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THE RANK OF SYZYGIES UNDER THE ACTION
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1. Introduction

Let S be a Noetherian local ring with maximal ideal J and k the
residue field of S. Let G be a finite group of order n and suppose that
G acts on S as automorphisms. Let B = S¢ and I = J¢. We denote by
SI[G] (resp. R[G]) the twisted group ring of G over S (resp. the group
algebra of G over R). Recall that the multiplication of S[G] is defined
as follows: sg-th = sg(t)-gh for s, teS and g, heG. Let t5(S)
= {3 ,cc 9(s)/s € S} and call it the trace ideal of S. Note that t,(S) = R
if n is a unit of S. We say that S has a normal basis if S = R[G] as
R[G]-modules. This condition says that there is an element s of S so
that {9(s)},c¢ forms an R-free basis of S.

Let M be a finitely generated S-module and let ¢ = 0 be an integer.
We put g§(M) = dim, Tor{ (k, M) and call it the i-th rank of syzygies of
M. It is well-known that, if ... -F,—» ... o F,—-F,—-M—0 is a
minimal free resolution of M, the number gf(M) is equal to the rank of
F,. The purpose of this paper is to find the relation between pf(M)
and BE(M®) for an S[Gl-module M (In this paper all S[G]-modules are
assumed to be left modules.). The existence of normal bases will play
an important role in this subject and this point of view was suggested to
the author by Professor S. Endo.

The main result is

THEOREM (1.1). Suppose that tz(S) = R and let H = Ker (G — Aut k).
Then the following two conditions are equivalent.
1) S has a normal basis relative to H.
(2) S is o finitely generated free R-module of rank n, and the inequality
BS(M) = BE(M®) holds for every finitely generated S[Gl-module M and for
every integer 1 = 0.
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In this case, if n is o unit of S, then S must have a normal basis
relative to G.
When S is an integral domain, we can improve this as follows:

COROLLARY (1.2). Suppose that S is an integral domain and that G
1s a subgroup of AutS. Then the following conditions are equivalent.
(1) S has a normal basis relative to G.

2 S is a free R-module and ts(S) = R.

(8) Let M be o finitely generated S[Gl-module. Then MC® is a finitely
generated R-module and ps(M) = BFMO).

4) Let M be a finitely generated S[Gl-module. Then MC is a finitely
generated R-module and B{(M) = BE(MC®) for every integer ¢ = 0.

(1.2) is a supplement of the Chevalley-Serre theorem. More precisely,
suppose that S is an integral domain with ¢;(S) = R and that G is a
subgroup of AutS. Then it can be shown that S is a free R-module
if H is generated by generalized reflections on S (i.e., such elements
g of AutS that (s — 9(s)/seS) C tS for some tcJ). When S is a
regular local ring, the converse is also true (c.f. [2] and [7]). In these
cases (1.2) is applicable (c.f. (5.2)).

If G is a subgroup of AutsS, the conditions (1) and (2) of (1.2) are
equivalent for an arbitrary (i.e., not necessarily Noetherian) local domain
S. Therefore, in case S is an integral domain and ¢{,(S) = R, S has a
normal basis relative to G if and only if S has a normal basis relative
to H (c.f. (5.1)). (Of course this is not true in case S is not an integral
domain. Counterexamples are easily given.)

In Section 2 we give a few remarks on the ideal {4(S) and the func-
tor [ 1%, which we shall need later. In Section 3 we will show that the
equality gS(M) = BE(M¢) holds for every S[Gl-module M and for every
integer ¢ >0 if G acts on k faithfully. In Section 4 (resp. Section 5)
we prove Theorem (1.1) (resp. Corollary (1.2)). In Section 6 we will
give some consequences of Theorem (1.1), from which the motivation
for this research has come.

2. The exactness of the functor [ ]¢

In this section S need not be Noetherian.

LEMMA 2.1). S[GI® = dSwhered = > ,cq9. Themap f:8—S[GI¢,
Jf(s) = ds for se S, is an R-isomorphism.
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Proof. Of course ds = ;. 9(8)g is invariant for every seS. Let
@ =2 ,ec 0,9 be an element of S[G]¢(a,€S). Then, as ga = a, we have
a, = 9(a,) for all g, he G. Hence a, = g(a,) and so ¢ = ds for s = a,.
The second assertion is trivial.

