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COMPOSITION OPERATORS ON WIENER
AMALGAM SPACES

DIVYANG G. BHIMANI

Abstract. For a complex function F' on C, we study the associated compo-
sition operator Tr(f) := F o f = F(f) on Wiener amalgam W7 (R%) (1 <p<
00,1 < ¢<2). We have shown Tr maps WP (R?) to WP9(R%) if and only if
F is real analytic on R? and F(0) = 0. Similar result is proved in the case of
modulation spaces Mp’q(]Rd). In particular, this gives an affirmative answer
to the open question proposed in Bhimani and Ratnakumar (J. Funct. Anal.
270(2) (2016), 621-648).

81. Introduction

Let X and Y be normed spaces of complex functions on R¢. For a given
function F: R?(=C) — C, we associate it, with the composition operator
Tr: f— F(f), where F(f)=F o f is the composition of functions F' and
f:R? = C. If Tr(X) CY, we say the composition operator Tr maps X to
Y. In particular, if Trp(X) C X, we say the composition operator T acts on
X. Which functions F' have the property that T maps X to Y7 Of course,
the properties of the operator Tr strongly depend on X and Y. The aim of
this paper is to take a small step toward the answer in the case of modulation
and Wiener amalgam spaces (see Section 2.2 for precise definitions).

In the last decade, modulation and Wiener amalgam spaces have turned
out to be very fruitful within pure and applied mathematics. In fact, these
spaces are nowadays present in investigations that concern problems on
pseudodifferential /Fourier integral operators, Strichartz estimates, and so
on (we refer the reader to recent survey [24] and the reference therein). For
instance, the unimodular Fourier multiplier operator ¢“Pl* is not bounded
on most of the Lebesgue spaces LP(R?) (p # 2), in contrast it is bounded
on WP4(RY) (1< p, g<o0) for a€l0,1], and on MP94(R%) (1< p,q< o)
for a €[0,2] (cf. [1, 3, 9]). The cases aw=1,2 are of particular interest
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because they occur in the time evolution of wave and Schrodinger equations,
respectively.

Mathematicians [1, 3, 5, 8, 24, 26, 27] have been using these spaces as a
regularity class of initial data of the Cauchy problem for nonlinear dispersive
equations. But one of the underneath issues of the nonlinear dispersive
equations in the realm of modulation and Wiener amalgam spaces is to
determine, which is the most general nonlinearity one can take, which is not
yet completely clear. Composition operators are simple examples of nonlin-
ear mappings. And when we try to study local and global well-posedness
results for nonlinear dispersive equations (Schrodinger/wave/Klein-Gordon
etc.) in modulation and Wiener amalgam spaces, it is indispensable to study
nonlinear mappings on it. Taking these considerations into our account, we
are motivated to study composition operators on these spaces. Specifically,
we prove the following theorem.

THEOREM 1.1. Let 1<p<oo,1<qg<2, and let
(X,Y) = (MPYRY), MPYURTY))  or  (WPHRY), WPI(R)).

Suppose that Tr is the composition operator associated to a complex function

F on C. Then

(1) If Tr maps X to Y, then F must be real analytic on R2. Moreover,
F(0)=0if p< oco.

(2) If F is real analytic on R? which takes origin to itself, and p < oo, then
Tr acts on X.

COROLLARY 1.2. Let1<p<oo,1<q<2, and let
(X,Y) = (MPY(RT), MPURY))  or  (WPHRT), WPI(RY)).

Then F is real analytic on R? and F(0) = 0 if and only if Tr maps X to Y.
In particular, F is real analytic on R? and F(0) =0 if and only if Tr acts
on X.

COROLLARY 1.3. (1) There exists f € WPHR?) such that f|f|* ¢
WPURY) (1< p<oo,1<q<?2) for any a € (0,00)\ 2N. (2) There exists
f € MPY(RY) such that f|f|* ¢ MPI(R?) (1< p<oo,1<q<?2) foranya €
(0, 00) \ 2N.

