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Abstract

We propose the second-order time discretization scheme with the finite-element approxima-
tion for the partial integro-differential equations with a weakly singular kernel. The space
discretization is based on the finite element method and the time discretization is based on
the Crank-Nicolson scheme with a graded mesh. We show the stability of the scheme and
obtain the second-order convergence result for the fully discretized scheme.

1. Introduction

We consider the time discretization method for the following partial integro-differential
equation with a weakly singular kernel:

u,—du(t):/K(t—s).@u(s)ds+f(x,t), xeQ, for >0,

0

u=0, on 9%, r>0, (1.1)
u(x,0) = up(x), in Q,
where & is a linear positive self-adjoint elliptic operator, % is a general partial

differential operator of second order with smooth and time-independent coefficients
and X is a weakly singular kernel satisfying

|Ki(t)] < Cxt™™™ with 0<a <1, for t>0, i=0,]1.
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Furthermore, throughout this paper, 2 is a sufficiently smooth domain in R?, d > 1
and we assume that f is sufficiently smooth. Problems of this nature arise in several
areas, such as the theory of linear viscoelasticity and heat conduction in material with
memory; see, for example, [8].

The numerical method considered in this paper is obtained by discretizing in space
by the finite-element method, followed by a finite difference and quadrature scheme
for the time discretization. For the numerical solutions we assume that we are given
a family {S,} of finite-dimensional subspaces of Hy = H; (2) such that

inf {llv ~ xll + Allv — xl.} = Ch||v]l2, Vv € H*N Hj, (1.2)
X €O

where || - || is the norm in L, = L,(2) and || - ||, is that in H* = H*(2).
As a starting point for the discretization of (1.1), we define the semi-discrete solution
of (1.1) as the function u;, : (0, T] — S, such that

(s X) + AGtn, X) =f K(t = )B(un(s), X) ds + (F (0, ), Yx € Smy 1> 0,
A ,
up(0) = uon, (1.3)

where (-, -) is the inner product in L,, A(-, -) and B(, -) are the bilinear forms on H,
associated with the differential operators & and % and where uy, is an appropriate
approximation in S, of initial data in (1.1). In [2], we can find that for each T > 0,
the error estimate of (1.3) is

s () — u@®| < Crh? {Iluollz +/ laec i dS} for t<T.
0

The time-discretization of (1.1) is very interesting because of the nature of “memory
effect”. The time discretization methods are derived essentially by replacing the
derivatives in (1.3) by a difference quotient and using a quadrature rule for the integral
terms. The difficulties involved in such time discretization are that all the values of
u(t) have to be retained, causing great demands for data storage. To overcome this
difficulty, higher-order quadrature formulae or quadrature based on the use of sparser
sets of time levels were proposed in literature such as [6, 7] and [9] for partial integro-
differential equations with smooth kernels. In the case of weakly singular kernels, the
regularity of the solution with respect to time is limited, which makes higher-order
quadrature formulae useless, as well as quadratures based on the use of a sparser set
of time levels. In fact, for sufficiently smooth data uy and f, there exists a unique
solution of (1.1) satisfying the following regularities (see [2]):

ue C(I0, TLH*NHY), w, € C(I0, T];Ly) NLy(O, T; H* N HY),
u, € L0, T; L,).
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Formally the solution of (1.1) satisfies

u, =u, + K()%Bu0) + / K(t —5)Bu,ds + f,

0

or
|| < Cxt™®|Bu(0)| + more regular terms with respect to .
In advance, we assume that the solution of (1.1) satisfies
et ll < Rot™ and [Ju,,|l; < Rot™ for some Ry > O. (1.4)
Furthermore, it is an easy consequence of (1.4) that
lu,ll < Ct='"* forsome C > 0. (1.5)

In this paper, we consider the graded mesh for the discretization of (1.3) (see also
[11and [3]). Given M € N, letTly, :={ty,... .4}, O =ty <ty < --- < tyy = T),
denote a partition of the interval [0, T]. With a given partition Il of [0, T} we
associate the quantities

k := max k,,
n<mMm

where k, :=1, — 1, (n =1, ..., M). If the mesh points {1,}_ are given by

AN

t = (ﬁ) T  (=0,...M), (1.6)
then Iy, is called a graded mesh; in the present context, the so-called grading exponent
r € R will always satisfy r > 1. Let U" € S, be the approximation of the exact
solution of (1.3) at time #,. The time discretization considered here is based on the
backward-difference quotient 3,U, = (U — U"™")/k,. The integral term then has
to be evaluated by numerical quadrature from the values of the Vs, but since the
integrand is singular, we use product integration. We approximate ¢ in J,(¢) =
Jo" K (t. — s)¢(s) ds by piecewise functions

