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Abstract. Assume T is an ergodic measure preserving point transformation from a
probability space onto itself. Let {(n, I.)}%-, be a sequence of pairs of positive
integers, and define the sequence of averaging operators A,f(x)=
(1/L) Z,[L _01 f(T™x), Necessary and sufficient conditions are given for this sequence
of averages to converge almost everywhere. Weighted versions are also considered.

Introduction

Let (X, X, m) denote a non-atomic probability space, and T an invertible ergodic
measure preserving point transformation of X onto itself. Let {(n,, L)}%-, be a
sequence of pairs of positive integers, and define the sequence of averaging operators

-1

AS(x) =~ S f(T™x).

b i=o
A number of authors have considered these averages with specific sequences
{(ny, I)}s-1. They studied the question of almost everywhere convergence for the
operators applied to functions in some L” class. For example, in [1] it is shown
that if n, = k and /, = vk then it is possible to find an f in L™ such that convergence
fails. In fact they show convergence fails even for f the characteristic function of
a measurable set. Later it was shown in [10] that if n, = p(k) where p(x) is any
polynomial with integer coeflicients of degree at least one, and [ /n,—0, then
convergence fails for some f in L™, It also follows from work in [3] that if n, = 4*
and I, = 2% then convergence fails. On the other hand it can be shown that if n, = 2
and I, =Vn, then almost everywhere convergence does occur for all f in L'. Thus
it becomes natural to investigate the question of convergence for general averages
of the form A, f This is done in § 1. In § 2 these results are applied to give new
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proofs of the special cases mentioned above. In addition, the question of weighted
averages can be considered. In [8] it was shown that the operators
" (n
27" % ( )f(T"x)

k=0 \k
fail to converge even for f the characteristic function of a measurable set. However
in § 3 it will be shown that certain subsequences of these averages will converge
almost everywhere for all f in L'. Other weighted averages are also considered.

If A is a subset of integers, |A| will denote the numbers of points in A. Throughout
the paper, ¢ will denote a constant, but not necessarily the same constant from one
occurrence to the next. We will use the notation n, / © to mean {n.};-, is a
nondecreasing unbounded sequence.

The assumption T ergodic can often be replaced by weaker assumptions. If the
conclusion of a theorem is that a maximal inequality holds, or that, a.e. convergence
holds, then by standard arguments, T ergodic can be replaced by T measure
preserving. If the conclusion of the theorem is that a maximal inequality fails, then
the assumption T ergodic can be replaced by T aperiodic. (The assumption T
aperiodic is needed to make use of the Kakutani-Rokhlin construction.) If we want
the stronger negative conclusion of ‘strong sweeping out’, we maintain the hypothesis
T ergodic to insure the existence of a family of mixing transformations that commute
with T.

1.
Let ) be an infinite collection of lattice points with positive second coordinate. Define

Q.={(z,5)||z=y|=a(s—r) forsome (y,r)in Q, (z, s) a lattice point}.
Geometrically we visualize (1, as the union of all solid cones with aperture «
and vertex in 2. However for technical reasons, we define (), to be only the lattice

points in these cones.
The cross section of (2, at integer height s > 0 is denoted by (), (s) and defined by

Q.(s)=1{k|(k, s)eQ,}.

Let T be an ergodic measure preserving point transformation from a probability
space (X, 3, m) to itself, and define the maximal function associated with the set
Q by

n—1
Mof(x)= sup —'Y |A(T*x)].
(knye N j=o0
THEOREM 1. (a) Assume there exist constants A < and a > 0 such that |Q,(A)| < AA
Jor all integer A > 0; then M, is weak type (1, 1) and strong type (p, p) for 1 <p=oco.
(b) If Mg, is weak type ( p, p) for some finite p >0 then for every a >0 there exists
A, <0 such that for all integer X >0 we have |Q,(A)|= A,A.

Theorem 1 is related to a generalization of Fatou’s Theorem studied by Nagel
and Stein [7]. The following proof is based on ideas in a subsequent paper by Sueiro
[12], and the transfer principle of Calderén [4].
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Proof of part (a). In the context of the maximal function problem, the Calderén
transference principle allows us to transfer our considerations from (X, X, m, T) to
the set of integers Z equipped with translation. Fix an x in X and a large integer
N. For ease of notation, define

S(k) = f(T*x)xi-n,ny(K)
and extend the definition of the maximal function M|, to this setting in the obvious
way. Let A >0 be given. We now decompose the domain of f (which is now just
the integers) into a collection of disjoint blocks {B;} where the two sided Hardy-
Littlewood maximal function

iZ0

l n
f*(P)=Sl}'p|‘;H—l Y f(p+i)>a,

and the remainder where f* < A. By the usual Hardy-Littlewood maximal inequality

we have
B, ={b,, b;+1,...,b+r.—1}
and
2 2 K .
[UBl=TIflh=5 T IO
j=—-N

If M, f(p)>2A then by definition
1 n—1
- Y |f(p+k+j)>21 for some (k, n)in (.
j=0

This implies that the interval (p+k, p+k+n—1)c B, for some i. To see this, first
note that the point p+k is a place where f* is greater than 2A, hence greater than
A. We still need to show that p+k+n—1=<b;+ r;— 1. If this were not true then there
would be two possible cases.

