xkxk_‘rlx]:l)ok,] :0if10; 0,4 ...(7]-71

=(xixk+1xl~_l )oio[jrll ~~~Uj:11

=(Coixip1x; ey Gy ))"i:rll o)
= (X e (x,-xk_lxl._l))“k_ Lo

=((xixp 1%, lx];}l )xk(xk—klxix,:_:lx; 1 ))"1:+l| ‘“Uj:ll

-1 -1 -1 -1
=(x;x;x; X; )xk(xjxixj x; ).

LEMMA 4-4. Let B € B, with underlying permutation o and fix i with 1 <i < n. Suppose
that B yields the automorphism ¢ : F, — F, with ¢(xx) = wkxjw]:1 where j=k°, and let
v Fy,— Fy given by yr(x;) = ukxjuk_l denote the automorphism of F, induced by BA; .
Define homomorphism h: F, — Z by h(x,) =1 and h(x;) =0 for all k=1,...,n— 1. For
each cycle ¢ =(ki, ... k) in the cycle decomposition of o, set ho =7 ;_, h(wk;) and
Ce=3"1_ huy). Then L. =h,+ lifi€ ki, ... k) and €. = h. otherwise.

Proof. Givenk e {1,...,n} we write j = k° and compute that ukxjuk_l =) = xkAi*" =
(wkxjwk_l)Af’". Thus we have

A; e

W XiXn ifj=i
Ai,n —-1.—1 o .

w " xpx; x,) ifjefi+ 1, ,n—1}

U = (3-6)

Ain s

wi " xi ifj=n
Ain .

Wy otherwise,

by appealing to Lemma 4-3.

Note that by Lemma 4-3 we have h(w?i’") = h(wy), and so we conclude that A(uy) =
h(wg) + 1 if k% =i, and h(uy) = h(wy) otherwise. The conclusion of the lemma follows
immediately from this observation.

In the proposition below, for g1, . .., g, € G we use the notation sg{g1, . . . , g»} to denote
the subsemigroup of G generated by {g1, ..., gn}-

PROPOSITION 4-5. Suppose n> 3. For all B € B, there exists a € Sg{A1p, ..., An—1n}
such that Bo is order-preserving.

Proof. Let o denote the underlying permutation of the braid 8, and observe that n° = n.
Since every o € sg{A1,, . ..,An—1,} is a pure braid, the underlying permutation of the braid
Ba is also o and so satisfies n° = n. So, our task is to choose a braid « such that the relative
primeness condition of Theorem 3-6 is satisfied by Ba.

For this, we inductively apply Lemma 4-4, right-multiplying 8 by braids A; , as needed to
guarantee that the relative primeness condition holds.
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14 ToMMY WUXING CAI, ADAM CLAY AND DALE ROLFSEN

Fig. 2. The braid § = o103 in the dashed box on top, and the braid o = A4 5425 in the dashed
box on the bottom.

Example 4-6. As an example of how to construct « as in Proposition 4-5, consider the braid
B = 0103 € Bs as in Figure 2. Since the generators o; are not order-preserving [11], it follows
that g is not order-preserving by [16, Corollary 9]. In particular, the underlying permutation
of B is (12)(34), and each cycle fails the coprime condition of Theorem 3-6 with iy =S.
Yet, as we see in Figure 2, we can multiply the braid 8 by o = A4 542 5 in order to produce a
braid in Bs that is order-preserving. The factors of A4 5 and A5 5 guarantee that the comprime
condition holds for the cycles (3 4) and (1 2) respectively.

In fact, the previous proposition holds for every braid g € B, whose underlying per-
mutation fixes n. However, the statement of Proposition 4-5 is sufficient for our next
theorem.

THEOREM 4-7. Every n-component link L in S* is a sublink of an (n + 2)-component link
L' in §3 such that 1(S> \ L) is bi-orderable.

Proof. By Alexander’s Theorem [1], the n-component link L can be written as
the closure of a braid g € By for some k. By Proposition 4-5, there is a braid o €
Sg{A1k+15 - - - »Akk+1} C Bi41 such that S is order-preserving. The closure of Bo, together
with the braid axis, gives a link L’ having n+ 2 components such that m{(S>\ L) is
bi-orderable.

COROLLARY 4-7. Every link L in a compact, connected, closed orientable 3-manifold M is
a sublink of a link L in M such that w1(M \ L') is bi-orderable. Moreover, if n denotes the
minimal number of surgery curves in in S> needed to produce M, then L' is obtained from L
by adding n + 2 components.

Proof. By the Lickorish-Wallace theorem, M can be obtained by surgery on S3
[13, 17], so there are n-component links L1 CM and L, cS? and a homeomorphism
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h:S3\ L, — M\ L. We may assume that L; and L are disjoint. By Theorem 4-7, there
is a link Lz c $3 with L, UA~ (L) C L3 and 7(S> \ L3) bi-orderable; moreover, L3 has two
more components than Ly U h~!(L). Define L' = h(L3 \ Lo) UL;. Then h(S> \ L3) =M \ L,
so (M \ L) is bi-orderable.