We put to(M) = {3>4ce 9(m)/m € M} for an S[G]-module M. &,(M) is
an R-submodule of M¢ and the operator tg: M — M¢, ts(m) = 3,0 9(m),
is an R-homomorphism.

PROPOSITION (2.2). The following conditions are equivalent.
@) [ 1¢ is exact.
2) tz(S) =R.
B) S is a (finitely generated) projective S[Gl-module.
4) te:M — MC is a (split) R-epimorphism for every S[Gl-module M.
(6) Let M be an S[Gl-module. Then M is a projective S[Gl-module if
(and only if) M is a free S-module.
6) Let E:0->M —M-—>M'—0 be an exact sequence of S[Gl-modules.
Then E splits as a sequence of S[Gl-modules if (and only if) it splits as
a sequence of S-modules.

Proof. (1)=(2) Let f:S[G]— S be the S[Gl]-epimorphism given
by f(a) =al for all aeS[G]. Then f(S[G]®) = R by the assumption.
Hence t4(S) = R, as f(SI[G]®) = t4(S) (c.f. (2.1)).

(2) > (4) Let M be an S[G]-module and let se S such that > ,.; 9(s)
= 1. We define a map f:M¢— M by f(x) = sz for all xe MS. Then
tgof = 1ys a8 D e 9(8) = 1. Hence t, is a split R-epimorphism.

(4) = (1) Since the functor [ ]¢ is left exact in general, it suffices
to show that [ ]¢ preserves epimorphisms. Now let f: M — N be an
S[Gl-epimorphism. Then M€ = t,(M) and N¢ = t4z(N) by the assump-
tion. Hence, as f is compatible with t;, we have f(M¢) = N€.

(2)=>(®6) Let seS such that > 98 =1 Let E:0-M —->M

—f—> M"” — 0 be an exact sequence of S[G]-modules and assume that E

splits as a sequence of S-modules. We choose an S-linear map f/: M —- M
so that fof' =1y. Now let [’ =3 ,cearu(9) o8f ocry.lg™) where
ryx(g) (resp. ry(g~")) denotes the action of g (resp. 97) on M (resp. M”).
Then a direct computation shows that the S-linear map f”: M"” — M is
compatible with G-action and that fo /"’ = 1,..

(6) = (6) = (3) This is trivial.

B) = () The S[Gl-epimorphism f:S[G] — S defined by f(a) = al
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for all a e S[G] splits by the assumption. Hence f(S[G]°) = R, and so
we have £4;(S) = R as f(SIGI®) = tz(S) by (2.1).

3. The case where G acts on k faithfully

In this section S need not be Noetherian. We assume that G is a
subgroup of AutS.

LEMMA (8.1). Suppose that S is a field. Then there exists an S-
basis of S[G] consisting of invariants.

Proof. By the Galois theory of fields, S must have a normal basis.
Let seS such that {g(s)},c¢ is an R-basis of S. Then the matrix
[(gh)(9)];,nee is invertible and so {35,cq (9R)(S)9}rce forms an S-basis of
S[G]. Of course these elements are G-invariant.

PROPOSITION (8.2). The following conditions are equivalent.
1) G acts on k faithfully, i.e., Ker (G — Aut k) = 1.
@) S is a finitely generated R-module, t4;(S) = R, and J = IS.
B) S has a normal basis relative to G and J = IS.
In this case SIG] has an S-free basis consisting of invariants.

Proof. Suppose (1) and we will prove the last assertion. First
notice that t,(S) = R. In fact, t;(k) # (0) as the field k¥ has a normal
basis relative to G, and so tz(S)Z I. Now let f:S[G]— k[G]
= S[G1/JSIG] be the canonical epimorphism. Then we have f(S[G]¢)
= k[G]°® since the functor [ 1¢ is exact by (2.2). Hence there is a family
{esh<isn Of elements of S[GI¢ such that k[G] = 37, kf(e,), because k[G]
has a k-basis consisting of invariants (c.f. (8.1)). Thus we have S[G]
= > ,Se; by Nakayama’s lemma. Notice that {e;}..,c, are linearly
independent over S as S[G] is a finitely generated free S-module of
rank n.