Case 1. pt+k+n—1 is not in one of the blocks where the maximal function is
greater than A. In this case we note that our maximal function f* looks both to the
left and the right. Looking at the average from p+k+n—1 back to p+k we get
less than or equal to A, but this is the same average we assumed was greater than
2A, a contradiction.

Case 2. p+k+n—1is in some block other than B;. In that case there must be at
least one point g between p+k and p+ k+n—1 where f*(q) < A. Look from g left
to p+k, the average will be less than or equal to A, now look from g to the right
to p+k+n—1, the average is less than or equal to A. Thus we have

ikVUNsw—p—k+n&

J=ptk
and
ptk+n—i
Y fl=(p+k+tn—1-g+1a.
j=q

Adding these, we see that

ptk+n—1

T IfDIHIf(@l=(n+ DA

j=p+k
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This implies

p+tk+n—1
L D=+,
j=p+k
or
1 prk+n—1 ) n+1
= T lfQl=s——ar=2a,
N j=p+k n

a contradiction to the original assumption that the average was greater than 2A.
Thus we known that n<r,.
Let c=[1+a ']+1. Then

|(b;—p)—k|=|bi—(p+k)|=r (since p+kisin B)

1
5a<r,-+—ri—ri>
o

=a(cr,—r;)
<a(cr;—n) (since n<r).
Therefore by definition (b;—p, cr;) is contained in Q,, or b;—peQ_(cr,). This
implies that
peb —Q,(cr).
Using this we see that
{Panf(p)>2)\}CL'J{b.-—ﬂa(cr.»)}-

Taking measures (counting measure on the integers) we have
{pIMaf(p)>2}|= Z |bi = Q, ()|

=) |Q.(cr)]
=3} Acr,
=AcY |B|=Ac|u B

N

=4ci T U0,

e
From this and the transfer principle, (i.e. divide both sides by 2N, return to the
original notation, and use the fact that T is measure preserving), we deduce the
weak type (1, 1) conclusion of part a of the theorem. Note that the operator My, is
trivially bounded from L™ to L™. This and the weak type (1, 1) estimate allow us
to use the Marcinkiewicz interpolation theorem (see [13] page 111) to prove the
operator M|, is strong type (p, p) for 1 <p=oo.

Proof of part (b). Assume that we are given a > 0 and an integer A > 0. First assume
that Q,(X) is bounded. Form a very tall Kakutani-Rohklin tower of height N larger
than

2(a+1)A +sup {|z|]|ze Q. (V)},
and with error less than 1/ N. Let (z, A) be in (,,. Then by definition of (), we know
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that |z —k|< a(A —n) for some (k, n)e Q. Note that this implies |z—k|=< aA and
A = n. Define a function f to be 1 on the top 2[(a +1)A] steps of the tower, and
zero elsewhere. Let x be a point in the tower [(a +1)A] steps below the top of the
tower. Note that each step in the tower has measure at least 1/2N. We have

Mo f(T™x) 2% g F(T™4x).

Since |~z + k|=< @A, the sum starts in the support of £ The sum also ends in the
support of f because |—z+k+n|<|-z+k|+n=aX +A=(a+1)A. Thus the entire
sum is within the support of f, and we conclude that

Mof(T*x)=1
This is true for all z such that (z, A)e,, i.e. for all z in Q,(A). The number of
such z is no more than 2N times the measure of the set {Mq f=1}. Using this fact,
and the assumption that the maximal function is weak type (p, p), we see that

~——|Q°(A)|< >
N = m({Mqf=1})

c
AL

_ (et DAl
N
Aat 1)
~

Now multiply both sides by 2N to conclude the proof of part (b) in the case where
Q,(A) is bounded. To see that this is in fact the general case, select B a large integer
and replace ,(A) by Q,(A) n[—B, B] in the above construction. We then conclude
that |Q,(A) n[-B, B]|= c2(a +1)A. Note that the right hand side of the inequality
is bounded independent of the choice of B. Thus the set Q,(A) must itself be
bounded, and the proof is complete.

We can also consider a related symmetrical maximal function,

M f(x)= su 5 T*x)).
of(x) (k,n)592n+1j=zin | £( )|

Then Theorem 1 remains true with this maximal function. We state this as

THEOREM 2. (a) Assume there exist constants A <0 and a >0 such that |Q,(A)|=
AAX for all integer A >0, then My, is weak type (1,1) and strong type (p, p) for
1<p=oo.

(b} If My, is weak type (p, p) for some finite p> 0 then for every a >0 there exists
A, <o such that for all integer A >0 we have |Q,(A)|< A A.

Proof. The proof is almost the same as the proof of Theorem 1. The following
outline of the proof uses the notation from the proof of Theorem 1.
For part (a), we find a pair (k, n) € Q such that

+k+j]> 2.
2n+1ﬁ§"UKp J
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By the same argument as before, we find that (p+k—n, p+k+n)< B, for some i
In particular, this implies that p+k is in B;, and n<r,. From this we deduce that
pe b, —Q,(cr,), and the result follows as before.