¢° s € (0, 4],

P(s) = { /2 seli,iyl, 1<j<n-2 (17)
12— 4 pn— S—=lh_32 4n—
#¢ 32 + k,,__lnl¢ 12 s € (’n~h tn]v n> 2a
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where we denote that £;_y, := (& +1_1)/2, ¢/ V2 := (¢ + ¢ 7")/2 and k;_y)» :=
(kj + k;_1)/2. Thus we write the quadrature for J,(¢) as

n—-1 /P8 -
@)=Y f K (6, — $)§(s) ds
j=0 Yy

n—-2

= tn0¢0 + Z rnj¢j+l/2 + tnn—l¢n_3/2 + tnn¢"_l/2 fOI' n Z 2
j=1 ' '
and
i
q'(9) = 1109’ = f K(t — s)ds¢®,
0
where
( fi+t
/ K, —s)ds if j<n-2,
i
fn LA - .
=1 Kta=9"2"2y4s if j=n—1,
t,.;| kn—1/2
" - tn— . . ’
K, —-s)s—mds if j=n
[ A n—1/2

Our fully discretized scheme based on the Crank-Nicolson scheme is now defined
by

@BU" x)+ AU 2, x) = ¢ 2BW, XN+ ("2 x), n=2,
B, U, x) + AU, x) = ¢"(B(U, x)) + (f ', x), (1.8)

where

1
g (B, x)) = 5 (4" B, ) + 4" BW, x))}

The purpose of this paper is to show stability and to obtain error estimates for the
scheme (1.8).

2. Stability and convergence

We show stability and obtain the error estimates for the fully discretized scheme
(1.8). The following three lemmas from Kim and Choi [5] are required for our analysis.

LEMMA 1. If the grading exponent r > 1, then we have the following estimates.
There is a positive constant C dependent on T and r such that
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() |yl < Cr —j)™ k]33,
(i) Yo, Y It — Tamgja| < C.

LEMMA 2. For each € > 0, there is a constant C, such that

n -1 n n—1 {
Dok (= DEKESfi| <€ kfP+CY (n—DTKT Y knafl
=1 j=0 =1 1=0 j=0

Also we need the following discrete version of the Gronwall lemma.

LEMMA 3. Let {w,} be a sequence of nonnegative real numbers satisfying
n—1
Wy < B+ D _(n— )k w,
=0
where 8, > 0. Then there is a positive constant C such that
n—1
wy < B+ CY_(n—j) k756, n=0.
j=0

We recall that the bilinear form A (., -) is coercive and bounded if there are positive
constants ¢, and ¢ satisfying

collulli < Au, u) < cr|lull? Yue HNH]. 2.1

The following theorem is our conditional stability result for the fully discretized
scheme (1.8).

THEOREM 1. Suppose that k := max k, is so small that

i
Co
A:=/ |IK(s)lds < ——— forall n=>2.
0 2| B f

Then scheme (1.8) is stable, that is, there is a positive constant Cy := C(T, r, y) such
that

1"l < ¢ (||U°u+§:k,-uffn) for nz1.
j=t
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PROOE. Letting U" = U2 forn > 2, U° = U° and U' = U", (i) of Lemma 1
implies that '

lg' (B(U, o)1 < Cy I ll, | 22)
n—1

lg"(B(U, ¢))| < C (Z(" — D f/,-u.n¢|h> +AMBIT e, n22.
j=0

Taking ¢ = f/" forn > 1in (1..8), we have
% (o — 1om="1%) + /;n(Co - lIIBII)III ol | | (2.3)
< Cka)| U"lly [ Z(n — DRI } +hlfNTM for n >2
j=0
Summing (2.3) from n = 1 to N and applying Lemma 2 with a suitable €, we obtain

N : N
NUM I+ ) kT3 < 10O+ € (kl IF T+ kallf 210 U"II)

n=1 n=2

N-1 n—1
+CY (N =R Y kallT |2,
j=0

n=1
It follows from Lemma 3 that

N N
N 112 rm| 2 1 n—1/2 n
NUMI2+ ) kall 07 _<_CT[||U°||+k1||f |I+;k,.llf ||]rpsaquU||.

n=1

Hence we have

N
o™il smax ||U"|| < Cr (IIUOII +hA +anllf”_’/2||> forl <N <M.