1)= () We have S[GI® = >, Re; as S[G]¢ = tx(SIGD) by (2.2).
Therefore S is a finitely generated free R-module of rank %, since
S=S[G1¢ as R-modules by (2.1). In particular dimg,; S/IS = n. On the
other hand, since the field extension S/J over R/I is finite and Galois
with Galois group G, we have dimg,;S/J =n. ThusJ = IS as dimg,; S/J
= dimg,; S/IS. Now let us prove that S = R[G] as R[G]-modules. For
this purpose we have only to show that S is a cyclic R[G]-module, be-
cause S and R[G] are free R-modules of the common rank =n. By
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Nakayama’s lemma it suffices to prove that S/IS is cyclic as an (R/DI[G]-
module. But this is obvious since J = IS and since S/J has a normal
basis (Recall (S/IS)¢ = R/I.).

(3) > (2) This is trivial.

2)=> (1) We put H = Ker (G — Aut k). Then t,(S) =S¥ and, as
the functor [ 1¥ is exact by (2.2), we have S¥/J¥ = S/J. On the other
hand J = JZS as J = IS by the assumption. Therefore S = SZ + JZS.
Hence we have S = S¥ by Nakayama’s lemma and this completes the
proof.

COROLLARY (8.3). Suppose that G acts on k faithfully. Then the
equality Bi(M) = BE(MS®) holds for every S[Gl-module M and for every
integer © = 0.

Proof. Let N be an R-module. We regard S ®; N as an S[G]-module
by the following G-action: g(s®@x) = g(s)®x for gc G,s¢e S, and z e N.
Let fyv: N —[S®zNI¢ be the R-linear map defined by fy(z) = 1® 2 for
all xe N. Conversely let M be an S[G]-module and consider S ®z M¢ to
be an S[G]-module as above. Then, since M¢ is an R-submodule of M,
there is an S[Gl-linear map g, :S Xz M¢ — M such that g, AR z) ==z
for all xe M%. To prove the assertion it suffices to show that fy and
gy are isomorphisms for every R-module N and for every S[G]-module
M. Now consider fy. It is a monomorphism, as S is a free R-module
by (8.2). On the other hand [S®jzNI® = Imfy, since [S®jNI¢
=t:(S ®;z N) by 2.2). Thus fy is an isomorphism.

Let us consider g, and suppose that F,—F,—M —0 is a presen-
tation of M by free S[Gl-modules F';. Then, as [ ]° is exact, we have
a commutative diagram

SRrFf —> SR F§ —> SQ®z M¢ —>0

o o o

F, > F, > M > 0

of S[G]-modules with exact rows. Hence to show that g, is an iso-
morphism we may assume that M = S[G]. In this case it is an epi-
morphism by the last assertion of (3.2). Thus we have verified that
Jstep 18 an isomorphism, since both of the S-modules S[G] and S ®5 S[G]¢
are finitely generated and free of rank n.
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4. Proof of Theorem (1.1)

Proof of Theorem (1.1). (1) = (2) First notice that t5(S) = S# by
(2.2), as t4;(S) = R. Then we have S¥/J¥ = §/J, since the functor [ ]¥
is exact. Hence the group G/H acts on the residue field S¥/J¥ = S/J
of SH faithfully. Therefore we have by (3.2) that S# is a finitely gen-
erated free R-module of rank |G/H|. Thus S is a finitely generated
free R-module of rank =, as S is a finitely generated free SZ-module
of rank |H| by the assumption. Now let M be a finitely generated
S[Gl-module. Then, by (3.3), we have g5*(M#) = gF(MC) for every integer
2 = 0. Therefore, to show that (1) implies (2), it suffices to prove in
case H = G. Moreover we may assume that R is complete.

We put M = M/JM. Notice that k[G] is a semisimple ring, since
n is a unit of S. Therefore, as R is complete and as k = R/I, we can
find a finitely generated projective R[G]l-module L so that L/IL = M as
k[Gl-modules (c.f. Proposition 2.12, p. 90, [1]). Now let f:L — M be
the epimorphism of R[G]-modules which is induced by the isomorphism
L/IL = M and the canonical map L — L/IL. We put F = S®;L and
consider it to be an S[Gl-module by the following G-action: g(s ® x)
=g(8)®g(x) for geG,seS, and zeL. Then, since M is an S[G]-
module, the epimorphism f:L — M of R[G]-modules can be extended to
an epimorphism f':F =S ®zL — M of S[G]-modules. Notice that F
is a finitely generated free S-module as L is a finitely generated free
R-module. Then, by (2.2), F is a finitely generated projective S[G]-
module. Thus the epimorphism f’:F — M is factorized as follows

F\_,/M

where ¢g:M — M denotes the canonical epimorphism. Notice that % is
an epimorphism by Nakayama’s lemma.