For part (b), note that Mg f(x)=<cM{ f(x). To see this note that for each fixed

(k,n)eq,
n—1 n
T f(p+ktil= T 1fprke
j= j=-n
and hence
| LI 2n+1 1 "
— +k+jl< +k+ji.
njgolf(p k +j] 2n+1j=2_"lf(p jl

Consequently, if Mg, is weak type (p, p) then so is the associated maximal function
M,,, and hence by part (b) of Theorem 1, we see that there is a finite constant A,
such that |Q,(A)|= A A.

CoRrOLLARY 1. For each p =1, the maximal functions M, f and Mg, f are weak type
(p, p) if and only if the maximal functions Mq_f and My,_f are weak type (p, p).
Proof. Note that the union of cones with aperture a and base in  is exactly the

same as the region formed by the union of cones with aperture a and base in },.
Hence the condition in the theorem is either satisfied by both regions or neither

region.
Let Q" ={(k, n)|(k, n) € Q and n = h}. We say the
1 n—t1 i
lim — ¥ f(T""x)
n>x N2

(k,n)eQ)

exists, (and equals f) if

, 1! .

lim sup [— ¥ f(T""x)—f(x)|=0,

h—oo (kn)eQ" | j=0
for a.e. x. With this notion of limit we can state the following corollary to
Theorem 1.
CorOLLARY 2. If

1 n-—1 .
lim - Y f(TFx)

(k,n)eQd

j=0

exists for all f in some L’, 0 <p <0, then there exists an integer h such that for the
set Q" we can find constants a and A, such that for all integer A >0, we have
Q4 (A)] = AA.

Conversely if we can find an integer h and constants a and A, such that for all
integer A >0, |QL(A)|=< A,A then the limit exists a.e. for all fin L'
Proof. Before proving the corollary we prove the following lemma which is really
just a special case.

LemMmAa 1. If Q={(n, L)|Lk>0, k=1,2,...} with |, 7 c©, and
I, —1

fim LY f(T™x)

W)
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exists a.e. for all f in some LP, 0 <p <o, then there exist constants a« and A, such
that for all integer A >0, we have |Q, (1)< A.A.

Proof. Suppose convergence holds for all fe L*, for some 0<p<oco. If 1 <p <o,
apply Stein’s theorem in L” [11] (as extended by Sawyer [9]) to conclude that the
maximal function My, is weak type (p, p). If0<p <1, since L' < L, apply Sawyer’s
theorem in L' to conclude that the maximal function is weak type (1, 1). In either
case, by Theorem 1, part (a), there exist constants a >0 and A, <o such that
[Qa(A)|=A.A.

LEMMA 2. For each positive integer h define Q(h)={(k, h)|(k, h) e Q}. If

1 n—1 X
lim — Y f(T""x)
n=oc N -9

(k,n)eQ

exists a.e. for all fe L” for some 0 < p <o then |Q(h)| is finite for all h greater than
or equal to some integer h,.

Proof. If the limit exists then it must exist for each sequence of points from ) with
second coordinate tending to infinity. Assume Lemma 2 is false. Then we can find
an increasing sequence of positive integers h,, h,,... such that |[Q(h;)|=c0 for
j=1,2,3,.... We will now construct a ‘bad’ sequence {(m, Il )}5-,. Let
(my, b)), (m3, hy), ..., (m,,, h)) be any set of points in Q(h,). Let these be the first
h, points in the sequence. Next let (m{, h,), (m3, hy), ..., (m3,,, h,) be any collection
of 2h, points in (h,). Let these be the next 2h, points of the sequence. In general,
at level h; select ih; points from Q(h;) and let these be the next ih; points of the
sequence. Define €} to consist of the points in this sequence. The cone condition is
obviously violated because at level A = h, we see that |Q, ()| = kh,. Thus no finite
constants @ and A will work. By Lemma 1 we cannot have convergence along the
sequence, and hence cannot have the more general convergence.

Proof of Corollary 2. By Lemma 2 we know that at a certain level h, and above,
each level of {) contains only a finite number of points. We will show that the linear
growth condition is satisfied by the set {} = Q™. Define an order on () as follows:
(n, Ly<(m, L) if L <l or I;=1 and n; <n;. With this order we are really only
considering a sequence with second coordinate tending to infinity. This puts us in
the case of Lemma 1, from which we conclude that the growth condition is satisfied
for some finite positive constants « and A.
To prove the converse, note that for functions in the dense class,

D={¢|le(x)=g(x)—g(Tx)+c, geL™, ¢ a constant}
convergence is trivial, because if ¢(x)=g(x)—g(Tx)+ ¢ then

4llgll«
h 2

I

sup =

(kdhinjrcQ”

< +i 1j7| n+i
2 e(T'x) == ¥ o(T""'x)
i=0 Ji=0

and this clearly converges as h increases to infinity. Define

-1 j=1 _
LY LS g

1%

R(f)(x)=Ilim sup

h—o0 (kd),(njre)”
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Notethat R(f)(x)=R(f—¢)(x)foreach ¢ € D. Also note that R(f)(x)=2M;f(x).
We would be done if we could show that m{x|R(f)(x)> ¢} =0 for each choice of
€ > 0. This follows from the fact that for each ¢ € D we have

m{x|R(f)(x)>e}=m{x|R(f—¢)(x)> ¢}
= m{Xl2Mﬁ(f—<P)(X)> e}

L

We have used the growth condition and Theorem 1 to obtain the weak type inequality
used in the last step. Since || f — ¢ ||, can be taken as small as desired, the result follows.
Actually, more is true. By proving a variant of Sawyer’s theorem, it will be possible
to show that if convergence fails then it does so in a very strong way. We will show
that if the growth condition fails, then given £ >0, we can find a measurable set E
such that m(E) < g, but
-1

limsup Z xe(T™x)=1 a.e.

lk} =0
and
I—~1
llmmf— Z xe(T™ x)=0 ae.

k Jj=0
In this situation we will say that we have the ‘strong sweeping out property’.

