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Abstract

We develop anapproximation for the buffer overflow probability of a stable tandem network in dimensions three
or more. The overflow event in terms of the constrained random walk representing the network is the following:
the sum of the components of the process hits n before hitting 0. This is one of the most commonly studied rare
events in the context of queueing systems and the constrained processes representing them. The approximation
is valid for almost all initial points of the process and its relative error decays exponentially in n. The analysis is
based on an affine transformation of the process and the problem; as n — oo the transformed process converges to
an unstable constrained random walk. The approximation formula consists of the probability of the limit unstable
process hitting a limit boundary in finite time. We give an explicit formula for this probability in terms of the
utilization rates of the nodes of the network.

1. Introduction

Tandem networks, where each customer must visit a sequence of servers, are one of the simplest forms
of Jackson networks (see Figure 1). The embedded random walk X corresponding to a Jackson network
represents the number of customers at each node of the network waiting for service right after arrivals
and service completions. Each step of X corresponds to either an arrival to or a service completion of
the network. Since the number of customers is always nonnegative, X is constrained to remain in Z¢
where Z, = {0,1,2,3,...} and dimension d is the number of service nodes (or queues) in the system.
This paper concerns embedded constrained random walks of tandem networks (i.e., tandem walks) with
d > 3. We assume the network (equivalently, the corresponding random walk X) to be stable, i.e., we
assume that the arrival rate to the system is less than the service rate at each node (see (2) and (5)). We
are interested in the probability p,, that the sum of the components of X equals n before X hits the origin
given that X starts from an initial point x € Z4.

The probability p, has the following physical interpretation: suppose that the customers/packets in
the system are stored in a system-wide joint buffer of size n — 1. Then the first time the components of
X sum to n is also the first time the system experiences a buffer overflow event and p,, is the probability
that a buffer overflow occurs before the system empties (i.e., before X hits the origin) given that the
process starts from the initial position Xo = x (note that p,, is a function of the initial position x; when
no emphasis is needed on the initial position, we will simply write p,). If we divide the trajectory of X
into independent cycles consisting of times spent between X’s hitting times to the origin, p, is the prob-
ability that the buffer overflows in the current cycle. The probability p, has a geometric interpretation
as well: it is the probability that X hits the exit boundary consisting of all points in Z¢ whose coordi-
nates sum to n before hitting the origin. Stability of X implies that p, decays exponentially in n, hence
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Figure 1. d tandem queues.

Figure 2. Derivation of the limit problem via an affine transformation in two dimensions.

our event of interest (the probability of hitting the exit boundary before hitting the origin) is rare for n
large.

Computation/approximation of p, turns out to be a nontrivial problem (see the literature review
below); the difficulty arises from the multidimensionality of the problem and the constraining bound-
aries of the process. A hallmark of Jackson networks is the product form formulas for their stationary
distributions. The work [65] develops an explicit approximation formula similar to these product form
formulas for p, in the case of the two-dimensional tandem walk (the exact formula is (18) with
y = (n—x(1),x(2)) and x(i) are the components of x € Z2) and proves that the relative error of
the approximation decays exponentially in n. The analysis in [65] is based on an affine transformation
of X and pj,; the goal of the present work is to extend these results and analysis to dimensions d > 3.

The affine transformation approach consists of changing the coordinate system by an affine transfor-
mation so that the origin of the new coordinate system is on the exit boundary; letting n — oo gives
a limit process Y and a limit probability (see Figure 2 for an example in two dimensions). The limit
process Y is unconstrained in its first coordinate which makes it unstable; the limit probability is the
probability of the process Y hitting the limit exit boundary in finite time. The main results of the present
work are:

(1) Theorem 2.1 which proves that the limit probability approximates p, with decaying exponential
error for almost all initial points in scaled coordinates,

(2) Definition 4.7 of a harmonic system (consisting of a regular graph and a system of equations asso-
ciated with its nodes and edges) and Theorem 4.8 which constructs a harmonic function given the
solution of a harmonic system.

(3) Definitions and results in Section 5 culminating with Theorem 5.7 giving an explicit formula for
the limit probability. Definitions and results in Section 5 preceding Theorem 5.7 define a specific
class of harmonic systems and their solutions for the d dimensional tandem walk. By Theorem 4.8
these solutions give harmonic functions for the limit process. Theorem 5.7 proves that the right
linear combination of these functions gives us the limit probability.

(4) Corollary 6.1 which derives the exponential decay rate of p,(x,) for any sequence x, such that
X, /n — x with 2;1:1 x(j) <1 (i.e., the large deviations analysis of p;,).

More detailed statement of our results and a summary of our analysis are provided in subsection 2.1
below.
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In addition to [65], the works [1, 5] employ the affine transformation approach to derive approxima-
tion results similar to those derived in the present work: [1] treats the case of the constrained simple
random walk in two dimensions and [5] treats the Markov modulated tandem random walk in two dimen-
sions. We next discuss the novelties of the present work as compared to [1, 5, 65]. As already noted, all
of these works treat only two dimensions; they use the two-dimensional structure of the problem at every
step of their analysis. Let us begin with the derivation of the formula for the limit probability. A function
is said to be harmonic with respect to a Markov process if its value at a given point equals the average of
its values at the neighboring points where the average is taken with respect to the jump probabilities of
the process (see [55, Definition 1.1, page 40] or (20) in our setting); sub and super harmonic functions
are defined similarly. In the two-dimensional nonmodulated case (treated in [1, 65]) the formula for the
limit probability is constructed from the roots of two quadratic equations in two variables (upon fixing
one of the variables, the determination of the solutions reduces to the quadratic formula), one has to
check if the resulting functions are harmonic with respect to a limit process and whether an appropriate
linear combination of them has the right value on the limit boundary. Since the resulting functions have
at most two terms, only two functions are needed in the linear combination and the limit boundary is a
line (a single dimension). These make the above steps straightforward in [1, 65]. In the modulated case
treated in [5], the situation is similar, i.e., the arguments crucially make use of the two-dimensionality
of the problem.

In d dimensions treated in the present work, the computation of the limit probability proceeds in
two stages. In the first stage we introduce harmonic systems (Definition 4.7) for general Jackson net-
works: these are regular graphs whose nodes and edges define equations to be solved. We first prove
that solutions of these systems give harmonic functions (Theorem 4.8); the corresponding stage and
results are elementary in two dimensions and are not presented as a separate stage. In the second stage
we introduce a specific class of harmonic systems for the tandem case whose graphs have up to 297!
nodes (see Section 5 and the graphs G, 4 defined in (127)-(129)). That 1) the solutions of the equations
represented by these graphs exist 2) they have a linear combination that has the correct value on the
limit boundary are nontrivial to prove (see Propositions 5.5 and Theorem 5.7). The two-dimensional
case provides almost no insight into whether these arguments, structures and solutions exist in higher
dimensions. Furthermore, the dimension d is now a variable itself; so a case by case analysis in fixed
number of steps (as is possible in a fixed dimension) is not possible.

A difficulty in d dimensions is the lower dimensional boundaries of the state space. In the computa-
tion of the limit probability these boundaries come up when checking the harmonicity of the candidate
limit function in d dimensions: the arguments must treat all 2¢ — 2 boundaries of different dimensions
whereas in 2 dimensions there is only a single one-dimensional boundary. The increasing complexity
of the geometry of the problem is also reflected in the analysis of the relative error: a priori it is not
clear that the relative error analysis for the two-dimensional case provided in [65] would generalize to d
dimensions. And indeed, we have not been able to produce a direct generalization. One of the reasons
is as follows: in [65] (as well as in [1] and [5]) the harmonic functions that make up the limit approxi-
mating function are also used in the relative error analysis. These works are able to use these harmonic
functions in the relative error analysis in two dimensions because in two dimensions they consist of a
few terms. The number of terms grows exponentially in d resulting in functions with complex formulas
(see (17); in comparison the same formula in two dimensions is (18)) and it is not clear how they can
be used in the error analysis. For this reason the present work develops superharmonic functions with
simpler structures that allow us to establish upper bounds on the relative error (see subsections 3.1, 3.2
and 3.3). We further comment on how dimension impacts the convergence argument in subsection 3.4.

The use of superharmonic functions in the convergence analysis leads to a third novelty in the cur-
rent paper compared to [1, 5, 65]: in their relative error analysis, all of these previous works make an
assumption on the inequality of the jump rates. Such an assumption is no longer needed in the relative
error analysis of the present work thanks to the use of the superharmonic functions mentioned above
whose construction requires only stability and not the inequality assumption. We further comment on
this improvement at the end of subsection 2.1.
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Another novelty compared to [1, 5, 65] is the more precise nature of the relative error analysis:
these earlier works simply state that the relative error decays exponentially in 7. In the present work,
we give precise rates of convergence as a function of the initial position. Finally, as a corollary of our
results we derive the large deviation decay rate of the buffer overflow probability for any initial point
in the scaled domain (see the paragraph below or Section 6); this was not done in [1, 5, 65]. These and
further challenges and new features of the analysis compared to [1, 5, 65] are discussed in detail using
mathematical notation in subsection 2.1 below.

Next, we give a summary of other results and approaches from the current literature on the approx-
imation of p, and similar quantities. As far as analytical approximations go, the currently available
literature (excepting [1, 5, 65] discussed above) focuses on large deviations (LD) analysis, i.e., on the
computation of the decay rate of p,, in n. This rate is computed for general Jackson networks in [32, 35]
as

1
lim ——log p,(x,) = —log p, )]
n—oco n

for x = x,, x,/n — 0. As already noted above, a corollary of our approximation formula is the extension
of this result to any sequence x,,/n — x € A = {x € RY, Z}izl x(j) < 1} (Corollary 6.1 in Section 6 and
(23) below). We are not aware of other results in the currently available literature that gives LD decay
rates for exit probabilities of constrained random walks in arbitrary dimension where the initial point is
arbitrary (as is the case in Corollary 6.1).

To the best of our knowledge, beyond LD analysis, most of the currently available literature on the
approximation of p, focuses on simulation techniques. Since p, is small for typical values of n, its effi-
cient simulation requires variance reduction algorithms such as importance sampling (IS). The article
[53] appears to be the first work on IS simulation of p,, for two tandem queues and the exit boundary
{x € Z¢ : x(1) + x(2) = n} (the same as the one studied in the present work); this work notes that
the constrained dynamics of X causes static changes of measure implied by large deviations analysis
to have poor performance. As a remedy, [53] introduces dynamic IS measures which depend on the
position of X. The work [32] notes that static changes of measure perform poorly for the exit boundary
{x : x(1) + x(2) = n} for a range of parameter values. An IS change of measure to estimate p,, is said
to be asymptotically optimal if the variance of the corresponding IS estimator decays at twice the rate
of the large deviation decay rate of p,. The work [23] develops asymptotically optimal and dynamic IS
changes of measure for this problem using subsolutions of the limit Hamilton Jacobi Bellman (HIB)
equation arising in the LD analysis. Works [22, 26, 60, 61] generalize these results to higher dimensions,
more general dynamics and exit boundaries. A recent article on the construction of IS algorithms based
on subsolutions of the limit HIB equations is [10], which treats the approximation of p, for the tandem
walk. All of these works assume that the initial position of X satisfies x = x,, where x,,/n — 0.

A general Jackson network is said to be stable if the average arrival rate to each node is less than the
service rate of that node. A well known fact about the embedded random walk of such a network is that
its stationary distribution is multivariate geometric where the parameter of each component is equal to
the utilization rate of that node (this is what we refer to above as the “product form formulas” for the
stationary distribution). Since the embedded random walk has a stationary distribution, it is reversible,
i.e., when it is observed backward in time it is again a Markov chain and its transition probabilities are
K'(x,y) = K(y,x)n(y)/m(x) where K is the transition matrix of the forward process and = is the sta-
tionary distribution. A vein of research in the effective simulation of the hitting probability P, (7, < 79)
makes use of the reversed process. Heuristic simulation algorithms based on reversibility are developed
in [52]. The work [6] develops strongly efficient simulation algorithms using the reversed process; the
analysis and the simulation algorithm are based on an exact representation of the hitting probability in
terms of the reversed process with initial distribution taken to be the stationary distribution conditioned
on the exit set; [6] assumes that the initial point x remains bounded as n — oo (in particular x,,/n — 0
asn — 00).
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An approach to the approximation of p,(x,), x,/n — 0, combining asymptotic analysis and simula-
tion is given in [47]; see Section 8 for a review of this work. There is a vast literature on the analysis and
simulation of rare events similar to p, of constrained random walks in particular, and on the analysis of
constrained random walks in general; see, e.g., [2, 3, 6, 7, 9, 11-19, 21, 22, 24, 26-30, 34-38, 4044,
46, 48,49, 52,54, 56-58, 61, 62, 66]. [65, Section 6] gives a detailed review of a number of these works
that are most relevant to the analysis in the present paper. For the reader’s convenience we reproduce
an updated summary in Section 8. For further reviews we refer the reader to [1] and [5]; the review in
[1] has a greater focus on simple random walks (i.e., random walks with increments ¢; and —e;) and the
one in [5] focuses on Markov modulated dynamics. An extensive review of the importance sampling
literature that is related to the problem studied in this paper can be found in [8].