Now let {e;},<;<, be an R-free basis of L (r = rank L). Since F¢
= ts(F) by (2.2), we have that F'¢ = > 7_, Rt;(s® e;) where s is an ele-
ment of S such that {g(s)},c; forms an R-free basis of S. Thus we have
known that the rank of the finitely generated free R-module F¢ is at
most r. Therefore, as [ 1¢ is exact, we have that M¢ is a finitely gen-
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erated R-module with g(M¢) < r. Notice that » = g§(M), as r = dim, M.
Then we have p5(M) = pE(M®). Repeating the argument above we shall
have that gf(M) = pF(M®) for every integer ¢ = 0. Thus we complete the
proof of the assertion (1) = (2).

LeMMA (4.1). Suppose that t,(S) = R and let H = Ker (G — Aut k).
If M¢ is a finitely generated R-module with BF(M®) < B5(M) for every
finitely generated S[Gl-module M, then S is a cyclic SE[H]-module. In
particular, if n is a unit of S, then S is cyclic as an R[G]-module.

Proof. First we discuss in case » is a unit of S. By the assump-
tion S[G]¢ is a finitely generated R-module. Therefore so is S, since
S = S[G]® as R-modules (c.f. (2.1)). Hence, to show that S is cyclic as
an R[G]-module, it suffices to prove that S/IS is a cyclic (B/DI[GI-
module. Therefore we may assume without loss of generality that R is
a field. In this situation, R[G] is a semisimple ring since n is a unit
of S. Now assume the contrary. Then there is a simple R[G]-module
V such that (m + 1)V is a direct summand of S as an R[G]-module,
where m denotes the multiplicity of V in R[G]. We put !V = Homy (V, R)
and regard it as an R[G]-module by the following G-action: g(f) = fog™!
for geG and feHomg(V,R). Now consider the S[Gl-module M =
S®z!V. Of course M is a finitely generated S-module with pB5(M)
= dimy V. Hence we have gi(M) = dimy V = pE(M°) = dimyp M® by the
assumption. On the other hand, since M contains (m + 1)(V ®; V) as
an R[G]-submodule, we see that dimz M¢ = (m + 1)-dimy (V ®z tV)°.
Therefore we have that dimz M¢ > m-dimy Endg s, V, since dim, (V ®; ¢V)¢
= dim; Endge; V' (c.f. (43.14) Theorem, [3]). Thus we conclude that
dimgz M¢ > dim, V by virtue of the well-known fact dim,V = m-.
dimy, End;s V. This is a contradiction, and we have verified that S is
a cyclic R[G]-module.

Now back to the proof of the first assertion. As |H| is a unit of
S it suffices by the second assertion to show that N¥ is a finitely gen-
erated SZ-module with g5"(N¥) < B5(N) for every finitely generated
S[H]-module N. Let {g;L<is, * =|G/H|) be a system of representa-
tives of G mod H. Then a straightforward computation shows that
te(SIG] Qg N) = {37721 9: @ tx(x)/x € N}. Hence, as t4(S) = R and as
tx(S) = S¥, we have (S[G] Qs N)¢ = {377, 9: @ «/x e N¥}. Therefore
we have that (S[G] Qg N)¢ = N¥ as R-modules. Thus, by the assump-
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tion, we conclude that N¥ is a finitely generated R-module with pZ(N¥)
= BH(SIG] Qgpay N)®) =< BF(SIG] gy N).  Of course NZ is a finitely gen-
erated SZ-module. Nowlet N; = {9, ®2/x e N}in S[G]1Qse;y NA K i < 7).
Then N; is an S-submodule of S[G] ®smy N and S[G] Qgpy N = @i, N,
as S-modules. Hence, as N, is a finitely generated S-module with g5(V,)
= B§(N), we have that B§(SIG] Qszy N) = r-5(N). Summarizing the
above results we see

,BBS'(N) = l/T-ﬁg(S[G] ®S[H] N)
= 1/r-8#((SIG] st N)%)
= 1/r-pE(NH) .