n=2

Next we derive the error estimate for the fully discretized scheme (1.8). For
the analysis, we introduce the “discrete Ritz-Volterra projection” V, defined for an
appropriately smooth function u by :

A((Vau — ) (1), x) = 4" (B(Vau — u, x)), Vx €S, for n>0. (24)
We have the following two lemmas which state the error estimate for the discrete

Ritz-Volterra projection (2.4).
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LEMMA 4. Assume that k = mz}&( k, is so small that
i ‘%
A :=f IK(s)|ds < —— forall n>?2
0 1Bl
and that u(t) € H? N H} and u(t) € C*(Q). Then we have for V;, that

I(Vau" — u)|| < Crh?sup |4 |1,

jzn

n
< Crh? ("“0”2 +/ flu, (s)1l> ds) .
0

PROOF. Let p = V,u — u and let R, be the Ritz projection defined by
A(Rju—u, x) =0, Vx € 8.
It is a well-known estimate for R, that
IRyt — w1l + Rl (Ruu — w)(@D) |y < CH|u(®)]l2-
Letting 8" = V,u" — R,u”" under the definition of Vj, we have that with ¢, > O,
collo"lI} < A(9",67) = A(p".8") = q"(B(p,6"))

n—1\
= Crle"lh Z(n — ) kil 1+ MBI 16" 1,

j=0
or
n-1 )
(co = AMBIDIA™ It < ClIRpu" — u’lls + Cr (Z(n — )k Ih) .
j=0
Thus Lemma 3 implies that

oIy < Crsup IRyt — & |ly < Crhsup || .

j=sn jzn

In order to obtain the L,-estimate for p", we use a duality argument defined by

[lo"l = sup (0", @).
tol=t

For each such ¢, we let W be the solution of

FV =0 in Q, ¥Y=0 on 99.
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Then, for x € S, we have from'(2.2) that

(0", d) =A(p", V) = A", ¥ — x)+A(p", x)
=AY = x)+q"(Blp, x —¥)) + q"((0, B*V))
< Cle" W — xlh + Csup i/ llx — Wl

jZn .

n—1
+Cry (n=) K10 N + MBI o

j=0
Take x = R, ¥ and note that ¢yl ~'{| < 1 is an easy consequence of (2.1) and thus

1 — A||#*¥| > ;. Then we obtain that

' n—1 .
o™l < Chsupllp/ I+ Cr Y _(n— ) k}3200 .
J=n j=0

Thus Lemma 3 implies [|p"|| < Chsup;, Il o/ 1, which completes the proof.

LEMMA 5. Under the assumptions of Lemma 4, we have for p = V,u — u,
n In
S kI3l < ck? {”“0”2 + f laes ()12 ds} .
j=1 0

PROOF. For the sake of convenience, we denote 8" = k,3,0", 8° = p°, w, =

Ty — Ta-tjt, Wp = Z};l lwyi| for n > 2, and W, = Wp.= 0. Then we obtain

directly from (2.4) that for all x € §,,

A", x) = k,3,9"(B(p, X))
n-2

=q"(BG, X)) + ) _ w,; B(o' ™2, x)
j=1
+ Wnn1 B(0" ™2, X) + 00 B(p", x) (2.5)

n—1
< Cr Y (1= ) KZIBE 01 +MBE, 01 + Cmax 1o/ Il W
=0 =

Taking 6" = 8,(V,u" — Ryu™), we have with ¢o > 0,

cok, 16”17 = A(8",6™)
n—1

< Crll6Ih {Z(n = D78 + max o e Wa t + AIBITIS™ 1.

j=0
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Hence we get

n—1
1871 < Cr Y (n = Y K5T18 I + Cmax 67 1 Wi + ChalBu(Ru” = u) .

j=0

It follows from Lemma 3 that

n—1
&alld,p" s < Crmax ||l (Z(" — DTSV Wn>
<

n—1 7%
+ Crh Y (n—j) ki3 f s (s)2 ds. (2.6)
j=0 f

We can easily verify that for 8; > 0,

N n-1 N-1 N N-1
DY —-DTKTB =D 8 Y (m—j) kK <CY B 2.7)
n=1 j=0 j=0 n=j+1 j=0

Summing (2.6) from n = 1 to N and applying the inequality (2.7) and (ii) of Lemma
1, we have