The next section provides the mathematical framework of the paper (i.e., definitions of the domains,
boundaries, the processes, the stopping times and probabilities of interest) and lists the main results
of the paper. The same section also provides a detailed mathematical outline of the ideas involved in
the proofs. The error analysis linking the probability of interest to the limit probability is presented
in Section 3; since the proofs can be involved due to the general dimension d of the problem, to give
the reader some idea in a simpler setting, subsection 3.4 provides some of the arguments for the fixed
dimension d =2 and comments on how they change with d > 3.

Sections 4 and 5 are devoted to the computation of the limit probability: Section 4 introduces a
framework that reduces the construction of harmonic functions with respect to the limit process to the
construction of systems of equations (which we call harmonic systems) represented by graphs and their
solutions. This reduction can be done for general Jackson networks and for complex valued harmonic
functions without additional effort. For this reason Section 4 is presented in this generality. Note that
the results in Section 4 do not construct any harmonic functions, they give one way of constructing
them by constructing harmonic systems and solving them. Section 5 explicitly constructs harmonic
systems for the tandem case and provides solutions for them. By the results of Section 4, these solu-
tions define a class of harmonic functions for the limit process. Theorem 5.7, the final result in Section
5, presents an explicit formula for the limit probability as a linear combination of these harmonic
functions.

Section 6 derives the large deviations decay rate of p, as a corollary of Theorems 2.1 and 5.7, for
any initial point in the scaled domain. Section 7 provides two numerical examples on the approxima-
tion results obtained in Theorems 2.1 and 5.7. In the first example we take d =4 and in the second
example d = 14. In both examples we take n=60. In the first example the numbers d and n are small
enough to allow a precise numerical calculation of p, by iterating the harmonic equation that p, sat-
isfies; the approximation of p, given by Theorems 2.1 and 5.7 are compared with the results of this
calculation. For d = 14 and n =60 the exact computation based on the iteration of the harmonic equa-
tion satisfied by p,, is no longer feasible. For the comparison we use the large deviations approximation
and an IS estimation based on the change of measure implied by the approximate formula given in
Theorem 5.7.

Section 8 provides a detailed and comparative review of some of the works cited above. In Section 9
we further comment on our results and on future work. A list of symbols and notation used throughout
the paper can be found after Section 9.

2. Definitions and statement of results

For an integer d > 3 let X be a random walk with independent and identically distributed increments
{L,I,I3,..}, Iy €V C 74, constrained to remain in Zﬁ, i.e., the sequence {/;} is independent of
Xo € 7% and

Xiw1 =X + 71(Xe, Irs1), £=0,1,2,3,..., )
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where

v, ifx+veZd,
n:78x728 78, n(x,v) = +
0, otherwise.

The random variables Xy, I, I5,.... are assumed to be defined on a measurable pair (Q, F) equipped
with a family of probability measures, Py, x € Z%, such that P,(Xy = x) = 1. When the initial point
plays no role we will simply write P. Define

Fo:={Q,0}, Fr=c({li.h,...It}), ke{l,2,3,...}.
The process X is adapted to the filtration F = {F;, k = 1,2, 3, ...}. All of the processes appearing below
are adapted to the same filtration.

We will use the function notation to indicate the components of a vector, e.g., x =
(x(1),x(2), ...,x(d)) for x € Z¢. The constraining boundaries of X are

8 ={x ez x(j) =0},j € {1,2,3,...d}. (3)

We focus on the case when X represents d queues in tandem (a tandem network). This means that the
set of possible increments of X are

V={el,—e1+er,....,—¢j+¢€l,....,—€i_1 +eq,—eq}, 4)
(1, ifi=j,
ei(j) = .
0, otherwise,

i,j=1,2,3,....d;{ei,i = 1,2,3,...,d} are the unit vectors in 74 . The distribution of the increments is
given as follows:

P(ly = e1) = 4,
P(Ik =€iy1 — 6,‘) = Wi, i= 1,2,3, ,d - 1,
P(lx = —eq) = pa,
where A + Z?zl ui = land A, uy, uo, ...10qg > 0 (f A, w; are given as jump rates of a continuous time

tandem network, we renormalize them so that they sum to 1 and we use the renormalized jump rates as
the jump probabilities of the embedded random walk). We assume X to be stable:

d
A < min y; 5)

i=1
which implies
pi =i pi= maxp; < 1. (6)

For

d
A, = {x ezd: Zx(i) < n}, @)

i=1
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and 0A, = {x € Z¢ : Zf:] x(i) = n} define the stopping time
T, = inf{k > 0 : X € 0A,.}; ®)
T, is the first time the sum of components of X equals 7, in particular, 7 is the first time X hits the

origin.
Our probability of interest is

pn(x) = Py(1, < 710), 9)
X€EA,.

2.1. Summary of results and analysis

As already discussed in the introduction, we will approximate p,, using a limit process Y, a limit bound-
ary dB, the associated hitting time 7 and the limit probability that 7 is finite. The process Y differs from
X only in the following ways: the 1) the first components of its jumps are reversed (i.e., the jump e; is
replaced with —e; and the jump —e| + e, is replaced with e; + ) and 2) it is not constrained in its first
component (see Figure 2 for an example in two dimensions). The formal definition is as follows. Let
T, € R be the diagonal matrix with diagonal entries Z;(1,1) = —1, Z;(j,j) = 1,j € {2.,3,....d},
and

T,:7%— 7, T,(x) = ne; + Zix. (10)

Recall the definition (2) of the original walk X, in particular, [ are the unconstrained increments of X;
define Qy = Z X Zi‘l,

Je =TIy, Yir =Y+ 11 (Y, Jir1)s D

where

v, ify+veQy,
m(y,v) = )
0, otherwise.

The initial point Y is assumed to satisfy ¥y = y almost surely under P,. Define

d
B:= {yeszy,y(n > Zy(i)};
=2

the boundary of B is
d
0B = {ye Qy,y(1) =Zy(i)}. (12)
j=2
The limit stopping time
7:=inf{k > 0: Y, € dB}, (13)
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is the first time Y hits dB. As in [65], our goal is to approximate P, (7, < 79) by the limit probability
P7,(x) (T < o0). Define the process

Y"=T,(X),

Y” is the same process as X except in a new coordinate system whose origin is the point ne; € dA, in
the original coordinate system (i.e., it is defined as Y above except that it has an additional constraining
boundary on the line {y € Z2 : y(1) = n}). The limit process ¥ and the limit probability Py(7 < o0) are
obtained by letting n — oo, see Figure 2 for an illustration in two dimensions.

Define

j=

d i
_ . log p
Ry, = xezd: x(])21+n(1— ) ,
1 1{ + Z Ing,

J=1

d
A={xeRz;Zx(j)s1}, (14)

d i
R, = ﬂ{xeRfﬁ : Zx(j) < (1 - 11(()):5)}’
1 l

Recall that p = max? | p;. Let i* = argmax?  p;; then R, C {x eRY: Z}; x(j) = 0}; in particular 1)

R,, is always a measure zero subset of A and 2) R, = {0 € R?} when i* = d. The main convergence
result of the paper is the following:

Theorem 2.1. For € > 0 there exists ng > 0 such that

[P < 70) = B, (7 < )l _ =g/ =—e).

IP)x(Tn < T()) (15)

forall n > ng and for any x € R, C Z¢. In particular, for x,/n — x € A — R, C R the relative error
decays exponentially with rate —log(p)(1 — g(x)) > 0, i.e.,

|Pxn(7n < TO) - PT,,(X,,)(T < Oo)l

limninf—% log ( > —log(p)(1 —g(x)). (16)

Px,,(Tn < TO)
For a more precise characterization of the sets R and R, , using an order relation on {1,2,3, ...,d},
see (80).
For a finite set a let |a| denote its cardinality. Theorem 5.7 gives the following formula for P, (7 < o)
under the further assumption y; # p; for i #j:

d d
— A\ v()-5m G
Py(1 < ) = Z( ,uz_ )p}m( RN ENI0)) 17
m=1 \l=m+1 Hi = Hm
2 IMI ﬁ) A
% (_l)la\ U
— ~aG) )’
ac{123..m-1} J=1 Iza(ys1 M T Ha() ¢
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where a(j) denotes the j’h smallest element of a, a = @ is always included in the last sum, and by

convention, a(|a| + 1) = m. For d =2 (17) reduces to

-1 -y -
Py(r < 00) = 22 pi(D oy (2@ (1 o p¥(2>), (18)
M2 = H M2 — (1
which equals the formula derived in [65] for this probability for the case d =2.
A precise statement corresponding to Figure 2 is [65, Proposition 1] which states

limPTn(y) (th < 710) = Py(‘r < ®),y € B, (19)
n

for any stable Jackson network in any dimension. In (19) the initial point of the process is specified
and fixed in y-coordinates; in (16) it is specified in scaled x coordinates (as is done in large deviations
analysis). For fixed y € B, the probability Pr, (,) (7, < 70) does not decay to 0 in n but converges to the
nonzero probability Py (7 < o). In (16), where the initial position is fixed in scaled x coordinates, both
of the probabilities Py, (7, < 79) and Py, (,,) (T < c0) decay to 0 exponentially. The limit (16) expresses
that the difference between them decays exponentially faster than P, (7, < 19).

A function & : Qy — R is said to be Y-(sub/super)harmonic (or (sub/super) harmonic with respect
to Y)if

h(y) = (= [2)Ey[h(Y1)], (20)

forally € Qy. Theorem 2.1 reduces the approximation of P, (7, < 79) to the computation of Py (7 < o).
Considered as a function y — P, (7 < o0) of y, this probability is the unique d B-determined Y-harmonic
function taking the value 1 on dB (see (122)). Section 4 introduces a method to construct Y-harmonic
functions from solutions to a system of equations defined by a graph G with labeled edges (a “harmonic
system,” see Definition 4.7; the graph G is a variable itself, each harmonic system has its own graph
G). Harmonic systems can be defined using complex numbers resulting in complex valued Y-harmonic
functions and they can be defined for constrained random walks arising from any Jackson network.'
Since this generality comes with no additional effort, in Section 4 we will work in this generality. For
B € Cand a € C1234--4} define the function [(8, @),] : Z¢ > C as

d
[(B.).y) =gV 520 [ Ta(y?, @1)
j=2

since y > log([(8,@),y]) is linear in y, we call [(8, @), -] log-linear.” Each node i of the graph G of
a harmonic system has associated with it a variable (8;, @;) € C¢ and a coefficient ¢; € C; each node
represents a constraint of the form (8;, @;) € H where H is the characteristic surface of Y (see (94)). The
edges between nodes correspond to (1) conjugacy relations between the points (f;, ;) and (2) relations
between the coeflicients ¢;. The first main result of Section 4 is Theorem 4.8; which states that any
solution to a harmonic system with graph G gives a Y-harmonic function of the form ;. ¢;[ (8i, @), -].
Subsection 4.1 introduces the concept of a simple extension of a constrained random walk associated
with a Jackson network (defined in terms of its jump probability matrix) and the corresponding simple
extension of regular graphs. The main idea here is the following: if a lower dimensional process is
extended in a “simple” way (in the sense of Definition 4.9, an example is shown in Figure 3) to a higher
dimensional process then any harmonic system associated with the lower dimensional process can also
be extended to a harmonic system associated with the higher dimensional process. Furthermore, if

I'The works [1, 5] use complex valued harmonic functions in their approximation formulas.
2Recall that for two sets D and R, RP denotes the set of functions from D to R. Setting @ € Ccl23..d} corresponds to indexing the components
of @by {2,3,...,d}, see (21).
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Figure 3. Networks corresponding to p; and p; of (110), second is a simple extension of the first.

the lower dimensional system has a solution, that solution can be extended to a solution of the higher
dimensional system (Proposition 4.11).

The limit probability Py(t < oo) is a Y-harmonic function. It has another important property: it
is dB-determined, i.e., it is completely determined by the value it takes on the boundary dB (namely,
Py(t < o) = E[l{r<w}]). The formal definition for an arbitrary Y-harmonic function is given in
subsection 4.2. We want the Y-harmonic functions we construct from harmonic systems to have this
property as well, i.e., we want them to be completely determined by their values on dB. Proposition
4.13 gives conditions on the solution of a harmonic system so that the harmonic function defined from
it is guaranteed to be d B-determined.