On the other hand, we have that 1/r.pF(N¥) = g5*(N#), as dimg,; S¥/J¥
=7 by (3.2). Thus we conclude that g§(N) = g5*(N¥) as desired.

Proof of Theorem (1.1) (continued). First we prove that (2) implies
the last assertion. If » is a unit of S,S is a cyclic R[G]-module by
(4.1). This implies that S = R[G] as R[G]-modules, because S and R[G]
are finitely generated free R-modules of rank «.

@)= (1) As Sis a cyclic S[H]-module by (4.1), it suffices to show
that S is a finitely generated free S¥-module of rank |H|. Now consider
the equality dimg,; S/IS = dimg,; S¥/J¥ -dimgz,;= S/IS, which follows
from the fact J# = IS¥ (c.f. (3.2)). Then, as dimg,; S¥/J% = |G/H| by
(3.2) and as dimg,; S/IS = n by the assumption, we have dimgx, = S/JZS
=|H|. Hence S is a finitely generated SZ-module with g5*(S) = |H]|.
This implies that S is a free SZ-module, since S is a finitely generated
free R-module of rank n by the assumption and since S¥ is a finitely
generated free R-module of rank |G/H| by (38.2). Thus we have verified
the assertions of Theorem (1.1).

Remark (4.2). Suppose that 7 is a unit of S and let H =
Ker (G— Aut k). If S has a normal basis relative to H, then S has a normal
basis relative to G.

5. Proof of Corollary (1.2)

ProrosiTION (5.1). Suppose that S is a (not necessarily Noetherian)
local domain and that G is a subgroup of AutS. Let H = Ker (G — Autk).
Then the following conditions are equivalent.

@) S hos a normal basis relative to G.
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@) S has a normal basis relative to H and ty(S) = R.
3 S is a free R-module and t,(S) = R.

Proof. (1) = (3) This follows easily from (2.2).

(3)=> (1) Let L (resp. K) be the quotient field of S (resp. R). Then
the field extension L/K is finite and L = K ®;S. Therefore S is a
finitely generated R-module. Hence S is a finitely generated projective
R[G]-module, as S is projective as an S[G]-module by (2.2) and as S[G]
is a free R[G]-module. Thus, to prove S = R[G] as R[Gl]-modules, it
suffices to show that L = K[G] as K[G]-modules (c.f. Proposition 5.1, p.
590, [1D, and this follows from the Galois theory of fields.

2) = (1) By the assumption S is a free S¥-module. On the other
hand S# is a free R-module by (3.2). Hence S is a free R-module with
te(S) = R.

1) = (©2) It follows from (2.2) that t5(S) = K and so we have ¢;(S)
= S%, Thus, by virtue of the equivalence of (1) and (3), we have only
to prove that S is a free SZ-module. Consider the equality dimg,, S#/J#.
dimgz, ;= S/IS = dimpy,; S/IS, which follows from the fact J¥ = IS¥ (c.f.
(3.2)). Then we have dimgz, ;= S/J2S = |H|. Let K’ be the quotient field
of S, Then [L:K'] =|H| and L = K’ @3z S. Hence S is a free S%-
module of rank |H| as g57(S) = |H|.

Proof of Corollary (1.2). (1) & (2) This is proved by (5.1).

(1) => (4) This follows from (5.1) and (1.1).

(4) = (8) This is trivial.

() = (2) By the assumption S[G]¢ is a finitely generated R-module
with BE(SIG]®) < n. Thus so is S, since S = S[G]¢ as R-modules. Recall
that the field extension L/K is finite of degree » and that L = K ®; S,
where L (resp. K) denotes the quotient field of S (resp. R). Thus we
have that S is a free R-module of rank n. Now let us prove that #,(S)
= R. Notice that (S/IS)¢ = R/I, because BE((S/IS)%) < p5(S/IS) =1 by
the assumption. Then, to show that t4(S) = R, it suffices to prove that
te(S/IS) # (0). Consider the exact sequence

(*) 0—> K —> (S/ISG] > S/IS —> 0

where f:(S/IS)[G] — S/IS denotes the epimorphism given by f(a) = al
for all a e (S/IS)IG]. Then we have an exact sequence
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0 —> K —> ((S/IS)IGD° —L> (8/18)¢ = R/I

of R/I-modules. Recall that f(((S/IS)IGD®) = t(S/IS) (c.f. 2.1)). Now
assume that t,(S/IS) = (0). Then we have K¢ = ((S/IS)[G]D%, and so
BE(K®) = n by (2.1). On the other hand, as the sequence (*) is a split
exact sequence of S/IS-modules, we have that g§(K) = n — 1. Therefore
B3K) =n — 1< BE(K®) = n—this is a contradiction. Thus we have
ta(S/IS) + (0), and so tx(S) = R. This completes the proof of Corollary
1.2).