We note that recently Bhimani-Ratnakumar [6, Theorem 3.9] have
proved if F:R?— C is real analytic and F(0)=0, then TF acts on
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X = MY (R?Y),d > 1. And this result is generalized by Kobayashi-Sato [15,
Theorem 1.1] for X = MPY(R) or WPL(R) for 1 <p < oo, although it is
restricted to the case when d = 1. Thus we remark that our Theorem 1.1(2)
settles the case when d > 1, and gives an affirmative answer to the open
question proposed in [6, p. 646]. It is also worth noting the following.

REMARK 1.4.

(1) In Theorem 1.1(1), conditions on the range of ¢ € [1,2) are sharp in
the sense that if we take ¢ = 2 then the same conclusion may not hold.
(Since W22(RY) = L2(RY), if Tp : WPL(RY) — WP2(R?), then F may
not be real analytic on R2.)

(2) Bhimani-Ratnakumar [6, Theorem 3.2] is a particular case of Theorem
1.2(1) as MPY(R?) is a proper subclass of MP4(R%)(1 < q < 2).

(3) In view of Corollary 1.3, we can point out that the standard method
for evolving nonlinear dispersive equations, with the nonlinearity
fIf]* (e € (0, 00) \ 2N), which is of importance in applications, is ruled
out.

The sequel contains required notations and preliminary in Section 2, proof
for the necessary condition of Theorem 1.1(1) in Section 3, proof for the
sufficient condition of Theorem 1.1(2) in Section 4, and concluding remarks
in Section 5.

82. Notations and preliminaries

2.1 Notations

The notation A < B means A < ¢B for some constant ¢ > 0, whereas A <
B means ¢ ' A < B < cA for some ¢ > 1. The symbol A; < Ay denotes the
continuous embedding of the topological linear space Ay into A,. The mixed
LP4(R? x R?) norm is denoted by

a/p 1/a
HfHLp,q: (/]Rd </]Rd ‘f(wi”pdx) dw) (1<paQ<OO)7

the L°(R?) norm is || f|| Lo = ess.sup,epa|f ()], the £4(Z%) norm is ||ay /e =
(> onezd |a,|9)'/7. We denote d-dimensional torus by T¢=[0,27)% and
LP(T%)-norm is denoted by

1/p
I fll o (ray = (/{)2 v |f()P dt) .
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The space of smooth functions on R? with compact support is denoted by
C(R?), the Schwartz class is S(RY) (with its usual topology), the space
of tempered distributions is S'(R%). For z = (z1,...,24),y = (y1,- .-, ¥a) €
R?, we put -y = 2?21 z;y;. Let F: S(RY) — S(RY) be the Fourier trans-
form defined by

~

(1) Fflw)=f(w)= f)e ™t gt weRY,
Rd
Then F is a bijection and the inverse Fourier transform is given by
(2) F @)= fY(x)= [ flw)e™" dw, xR,
Rd

and this Fourier transform can be uniquely extended to F : §'(R?) — S'(R9).
For s € R, w € RY, we put (w)® = (1 + |w|?)%/2.

2.2 Modulation and Wiener amalgam spaces

Let g€ S(RY) be a nonzero window function. The short-time Fourier
transform (STFT) of a function (tempered distribution) f with respect to
a window g is

(3) Vof(z,w) = ) f®)gt —x)e 2™t g, (2, w) e R
R
whenever the integral exists.
In 1983, Feichtinger [10] introduced a class of Banach spaces, which allow
a measurement of the space variable and the Fourier transform variable
of a function or distribution f on R? simultaneously using the STFT, the
so-called modulation spaces.

DEFINITION 2.1. (Modulation spaces) For 1< p, ¢ < oo, and for given
a nonzero smooth rapidly decreasing function g€ S(R?), the weighted
modulation space M?'?(R?) consists of all tempered distributions f € S’(R?)
for which, the following norm

a/p 1/a
7l = ( L[ wartewp i) dw)

is finite, with the usual modification if p or g are infinite.
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This definition is independent of the choice of the window, in the sense
that different window functions yield equivalent modulation space norms (cf.
[12, Proposition 11.3.2(c), p. 233]). When s = 0, we simply write M*?(R?) =
MPA(RY).