The results in Section 4 reduce the task of construction of harmonic functions to the construction
of harmonic systems and their solutions, i.e., they show that if a given harmonic system has a solution,
then the solution can be used to construct a harmonic function. Section 5 presents a particular class of
harmonic systems for tandem networks and provides solutions for them. In this section, the dimension
of the system is denoted by d and d < d is used as a variable. The harmonic systems defined in Section 5
are based on a sequence of increasing regular graphs Gy4, d = 1,2, 3, ...,d; the nodes of G, 4 are the
setsaU {d}, a c {1,2,3,...,d — 1}, two nodes are connected with an edge labeled d > j > 2 if j lies
in their intersection and the set difference between the nodes equals {j — 1} (see (128), see Figure 5
for an example). The following properties directly follow from their definitions: 1) G4 is a simple
extension of G, 4 and 2) G4, 4 can be written as a disjoint union of the graphs G4, k = 1,2, ..., d; both
of these properties are used in the proofs of the results that follow. Proposition 5.5 provides a solution
to the harmonic systems defined by the graphs G, 4. The results of Section 4 imply that these solutions
define dB-determined Y-harmonic functions. Theorem 5.7 then shows that the right linear combination
of these functions equals y — Py (7 < o). In addition to the stability assumption, the results in Section 4
(in particular Theorem 5.7) assume

i # pj for i#j. (22)

The relative error analysis (Theorem 2.1) does not require (22); this is in contrast to previous works [1,
5, 65] using the affine limit approach, all of which do make an assumption analogous to (22) for both the
error analysis and the computation/approximation of P, (7 < o). Last paragraph of this section further
comments on how assumption (22) was removed from the relative error analysis in the present work.
The last result of the paper is Corollary 6.1 of Theorems 2.1 and 5.7 which generalizes (1) to

1
Jim —— log py(xa) = —log(p)g(x). (23)

for any x,/n — x € A C RZ. Since this result is based on Theorem 5.7 it also uses the assumption 22.
Results similar to Theorems 2.1 and 5.7 reported in the prior literature are as follows: [65, Proposition

8], [1, Theorem 6.1] and [5, Theorem 6.1] are convergence results similar to Theorem 2.1; the first

concerns the tandem walk with d = 2, the second the constrained simple random walk in two dimensions
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(i.e., the constrained random walk with increments +e;, i = 1,2) and the third treats again the two-
dimensional tandem walk but the dynamics are assumed to be Markov modulated (i.e., in addition to X
there is an additional finite state Markov chain M that determines the jump distributions of X). These
prior results state that the relative error on the left side of (16) converges to 0 exponentially at a rate
depending on x; as already noted above, the precise formulation of the decay rate as in the right side of
(16) is new.

The prelimit statement (15) that is specified in terms of an unscaled initial point x is also new. As
already noted, Theorem 2.1 uses only the stability assumption on model parameters; all of the prior
relative error results use an additional assumption corresponding to (22). On the computational side,
for d =2 [65, Proposition 8] proves P, (1 < o) = f(y), where f is the function given in (18). For the two-
dimensional constrained simple random walk and the Markov modulated tandem walk exact formulas
for P,(t < oo) turn out to be not possible in general. Both of these works develop formulas similar
to (18) that approximate P, (7 < oo) with bounded relative error (see [1, Propositions 7.2-7.6] and [5,
Propositions 7.2, 7.3 and 8.3]).

As in [65] we will use the following idea in our analysis of the relative error: because the dynam-
ics of X and Y differ only on 9, the events {7, < 70} and {7 < oo} mostly overlap. This is proved
as follows: (1) find an event containing the difference of the events {7, < 79} and {r < oo} and

(2) prove that the upper bound event has a small probability. Let ) = inf {k >0: Z]‘!:l Yi(j) = n} =

inf {k >0: ZJ’.Z:] T,(Y:(j)) = O} and let 07 41 be the first time X hits ;, after hitting ; (see (24) for the
precise definition). Lemmas 3.1, 3.2 and 3.3 show that the difference between {71, < 79} and {7 < oo} is
contained in the union of {7y < 7 < oo} and {0y-14 < T, < T0}. These results are either evident or much
simpler to prove in two dimensions. When d > 2 the constraining boundaries have lower dimensional
subsets. The treatment of these and a general dimension d requires nontrivial inductive and case by case
and arguments (see the proofs of Lemmas 3.1-3.3). An upper bound on the probability P, () < 7 < o0)
follows from the Markov property of ¥ and an upper bound on Py (7 < c0); in subsection 3.1 we construct
an upper bound for this probability. In previous works treating two dimensions the upper bound follows
directly from the computation/approximation of P, (7 < c0): in [65] there is a simple explicit formula for
Py(7 < o) and in [5] an upper bound can be constructed in terms the Y-harmonic functions used in the
computation of P,(7 < o). In the present setup the Y-harmonic functions that make up Py, (7 < oo) are
more complex (see Theorem 5.7); therefore, in subsection 3.1 we construct simpler Y-superharmonic
functions and corresponding supermartingales that imply the bound we seek on P, (7 < o0). Subsection
3.2 derives an upper bound on the probability P,(c0y-14 < T, < 70) (Proposition 3.9). For the proof,
we construct a supermartingale corresponding to the event {oy_14 < 7, < 70}. The event happens
in d stages (the process moves from stage j to j + 1 upon hitting d;41); the supermartingale is obtained
by applying one of the Y-superharmonic functions of subsection 3.1 to X at each stage. Because Y has
unconstrained dynamics on 9, the process resulting from the application of these functions to X is not a
supermartingale on d;; to compensate for this we add a strictly decreasing term to the resulting process
(see (62)). As in previous works [1, 5, 65], we truncate time to manage this additional term (see (71)).

As already noted, a key difference between the present work and [1, 5, 65] is that we no longer need to
assume y; # fj, i # j in our error analysis (Theorem 2.1). The construction of Y-harmonic functions used
in the computation of Py (7 < oo) requires u; # p; (assumption (22)) or analogous assumptions; this is
the case in the present work (see Section 5) and in all of the previous works [1, 5, 65]. Previous works
[1,5, 65] use the same Y-harmonic functions in their error analysis as well, therefore their error analysis
also requires an assumption analogous to (22). The graphs associated with the Y-harmonic functions
constructed in Section 5 grow exponentially with dimension d; this means that the corresponding Y-
harmonic functions get more complex as d increases. Their evaluation presents no difficulty unless d is
large (a numerical example with d = 14 is given in Section 7); nonetheless their use in the error analysis
is no longer straightforward and we have not been able to carry out an error analysis based on them.
The Y-harmonic functions of Section 5 are linear combinations of log-linear functions of the form (21)
where at least some of the parameters 3 and « take values in {1, p1, p2,...04}. When we allow the S,
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a parameters to take values that are strictly greater than p, it turns out to be possible to construct Y-
superharmonic functions as linear combinations of d or less log-linear functions, see Propositions 3.4
and 3.6. These superharmonic functions have a much simpler structure and we base our relative error
analysis on them. Their construction requires only the stability assumption. This is why we no longer
need the assumption (22) in our error analysis.

‘We now move on to the proof of Theorem 2.1, our main convergence result.

3. Error analysis

The goal of this section is to prove Theorem 2.1. This theorem generalizes [65, Proposition 8],
which treats d =2, to an arbitrary positive dimension d > 0. The proof is based on the stopping
times

00,1 :=inf{k > 0: X € 01},
Oj-1j = inf{k>o-1~,2J,| IXk Eaj},j=2,3,...,d. (24)

Time 7y is the first time the set of all components of X equal 0; this definition and the dynamics of X
imply 79 > 0y4-1,4. We will use these stopping times to show that the events {7, < 7o} and {7 < oo}
mostly overlap. Define

Xis1 = Xi + 11 (X, i) (25)

X has the same dynamics as X except on d; where it is not constrained. We assume X and X processes
start from the same point:

Xo = )_(0 =Xp. (26)

For the limit analysis we will assume that the Y process has initial point Yy = 7, (x,). The definitions
(25) and (11) of X and Y and Yy = T, (x,) imply ¥ = T,,(X) and X = T, (Y). Define

d
T, = inf{k : ZXk(j) = n} . Q27
J=1

We note that Y = T,,(X) implies 7, = 7, therefore:

Py, (Th < ) = Pr, () (7 < 00). (28)
Define S : Z¢ — Z as
d
S(x) = Z x(j). (29)
=

Why the stopping time 041 4 plays a key role in our analysis is encoded in the next lemma:

Lemma 3.1.

Xe(D) = Xe(D),1=2,3,.j+ 1, (30)

Xie() = Xi(D),1=j+2,j+3,....d, (3D
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S(Xx) = S(Xx) (32)
fork < ojjenj € {0.1,2.3,.nd —1};

S(Xk) = S(Xi) (33)
fork > o4 14.

Note that (32) holds for all j, i.e., S(Xx) = S(Xx), k < 04-14-

Before we give a proof let us outline the main idea: our analysis concerns an event defined in terms
of S(X); X and X may start to differ from each other once X hits d;, but the tandem dynamics of X imply
that for §(X) and S (X) to differ, the process must visit sequentially all of the boundaries d;,i = 2,3, ..., d.

Proof. The processes X and X have the same dynamics except on d; where only X is constrained and
by assumption (26) they start from the same point. Therefore, until they hit 9, they move together, i.e.,

X = Xx,

for k < 09p,1. These prove (30), (31) and (32) for j=0. For j > 1 we will use induction. Assume (30),
(31) and (32) hold for j = jy < d — 1; let us prove that they will also hold for j = jo + 1. We will do
this by another induction on k, 05, j,+1 < k < 0jy+1,,+2. Note that there is a nested induction here, one
induction on j another on k- we will refer to the induction on j as the outer induction and to the one on
k as the inner induction. For k = 07, j,+1 the statements hold by the outer induction hypothesis. Now
assume that (30), (31) and (32), j = jo + 1, hold for k < ko for some 07, jo+1 < ko < Tjy+1,p+2- We want
to show that they must also hold for k = ko + 1. We argue based on the possible positions of X and X at
time ko:

(1) Xy, € 24 - J‘.i:l d;: this and the inner induction hypothesis imply X, (/) > 0 for [ = 2,3, ...,d;
furthermore X is not constrained on 9. These imply

Xir1 = Xie + liy1, Xpor = Xie + Iy,

i.e., both X and X change by the same increment. Therefore, all of the relations (30), (31) and (32)
are preserved from time k = ko to k = ko + 1.

(2) X, can also be on the boundary of Z¢; recall that 7,11 jy+2 is the first time X hits 8;,42 after time
Tj,jo+1- Therefore, Xy, € 0;,42, since 07 j+1 < ko < Tjy+1,p+2- Then if Xj, is on the boundary of Zi
it must be on one of the following:

xkoeaMzz(m am)ﬂ(ﬂ a:,‘,),

memM meM¢

for some M c {1,2,3,....jo+ 1,jo+3,....,d}:

(a) if Ixy+1 = €1, Or Iy 41 = —€ + €41 for some m € M°€: the increment e is not constrained for X
and X regardless of their position. For the case Iiy+1 = —em+epi1: Xy, € 05, means X, (m) > 0.
This and the inner induction hypothesis ((30) and (31)) imply Xy, (m) > 0if m > 1; furthermore
X is not constrained on 8. These imply

Xio+1 = Xiy + Iige 1, Xige1 = Xiy + Iga1-

Once again this implies that the relations (30) and (31) are preserved from time k = kg to
k= k() +1.
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(b) If Ikgr1 = —em + ey form > o+ 1)+2,m € M: Xy, € Op implies X, (n_z) = 0. By the inner
induction hypothesis Xy, (m) = Xy, (m) for m > (jo + 1) + 2. Therefore, X, (m) = 0 as well.
These imply that the increment —e,, + ¢,,,+1 is constrained both for X and X:

Xigr1 = Xigs Xkgr1 = Xko» (34)

and the relations (30), (31) and (32) are trivially preserved from time k = kg to k = ko + 1.

(©) If lys1 = —em + €me1, 2 < m < jo+ 1, m € M: we know by the induction hypothesis that
Xy (m) = Xy, (m). If Xy, (m) = Xy, (m) then the increment —e;,, + €41 is constrained both for X
and X, (34) holds and the relations (30), (31) and (32) are trivially preserved from time k = kg
to k = ko + 1. If X;, (m) > Xy, (m) then the increment —e,;, + €41 is unconstrained for X while
it is constrained for X:

Xk()+1 = Xkov Xk()+l = Xk() —€nt emyl-

The linearity of S and S(—e,, + ¢,,+1) = 0 imply that (32) is preserved at time ko + 1. All of the
components X (), [ # m,m + 1 remain unchanged from kq to ko + 1. Therefore, the relations
(30) and (31) are trivially preserved for these components; in particular, this shows that (31)
holds at time kg + 1 with j = jo + 1 because m,m + 1 < (jo + 1) + 2. To complete the proof it
suffices to show that (30) holds for j = jo+ 1 and k = ko + 1 for components [=m and [ = m+ 1.
Forl=m+1,

Xigr1 (m+1) = Xpg (m+ 1) + 1 2 Xp (m + 1) = Xpg1 (m + 1).