A family of measure preserving transformations {S,} is said to be mixing if for
each pair of sets A and B in 3, and p > 1, there exists S, in the family such that
m(An S;'(B))<p- m(A) - m(B).

The following variant of Sawyer’s Theorem will be needed to study the ‘strong
sweeping out property’.

THEOREM 3. Let (X, 2, m) denote a probability space. Assume that {T,} is a sequence
of linear operators, T,: L' > L' with the properties
(i) T, =0.
(i) T, 1=1.
(iii) The T,’s commute with a family {S,} which is a mixing family of measure-
preserving transformations.
For each n define M,.f = supy-.|Tif|. Assume that
(*) For each £ >0 and ne N, there exists a sequence of sets {A,}, such that if

m(E,))
E,={M,x.,z1—¢} then sup m(A:)

Then the ‘strong sweeping out property’ holds: given € >0, we can find a set B, with
m(B) <eg, such that

= +00,

limksup Tilg=1 ae.
llmklnf Tk 1 B = 0 a.e.

Proof. By Theorem 1.3 in del Junco and Rosenblatt [6], it is enough to show that:
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(**) For each £>0 and nc N, we can find a set B, m(B) < ¢ such that
M yp=1—¢ ae.

Now we argue as in Sawyer’s proof. We may assume without loss of generality that
m(E,)/m(A,) = p?, otherwise we relabel the sequence. Let h, be a natural number
such that 1= h,m(E,) =2 and hence

h”m(zE”)s%.

p

Take A}, A},..., A} to be identical copies of A,, i.e. AL =A, for j=1,2,...,h,.
Then E{,z E, for j=1,2,..., h,. By Sawyer’s auxiliary lemma, (see M. de Guz-
mann’s book [5], p.20), there are S’;, e{S.lp=1,2,...,j=1,2,..., h, such that
almost every x belongs to infinitely many (S5,)'(E}). (Here we use the fact that

h,m(A,) =

o h, ) ©
Y X m(E;)=Y hm(E,)=c0)
p=1 j=1 p=1

Choose p, so that

e o)

E hm(A,)= ¥ —2—2<8

P=ro p=po P
Define .
F(x)= sup Spxa;(x)
P=po
1=j=h,
= xp{x).

(As the sup of a countable family of indicator functions this is again an indicator
function.) Then
h

1FI= 5 [ Shrg dm
pEpo j=1JX
hP .
=Y 2 m(Ap)
p=po j=1
= X hm(A,)
P=Po
<g,
and
MnF(x)ZMn(S-;’XA,’,)(x)
= M, (xa)(S5%)
(because our operators T, commute with the family S,: T, (Sg)(x)=S(T,g)(x)=
(Tg)(Sx), whence M, (Sg)(x)=(M,g)(Sx)). _
Now if x€(S,)"'(E}), then Sixe E/ and hence M, (xa;)(Spx)=1—¢ which
implies M,xs(x)=1—¢e. Thus M,xz(x)=1-¢ for almost every xe X, and the
theorem is proved.

Remark. The assumptions on the sequence of operators {7,} used in the above
theorem can be weakened and the conclusion can be strengthened. It is enough for
these operators to satisfy the assumptions used by del Junco and Rosenblatt [6].
They assume that {T,} are monotone (E < F - T, xg < T, xr) linear maps which are
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continuous in measure from X into the class of positive measurable functions and
that T, xx =1 for all k. The conclusion can be strengthened to show that an entire
dense Gj; collection of subsets of £ will work.

The following theorem applies Theorem 3 to the moving averages considered in
Theorem 1. We state this as Theorem 4.

THEOREM 4. Let Q ={(ny, I)| . 7 ©}. If the linear growth condition on |Q,(A)| fails,
then we have the ‘strong sweeping out property’, i.e. given £ >0 there exists a set E
with m(E) < g, such that

1 ,k_] .
limsup— Y xe(T™"x)=1 ae.
lk ji=0
and
1 4t .
liminf— Y xe(T""x)=0 a.e.

kL i=o
Proof. Suppose that the set () is such that the linear growth condition on the cones
fails. Take a =1. Then given any positive integer p, we can find a positive integer
A = A, such that pSA, =<|Q,(A,)|. Form a very tall Kakutani-Rohklin tower of height
N »5x,+sup{z|zeQ,(A,)}

and error less than 1/ N. Define A, to consist of the top 4A,+1 steps of the tower.
Then m(A,)=(4A,+1)/N. Let x be in the tower, exactly 2A,+1 steps from the
top. Now for zeQ,(A,) we have |z—k|=(A,—n)=<A, for some (k,n)e, so
A,=n. Also then |z—(k+n)|<|z—k|+n=A,+A,=24,, so that |-z+k|<]A, and
|-z+(k+n)|=2A,. This means that T ***xec A,,..., T***""xe A, and hence