Summarizing with the Chevalley-Serre theorem (c.f. [2] and [7]), we
have

THEOREM (5.2). Suppose that S is a regular local ring and that G
is a subgroup of AutS. Let H = Ker (G — Aut k). Then the following
conditions are equivalent.

1) ts(S) =R, and H is generated by generalized reflections.

@) R is a regular local ring and ts(S) = R.

3) S i3 a free R-module and t4(S) = R.

@ S has o normal basis relative to G.

(5) Let M be o finitely generated S[Gl-module. Then M¢ is a finitely
generated R-module and the inequality BS(M) = pF(M®) holds for every
integer © = 0.

6. Application

In this section suppose that S is a Noetherian local ring with
t+(S) = R and that S has a normal basis relative to H = Ker (G — Aut k).

Now recall some definitions. For the moment let (4,m) be a
Noetherian local ring and let M be a finitely generated A-module. Then
M is said to be a Macaulay A-module if dim, M = depth, M. In this
case we put r,(M) = dim,, Exts (A/m, M) (d = dim, M) and call it the
type of M. Various properties of the invariant r,() are discussed in
[6]. By definition the ring A is a Gorenstein local ring if A is a
Macaulay local ring and 7(4) = 1. Let hd, M denote the homological
dimension of M and let grade, M be the common length of maximal A-
regular sequences contained in the annihilator of M. Recall that
grade, M = inf {i e Z/Exti (M, A) + (0)}. Hence hd, M = grade, M in
general. M is called a perfect A-module if hd, M = grade, M. A proper
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ideal @ of A is said to be perfect if A/q is a perfect A-module.

THEOREM (6.1). Let M be o finitely generated S[Gl-module and assume
that M¢ = (0). Then
(1) hdg M = hd M°.
@) If M is a Macaulay S-module, then M€ is again o Macaulay R-module
and dimyp M¢ = dimg M.
(3) Suppose that S is a Macaulay local ring. If M is a perfect S-module,
then MC is again a perfect R-module and gradep M¢ = gradegs M. In
particular rg(M) = rz(M°).

Proof. (1) This follows immediately from (1.1).

(2) Note that M¢ is a direct summand of M as an R-module. Thus
M¢ is a Macaulay R-module, because so is M as an R-module. Of
course dimyp M¢ = dimp M = dimg M.

(3) M¢ is a Macaulay R-module with dimy M¢ = dimg M by (2),
since M is a Macaulay S-module. Thus, as dim R = dim S, we have

hd, M¢ = grade, M¢
= dim R — dim, M¢
=dim S — dimg M
= gradeg M
=hdg M .

Hence hdp M¢ = gradep M¢ as hdg M = hd, M¢ by (1). Therefore M¢ is

a perfect R-module and graderp M¢ = gradeg M. For the second asser-

tion notice that rg(M) = p5(M)-r(S) and that rz(M°) = pE(M?)-r(R) where
d = dimg M = dimy M¢. These equalities are proved similarly as Propo-

sition 2.1 of [4]. On the other hand, since S is a flat R-module, we

see 7(S) = r(R) (c.f. Satz 1.24, [6]). Hence we have rg(M) = rz(M%) as
(M) = BF(MO).

COROLLARY (6.2) (c.f. [5]). Suppose that S is a Macaulay local ring
and let b be a perfect ideal of S. Assume that b is G-stable. Then

r(S/b) = r(R/a) where ¢ = b%. In particular, if S/b is a Gorenstein
local ring, then so is the ring R/a.

COROLLARY (6.3) (c.f. [5]). Suppose that S is a Macaulay local ring
and let b be a G-stable ideal of S. If b is generated by an S-regular
sequence, then a = b® is again generated by an R-regular sequence.
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Proof. By the assumption we have pS§(b) = gradesS/b. Hence
gradep R/a > pf(a) as gradez R/a = gradeg S/b by (6.1). This shows that
¢ is generated by an R-regular sequence.
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