For [ =m: recall that we are treating the case Xy, (m) > X, (m), i.e., Xg,(m) > Xy, (m) + 1.
Therefore:

Xk0+1(m+ 1) :Xko(m+ D—12>X,(m+1) =X (m+1);

these prove that (30) holds at time ko + 1 with j = jo + 1.

(d) Finally, it may happen that 1 € M and Iy 41 = —e; + e;. In this case, X, € 0; and therefore
the increment i 41 is canceled by the constraining map 7 for X; X is unconstrained on 9,
therefore, the increment /41 is not constrained for X. Therefore,

Xige1 (1) = Xiy (1), Xege1 (1) = Xe, (D), 1= 3.4, ....d,
and
)_(k(]+1 (2) = Xko(Z) + 1, Xk()+l (2) = Xk()(z)-

These imply that the relation (30) and (31) for j = jy + 1 are preserved from time kg to ko + 1.
The preservation of (32) follows from the linearity of S and S(—e; + e3) = 0 as in the last part.

This case by case analysis completes the inner induction step and hence the outer induction step.
Finally, let us consider the case k > 0y4-14. Note that Xy € 9, for k = 04-14. If It41 = —e4 and
X ¢ 0y we have:

Xir1 = Xi» Xiw1 = Xk — eu, (35)

an application of S to both sides of the above equations and (32) imply S(Xi+1) = S(Xi41) + 1; thus
S(Xk+1) > S(Xy41) can happen after time o;_1 4. A case by case analysis parallel to the one given above
shows that (33) is preserved at all times after oy_1 4. m]
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The previous lemma implies

Lemma 3.2. Suppose Xo =x € Zﬁf, x # 0. The stopping times Tm, T, for any m > 0, and 041 4 satisfy:

(1) 0414 = T ifand only if 0y_1.4 > T

(2)
Tim = Tm (36)

over the event {04411 = Tm} = {Cad+1 = T}

(3)
Tm 2 Tm 37
ifm < S(x) and
Tn < Ty (38)
ifm> S(x).
Proof. By definition 7, < 04_14 if and only if
S(Xy) = m,

for some k < 0y_1 4 and T, < 04_1 4 if and only if
S(Xy) = m,

for some k < 041 4. By the previous lemma S(X;) = S(X;) for k < 0,1 4. These imply the first two
parts of the current lemma. Similarly,

T = inf{k > 0: S(Xy) =m}, T, =inf{k > 0:8(Xy) = m};
S(Xx) = S(Xy) for k < 0y_1.4 by Lemma 3.1, (32). Therefore, for 7, < 0g.441
T =inf{oy_14 2k > 0:S(Xy) =m} =inf{loy_14 >k >0:S(Xy) = m} = Ty,

i.e, (36) holds.
The relations (32) and (33) imply that

S(Xi) < S(Xk). (39)

for all k > 0. We will argue the case when m < S(x), the opposite case is argued similarly. By definition,
S(X4,) = m. This and (39) imply S(X,) < m. The process S(X) jumps by increments of —1 (happens
when X jumps by —e,) and 1 (happens when X jumps by e1). It follows that X must take all of the values
m,m+ 1,m+2,...,8(x) in the time interval k € {0, 1,2, ...., 7, }. This implies 7,,, < 7,,. O
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We now express the difference between the events {7, < 79} and {7t < co} = {7, < oo} in terms of
the stopping times o414 and 7p. For two events E| and E let A denote their symmetric difference:

E|AE; := (E) - E2) U (Ex — Ey). (40)
Lemma 3.3. ForXo=x,0<S(x) <n
{tn < T0}A{T) < 00} C {1y < 10, T > 0y—1.4} U {70 < Ty < o0} 41)
holds.
Proof. Break down {1, < 79} and {7, < oo} into two as

{tn <70} ={m0 <710, Tw < Oy—14} U {Th < 70,70 > Ou-14},
{Ty <00} = {7 <00, Ty < Tg_14} U{Ty <00, Ty > 0g-14}. (42)

That 7, = 7, for 7, < 0y_1 4 and 0y_1 4 < 7, if and only if oy_1 4 < T, imply
{tn <70, T < 0a-14} CH{Tn <00, Ty < 0y-14}- (43)
On the other hand,
{Tn <00, Ty < 0u-14} = {Tn < 0,7y < Ou-14,T0 < Tn} U{Ty < 00,7y < 0y-14-70 > Tu};  (44)
Ty = To by (38) (for the case m=0) and 7, = 7, for T, < 04_1 4 by (36); therefore
{Tn <00, Ty < 04-14-70 > Tu} C {Tn < Tu-14-70 > T}
The last line, (42), (43) and (44) imply

{70 < 10}A{T, < oo}

CH{T <70, T > Tg—1,a} U{Ty <00, Ty > 0g_1,a} U{Ty <00, T < 0a-14,T0 < T} (45)
Next we decompose {7, < 0, T, > 0414} into two:
{fn <00, T, > O—dfl,d} = {fn <00, Ty > 0g-14d,T0 < fn} ) {fn <00, Ty > Ogd-1,d,70 > fn}-

The assumption 0 < S(x) < n, (37) and (38) imply 7, < 7, and 79 > Tp; furthermore by the first part of
Lemma 3.2 1, > 0y-14 if and only if T, > 04_14; these imply

{Th <00, Ty > 041,470 > Tn} C {1y > Tu—1.4,70 > Tu}.
The last two displays give:
{Th <00, Ty > 0g_1,a} C{Tn < 00,7y > 0g-14,T0 < Tp} U {7y > 0a-14,T0 > Tn}.

This and (45) imply (41). a
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By this lemma, the numerator of the relative error

|Px(Tn < TO) - PT,,(X) (T < OO)I
Px(Tn < TO)

is bounded by

|Px,l(7n <19) - PTn(xn) (Tt <o0)| < Px”({Tn < 10} A{T, < c0})
<Py, (th < 70, T > 0g-1.4) + Py, (To < Ty < 00).

The next two subsections derive upper bounds on the last two probabilities. Subsection 3.3 following
them 1) derives a lower bound on the denominator P, (7, < 79) of the relative error 2) combines the
upper and lower bounds obtained to give a proof of Theorem 3.15.

3.1. Upper bound on P, (7, < )

Recall Py (7, < o) = Pr,(x)(7 < o) (see (28)). The function y +— P,(7 < o0) is Y-harmonic. In
Sections 4 and 5 we will compute this Y-harmonic function exactly and see that y - Py(7 < oo0) has
a rather intricate structure. It turns out to be possible to derive the upper bounds we need using much
simpler Y-superharmonic functions. We will first derive an upper bound on the probability P, (7, <
00) = Pr, (x)(T < o0); the bound we seek on P, (7p < 7, < o0) will follow from the bound on Py, (7 < c0)
by the Markov property of Y.

The n variable plays no role here and therefore we will derive the bound and the superharmonic
functions in terms of the ¥ process- the bound for the X-process will follow by the change of variable
x=T,(y).

A real valued function 4 is said to be Y-superharmonic on a set A C Qy if

Ey[n(YD)] < h(y),y € A. (46)

We say h is Y-superharmonic if A = Qy.
Define

ey (y) = PDZ2YD ke (1,2,3,,d},r > 0. 47)

Note that log(hy,,) is linear in y, i.e., i, is log-linear. This property of the function is compatible with
the dynamics of the Y process in the sense that it reduces questions about its (sub/super) harmonicity
to algebraic equations/inequalities involving r. The choice of the particular linear combination y(1) —
Z]]';z y(k) has to do with exit boundary dB: note that i4,(y) = 1 for y € 0B, which is the boundary
behavior that we are interested in; /i, for k <d can be thought of as lower dimensional versions of
hg . We will be using log-linear functions in the next sections as well when we construct classes of
Y-harmonic functions.

Proposition 3.4. The function hy, satisfies

b ) (A (L= 1) + (= D), ifk=1,

B ) (2= 1) + = D15 ), ifk € {2,3,.d}, @

Ey[he, (Y1)] = hier(y) =

In particular, for r € (p, 1), hy , is Y-superharmonic and for k € {2,3,4, ...,d} hy, is Y-superharmonic
on Qy — 0.
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In the proof we will use the following basic fact:

Lemma 3.5. Forr € (p,1) and any k € {1,2,3,4, ..., d}
1
/l(;— 1) +m(r—1) <0. (49)

Proof. The function r +— /1(% — 1) + ux(r — 1) is strictly convex for r € (0, 0) and equals O for
r=A/u; < p and r=1. It follows that it is strictly below O on the interval (p, 1). O

Proof of Proposition 3.4 The distribution of Y and the definition of A, imply

1
Ey Ui (YD1 = hier () | A + gl (9) + i, (3) + WL (50)
j#k

subtracting hy - (y) = hir(y) (/11 + 27:1 ,uj) from the last expression gives (48). For k=1, Y is not
constrained on 9, therefore (50) in that case reduces to

1
Ey [, (Y1)] = hy () /l; +uip+ Z Wil
71

The rest of the argument remains the same for k£ = 1. The inequality (49) and (48) imply

Ey [, (Y1)] = i (v) <0,y € Qy, ifk =1,
Ey[hier (Y1)] = hip(y) < O,y € Qy — 8 if k € {2,3, ... d}.

This proves the Y-superharmonicity of A, (on Qy for k=1 and on Q — 9 for k> 1). ]

We note above that &, is Y-superharmonic. The function A, for k > 1, on the other hand is Y-
superharmonic everywhere except on dx. For example, &, (i.e., the case k =2) is not Y-superharmonic
on 0,. We ask the question: can we linearly combine it with £, ., which is Y-superharmonic on 65, so
that the linear combination is Y-superharmonic everywhere? An attempt to answer this question for
general k and the differences (48) lead to the following coefficients:

1y oo LM< Y (AL~ 1/r) 4+ (1~ 1))
T A/ =1

,k=2,3,...,d. (51)

By (49), v > O for r € (p, 1). Now define
k
hoir = ) Vihjr. (52)
=1

Proposition 3.6. Forany k =1,2,3,...d and r € (p, 1) the function hy ., is
Y-superharmonic.

Proof. We assume throughout that » € (p, 1). The proof is by induction. By definition /4, = Ay, for
k=1 and we know that 4, , is Y-superharmonic by the previous proposition. Now assume that /4 , is
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Y-superharmonic for some k < d; we will prove that /13 ¢ must also be Y-superharmonic. The function
hi+1, 18 Y-superharmonic on Q-0+ by the previous proposition; the function /5 4 is Y-superharmonic
by the induction hypothesis. These and yi4; > 0 imply that /5 441 - is Y-superharmonic on Q — 0.
Therefore, it suffices to prove that 4 411 » is Y-superharmonic on di4+1. Choose any y € 01 and let

ko =max{j <k+1:y(j) >0} VI,

where, by convention the max of the empty set is —oco. By the induction hypothesis hy,-1,, is
Y-superharmonic on d. Therefore it suffices to prove that

k+1
o g et = Z Yilj.r

J=ko

satisfies the Y-superharmonicity condition for the chosen y. The definition of k( implies y(j) = 0 for
ko < j < k+ 1. This and the definition of Ay , imply h; ,(y) = hy,(y) forall ko <j < k+1. Then

Ey (M2 k+1,- (YD ] = B g jes 1,7 ()

1 k+1 1
= hir ()| 4 (; - 1) Z Yi + Yo (/1 (; - 1) + g, (1 = 1)) . (53)

j=]<0+1

The definition (51) and j > ko implies

Substituting this in (53) gives
Ey [h2 ko k1, (Y1)] = B2 g k1,0 ()

d—(k+1)+ko (/1(1

< hk(),r(y)'yk() d ; - 1) +,uk()(r - 1)) < 0,

which completes the induction step. O

Applying the Y-harmonic function %, 4, to the process ¥ we obtain the supermartingale 43 4, (%),
which gives us the bound we seek on P,(1 < o0):

Proposition 3.7. Fory € Qy andr € (p, 1)
1
Py(r < 00) < %hld,r()’)' (54)

Proof. Let m be a positive integer. The optional sampling theorem applied to the supermartingale k +—
ha a4, (Yy) at the stopping time m A T gives

h2,d,r(y) 2 E’[hZ,d,r(Y‘r/\m)]
= y[hZ,d,r(YT)l{TSm}] + Ey [hZ,d,r(Ym)l{T>m}]-
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By definition A2 4, > 0 and hp 4,/va = har = 1 on OB. These and the previous display imply

har(y)/va = Py(r < m).