N in
Y k30" < Ch (maNx Il + / nux(s)uzds) :
n=} n= 0
With the same argument of Lemma 4, we can write with x = R, ¥,

ki (3,0", ) = k,A(3,0", W) = k,A(8,0", ¥ — x) + k, A(3,0", X)
=k, A@3,0", ¥ — x) + kad,q"(B(p, x — V) + k.0,9" (0, B*V))

n—1
< G, + Cr Y (=) KIS |+ MB o,
j=0
where

n—1
G, := Ch (k,,ua,p"lh + Z(n — i)k II.)

j=0
+ Cr (h max e/ I + max Ilpjll) W,.
Thus we have

n—1
kalld. 0"l < Ch (kn a.p" Il + Z(n — D)k IIn)

j=0
n—1
+ Ch*sup W [, W, + Cr Y _(n — )™k} 721167 |I.
Jj=n j=0
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Applying Lemma 4 again, summing from n = 1to N and using the inequality (2.7)
and Lemma 1, we obtain that

N
Zua,p I < Ch Z 13.0" Il + max ju" llzZW

= n=1

< CK (nu ||2+ ||us(s)||2ds),

0

which completes the proof.

We also need the following error estimate for our quadrature scheme (1.7).

LEMMA 6. Suppose that f € C*0,T], f' € C[0, T] and |f"(¢)| < Ct™™. Ifa
grading exponent r > 2/(2 — «), then there is a constant Cy depending on f and T
such that

< Cr(f )&~

M 17
(/0 K(tk—s>f<s)ds—q"(f>>
=1

PROOF. Refer to Kim and Choi [5].

Finally, we obtain the second-order convergence result for the fully discretized
scheme (1.8).

THEOREM 2. Let u and {U")} be the solution of (1.1) and (1.8) respectively. We
assume that for sufficiently smooth data u and f, u satisfies u € C([0, T]; H*NH})N
C3((0, T; LX(2)), u, € L,(0, T; H*N HY) and u,, € L,(0, T; H) N C'((0, T}; H?).
Furthermore, we assume that ||u, ||, < Rot™ for some Ry > 0. If a grading exponent
r is greater than 2/(2 — ), then there exists a constant Cr independent of h and k
such that

lu" — Ul < Cr(w) (h* + 7).

PROOF. Let u = Vyuforall ¢y > 0and e" = U" — Vyu" + Vo' — u" = 6" + p".
Comparing (1.8) with the variational form of (1.1) and introducing (2.4) we have the
following identity for n > 2:

B.0", ) + A", ) = q"(B@, ) + I1 + I, 2.8)
where we denote I7 and I as follows:
= ("2, ¢) — (a,vhu ¢) = (™' = 3u", ¢) — (3,0", $),
I} = q"""*(B(u, ¢)) - E(Jn(mu, ®)) + Juoi (Bu, 9))).
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With the same argument as that used in Theorem 1 and taking ¢ = 6" in (2.8), we
have

1 ~
5 (1" 12 = 16" 1) + kall6" 113

n—1
< Chy Y _(n = j) ks all67 116"y + ChalI} + 13 (2.9)

j=0
Summing (2.9) from n = 1 to N and applying Lemma 2, we immediately obtain

N
1oV12 + D kal6" 112 (2.10)

n=1
N-1 n B N ’
SN+ CY N =m)h5 D knlld 13+ C Y k(171 + 113D
n=1 j=0 n=1

We now turn to the estimates for /; and I,. Since u € C*((0, t;]; L,), the Taylor
formula with the integral form of the remainder implies that

kil(u; — d,u', 0| < kflIG'IIf lullds < Cak;™]16"]. (2.11)
0
If u € C*((0, T); L,), then still by the Taylor formula, we get

th
k()% — 3,u", 6™)| < kﬁIIO"II/ | eeell ds
(]

< Crwke'™* for n>2. (2.12)
We can easily verify that
T r-1 - T
ko < ror (%) for n<M and k>r (5) e (2.13)
Denoting r =2 + p/(2 — ) for some p > 0, we immediately have from (2.11)-

(2.13)

N N N
, - - 1 s n\-1+r =
n J 2 2 n
> kll] < maxe'] { Cr(w) (k N6 ) + 2kl } :
Also the estimate for I} is directly obtained by Lemma 6:

N
> kilI| < Cr(w)k* max [|6"].
n=1 n=
Thus, from Lemma 3 and Lemma 5, we obtain

Iy _
17 < max 16"} < Ch? [||uo||2 - / ||u:||2ds} + Crwk.
n< 0

Since the estimate for || p" || is given in Lemma 5, we complete the proof of the theorem.
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