1t .
MQXAP(TJZX)ZZ ) XA,,(T_HHJX)EI-
j=0

(The sum on the right starts and ends in A,.) Thus for each zeQ,(A,), T “x¢
{Maxa, = 1}. Since each step in the tower has measure at least 1/2N, we have

Q,(r,)
I—;N—plsm(MnxA,,zl—sFm(E,,),
but
IQI(/\,,)| 2 SA, p2
L S p2 s (A
N P oN= o mA)
and thus
2
m(E,) _ p°
m(A,) 2

Note that if Q' is the set €} with the first few terms removed, then the above argument
also applies to Q)'. Thus we showed that the condition (*) in Theorem 3 holds,
finishing the proof.

2. Applications

In this section we consider a number of applications of the results obtained in § 1.
We begin with a lemma which will prove useful in a number of the applications.
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Lemma 3. (Sliding Lemma.) If Q={(n,, L )}x-., and Q is obtained by increasing
some of the I, then if Q) fails to satisfy the linear growth condition, so does §). Further
if g(k) = ny, — ny, and we shift the n, in such a way that the new sequence f, has the
property that Ay, — A, < g(k) then if the sequence {(A,, I\)} fails to satisfy the linear
growth condition, so does the original sequence.

Proof. Note that increasing [, will decrease the cross section of the cone based at
(ny, I}, and make it easier to satisfy the growth condition. Similarly, if we reduce
the gaps between the cones, then the cross section at level A will only decrease. If
the reduced cross section is too large then the original cross section must have been
too large also.

CoroLLARY 3. If {n,} and {l.} satisfy the growth conditions n,,,> n,+ 1, and for
some fixed j=1, |, >c- n,_;, then lim,(%,o(l/lk)Z:‘:\O1 f(T™Y x) exists a.e. for all
felL.

Remark. Note that a special case of this result is that if n, = 2** and I, =+/n, then
we have convergence. This should be contrasted with the case considered in [1]
where n, =k, I, =vn,, and it is shown that convergence fails. Theorem 4 above
shows that in fact convergence fails in a very dramatic way.

Proof. In this case the set () consists of points of the form (n,, I;). At level A above
the point (n,, I,) we see a contribution of ¢(A — /) where ¢ depends on the angle
chosen. Let m be the last integer from which there is a contribution. Assume first
that j =1, and that the cone based at (n,_,, l,_,) is not contained in any earlier
cone. Then the total contribution from all the cones is dominated by

c
nm—l+5 (A _lm/l)+c(/\ - I,,,)S%CA +nm—l

= %c}\ +c'l,
=3cA+c'A
= AA.

(See figure 1.) If the cone based at (n,,_,, [,,_,) is contained in one or more earlier
cones, let (n, ;) be the vertex of the earlier cone which contains (n,,_,, l,,._,) and
intersects the line y = A the farthest to the right. Then

[20)|= 1435 (A =l +e(h = h)

3
=n,+3cA

= A),

gu—uq> c(A—1,)
< —t v
(Mo 1)

(Myy ly)
(nmf21 'm*Z

FIGURE 1.
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as above. If for example j =2, and the cone at (n,, ,, [, _,) is not contained in any
earlier cones, then we have

C
0. (A)]= Am2t S (A =ln2) + (A=l + (A =1),

= AA

where the growth condition was used to estimate n,,_, by a constant times /,,, and
hence by a constant times A. If the cone based at (n,,_,, l,,_,) is contained in one
or more earlier cones, proceed as in the case j = 1. More generally, for any fixed j,
we simply estimate the last j+ 1 terms by A and use the growth condition to estimate
the first m —j terms.

COROLLARY 4. [3] Let n,=r* and I, = as* with 1 <s<r, a and s positive integers.
Then for each choice of p> 1, limy_ . (1/1) ZJ’.":_O' f(T™Yx) fails to exist a.e. for some
fe L, and in fact the ‘strong sweeping out property’ holds.

Proof. Here the set Q consists of points of the form (r", as”). The cone at (r*, as*)
at height as™ has cross section c(as” — as*) = cas*(s" ¥~ 1) = ¢'s". These cones will
be disjoint at height as” at those k such that r* ™'+ cas” < r* — cas”, i.e. for those k
such that 2cas” <r*—r*"', or 2cas”" <(r—1)r*"'. (See figure 2.) Let k, denote the
smallest k such that 2cas” < (r—1)r*"". The number of cones which are disjoint at
height as” is at least n —k,. Taking logs, we see that n—k, grows at least linearly
with n. Thus the total contribution from these disjoint cross sections will be at least
nc"s" for some constant ¢”. Since this is not dominated by As"” we cannot have a
maximal inequality, and cannot have convergence.