By reversing the order of integration we define the another family of
spaces, so-called Wiener amalgam spaces.

DEFINITION 2.2. (Wiener amalgam spaces) For 1 <p, ¢ < oo, s € R and
0# g € S(R?), the weighted Wiener amalgam space W2 (R?) consists of all
tempered distributions f € S'(R%) such that the norm

iz = ( [ ([, wase i an)™ dx)

is finite, with usual modifications if p or ¢ = co.

1/p

This definition is independent of the choice of the window g, in the sense
that different window functions yield equivalent Wiener amalgam space
norms. When s = 0, we simply write W}*¥(R?) = WP4(R%).

We note that there is another characterization [25] of Wiener amalgam
and modulation spaces: let ¢ € S(R?) such that

suppe C (—1, 1)

and

Y pw-k)=1, VweR%

kezd

Then we have the equivalence

[ fllwza = |[lI{F)*¢(D — k) flleal| Lr

and
[ £ lagee < ([<E) (D — k) fll Lol ea,

where ¢(D — k) f = F L[ - Tpob).

2.3 Properties of modulation and Wiener amalgam spaces
We gather some basic properties of Wiener amalgam and modulation
spaces which will be frequently used in the sequel.

LEMMA 2.3. Let p,q,pi, ¢ €[1,00] (i =1,2).
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(1) WP (RY) < LP(RY) — WPe(RY) and MP0(RY) < LP(RY) < MPe2
(Rd) hold for g1 < min{p, p'} and g2 > max{p, p’'} with 1/p+1/p' =1.
(2) If ¢1 < g2 and py < pa, then WPLD(RY) — WP2:92(R?) and MP+9 (R?)

s MP2:92 (Rd).

(3) MPI(RY) — WPI(RY) when ¢ < p and WP (RY) < MP4(RY) when p <
q.

(4) The space WPP(R?) = MPP(R?)(1 < p < o0) is invariant under Fourier
transform.

(5) The spaces WP4(R?) and MP4(RY) are Banach spaces.

(6) The spaces WP4(RY) and MP4(R?) are invariant under complex con-
jugation.

(7) S(RY) is dense in MP4(R?) and WP4(R?) for p, q € [1, 00).

(8) Let 0 <A< 1, and put fr(z) = f(Ax). There exist constants C' and C’
such that || fxllareen < Ol fllageen for f € MoL(RY).

Proof. The proof of statements (1) and (2) can be found in [23] and [21],
respectively. For the proof of statement (8), see [22]. For the proof of
statements (2), (5), and (7), see [12]. We only give the arguments for the
statement (6) because it provides the reader with some insight about the
fundamental identity of time—frequency analysis: in fact, easy computation
gives the fundamental identity

Vo f(,w) = e Vs flw, —x)

but this immediately gives a proof of (6). 0

PROPOSITION 2.4. (Algebra property) Let  p,q,pi,qi €[1,00] (i =
0,1,2) satisfy 1/p1 +1/pa=1/po and 1/q1 +1/q2 =1+ 1/qo. Then

(1) MPva(R9) . MP2:a2(RY) < MPo®(RT) with norm inequality
1£gllareoao SN fllazvrar llgl aavz-az.

In particular, MPY(R?) is an algebra under pointwise multiplication
with norm inequality

1 gllarer S U flarerllgllage

(2) WrLa(R9) . Wr2ez(RY) — TWPo-9 (RY) with norm inequality

[ gllwroao S\ fllwerallgllwes oz
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In particular, Wp’l(Rd) 1s an algebra under pointwise multiplication
with norm inequality

1fgllwer S NF lwerllgllwer-

Proof. Cf. [26], [3, Corollary 2.7], and [8, Lemma 2.2]. []

We refer to [12] for a classical foundation of these spaces and [27] for some
recent developments in nonlinear dispersive equations and connections to
these spaces and the references therein.