4-3. Multiplication by braids in B, _ 1
We can also generalise the observations made following Proposition 4-1. There, we

observed that it is possible to change a braid in B3 which is not order preserving into an
order-preserving braid by multiplying by powers of a single generator of B3.

PROPOSITION 4-8. Given B € B3, there exists k with 0 <k <3 such that ,801]‘ is order-
preserving.

Proof. Let B € B3 be given. If B is pure then k=0 suffices, and if the underlying
permutation of f is (1 2), then Boy is pure, and therefore k = 1 suffices.

On the other hand, suppose the underlying permutation of 8 is T = (1 3), and define
h:F3— Z by h(x1) =h(x3) =0 and h(xp) = 1. If B yields an automorphism ¢ : F3 — F3
given by

—1 —1 -1
d(x1) =wixzw, , ¢(x2) =waxaw, , P(x3) =w3ixiw,

and h(w1) + h(w3) is odd, then B is order-preserving by Theorem 3-6. On the other hand if
h(w1) + h(w3) is even, then consider the braid /3012, also with underlying permutation (1 3)
which acts by the permutation

of 102 of 1, —1\0? ot T p
W(xl)zwll)@(wl ), w(XZ):Wzlxl)Cle (W2 )T, W(X3):W3IX1XZX1XZ X (W3 ).

2 2
We see that h(wf')—kh(wg‘ x1x2) = h(wy) + h(w3) + 1 is odd, and so ,8012 satisfies the
coprime condition of Theorem 3-6 and so is order-preserving. When the underlying
permutation is (2 3), we similarly prove that 8 or ,8012 is order-preserving.
Last, if the underlying permutation of g is a 3-cycle, then the braid Bo; has underly-
ing permutation a single transposition. Then (ﬁal)olk is order-preserving by the previous
paragraphs, for some k with 0 <k <2.

We can deal with n > 4 by a similar, general argument.

LEMMA 4-9. Suppose that o € S, is a permutation with n° #n where n> 4. Then there
exists T € S,—1 such that ot has disjoint cycle decomposition cica, where c1 = (i) for some
ie{l,...,n—2}andcy is an (n — 1)-cycle.

Proof. To complete the proof, we need to find two disjoint cycles ¢j and c¢; with ¢1 = (i)
for 1 <i<n-—2andc;a(n— 1)-cycle in S, such that 7 := o~ lciey fixes n. Assume that
n"_1 =j # n. Arrange the elements of the set {1,2,...,n}\{j, n} in any order iy, ip, ..., i,—2
with i,_2 #n—1.Now c; =(iy—2)and c; =(jniy i> ... i,—3) are the desired cycles.

PROPOSITION 4-10. Ifn>3 and B € By, then there exists o € B,_1 such that Bo is order-
preserving.
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Proof. The case n =3 is given by Proposition 4-8, thus we assume n > 4. Suppose that
B has underlying permutation o and that o (n) = n. Then we can choose « € B;,_; such that
the underlying permutation of B« is trivial. Therefore S« is a pure braid, and so is order-
preserving.

Now consider the case that o (1) # n. Choose t € S,,—1 such that the cycle decomposition
of o7 is cicy where ¢ = (ip) with ig <n — 1 and ¢; is an (n — 1)-cycle, which we can do by
Lemma 4-9. Choose a braid « € B,,_1 having underlying permutation 7.

Suppose that S« yields an automorphism ¢ : F,, — F;, given by

P(x)) = wixw; !,
where j=i°". Define h: F,, = Z by h(x;,) =1 and h(x;) =0 for all i # iy and set k., =
Zi#o h(w;). If ged (he,, n — 1) = 1 then Ba is order-preserving by Theorem 3-6.

If ged (hey,n—1)#1, then consider the product ,Bao This braid gives rise to an
automorphism i : F,, — F,, given by

—1
V(X)) =vixjv; -,

where j =i°7, as the underlying permutation is unchanged. We compute:

(WZ) OxtoxloJrlxlo l()+lx (W ) ,0 lf.] =ip
—1\0% : 1, —1\0 e
wixpw; D0 =1 (wy)” "’xioxio+1x,-0 fwih)” o ifj=ip+1 (3-6)

2 2
(w) 050w it j # do, io + 1.
o? ”iz
Consequently v;=w;' whenever i°7 #£ip,ip+ land v;=w, x;; when "% =ip+ 1.
Therefore we can compute the quantity &, = Z?#io h(vi) by observing that A, =1+

Zf £io h(w 0'2) =1+ hc,, where the final equality follows from observing that h(w?'z) =
h(w;) for all i. It follows that if ged (A
Theorem 3-6.

If ged (7]
at a braid /30‘01'0 which satisfies the coprime condition of Theorem 3- 6, and is therefore
order-preserving.

o1 — 1) =1, then ,Baolz is order-preserving by

;o — 1) # 1, we may continue inductively to add powers of o , until we arrive
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