Letting m — oo gives (54). O

By definition
Py(7, < 00) = IP)Tn(x) (r < ). (55)

The bound on P, (7y < 7, < o0) now follows from the previous proposition and the Markov property of
X:

Proposition 3.8. Forr e (p,1), x € ZxZ¢ " and0 < S(x) <n
|
Pu(fp < Ty < 0) < 7'— > ;. (56)
Ya =
Proof. By (55), (54) in x coordinates is
1 1< 1< j
Pr(fy < ) < —hog (T (%) = — > yjhar(Tu(x) = = > yr" 2 ¥ 0,
Yd Yd i3 Yd 5
This, x € Zx Z¢~" and 0 < r < 1 imply
| &
P (T, < o) < F'— . (57)
(< o0) < 7 ,Zl ¥

for S(x) = 0. We now condition on Fz,:

Px(fo <T < 00) = Ex[l{‘?0<oo}l{‘f0<‘?n}1{‘?”<oo}]
= Ee[E[1{ry<7,} L (ro<oo} L (7, <00} [ F 7 ]]
= Ex[l{f()<00}1{?(]<‘7'n}E[]{‘7'n<00}|97‘7'0]]9

The strong Markov property of X implies
= Ex [ 1zp<o} L{zg <) P, (Ta < 00) .

This, S(Xz,) = 0 and (57) imply (56). ]
3.2. Upper bound on P, (04-14<T, <70)
The goal of this subsection is to prove the following bound:
Proposition 3.9. For any € > 0 there exists ng > 0 such that

Po(0y-14 < T < 70) < p" 7, (58)
foralln > ng and x € A,,.
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As in the previous section and as in two dimensions treated in [65] we will construct a supermartin-
gale to upper-bound Py(0y-14 < T, < 70). The event {os_14 < T, < T} consists of at most d + 1
stages: the process X starts on or away from 9, then hits 9>, then hits 93, etc. and finally hits dA,, after
hitting d; without ever hitting 0. Roughly, the supermartingale will be constructed by applying one
of the functions %y, to the process X at each of these stages. The next lemma is used to adjust the
definition so that the defined process remains a supermartingale as X jumps from one stage to the next.

For k € {2,3, ...,d} define

Yi-1

Ye-1k = ————. (59)
Yi-1+ Yk
Lemma 3.10. Fork € {2,3,...,d} andr € (p,1)
hag—1.,(y)
n————= > ¥k (60)
ved hogr(y) 7
fory € 0Ok.
Proof. By their definition
Ryt () = iy (y) = PD7E200),
for y € 0. This and the definition of iy x_1 ,, Aok » iMply
(D-255 y(i k=2, 3y
P T R S e
b)) pH-Z0 (Vk +Ve-1+ Z;(:_lz VJrZJIZZy(l))
fory € 0; this and y;, r > 0 imply (60). ]
Define
J
I = l—[)’i—u, (61)
i=2
and
S; :=Thoj (T,(Xy)) for oj_1; < k < 0j41,/ =0,1,2,3,....d,

where, by convention, I'y = T'y = 1, ha o, = 7", 0-10 = —1 and 04 4+1 = oo; in particular, S; = r" for

k < ooy and S = Lyho g (Ty(Xk)) for k > 04-1,4. The supermartingale that we will use to upper-bound
the probability Py (0y-14 < T, < T9) is

d
, 1
Sii=S) -k /l(;—l)Z)/j s (62)
Jj=1
Proposition 3.11. The process {S;,k =0,1,2,3,...} is a supermartingale.

Proof. The proofis a case by case analysis. We begin by Xi ¢ dy,1.e., Xx (1) > 0. There are two subcases
two consider: k = 051, for some j > 1 and k # oy forallj > 1. For k # 0j_1,, S} = Ujhaj»(Ty(Xx))
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S,’{+1 = Thyj(Th(Xks1)) for some j € {0,1,2,3,...,d}; the functions £y, are Y-superharmonic by
Proposition 3.6 and therefore h, (T, (-)) are X-superharmonic on ;. It follows from these that

Ex[Spi|F4] < S, (63)

over the event {X; ¢ 01} N {k # oj_1;,j = 1,2,3,....,d}}. If k = oj_1; for some j € {2,3,4,...,d}

we have S} = Tj_1hyj—1,(T,(Xi)) and S, | = [iho (T, (Xi+1); hoj,r is Y-superharmonic and therefore

ha ;- (Ty(-))is X-superharmonic on d{. These imply
Uihgj  (Ta(Xk)) 2 E[Tihoj (Ty(Xis1) [ F1] = E[Sp, %] (64)
over the event {k = 0j_1,;} N {Xx ¢ 01}. That X € 9; for k = 0y ; and Lemma 3.10 imply
Sy =T 1haj 1., (Tw(Xy)) = Tihyj (T (Xx)).
This and (64) imply
S, > E[S;,, %]

over the event {k = oj_1;} N {Xx ¢ 0i.}. This and (63) imply S; > E[S;, |F]; subtracting
k (/71 + Zle yj) r* from the left and (k + 1) (’;l + 27:1 uj) r"* from the right gives

Sk = E[Ske11F%]

over the event {X; ¢ 0;}.
For x € Z4, define

L*(x) :={l€{2,3,4,...d},x(]) # 0} (65)
and
d*(x) = |L*(x)[;

l1(x) < lh(x) < -+ < lg«(x) are the members of L*. Two conventions 1) /-1 (x) =d+1and2) [} = d+1
itd" =0,ie.,if L"(x) = @. For X; € d;, there are two cases to consider: 1) k = oj_y for some j and 2)
k # o1, for all j. For the latter case

Se = Tihoj (Ta(Xk)), Spyy = il (Tn(Xis1)), (66)

for some j. For ease of notation, let us abbreviate /,,, (Xx) to /,,, and d* (X ) to d*. Decompose h2 (T, (x))

as
(L-1)Aj d* (b1 =N
(T = > vl () + >0 >yl (T,(0), (67)
=1 m=1 1=l

where we use the conventions set above. Let us begin by considering any of the inner sums in the second
sum in the last display. By the definition of ,,, and 1,;,+1, Xx (1) > 0 and X;(I) = 0 for l,, < I < l;y41. This
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implies (T, (Xy)) = hy, (T, (Xy)) for I, < I < lypy1. These, I, > 1, Proposition 3.4, the definition
(51) of y; and the dynamics of X imply

(lm+l_1)/\j (lm+l_1)/\j
E Vzhz,r(Tn(Xk+1))|~9"kl - Z Yihi (Tn(Xk))
=1, 1=l
1 (lm+1_1)/\j 1
= hy (Ta(Xk)) | A (— - 1) Z Y+, (/l (— - 1) + py,, (r = 1))) <0.
r r
1=l +1
Summing the last inequality over m gives
d* (lm+l_1)/\j d* (lm+l_l)/\j
E(D D v (X)) | - D0 > v (Tu(X) <0. (68)
m=1 1=l m=1 1=l

Similarly, the definition of /; implies, Xx (/) = O for [ < [y, this and h;,(T,(x)) = 71~ Zmy X () imply
hi (T, (Xx)) = r" for | < I over the event {X; € 0;}. These and the dynamics of X imply

(h=1)N
Vi (T (Xie1)) | Fi

(Li-1)Aj

= D hia(Tu(Xe)

=1

1 (h=D)nj 1 (h=D)nj
Al=--1 =r|a(--1 >0
(r ) Z 71) r ( (r ) Z )’1) 2

=1 =1

E

=1

= hy(Tn (X))

over the event {X; € J}. Putting together the last display, (68), (67) and 0 < I'; < 1 give

/l(% - 1) Zd]y,) (69)

=1

E[r}'hZJ,r(Tiz (Xk+l))|gk] < thZ,j,r(Tn(Xk)) +

over the event ﬁ;’:l {X € 01,k # 0j_1}; this and (66) imply
1 d
B[S, |F] < S, +7" (/1 (; - 1) Zyl) :
=1

Moving the last expression to the left of the inequality sign and subtracting k (/l (% - 1) Z;jzl yl) from
both sides give E[Si+1]|F%] < Sk over the same event. It remains to show

E[Sk+11Fk] < Sk (70)
over the event U;i=1 {Xi € 01,k = 0j_1,}. In this case
Sy = Tj1haj1.,-(Tu(Xi)s Spr = Tihoyr(Tn(Xia1)),
for some j € {1,2,3,...,d} and X € d;. By Lemma 3.10
Sy =T thaj1 (T(Xk)) = Tihaj (T, (Xi))s
this and (69) imply (70). |
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The upper bound on Py (0y-14 < T, < Tp) now follows from the supermartingale constructed above:

Proof of Proposition 3.9 There is no loss of generality in assuming € < 1, otherwise 1 — e < 0 and (58)
holds trivially.

To use the supermartingale S to bound Py (0y-14 < Tp < 79) < p”( 1-€)) we need to truncate time by
an application of the following fact (see [23, Proposition A.1 and its proof] or [59, Theorem A.1.13]):
there exists ¢; > 0 and ng > 0 such that P, (7, A 19 > c1n) < pzn for n > ng. Although they give the
same results, the truncation argument varies in [1, 5, 65]; below we closely follow the one given in [5].
We decompose Py (014 < Ty < T0):

Px(a'd—l,d <1, < T()) < ]P’x(a'd_l,d <1, <71 < CGH) +p2". 71)

To bound the last probability, we apply the optional sampling theorem to the supermartingale S of (62)
at the bounded terminal time 1 = cgn A 79 A Ty:

=8y > E«[Sy]

n

1
=E [S), -7 /1(——1)
r

-
I M&
N

Yi|r
1 d
> B, [S;,] - con /1(— - 1) v |, (72)
r P
S’ > 0 implies
EX[S;]] 2 E[S;yl{O'd-l_d<Tn<TOSC6"}]' (73)

Over the event {oy_14 < 7, < 79 < cen} we have:
77 = Tn’

d
Sy =Tahr.ar(Ta(Xz,)) =Ty Z Yihir(Tn(X<,)) = Layaha,(Th(Xz,)) = Lava-
=

This, (72) and (73) imply

-

1
" 1+cen|A (— - 1) Vil = Pe(0a-14 < Tw < 70 < con). (74)
Yala r P
This inequality holds for any r € (p, 1) in particular for r = p'~€/3. Now choose ng so that for n > ng
we have
1 < 1

B > 1+ceen|af-—1 N —=

P = Cell ; le Yj vala
and p"(1=€) > pr(1=2€/3) 4 p2n Then (74) (with r = p'=€/3) and (71) imply (58). o
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3.3. Completion of the analysis

As the last step, we derive a lower bound on P.(7, < 7). Following [1, 5] we will do this via
subharmonic functions. Define

n=30,0)

xeZd - gi,(x) = hip, (Ta(x)) = p; k=1,2,3,..d,
and
8&n (x) = ie{lrggi.,d} 8in (x) (75)
Proposition 3.12.
gn(x) = p" < Py(1, < 10). (76)

Proof. That g;,(x) = hj,,(T,(x)) and the calculation in the proof of Proposition 3.4 give

Bel86(X1)] = i (1) = gin(3) A(%—l)wk(pi—l)la;(x) .

The right side of this equality is 0 for x € §; and positive for x € d;. It follows that g; , is X-subharmonic

on Z¢. Therefore, k + g;,,(X;) is a submartingale. The stability of X implies that 7y < co almost surely.
This, that k — g; ,(X)) is a submartingale and the optional sampling theorem give

8in(x) < E[gin(Xe,) iz, <z0}] + E[8in(0)1{7,570}]
gin < londA, and g;,(0) = pl’.’ imply
< Pty < 10) + o).
Applying max;e(1,23,... 4y to both sides gives (76). |
Define the order relation < on the nodes {1, 2,3, ..., d} as follows:
i<jifpi<pjandi <j. a7

It follows from its definition that < is a partial order relation (it is reflexive, antisymmetric, transitive).
Define

Moo= {ie€{1,2,3,....d}: Bj € {1,2,3,..,d} such that pj = piandj > i}. (78)

The set ./ consists exactly of the maximal elements of the relation <. d is the maximum of
{1,2,3,...,d}, therefore there can be noj € {1,2,3,...,d} satisfying j > d, this implies that d € ./
always holds, in particular, . is never empty. A similar argument implies p; # p; fori,j € /. Let us
label members of . by iy, i2,..., i« so that

Piy > Piy > Pis > > Py (79)

iy <i3 <--- <l and iz = d once again follow from the definitions just given.
The point x € A, must satisfy g, (x) > p" for the bound (76) to be nontrivial. Note that for g, (x) > p”"
we have g, (x)/(g,(x) — p") > 0. In the proof of Theorem 3.15, we also need a uniform upper bound on
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this ratio. To identify points x € A, ¢ Z¢ for which such an upper bound holds we need the following
definitions. Let

R, :=ﬂ{xeRﬁ:Zx(i)S(l—11§ggppi)}, (80)

el j=1
Rpni={x¢ Zﬁf tx/n€R,},

_ i 1
Ry = U {eri : Zx(j) > 1+n(1 - 12:5)}.

il j=1

R, is almost the complement of R, , (we say “almost” because of the 1 appearing in the definition of
R, ». The 1 corresponds to taking an additional step out of the boundary of R, ,,. This ensures a uniform
upper bound on g, (x)/(gx(x) — p"), see the proof of the next proposition). The next proposition shows
that 0 < g,(x)/(g.(x) — p") < 1/(1 — p) holds for x € R,,. Note that if Zj“;‘{”%x(j) > 1 then
x € R,, C Z%; in particular R, ,, = {x € ¢ : 2;1:] x(j) > 1} if M = {d} (i.e., if pg > p; for all i).