83. Necessary condition

In this section, we prove Theorem 1.1(1): if the composition operator Tr
maps Wiener amalgam spaces WP (R?) to WP4(R?), then, necessarily, F is
real analytic on R%. And also a similar necessity condition for modulation
spaces. We start with the following.

DEFINITION 3.1. A complex valued function F', defined on an open set
in the plane R?, is said to be real analytic on E, if to every point (s, tg) € E,
there exists an expansion of the form

o0

F(S, t) = Z amn(s — So)m(t — to)n, Amn € C

m,n=0

which converges absolutely for all (s, t) in some neighborhood of (sg, to). If
E =TR? and the above series converges absolutely for all (s, t) € R?, then F
is called real entire.

We let A9(T?) be the class of all complex functions f on the d—torus T¢
whose Fourier coeflicients

~

flm) = [ @)= d, (mez

satisfy the condition R
£l aacray == [ fllea < o0
We recall, the classical theorem of Katznelson [13, p. 156], see also,
[20, Theorem 6.9.2] for A'(T) which have been proved in 1959, and later
generalized by Rudin [19] in 1962 for A%(G), where G is infinite compact
abelian group and 1 < g < 2. We just rephrased it here by combining both
of them as required in our context.
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THEOREM 3.2. (Katznelson—Rudin) Suppose that TF is the composition
operator associated to a complex function ' on C, and 1 < q < 2. If Tr maps
AYT?) to A9(T?), then F is real analytic on R2.

Now we introduce periodic Wiener amalgam and modulation spaces, and
for this reason, first we recall some definitions, and introduce temporary
notations. We are starting by noting that there is a one-to-one correspon-
dence between functions on R that are 1-periodic in each of the coordinate
directions and functions on torus T%, and we may identify T¢ = R?/Z¢ with
[0,1)%. Let D(T?) be the vector space C°°(T%) endowed with the usual test
function topology, and let D’ (Td) be its dual, the space of distributions on
T?. Let S(Z?) denote the space of rapidly decaying functions Z? — C. Let
Fr: D(T?) — S(Z?) be the toroidal Fourier transform (hence the subscript
T') defined by

Frf)© = 1O = [ f@em i, (e
Then Fr is a bijection and the inverse Fourier transform is given by

(Fr' @)=Y fS™* (zeT?),

¢ezd

and this Fourier transform is extended uniquely to Fr : D'(T%) — S'(Z).
The Wiener amalgam spaces WP4(T%) consist of all f € D'(T¢) such that

[ llweaqray == [l@(Dr = k) flleall o (ray < 00,
and modulation spaces MP9(T%) consist of all f € D'(T?) such that
[ lIareaqray == I@(Dr = k) fll Lo (rayllea <00,

for some ¢ with compact support in the discrete topology of Z¢, where
¢(Dr — k) f = Fr' (Ted - Fr f).

The next result ensures that Wiener amalgam and modulation spaces
coincide with the classical Fourier algebra. Specifically, we have the following
proposition.

PrRoOPOSITION 3.3. Let 1 <p,q<o0o. Then, we have
MPA(T?) = WP(T?) = AY(T?),
with norm inequality

| £l arw.agray < f lwe.acray < || f Nl aa(ay-
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Proof. For the proof we refer to [21, Section 5] and [17, Lemma 1].  []

We now define the local-in-time versions of the Wiener amalgam and
modulation spaces in the following way. Given an interval I = [0, 1)d, we let
WP4(I) be the restriction of WP4(R?) onto I via

(4) 1 lwroaqry = nt{{lgllweaga) : g = f on I}

and MP4(I) the restriction of MP4(R?) onto I via

() [flazwacry = {9l rp.a(ray - g = fon I}

We note that Bényi-Oh has proved the “equivalence” of the periodic
function spaces (MP4(T%) and WP4(T¢)) and their local-in-time versions
(defined on a bounded interval I = [0, 1)%, that is M?9(I) and W?4(I)) in
[2, Appendix B] (see also [2, Remark 3.3]) via establishing the equivalence
of norms:

©6)  [fllamaeray =< Nfllarary  and ([ fllwraeray < N lwra(n,

where 1 < p, g < 0.