COROLLARY 5. Assume r> 1, and let n, =[r*] and I, = o(ny), then for each choice
of p=1,

[

:
lim— ¥ f(T""x)

k=oe =0
Jails to exist a.e. for some fin L” and in fact we have the ‘strong sweeping out property’.

Proof. Note that we can assume without loss of generality that [, are nondecreasing.
If not, simply increase /’s as necessary to achieve this. By Lemma 3 (the sliding
lemma) if we do not have convergence for this new sequence, we could not have
it for the original sequence. Note also that because of the rate of growth of the n,
and the non-decreasing nature of the I, if the cross section at height A of two cones
are disjoint then all future cross sections at height A will also be disjoint. Let £ >0
be given.

A=as —

n M n
/ \/ (r"":vas"") (r", as™)

FIGURE 2.
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If there exists an infinite set S such that n € S implies that [, —I,_, = €l, then we
can proceed as follows: For ne S let A =1, and let k, be the largest k such that at
level A the cone at the point (n,, ;) intersects the cone at the point (n,_,, I_,).
Then we have

1. (1)]= C(rk"+ > (1,.—1;))~

J=ky+1
There are two cases.

Case 1. There is a constant ¢ such that n —k, < c for all n in S. In this case we have
k,=n-c and |Q,(l,)|= Cr*= Cr"~“= O(r") which implies we cannot have the
weak type inequality.
Case 2. We have n — k, - . For these n € S we have |Q,(I,)|= C(n—k,)(I,—1,_,) =
C(n—-k,)el,, but since n—k, goes to infinity we do not have the necessary size
condition for a weak type inequality.

If the set S contains only a finite number of n, then we have I, —1,_, <¢l, for all
n large enough. This can be rewritten (1—¢)l,<l,_, or I,/1,_,<1/(1—¢). This
leads to I, < A[1/(1—¢)]" for some constant A. If ¢ is selected such that 1/(1—¢) <r
then we are in the case of Corollary 4, and hence do not have a weak type result.

COROLLARY 6. [10] Let L>0 be given, and let n, = k" (or the greatest integer in k"
if L is not an integer), and I, = o(n,), then for each choice of p=1,
-1

lim ll N A(TYx)

k>0 k j=0
fails to exist a.e. for some fin L? and in fact we have the ‘strong sweeping out property’.

Proof. Look at the subsequence with index 2*. We have L+ = 0(2%)%, but (2¥)" =
(2%)* = r*. Therefore looking only at this subsequence, we see that we are in the
case of Corollary 5, and consequently cannot have convergence for this subsequence,
and hence not for the original sequence.

COROLLARY 7. Given any sequence {(ny, l,)}x-1 such that n, 7 o and I, / ©, there
is a subsequence {(n}, li)}-, such that convergence occurs along this subsequence.

Proof. The sequence {(nj, I})}5-, will be defined inductively. First let (n{, [})=
(ny, 1). In general if (n;, I;) have been selected, select the pair (nj.,, li,) from
the sequence {(n, I,)}c~, such that [}, > n}. The resulting subsequence satisfies
the growth condition of Corollary 3 which is sufficient for convergence.

CoROLLARY 8. There is no universal strictly increasing subsequence {n,} -, such that
for every sequence {(k, I,)}x-,, with I, 7 0, convergence occurs along the subsequence
{(n, L) =1

Proof. Given the proposed universally good sequence {n,};-,, let I, =¢In k]. Define
the remaining J, so that the resulting sequence of I, is non-decreasing. This sequence
will be the required counter example. To see this, note that by the sliding lemma
(Lemma 3) and the fact that (k+1)—k=<n,,,—n, |Q.(1)| is only decreased by
‘sliding’ the points (ny, I, ) to the left, resulting in the sequence {(k, I, )}x-,. Since
the I, =[In k] = o(k), convergence fails by Corollary 6.
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3. Weighted averages

There are many cases where the results of § 1 can be applied to problems involving
weighted moving averages. Theorems 5 and 6 below show how this can be done.
Further problems involving weights will be considered in a subsequent paper.

THEOREM 5. Given any continuous function ¢ with the properties that
(a) ¢(x)=0 for all x,
(b) Jo(x)dx=1,
(c) ¢(x) is radial decreasing, (i.e. ¢(|x|) = ¢(x) and ¢ is a decreasing function of
IxI),
(d) ¢(0)=A<co.
define ¢,(t)=n"'¢(t/n). Then the maximal function

Nof(x)= sup 3 ea(PIA(T )]

(k,n)e() j=—oc
is weak type (1, 1) if and only if the region ) is a good region for the operator M,.

Proof. We can decompose the operator Ny, f into the sum of pieces, each of which
we can control by the maximal function Mg, f. By Theorem 2 we know that the
operator M, is weak type if and only if the linear growth condition on Q(A) is
satisfied, and by Theorem 1 the same is true for the operator M.