Proposition 3.13. The following hold:

gn(x) = max p?_z'f:l W forxez¢, ming,(x)=p", (81)
11/ X€EA,
{x:€Z%: g,(x) = p"} = Ry, (82)
and
1
0 < gn(x) < ’ (83)

gn(x)—p" ~ 1-p
forx € R,, cZd.
Proof. Fori#jandx € Z4, the definitions of <, g;,, and g;, imply
8in(x) < gjn(x),
if i < j. Therefore, one can replace the index set {1,2,3,...,d} in (75) with ./ ; this implies the first
statement in (81).

Reversing the order of min and max gives

ming,(x) =min  max  g;,(x) > max ming;,(x).
xea, " xeAnie{123...d} """ i€ {1.23....,d} xeA, "

By the definition of g;,, we have
in g; =pl
min gin (x) = pj.
The last two displays imply
min g, (x) > p".

On the other hand, g,(0) = max;e(123...a) p; = p"; this and the last display imply the second statement
in (81).
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Once again, the definition of g;,, implies

' . R log p
{x: gin() < p") = {xez‘i : ;X(’) S”(l‘ 1ogp,~)}'

This and g, (x) = max;ez p:’_ZF‘ 9 imply (82).

Finally, if x € Z{ satisfies £/_, x(j) > 1 +n (1 o ) we have gi,(x) = p"/p;. Then

gn(x) < gin(x) < 0"/ pi < 1 < 1

0< < < < <
gn(X) —p" " gin(x) —p" " p*/pi—-p"  1l-p;  1-p

which implies (83). |

Recall the convention (79); i.e., p;, = p and i; = min M. Therefore, R, C {x € RZ : Z;‘zl x(j) = 0};
in particular R, has strictly lower dimension than d. If |.Z| = 1, i.e., if pg > p; for all i < d we have
R, = {0}.

Define

i d
g: R R g(x) = min (1~ Zx(j))logppi, A= {xeRL) x() <1}
1€
' j=1 j=1
The following lemma follows from the definition of g and the arguments of the previous proposition:
Lemma 3.14. g,(x) = p"¢™/™ max,cag(x) =1, {xeR? : g(x) = 1} = R,.

The upper bound on the approximation error follows from the bounds above:

Theorem 3.15 For € > 0 there exists ng > 0 such that

Bx (T < 70) = B0 (F <) ni-giasm-e)

Px(Tn < TO) &)

forall n > ny and for any x € R,,,, C Z4. In particular, for x,/n — x € A — R, C RY the relative error
decays exponentially with rate —log(p)(1 — g(x)) > 0, i.e.,

1 Py (th <70)-P T <00
lim inf — - log P, (7 < 70) = B, 5, ( AN “log(p)(1 = g(x)). (85)
n n IP)x,l(‘rn < TO)
Proof. By Lemma 3.3
[Px, (Tn < 70) = Pr,,2,) (T < 20)| < Px(Tp < Ty < 00) + Pr(04-1.4 < T < 70) (86)
By Proposition 3.9 we can choose ng large enough so that
n(l-€/2)

Px(o-d—l,d <71, < T()) <p

for n > ngy. This, (86) and Proposition 3.8 (with r = pl‘e/z) give

d
_ _ 1
Py, (Ta < T0) = Pr, (1) (T < 00)| < p"17€/2) 4 pn(d e/2>7_l Z7j~
43
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for n > ng. This and the lower bound on P, (7, < 7) given in Proposition 3.12 imply

d
|Px(Tn < TO) - PTn(x) (T < OO)l < 1 pn(l—f/z) +pn(1_€/2)i Zy
Py(tn < 10) T gn(x) —p" Yd !

=

and by Proposition 3.13 and Lemma 3.14

d
L et | =€/ L M
l-p Ya 4

IN

d

1 —ng(x/n)+n(l—€) ne/2 1

=——p 8 o I+— > .
l-p Yd ]ZZI: /

Finally, increase ny if necessary so that ﬁ plel? (1 + % Z}‘il yj) < 1 for n > ng; then the last display

and this choice of ny imply (84); (85) follows from (84), the continuity of g and from the fact that € > 0
can be chosen arbitrarily small. O

3.4. Example in two dimensions

One of the key steps in the above analysis is the the upper bound on Py (0y-14 < T, < 7o) derived in
Proposition 3.9. Let us go over this argument in the case d =2. We will also comment briefly on the
three dimensional case. The derivation is based on a supermartingale S constructed from the functions
hj,and hyj,,j=0,1,2,...,d, whose definitions are given in (52). For d =2 these functions are:

hir(y) =PV, by = PR,
hoir(y) = hi(y) = P,
honr () = hip (3) + y2ho () = P 4y @)

where (by definition (51))

a 1/1(1 —1/r)+u (1 =r)
2 A(1/r=1)

Y2

The process S is now defined as:

Sk =8, —k(A(1/r = 1)(1 +y2))r",

r, k < oy,

Sk = Vo1 (Ta(Xe) = hyp (Ta(Xe)) = 77X (), o <k <o,
ho2 (T (Xi)) = Do (r7 X (D) 4= Ke(Xe2))) 0 > oy

where, by (61), I'2 = y12 = v1/(y1+v2) = 1/(1+72). Note that S is defined in terms of X. Proving S is
a supermartingale requires the treatment of the following cases: k < 01, 0] < k < 02,k > 09, k = 0
and k = 0. The first case is trivial since for k < o7, S is strictly and deterministically decreasing. For
each of o] < k < 03 and k > o we have the further three cases X (1), X;(2) > 0, Xix(1) € 9, and
X;(2) € 0. The first two subcases follow from the Y-superharmonicity of /4,1, and A2, established
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in Proposition 3.6. Let us also check this directly here using the fact that we are dealing with d =2. We
begin with £ 1 : by definition ha 1 ,(y) = by (y) = () From the dynamics of Y :

E, [r11] = AW g O = O 4y,
Then
E[r"] - P =D Q1 /r = 1) + i (r - 1);

by Lemma 3.5 this last expression is strictly negative, this proves that A, is Y-superharmonic (note
that the argument does not depend on whether y(2) = 0 or y(2) > 0). The argument for Ay, ,(y) =
hy,y () +y2ho, (y) = P 49, (DY) Jooks at two cases y(2) > 0 and y(2) = 0 separately. In the first
case, proceeding as above, we see:

Ey[ho,r(YD)] = o (y) = ho,r () (A(1/r = 1) + 2 (r — 1)) <0

where the last inequality again follows from Lemma 3.5. The last two displays and y, > 0 establish
that ho o = hy » + y2h2, is Y- superharmonic for y(2) > 0. Note that for y(2) > 0 we are able to argue
Y-harmonicity for £, and hy , separately. For y(2) = 0, hy, is in fact Y-subharmonic. Therefore, the
linear combination h», = hj, + y2h, must be considered as a whole. A calculation similar to the
above for y(2) = 0 gives:

Ey[ho2,r(Y1)] = b2 (y) = hir (D) (AL r = 1) + 1 (r = 1)) + y2h2, () (A(1/r = 1)).

Note that for y(2) = 0 we have h1,,(y) = ha-(y) = *(1); this and the definition of y, above yield

= PO r= 1)+ = 1)+ A0 = 1/7) 4 (1= 1)

_ %r>'(l)(,1(1/r— D) +p(r—1))

which is again strictly negative by Lemma 3.5. These arguments establish that /i, ; , and hy . are Y-
superharmonic which in turn establishes the supermartingale property of S for the cases o < k < o7
and k > o and X ¢ 0.

Now let’s consider the case o] < k < 0» and X, € 0, for which

Sk = h1 (T (Xi)) = kA(1/r = D) (1 +y2)r"
=% (1 = 1) (1 + )" (87)

From the dynamics of X on 9;:
E[Ska|F] = Sk =r"A(1/r = 1) = A(1/r = )(1 +y2) <0, (88)

where we used Xi (1) = 0 for X; € 9;. Note that x > h; (T}, (x)) is X-subharmonic on d; which leads
to the first and positive term on the right side of the equal sign in (88). The term —kA(1/r—1)(1+y2)r"
in the definition of S; compensates for this, leading to the second and negative term on the right side
of the equal sign in (88) making the whole difference negative and thus ensuring the supermartingale
property of S for this case.

https://doi.org/10.1017/50269964825100077 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964825100077

30 A. Devin Sezer

For 0 < k < 71, and X; € 9; we have

Sk = To(h1 (T (Xk)) + y2ho, (To(Xx))) = kA(1/r = 1) (1 +y2)r"
-1 (rnka<1> +y2rn7<xk<1>+xk<2>)) —kA(1/r = (1 +y2)"

= DX g A(1/r = 1) (1 + y2) + Dayr"~ KD+ 2)),

Compared to (87) there are two new terms here: I'; coefficient in front of 7*~*(1) and the last term. By
its definition 0 < I'; < 1, therefore, the supermartingale property for the first two terms can proceed
as in (88). Since we are working over an event that takes place before 7 (first hitting time to (0, 0))
we have X; # (0,0) for o < k < 7,. Therefore, we only have to deal with x € d; — {(0,0)} = {x €
72 : x(1) = 0,x(2) > 0}. Over this last set x > 7~ *(D+x(2) js X_superharmonic. This and y,, T > 0
establish the supermartingale property for the 7y, "~ X (D+Xk(2)) term,

Note how working in d =2 leads to the simple case by case argument above. The second case is partic-
ularly simple: the function x - "~ *(D+x(2)) i X_superharmonic on 8 (except at x = (0, 0) which can
be omitted because we are working over a time interval before X hits the origin). In higher dimensions,
even when dimension is fixed, this argument does not work. For example, in d =3, for x = (0,0, 1) € 9y,
the term 7"~ & (D+Xk(2)) cannot be handled by itself, it must be considered in a linear combination with

the —k (/l((l/r) -1) Z;Il yj) " term; or for x = (0,1,0) € 8, the term 7"~ Kk(D+X(2)+X(3)) mygt

be considered with the 7"~ X (D+X(2)) term. In higher dimensions, points on different lower dimen-
sional boundary points require different linear combinations. The argument in the proof of Proposition
3.11 handles all of the possible cases in arbitrary dimension by partitioning x € J; according to its
nonzero elements (see (65) and (67)). Similar issues arise in proving that hy;, is Y-superharmonic.
In the proof of Proposition 3.6 these issues are handled systematically in arbitrary dimension with an
inductive argument.

Let us now consider the case k = o, for which we have

Sk = h1,(Th(Xk)) = k(A(1/r = 1)(1 +y2))r"
Skr1 = T2hop (T (Xir1)) = (k+ 1) (A(1/r = 1) (1 +y2))r".
Note that this is one of the transitions that S goes through: S is defined by the function %5 1 = h;, for

k = 0» and by the function A, , for k+ 1. The term I'; is chosen so that the supermartingale property
is preserved during this transition. The details are as follows: for k = o we have:

E[Skr11%k] = Sk = E[Toho o (T (Xie 1)1 F] = Tohop o (T (Xi)) — (A(1/r = 1)(1 + y2)) 7"
+ om0 (T (Xk)) = b (T (Xi))- (89)

The first line is negative by the Y-superharmonicity of A, , and the positivity of A(1/r — 1)(1 + y2).
For the second line we note k = o, implies X; € », i.e., X;(2) = 0. Then (recalling I'; = 1/(1 +v3))

Dok (T(Xi)) = Da(1+y)r" ) = D
(T (X)) = =50

which implies that the difference in (89) is zero. This establishes the supermartingale property of S for
this case. The case k = o7 is handled similarly.

4. Y-harmonic functions from harmonic systems

We now build a framework for the construction of Y-harmonic functions. In this section, we assume the
underlying network to be an arbitrary Jackson network (not necessarily tandem) and we also allow C
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valued harmonic functions. This generality does not lead to any significant complications in the defini-
tions and arguments of the present section compared to the tandem case with only R valued harmonic
functions and it can be useful in the generalization of our results to general Jackson networks. The main
element of the framework is the reduction of the construction of Y-harmonic functions to the solution
of certain equations represented by graphs with labeled edges, which we call harmonic systems (see
Definitions 4.6 and 4.7 below). In the next section, we will define particular harmonic systems for the
tandem case and provide solutions to these.