PROPOSITION 3.4. Suppose that T is the composition operator associ-
ated to a complex function F on C, and 1 < q < 2. If Tr maps WP (R?) to
WPURY), then Tr maps AY(T?) to AY(T?).

Proof. Let f & AYT?). Then f*(x) = f(e?™@1 ..., e>™%d) is a periodic

function on R¢ with absolutely convergent Fourier series

f*(.%'): Z J/c\(m)e%rim-x.

meZd

Choose g € C°(R%) such that g=1 on Qg =1[0,1)%. Then we claim that
gf* € WHL(RY) c WP1(R?). Once the claim is assumed, by hypothesis, we

have

(7) F(gf) € WPa(RY).

Note that if z € T¢, then z= (e*™®1, ... €2™%d) with some unique x =
(x1,...,2q) € Qg, hence

(8) F(f(2)) = F(f*(x)) = F(gf*(z)), for z € Qa.
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Now if ¢ € C2°(T?), then g¢* is a compactly supported smooth function on
RY. Also ¢(z) = g(x)¢* () for every x € Qg, as per the notation above and
hence

(9) ¢(2)F (f)(2) = g(z)¢" (x) F(gf) (),

for some x € Qq.
By (9), Proposition 3.3, (6), (4), and Proposition 2.4(2), we obtain

16 ()l ascray = 19" F(gf )| aa (e
= [lg¢" F (g )lwra(ra)
= g™ F (g f*)llwe.a (Qa)
S g™ F(gf™)llwea

S lgo*lweer [E(9f%) lwea,

which is finite for every smooth cutoff function ¢ supported on Q)4 in view
of Lemma 2.3(1), and (7). Now by compactness of T¢, a partition of unity
argument shows that F(f) € A9(T9).

To complete the proof we need to prove the claim. By Lemma 2.3(4), it
is enough to show that gf* =g * f* e WHH(R?). We put, p=>3"1czq ck0r,
where ¢, = f(k:) and Jj is the unit Dirac mass at k. We note that, u is a
complex Borel measure on R, and the total variation of u, that is, ||u|| =
|u|(RY) =", czn |cx| is finite. We compute the Fourier-Stieltjes transform

of u:
i) = [ e duta)
Rd
_ —2mix-y
/]Rd e Z crdoy ()
kezd
Z Ck/ 27rmyd6 )
kezd
= f*(-y).
So,

Fr=p=>Y" Fflm)3s

meZad
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It follows that

GrF=3Y Fmgxdm=>_ Fm)Tng.
meZa

meZd

Since the translation operator T}, is an isometry on WH1(R?), it follows
that the above series is absolutely convergent in Wl’l(Rd), and hence gf* €
WHL(R?) as claimed. 0

Proof of Theorem 1.1(1). If Tp maps WP (R?) to WP4(RY), then Tr
maps A'(T¢) to A9(T?) by Proposition 3.4. Hence the analyticity follows
from Theorem 3.2.

The necessity of F'(0) =0 is obvious if p < co and can be obtained by
taking Lemma 2.3(1) into our account and testing T for zero function. In
fact, we can compute (see [1, Proof of Theorem 14]) the STFT of a constant
function (say 1) with respect to the windowed function g(&) = e~m¢” | which
can be given by

Vol (w, w)| = e~

From this it is clear that nonzero constant functions cannot be in W4 (R%)
if p < co. This completes the proof of Theorem 1.1(1) for the pair (X,Y) =
(WrL(R4), WP4(R?)). Taking Proposition 3.3 into account and exploiting
the method as before, the proof of Theorem 1.1(1) can be obtained for the
pair (X,Y) = (MPH(R?), MP4(R9)). 0

Proof of Corollary 1.3. The nonlinear mapping F: C — C: z — z|z|* is
not real analytic on R? for a € (0, o) \ 2N. [

84. Sufficient conditions

We recall that in 1932 Wiener proved that if F'(z) =1/z, then Tr acts on
AYT) \ {0}, and in 1935 Lévy generalizes this result: if F' is real analytic
on R? then Tr acts on AL(T). This is called Wiener-Lévy [16, 28] theorem.
Now in this section, we shall prove Theorem 1.1(2), and we note that our
approach to the proof is inspired by the Wiener—Lévy theorem.