Assume that f is non-negative. (If not replace f by |f|.) For all (k, n) € Q we have

S en()A(THIx)

Jj=—

= T e(IATx)+ Z ) @n (DT x)

j=—n m=0 2"n<|jl=2"*"n
2n+1 A 1 .
= T"x)+ 2", (n2") — T
. 2n+1,_§"f( )+ L n2" e, (n2") — o Z e (TR
1 "2 41
Tk+, + om+2 ., T‘<+J
“Tn +1I‘Z*"f( x)+c Z n2" "¢, (n2") 2m+2+1j__§7 AT x)

< M5 f(x)+c §=02'"+2n<pn(2'"n)M60f(X)

=CMg_f(x).
To see that the last sum is finite we argue as follows:

J e(y)dy= J ea(y) dy

0

zj . () dy+§ J ®a(y) dy

o m=0 J na™

= ou(n) - n+ § on(n27*1) - (n2™)

i :{ @.(n2%) - (n2*1?)

=g@,(n) -n+ 27 .=
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=5 en(n) 2435 T gu(n24) - (n24)
2 2
=1 T (02 gu(n2b).

k=0

I\)

The proof is completed by recalling that by Corollary 1, Mg_ satisfies the same
weak type estimates as cMg.
To prove the converse, note that

S eIAT )= 5 ou(m)f(T*x)

j=—00 j=-n

k+j
2n +1 ,_zi,, AT

since ¢,(n)=n""e(n/n)=n"'e(1). Hence Nq f(x)= M f(x).
Remark 1. A similar theorem can be proved if we assume for example that ¢ is a
non-negative function which is supported on the non-negative reals, decreasing for

postive x, | ¢(x) dx=1, and ¢(0)= A <co. The only change in the proof is to use
the one-sided maximal function rather than the symmetric two sided one used above.

Remark 2. Let t(n) be a function from the positive integers to the integers. Then
the region Q is a good region for the maximal function

Nof(x)= sup Z ‘Pr(n)(])lf(Tk+j )l

(k,n)eQ) j—oo

i.e. the maximal function is weak type (p, p), if and only if the region Q=
{(k, t(n))|(k, n) € Q} is a region which yields a weak type ( p, p) inequality for the
maximal function M§_f(x). To see this simply repeat the proof of Theorem 5,
replacing n by t(n). See the proof of Theorem 6 for an example of this idea.

Remark 3. More general weight functions can also be shown to work. For example
if we have a sequence of probability measures p, on the integers, which are
non-decreasing on their support, and such that sup, p,(k) converges to zero as
n->o, then there is a subsequence p, such that for all felL', p, f(x)=
Y-« Pu, (K)f(T*x) converges for a.e. x. This will be considered further in a
forthcoming paper.

Define the maximal function

b 1 2n it
M= s g £ (o

Let ={(k, [vn])|(k, n) e Q}, where [x] denotes the greatest integer function.
Fix a and define ), to be the collection of lattice points in the union of cones with
vertex in  and aperture a. We can now state the following theorem.

THEOREM 6. For each p =1, the operator N f is weak type (p, p) if and only if the
operator M & f is weak type (p, p). In other words the region Q is a good region for
the operator N}, if and only if the region ) is a good region for the operator M§.

Proof. Note that by Corollary 1 looking, at the set ), gives the same result as
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looking at Q) from the point of view of the associated maximal functions being weak
type (p, p). Therefore it suffices to compare the operator N, f to the operator M af
Using Stirling’s formula, it is easy to see that (1/2°")(>") is well approximated by

1/v@ Vn. Further,
( 2n \ _(2n\ n(n—1)---(n—k+1)
n+k>_< n)(n+1)(n+2)- - (n+k)’
Dividing top and bottom by n*, and using the fact that

1__!:/_”.56—21/n,
1+j/n

it follows that

( 2n )S(zn)e—z(l/n)e—z(Z/n), . _e—z(k—n)/ns<2" e-kz/,..
n+k n n

(In fact the inequality can be reversed if |k/n| <3. This follows by the same argument

and the fact that
—2j/n .]/ . .
2j/ <T—_/_ lf]/n<%.)

Consequently, to study the maximal function N§f we will use the fact that
1 ( 2n ) 1 ( 2n )
2"\n-k/) 22"\n+k

1

1 1
c-ﬁﬁe =c- ¢ sa(k) where <p(x)=ﬁe

1
3€

can be dominated by

—2x2

and ¢,(x)=t""¢(x/t). In the following assume that f is non-negative. Thus we will
actually study
NEf(x)= sup ¥ ous(j)f(T"x).
(k,n)eQ j=—n
The operator can be decomposed into a sum of pieces, each of which will then
be related to the operator My_f. We have

S oum()f (T x)

Jj=—-n
[\/;;] k+j . k+j
= T emU(TH+ 3 ) evr( AT x)
j=-[vnl m=0 2"(Vn]<|jl=2"""[Vn]

[vn]

- ! k+j
OISR T A

+ Z 2" [Vnlem QT IVA]) So= A(T"x)

z
2'"“[~/_] VA<= 27 VA

[vn]

- k+j
=ovmT1, T T
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2"+ [V}

k+j
T T

+e T 2" Valem VA

=M f(x)+c T 2" [WVale s VA M. f(x)

=cMy_ f(x).
We have used the fact that if a point (k,[vn]) is in ), then so is (k, j) for any
j=[vn]. This is true because if a point is in a cone, so is every point above that
point, and O, was defined to be a union of cones. We also need the fact that
¥ 02" [Vnle (27 [Vn)) is finite independent of n. To see this we argue as
follows:
o [vn] 5 2m*/n)
J ¢vza(y) dyzj eum(y)dy+ ¥ j’ Pvza(y) dy

0 0 m=0 J2"[Vn] ~

= [Viles([VaD) + § 2" [Vale (2" VA

>[~/—]<Pm([\/_])+ Z 2°?[Vnle (2" [Vn])

2’2
=5 L 2 ialosm(2' V),

N|,_.

and for each choice of ¢,

o 'ool
J e (y) dy= ;so(y/t) dy
0 .Poao

=| o(y)dy

JO
{* o

— L -2y?