In this section, we allow V to be the set of possible increments of any constrained random walk
arising from a Jackson network, i.e.:

V={-e+ ¢j, i,j€{0,1,2,....d},i #J},
where ey = 0 € Z%; the unconstrained increments of X takes values in V with probabilities P(I;, =
—ei +¢j) = p(i.j) where p € RV p(i i) = 0,0 € {0,1,2,3, ....d} and £¢,_ p(i.j) = 1. With
this update to the set of possible increments the definition of X remains unchanged. The increment

—e; + e; represents a customer leaving node i and joining node j where node O represents outside of the
system. For a general Jackson network the total service rates are defined as

d
Ui = Zp(i,j),i € {1,2,3,....d}.
j=0
The Y process is defined as in (11) on d; with possible increments

Vy = {Zyv,v € V}

={viji=er+e,vi1 =—¢i—ey,vij=—e+e,i,j €{0,1,2,3....d},i #j}
Yig = Y +m (Y, Ji). (90)
For @« € C?! we will index the components of the vector @ with the set {2,3,4,...,d}, ie.,

a = (a(2),@(3), ...,a(d)) (so, more precisely, @ € C{23*-4}) y_harmonic functions resulting from
solutions of harmonic systems will be linear combinations of functions of the form

ye 7d [(8,a),y], o1)
d
[(B.a),y] := ﬁy(l)—Z,‘-]:zy(/‘) l_[a(]-)y(,-)'
j=2

y = [(B,a),y] is log-linear in y, i.e., y — log([(B, @),y]) is linear in y. This also means that y

[(B, @), y] itself is multiplicative, i.e., [(B, @),y +Vv] = [(B, @), y][(B, @), V].
Fora c {2,3,...,d} and a® = {0, 1,2, 3, ...,d} — a, define the characteristic polynomial

d
PaBra)=| D pENLB @), vigl+ ) i 92)
icac j=0 ica
the characteristic equation
Pa(B, @) =1, 93)
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and the characteristic surface

Ha = {(B,a) € C? : pu(B, ) = 0} (94)

of the boundary

da = \0nac{2,3,4,....d}.

ica

We will write p instead of pg. p, is not a polynomial but a rational function; to make it a polynomial one

must multiply it by g8 ]—IJ’.‘{:2 a(j); nonetheless, to keep our language simple we will refer to the rational

(92) as the “characteristic polynomial.”
Conditioning Y on its first step gives
Lemma 4.1. Suppose (B, a) € H. Then [(B, @), -] is Y-harmonic on Qy — U}j:z 0;.

Proof. Fory € Qy — Uf:z 0; we have

Ey[[(ﬁ’a’)7 Yl]] - [(ﬁ’ (Z),y] = [(ﬁs a),y](p(ﬁ,a) - ]) = 0»

where the last equality follows from (8, @) € H. O

Define the operator D, acting on functions on Z¢ and giving functions on d,:

D,V=g V:7¢>cC, 95)
d
g0) =Y mV) + D plpV v |- Vo)
i€a icea j=0

Lemma 4.2. D,V =0 if and only if V is Y-harmonic on 0,,.

The proof follows from the definitions. Define
d
Cli, @) = i = Y plinj) (B, @), vig]. (96)
=0

Lemma 4.3. Fory € 9; and (B,a) € H.:

Dl([(ﬂ?“)’])(y) :C(l’ﬂ’a)[(ﬁ’a,)’y] (97)
Proof.
d
Di([(B,@),-D(y) = | pi+ Z pA . DIB @), vir ] =1 [(B, @), )]
i"#ij=0
d
=i = D pEDLB @), vigl | (B, )31,
j=0
where we used 1 = p(8, @) and the multiplicative property of [(8, @), -]. O
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Lemma 4.4. Suppose (B, a) € H N H;. Then [(B,a), ] is Y-harmonic on Qy — Uje(23..._ay—(i} -

Proof. (B,@) € H and Lemma 4.1 imply that [ (3, @), -] is Y-harmonic on Qy — Uj‘?=2 0;. That p(B, @) =
1 and p;(B, @) = 1 imply

C(i’ﬁ’ (I) = pi(ﬁ’ (I) - p(ﬁ’ CL') =0.

This and the last two lemmas imply that [ (8, @), -] is Y-harmonic on ;. O
For @ € C{%34} and j € {2,3,4, ...,d} define a{j} € CZ3-4} a5 follows:

o} (i) = {1’ Hi=y (98)

a(i), otherwise.

For example, ford=4,j=4 and @ = (0.2,0.3,0.4), a{4} = (0.2,0.3, 1).

Fori € {2,3,4,...,d}, multiplying both sides of the characteristic equation p(8, @) = 0 by a(i) gives
a second order polynomial equation in a(i): denote the roots by r; and r,. From the coefficients of the
second order polynomial we read
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Lo P NLB afi}), vij]

N S G Boa D] &)
From these two roots, we get two points (8, @), (B, @) on H whose components are
a1 (i) = ri, az(i) = o,
and
a1()) = a2()) = a(ji).j # I. (100)
By (99)
o1 (i) - Lo p(i LB, afi}),vij] o)

Lo pGh DB afi}), vl

If a1 (i) # az(i) we call (B, a1) # (B,az2) € H i-conjugate. Note that a{i} = ap{i} = a{i}; therefore
(101) can also be written as

SLopGDIBaiD)vig]  Elopl (B, a2{i}), vij]
SLopG LB a{ih), vl B pG. (B, aa{i}), vis]

ai(az(i) = (102)

Next proposition generalizes [65, Proposition 4] to the current setup.

Proposition 4.5. Suppose that (8, a1) and (B, az) are i-conjugate and C(i, B, a;), j = 1,2 are well
defined. Then

hﬁ = C(l’ﬁ’ a’2)[(ﬁ’a’1)s ] - C(l’ﬂ7 al)[(lg’ 0/2)’ ]

is Y-harmonic on 0.
Proof. The definition (96) of C, (97) and linearity of D; imply
Di(hg) = C(i, B, @2)C(i, B, a1) [(B, a1), -] — C(i, B, 2) C (i, B, 1) [(B, @2), *]
(100) implies [(B, a1),z] = [(B, @2), 7] for z € 9; and therefore the last line reduces to
=0.
Lemma 4.2 now implies that hg is Y-harmonic on d;. ml

The class of Y-harmonic functions we identify in this section is based on graphs with labeled edges;
let us now give a precise definition of these. We denote any graph by its adjacency matrix G; the structure
of G is as follows. Let Vg, a finite set, denote the set of vertices of G; let L denote the set of labels.
For two vertices i #j, G(i,j) = 0 if they are disconnected, and G(i,j) = [ if an edge with label / € L
connects them; such an edge will be called an /-edge. As usual, an edge from a vertex to itself is called a
loop. For a vertex j € Vi, G(J,)) is the set of the labels of the loops on j. Thus G(j,j) C L is set valued.

In graph theory a graph is said to be k-regular if all of its vertices have the same degree (number of
edges) k [20, page 5]. We generalize this definition as follows:
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Definition 4.6. Let G and L be as above. If each vertex j € Vg has a unique 1-edge (perhaps an 1-loop)
foralll € L we will call G L-regular.

Definition 4.7. A Y-harmonic system consists of a {2,3,4,...,d}-regular graph G, the variables
(B,aj) € c, ¢; € C, j € Vg and these equations/constraints:

(1) (B.aj) € H,c; € C—{0},j € Vg,

(2) @i # aj ifi#]j.i,j € Vg,

(3) @i, a; are G(i,j)-conjugate if G(i,j) # 0,1 # j,i,j € Vg,
4)

C(G(i)). B aj)

il =~ E G ) o)’

ifG(i,j) #0, (103)
(5) (B,a;) € Hy foralll € G(j,j),j € V.

Theorem 4.8 Suppose that a Y-harmonic system with graph G has a solution (c;, (B8, a;),j € V).
Then

he = ), ¢il(B,a)), ] (104)

Jj€Ve

is Y-harmonic.

In the proof the following decomposition is useful: for y € 9, and (B8, @) € H:

Do([(B, e, ) )G) = [ > i+ D" pa (B, @), vij] = 1| [(B ),y

ica icacyj
d
=\ D= D paIB.@)vigl | [(B.e).y]
i€a icaj=0

d
D= D pDB.@).vigl | [(B,@).y]
=0

ica

= > Dil[(B.a. D). (105)

i€a

Proof of Theorem 4.8. By Lemma 4.1, all summands of A are Y-harmonic on Qy — U]flzz 0; because
(B,aj)j € Vg are all on the characteristic surface H. It remains to show that s is ¥Y-harmonic on all
0, NQy a c {2,3,4,...,d} and a # @. We will do this by induction on |a|. Let us start with |a| = 1,
ie., a = {l}, for some [ € {2,3,4,..,d} Take any vertex i € Vg; if [ € G(i,i) then (B, ;) € H; and
by Lemma 4.4 [(8, @;), -] is Y-harmonic on ;. Otherwise, the definition of a harmonic system implies
that there exists a unique vertex j of G such that G(i,j) = [. This implies, by definition, that (3, @;) and
(B, ;) are I-conjugate and by Proposition 4.5 and (103)
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Ci[(ﬁ’ ai)? ] + cj[(:B’ CY]'), ]

is Y-harmonic on 0;. Thus, all summands of A are either Y-harmonic on d; or form pairs which are so;
this implies that the sum /¢ is Y-harmonic on 9;.

Now assume /g is Y-harmonic for all a’ with |a’| = k — 1; fix ana C {2,3,4,...,d} such that |a| = k
and a i € a; by (105)

Dy (hg) = Dy—(iy (hg) + Di(hg).

The induction assumption and Lemma 4.2 imply that the first term on the right is zero; the same lemma
and the previous paragraph imply the same for the second term. Then D, (%) = 0; this and Lemma 4.2
finish the proof of the induction step. O

4.1. Simple extensions

In this subsection, we show how the solution of a harmonic system for a lower dimensional process
can provide solutions for a related harmonic system of a higher dimensional process provided that the
higher dimensional process is a “simple extension” (defined below) of the lower dimensional one.

For two integers dy > dy > 0 let p; € RU@*DX(+1) ; — 1 2 be two transition matrices. Define
p/ c R(d1+l)><(d1+l) as

ifie{0,1,2,3,....di},j € {1,2,3,....d;} and

dy
P0)=pa(i.0)+ > pali). i€ {1.2.3,.du). (107)
Jj=di+1

Definition 4.9. We say that p; is a simple extension of p; if

d;
p=| D P G |prp’ #0, (108)
ij=0
pa(i,)) =0ifie{d +1,...,d2}.j € {1,2,3,...,d1}. (109)
An example:
0 005 O 0 0.02
0 1/7 0 0 0 02 0 0
p1=]0 0 4/7{,p2=]0.05 O 0 005 0 | (110)
2/7 0 0 0 0 0 0 025
0.2 0 0 018 O

Figure 3 shows the topologies of the networks corresponding to p; and p,.
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9 y %y 5
Figure 4. A {2}-regular graph and its simple extension to a {2,3,4,5}-regular graph.

Definition 4.10. Let G be a L-regular. Let Ly D L be another set of labels. G’s simple extension G to
an L;j-regular graph is defined as follows: Vg, = Vg and

G1(i.)) = G(i,)),i #j,i,j € Vg (111)
G1(.J)) =G(.j)V (L1 -L),j € Vg.

To get G| from G one adds to each vertex of G an /-loop for each [ € L; — L. G is L-regular implies
that G is L-regular. Figure 4 gives an example.

If Y2 is a simple extension of Y!, any solution to a ¥ !-harmonic system implies a related solution to
a related Y2-harmonic system:
Proposition 4.11. Ford, > dy > 1 let p; € Rid’Jrl)X(d"Jrl), i = 1,2 be transition matrices such that p;
is a simple extension of py. Let Y' be defined through (90) withd = d;, i = 1,2 and p = p;, i = 1,2. Let
Gi, i = 1,2 be {2,3, ...,d;}-regular graphs for Y? and Y' such that G, is a simple extension of G; (in
the sense of Definition 4.10). Suppose (B, ay),ck. k € Vg, solve the harmonic system associated with
Gj. Fork € Vg, = Vg, define a]% e C2*1 g5 follows

al(j) = al (), j € {2.3,4,....d;} (112)

ai() =p.je{di+1,d +2,....d>}. (113)
Then (B, ai),ck, k € Vg, solves the harmonic system defined by G, and p;.