Unless explicitly mentioned, throughout this section we assume that
X = MPY(RY) or WP (R?) with 1 < p < co. First, we collect some technical
results which should be regarded as the tool to proving Theorem 1.1(2). We
start with the following.

DEFINITION 4.1. Let ¢ be a function defined on R,

https://doi.org/10.1017/nmj.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.4

268 D. G. BHIMANI

(1) We say that ¢ belongs to X locally at point 7o € R? if there is a
neighborhood V of 79 and a function h € X such that ¢(v) = h(v) for
every v € V.

(2) We say that ¢ belongs to X locally at oo if there is a compact set
K C R? and a function h € X such that ¢() = h(y) in the complement
of K.

The next lemma gives the useful criterion for functions to be in X.

LEMMA 4.2. If ¢ belongs to X locally at every point of RTU {oco}, then
peX.

To prove Lemma 4.2 and for the sake of the convenience of the reader,
first we recall the following two lemmas.

LEMMA 4.3. (The C* Urysohn Lemma) If K C R? is compact and U is
an open set containing K, there exists f € C°(RY) such that 0< f <1, f =
1 on K, and supp(f) C U. (For the proof, see [11, p. 245]).

LEMMA 4.4. Suppose K C R% is compact and let Vi, . ..,V be open sets
with K C U;L:1 Vj. Then there exist open sets Wi, Wa, ..., W, with Wj cV;
and K C Uj_; W;.

Proof.  For each € >0 let VS be the set of points in V; whose distance
from R?\ V; is greater than e. Clearly Vi is open and 7; C Vj. It follows
that K C Jy V if € is sufficiently small. [

Proof of Lemma 4.2. Suppose first that ¢ has a compact support K. By
hypothesis, it follows that, for any v € K, there is a neighborhood of ~,
say V,, and h, € WP(RY) such that, ¢(x) = h,(z) for all x € V. Next, we
observe that, {V, :y € K} forms an open cover of K, since K is compact,
there exist open sets V,,, ..., V;, and functions hy, . . ., h, € WPL(R?) such
that ¢ = h; in Vo, and V,, UV,, U~ - - UV, covers K, that is, K C Jj_, V5.
Then by Lemma 4.4, we have

(i) open sets Wi, ..., W, with compact closures W; C V5, such that Wy U
-+ U W, covers K, that is, K C |Jj_; Wj; and by Lemma 4.3, we get
(ii) functions k; € WP!(R?) such that k; = 1 on W; and k; = 0 outside V.

Now, by using (i) and (ii), we have, ¢(2)k;(z) = h;(z)k;(z), for all x € R?
and by Proposition 2.4, we get, hjk; € WP (R9), and so ¢k; € WP (RY), for
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1 < j < n. Therefore, if we put

(10) Pp=¢{1 = (1 —=k)(1 —k)...(1—kn)}

it follows that 1) € WP (R?).

The multiplier of ¢ in (10) is 1 whenever one of k; is 1, and this happens
at every point of K; outside K, ¢ = 0; hence 1) = ¢, and thus ¢ € WP (R?).

In the general case, ¢ belongs to WP (R?) locally at 0o, so that there is a
function g € WP (R%) which coincides with ¢ outside some compact subset
of R%. Then ¢ — ¢ has compact support and belongs to WP (R%) locally at
every point of R?; by the first case, ¢ — g € WP1(R?), and so ¢ € WP (R?).
This completes the proof if X = W»1(R?). The case X = MP!(R%) can be
obtained similarly. 0

We denote by Xjo. the space functions that are locally in X at each
Yo € R<.