B

1

7

Consequently if M4 _f is weak type (p, p) then so is the operator N of
To prove the converse note that

1 2 2n i +
roriD) ( .)If(T" %)=z ¢ Z ‘Pm(])f(Tk 7x)
27 Za\nt) j=-n/

[\/_] k+j

zc Y emMATVx)
Jj=-lvVnl
0!

T Y AT"x)

nj=—{/n)

(vn]

S k+j
AT TArAL

and (k, n) € Q implies (k, [Vn]) € Q... (Note that in the first inequality we have used
the reverse inequality between the binomial coefficients and the function ¢.) By the
above, we have N§, f(x) = cM§_f(x). Thus if Q is not a good region for the maximal
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function M§, then (), is not a good region for the maximal function M§_ and_
hence ( is not a good region for the maximal function Nj.

COROLLARY 9. The operator
1
sup — ( )If(T’x)
n>02 Jj= 0

Jails to be weak type (1, 1). Consequently the associated limit operator
lim — Z ( )f(T’x)

fails to exist a.e. for some f € L?, and in fact we have the ‘strong sweeping out property’.

Proof. 1t suffices to look only at the even integers and to show that the maximal
operator

sup = ( )If(T’X)I—SUP L5 ( 2n )If(T"*"x)I
22"} 0 n>022” =—n n+k

n>0
fails to be weak type (1.1). But this is just N5 f for Q={(n, n)|ne N} and hence
Q ={(n,[V'n])|ne N}. Because the second coordinate grows more slowly than the
first, by Corollary 6,  is not a good region for M§. Consequently by Theorem 6,
Q is not a good region for the maximal function N&.
To see that we have the ‘strong sweeping out property’, note that by the Central
Limit Theorem, given & > 0 there exists a constant b = b(&) such that for all n large

enough,
1 [bvm] 2
2n Z ( " > >1—e¢
2" y—“bvm \n+k

For the set

={(n~[bvn},2[bvn])|n> 0}
it is not difficult to see that the growth condition on the cones is not satisfied. Thus
by Theorem 4, the ordinary averages along this sequence have the strong sweeping
out property. Hence given &' > 0, there exist sets E with arbitrarily small measure

such that for almost every x there are infinitely many n with the property that

1 [bVnl-1 Tk 1 2[bvn]-1 T (b4 :
n — n— n >1- /.
vl e S X TR =5y &, X x)>1-e

This implies that if k € [n —[bv/n], n+[bvn]), then xz(T*x) =1 except for at most
2[bV/n]e’ terms. From this and the fact that the largest weight in the binomial
average is dominated by 1/v7rv/n, we can see that the binomial average is at least
2[bvVn]
l1—-¢e— £
Vavn

Since € and ¢’ are arbitrary, we are done.

CoRroLLARY 10. Let S ={2*"|n=0}, then the operator

sup 2 £ (7)o

neS

is weak type (1,1).

https://doi.org/10.1017/50143385700005381 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005381

Convergence for moving averages 61

Proof. In this case @ ={(2",2%")|n=0}, Q={(2%,v2”)|n=0}. Note that 2*"'=
22"V2 =[2%"1"2, Hence by Theorem 6, and the fact that ) satisfies the growth
condition of Corollary 3, the maximal inequality holds.

COROLLARY 11. Let S ={2*"|n =0}, then for all fe L' the operator
12 (n .
ima: £ (7))
exists for a.e. x, and the limit is the integral of f.
Proof. Consider the usual dense class of functions,
{f1f(x)=g(x)—g(Tx)+¢,ge L™}
For functions in this class convergence is true even without passing to a subsequence.

Let f(x)=g(x)—g(Tx), and assume ge L™. For this f we must show we have
convergence to zero. This follows because

1 n [n/2] n . R
7 ( )f(T’x)=2,, (.){g(T’x)—g(T’Hx)}
ji=0 j=0 \J
1on (m\,
. L (j>{g(T’x)—g(T’ x)}

2" j=tn72141

12 [ fn n ; 1
- 5 {()-(2)Jero e

A(n fn/21+1
2 () 2

+similar terms for the second sum.

=lele £ {(0)- (7)) e gt hee g ()

+ similar terms for the second sum.

Consequently,

~3 ( )f(T’x)

n
2" o

Because the sum Z["/zl {(D—(;2))} telescopes, we have

32 & ()= lelegs (1) el g leleg )

+similar terms for the second sum.

This converges to zero as n— o0, completing the proof of convergence for a dense
class of functions. The corollary then follows by recalling the fact that we have a
maximal inequality and using Banach’s principle.
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