LEMMA 4.5. [6, p. 634] Let f be a function defined on R?.
(1) f € Xioe if and only if f € X for all ¢ € CX(RY).

(2) f belongs to X locally at oo if and only if there exists ¢ € C°(RY) such
that (1 —¢)f € X.

PROPOSITION 4.6. [6, Proposition 3.14] Let f € M(R?), zg € R? and
€>0. Then there exists a ¢ € C°(RY) such that ||¢ [f — f(x0)] |a11 < €.
The function ¢ can be chosen so that ¢ =1 in some neighborhood of xy.

PROPOSITION 4.7. Let f€ X,z €R? and € >0. Then there exists a
® € CX(RY) such that |®[f — f(x0)]|lx <e. The function ¢ can be chosen
so that ® =1 in some neighborhood of xg.

Proof. Let f € X. Choose ¢ € C°(R%) such that 1) =1 in some neigh-
borhood of zg. In view of M1VY(R?) = WH1(R?) and Proposition 2.4, we
have

[0 f [ < Iy 9 llara
S I llx < oo,

where Y = M1 if X = MP! and Y = Wl if X = WP, Thus h:=¢f €
MU (RY). We can now apply Proposition 4.6 for h € M1 (RY) : given € > 0,
there exists ¢ € C2°(RY) such that

H‘Mh - h(xo))HMl,l <€
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and ¢ = 1 on the support of 1. Now define ®(z) = 1(z)¢(z) for all z € R%
Note that ® € C2°(R?) and ® = 1 on some neighborhood of z. By definition
of ® and Lemma 2.3, we have

[®(f — f(wo))llx = ll¢(h — h(x0))llx
< Cll¢(h — h(xo))|lpr < C€.

Taking ¢ =¢/C, we get ||®(f — f(z0))||x < e. This completes the proof. []

PROPOSITION 4.8. Let fe€ X, and €>0. There also exists a ¥ €
C(R?) such that ||(1 — ) f||x <e.

Proof. Let f€ X, and € > 0. By Lemma 2.3(7), there exists g € S(R%)
such that

(11) If —gllx <€

We recall the fact that for any g € S(R?), there exists \g € (0, 1) such that

€

(12 (1= 6)gllarns <

for any X € (0, \g), where ¢y(z) = ¢(A\x) € C2(R?), (see for instance the
proof of [6, Proposition 3.14]). We define ) € C°(R%) such that 1(z) :=
¢(Az) where A € (0, \g). By Lemma 2.3 and (12), we have

1@ =) fllx < =) = 9llx + 11 = D)gllx
= If =g ¥(f — 9)llx + (1 - gl
<IIf = gllx + Cllly I = gllx + 111 = éx)gllans
< (14 Clloalv)lif = gllx + 5.

where Y = M1 if X = MP! and Y = Wl if X = MP!. By Lemma 2.3(3)
and 2.3(8), we have ||oa]ly S l|oallareer S ||@llase- Using this, we have

(13) ||(1_¢)f||X<(1+C/H¢||M°°a1)||f_g”X+%-

Taking € =€/2(1 + C'||¢|| pro01), and using (11) and (12), we obtain that
1A =) fllx <e 0
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Proof of Theorem 1.1(2). Write f = f1 +ifs € X, where fi and f, are
real functions, and with an abuse of notation, we write F'(f) = F(f1, f2). To
show that F(f) is in X, enough to show, in view of Lemma 4.2 that F'(f) €
Xioc and F(f) belongs to X locally at co. First we show that F(f) € Xjc.
Fix 29 € R and put f(zo) = s + itg. Since F is real analytic at (s, to),
there exists § > 0 such that F' has the power series expansion

[e.@]
(14) F(s,t) = F(so,to) + Z amn(s — s0)™(t —t9)", (agp=0)

m,n=0

which converges absolutely for |s — so| < 6, |t — to| < d. Then

F(fi(z), f2(x)) = F(s0, to)
(15) + Y amalfi(@) = fi(@o)] [fo(x) — fa(x0)]"

(m,n)#(0,0)

whenever the series converges.

Note that both f; and fo are in X, being the real and imaginary parts of
f. Hence in view of Proposition 4.6, we can find ¢ € C2°(R%), such that ¢ = 1

near o and [|¢[f; — fi(zo)]||x <9, for i =1, 2. Now consider the function G
on R? defined by

G(x) = o(x)F(s0, to)
+ ) an(@@)[fi(x) = fi(zo)))"(b()[fa(x) = falwo))"
(m,n)#(0,0)

Since ||¢[fi — fi(zo)]llx <9, for i =1,2 and in view of Proposition 2.4,
we see that the above series is absolutely convergent in X. Also since ¢ =1
in some neighborhood of xg, it follows that G = F'(f) in some neighborhood
of zg. Since x( is arbitrary, this shows that F'(f) € Xjoc.

To show that F(f) € X locally at infinity, we take (so, o) = (0,0) in
equation (14). Since F'(0) =0, the expansion (15) now becomes

F(fi@), fo(@)) = D amlfi(@)]"[fo(a)]",
(m.n)#(0,0)

whenever the series converges.
By Proposition 4.8, we have ||(1 — ) fi||x <9, for i =1, 2 for some 9 €
C>(R%). Now consider the function H defined by

Hx)= Y amal(l = 9(@)) i@)]"[(1 = () fo(2)]"-
(m,n)#(0,0)
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The above series is absolutely convergent in X, in view of the above norm
estimates, hence H € X. Also since 1 is compactly supported, 1 —¢ =1 in
the complement of a large ball centered at the origin, hence H = F'(f) in the
compliment of a compact set. This shows that F'(f) belongs to X locally at
infinity. This completes the proof of Theorem 1.1(2). 0

THEOREM 4.9. Suppose that Tr is the composition operator associated
to a complex function F' on C, and 1 < p< oo. If F' is a real entire given
by F(s,t) =Y 0 im0 Gmns™ " with F(0) =0, then T acts on WPLHRY). In
particular, we have

oo

1T (Al < D7 lamal IFIGEE (= fr +if2).

m,n=0

Proof. Let f € WPY(R?) with f; = (f + f)/2 and fa = (f — f)/2i. Then
fi, o € WPLRY) and so fI*, fi € WPH(R?) by Proposition 2.4. Since
the series Zz,n:O amns™t"™ converges absolutely for all (s, t), the series
S o @mn M fY converges in the norm of WP!(R?); and its sum is

n,m=0

F(f) =20 meo amn f1" f3" il
85. Concluding remarks

By the frequency-uniform localization (see [27, Chapter 6]) tech-
niques, the modulation and Wiener amalgam spaces can be viewed as a
Besov /Lizorkin—Triebel type space associated with a uniform decomposition
(see [25, 26]). We note that in the last two decades, composition operators
have been studied (by Bourdaud, Sickel et al.) extensively on Besov and
Lizorkin—Triebel spaces. We refer to the enlightening survey article [7] by
Bourdaud-Sickel and the references therein for more details. Recently [4,
14, 15, 18, 23] some progress has been made for a composition operator
on weighted modulation spaces. But we believe, yet we have very little
information for composition operators on modulation and Wiener amalgam
spaces. Specifically, we note:

(1) Feichtinger [10] has established the basic properties of Wiener amalgam
spaces and modulation spaces on locally compact groups. It would
be interesting to investigate the analogue of Theorem 1.1 for locally
compact groups.

(2) We have answered the problem stated in introductory paragraph in a
few specific cases (Theorem 1.1). What about the remaining cases?
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(3) It would be interesting to find necessary and sufficient conditions
on F:C— C such that the composition operator is bounded on
modulation/Wiener amalgam spaces, that is, [|[F o f|x < fllx for
X = MPI(RY) or WPI(RY) (p=q #2).
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