The definition (113) extends a} € C~! to of € C%~! by assigning the value 3 to the additional
dimensions of a,%. This, (108) and (109) imply that, when a/,% is defined as above, the harmonic system

defined by G, reduces to that defined by G ; the details are as follows:

Proof. By assumption, (83, cxll), ¢k, k € Vg, satisfy the five conditions listed under Definition 4.7 for
G = G and p = p;. We want to show that this implies that the same holds for (8, cy]%), ¢, k € Vg, for
G =Gy and p = p;.

Fix any k € Vg,; (112) and (113) imply

1 1 o
[(ﬂ’ al% ’ViJ'] _ [(ﬁ’ak)s V[J], lf] <d, (114)
[(ﬁ’a]l)’ Vl.lyo], lf] > dl,

foralli € {0,1,2,....,d1},j € {0,1,2,....,ds}, i #j. Similarly, (113) implies
[(B,a}),vi,] =1 (115)
foralli,j € {0,dy + 1,d\ +2,...,dr}, i #].
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Let p? denote the characteristic polynomial of Y2 and let 742 denote its characteristic surface; we
would like to show (B,a}) € H?, i.e., p*(B.e7) = 1.

By (109)
di d
PP = > pGAlB. e+ D paplBaedEl (16
i=0,j=1 i=1,je{0,d1+1,....ds}

£ pGDIBed .

iJE{O,d1+l,...d2}

(106), (114) and (115) imply

dl dl
= > PEHBep v+ D pal)B ) vi] (117)
i=0y=1 i=1je{0,d1+1,....d>}

D i)

ije{0.d+1.....d2}

(107) implies that the second sum above equals Zi‘l P (i,0)[(B, ali), vio]. Substitute this back in (117)
to get

d
PPB.)) = D P ENIBa) vl + Y pali)

ij=0 ije{0,d+1,....d»

which, by (108), equals

d d
= D PG| D DB+ D pa(i)

ij=0 ij=0 ije{0,d1+1,...ds}

(B, ar) € H, (106), (107) and (109) now give

dp
=D pa(if) =1

ij=0

ie., (B.a}) € H?. This proves (B, a7) € H?, k € Vg, .i.e., the first part of Definition 4.7 is satisfied by
(B.a3),cx.k € Vg, for G= Gy and p = p;.

By definition o] # @/ for i #J, this and (112) imply o} # 7, i.e, the second part of Definition 4.7
also holds for (8, ai),ck, k € Vg, for G = Gy and p = p».

Let us now show that the third part of the same definition is also satisfied. Fix any i # j with G, (i, ) =
[ €{2,3,4,.....d;} (that G, is a simple extension of G| means that G,(i,j) € {2,3,4,..,d};see (111)).
We want to show that (8, aiz) and (B, ajz) are [-conjugate, , i.e., that they satisfy (100) and (102):

aj (k) = @} (k). k # 1, (118)

Y02 (LK) (B, a2 {1}, v ]

2(Da?(l) = '
;i (l)a; Zzzzopz(k,l)[(ﬁ,aiz{l})"’lz,z]

(119)
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By definition G,(i,j) = { when G, (i,j) = I; Gi(i,j) = [ implies that @] and a/} are I-conjugate; in
particular, they satisfy (100). (118) follows from this, (112) and (113).
We next prove (119). Forl € {2,3,4,...d,}, ajz(l) = ajl(l) and ozl.z(l) = al.z(l); therefore al.z(l)ajz(l) =

a) (l)a/jl (I). @} and ajl are I-conjugate, in particular, they satisfy (102):

XL LB a1}, v),]
2o pi(k DI(B.a} {1}). v} ]

(D (1) =

Then to prove (119) it suffices to prove

o2 (LROLB. 2] Bl PRI a1, v),]
2ok DI, 21D ) St (e DB e {1, v} )

(120)

This follows from a decomposition parallel to the one given in (116); let us first apply it to the numerator:

d d dy
D L RLB, eIV = Y (L RLB, e N+ D pa(l I8, oI, V]
k=0 k=0 k=d,+1

(106), (107), (108) and (114) imply

d) dy
= > P LB 1), v ] +pa (LB {1, vigl + . pa(L (B, e {1}),v]]
k=1 k=d;+1
d1 d]
= (Z p'(i,j>) D P DIB, @ {1}, v 1. (121)
ij=0 k=0

A parallel argument for the denominator gives (this time also using (109))

dz dl dl
D 2k DIB IV = | D P )| D pr (e DB, {11, vy ).
k=0

ij=0 k=0

Dividing (121) by the last equality gives (120).
The proof that parts 4-5 of Definition 4.7 hold for (3, a',%),ck,k € Vg, for G =Gyand p = py is
parallel to the arguments just given and is omitted. O

In the following remark, we note several facts that we don’t need directly in our arguments. Their
proofs are very similar to the arguments given above and are left to the reader:

Remark 4.12. Let Y'! and Y? be as above, i.e, Y is d; dimensional, d; < d> and Y? is a simple extension
of Y'; fory € Z%, let y'¥1 be denote the projection of y onto its first d; coordinates. If /2 is Y'-harmonic
then, y — h(y"¥') is Y,-harmonic. Similarly, let G| and G, ¢y, al, k € Vg, be as in the previous
proposition; then g, (y) = hg, (y').
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4.2. OB-determined Y-harmonic functions

A Y-harmonic function 4 is said to be d B-determined if
h(y) = Ey[n(Y7)l{z<o0} ],y € Qy. (122)

y = Py(7 < o) is the unique dB-determined Y-harmonic function with the value 1 on 0B. The next
proposition identifies simple conditions under which a Y-harmonic function defined by a harmonic
system is d B-determined.

Proposition 4.13. Let (8, «;),c; be the solutions of a Y-harmonic system with its graph G and let hg
be defined as in (104). If

1Bl <1, laj(i)| <1,i=2,3,...,d,j € Vg,
then hg is OB-determined.

The proof is identical to that of [65, Proposition 5]; for ease of reference we give an outline below:

Proof. Define &, = inf{k : Y, (1) = 2}‘,":2 Yy (j) + n}. The optional sampling theorem and the fact that
h¢ is Y-harmonic imply

hg(y) = Ey[hG(YT)l{Tsfn}] +Ey[hG(Y§n)l{.§n§T}]-

|| < 1implies [Ey[hG(Ye,) 1 g, <]l £ B"|Vgl maxjey, |c;|. This, |8] < 1 and letting n — oo in the
last display give

hg(y) = Ey [hG(YT)l{T<OO}]~

5. Harmonic systems for constrained random walks representing tandem networks and the
computation of P, (7 < c0)

Throughout this section, we will denote the dimension of the system with d; the arguments below for d
dimensions require the consideration of all walks with dimension d < d.

We will now define a specific sequence of regular graphs for tandem walks and construct a particular
solution to the harmonic system defined by these graphs. These particular solutions will give us an
exact formula for P, (7 < o) in terms of the superposition of a finite number of log-linear Y-harmonic
functions.

We will assume

Wi # .0 # (123)

this generalizes u; # up assumed in [65]. One can treat parameter values which violate (123) by taking
limits of the results of the present section, we give an example in Section 9.
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The characteristic polynomials for the tandem walk are:

a(f+1)
a(j)
d .
pi(ﬁ,a)=ﬂ%+ma(2)+ui+ Z ujaz(;)l),

J=2J#

1 d
P(B.a) = Az +ma(2)+ )k (124)
j=2

where by convention @(d+1) = S (this convention will be used throughout this section, and in particular,
in Lemma 5.1, (125), and (126)).
(124) implies

Lemma 5.1. Forj € {2,3,4,....d}, (B,a) e HNH; — u; "c%)l) = = a(j+1)=ca().

For the tandem walk, the conjugacy relation (101) reduces to

LIRS i=2,
@) = —”(l;_ll)“(”l)”", i=2,3,..d. (12
Hi-1
For tandem walks the functions C(j, 8, @) of (96) reduce to
C(,B.a) =#j—ﬂj%7 (126)
We define {2, 3, ...,d}-regular graphs Gy 4, d € {1,2,3,...,d} as follows:
Vi = {aU{d},a c {1,2,3,...,d - 1}}; (127)
forj € (aVU {d}),j#1, define G44 by
Gya(aU{d},au{dtu{j—1}) =jifj—1¢a (128)
and
Gya(aU{d},au{d}) ={2,3,4,...,d} —a U {d}; (129)

these and its symmetry determine G 4 completely. We note that vertices of G44 are subsets of
{1,2,3,...,d}; we will assume these sets to be sorted, for a C {1,2,3,...,d}, a(1) denotes the smallest
element of «, |a| the number of elements in a and a(|a|) the greatest element of a. Figure 5 shows the
graph Gy 4.

The next two propositions follow directly from the above definition:

Proposition 5.2. G, 4 is the simple extension of Ggq4 to a {2,3, ...,d}-regular graph.

Let G¥

dild denote the subgraph of G4, 4 consisting of the vertices {a, k,d+1},a c {1,2,3,...,k—1}.

Proposition 5.3. One can represent G4 q4 as a disjoint union of the graphs Gy g,k = 1,2, ..,d, and the
vertex {d+1} as follows: fora c {1,2,3, ..., k—1} map the vertex aU{k} of G114 to aU{k,d+1}. This

maps Gy q to the subgraph G5+1 1 9 Gar14 consisting of the vertices aU{k,d+1}, a € {1,2,3,....k—1}
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Figure 5. Gyq4 ford =d = 4.

The same map preserves the edge structure of Gy q as well except for the d+ I-loops. These loops on

Gy a4 are broken and are mapped to d + 1-edges between G5+ 1d and GZ+_11, &

Figure 5 shows an example of the decomposition described in Proposition 5.3.

Fora c {2,3,4,...,d} define

lal-1 a(j+1) u 1
* — 1 —
c, = (=1)lal-t 1_[ 1—[ _
=1 I=a(j)+1 H1 T Ha()
1 if I < a(l)

(D) =14 pay, ifa() <l<a(+1),
Pa(la)) 1f 1> a(lal),

B = Palal)»

(130)

[ € {2,3,...,d} (remember that we assume sets ordered and a(]a|) denotes the largest element in the

set). Let us give several examples to these definitions for d = 8:

sy =1

sy = (1,1, 1,1, ps, ps, ps)
'L[4—/l /JS_/l /16_/1
Ha = M3 Hs = 13 He — U3

C36)

* _ 12#4—/1 s —A4 pe—A4 p7—24
€357y = (=D7"—— — - -
M4 = M3 15 = 13 e — M5 147 = [5
a,x{(:;} = (1’ l’p3’p37p3’p3’p3)
0?3,6} = (1,1, p3, p3, p3, P65 P6)
0?3,5,7} = (1,1, p3, p3, ps5, P5. P7)
a?g} = (19 17 17 17 1’ 19 1);
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remember that we index the components of @* with {2, 3,4, ...,d}; therefore, e.g., the first 1 on the right
side of the last line is af{‘g} (2).
It follows from (130) and (130) that

. u—Aa

I=dy+1 Mi — Hd,

* _ %

Couldidr) = “Cau{dr}
* _ *

Couiay = Yauid, d}

forany 1 < a(lal) <d) <d, <danda c {2,3,4,...,d}; These and Proposition 5.3 imply

Proposition 5.4. Ford <d andy € 0B

d

[_/1 % % * * s *

—( £ ) > lBna = > el(Bai.y] (132)
j=d+1 H1 7 Hd aéVs,, a€Vor

Proposition 5.5. For d < d, let Gy4 be as in (127) and (128). Then (IBZU{J}’O‘Zu{d})’ cZU{d}, a C

{1,2,3,...,d — 1}, defined in (130), solve the harmonic system defined by G4 4.

Proof. A d'tandem walk is a simple extension of the tandem walk defined by its first " — 1 dimensions.
This, Propositions 5.2, 4.11 and the definitions of S* and ¢ above imply that it suffices to prove the
current proposition only for d = d.

The vertices of Ggq4 areaU {d},a c {1,2,3,....,d — 1}, and for all of them we have ﬁZu{d} = pgq by

definition (130). Let us begin by showing (pd, cy;u{d}), a c {1,2,3,....,d — 1} is on the characteristic
surface H of the tandem walk. We will write o™ instead of aZU (@ the set a will be clear from context.

Let us first consider the case when a(1) > 1,i.e., when 1 ¢ a; the opposite case is treated similarly and
is left to the reader. Then @* ({) = 1 for2 < [ < a(1). By definition @* (i) = a*(i+1) ifa(j) < i < a(j+1);

these and g7 | (@) = Pd give
a(l)-1
p(pa.@”) = pa + Mj + Ha(1)Pa(1) + Z Hj
J=1 je(ac={1---a(1)~1})
a'(j+1) Hd
+ Mj—— 7~ tPpd—;
ey O @ (d)

(where a“ = {1, 2,3, ...,d—1}—a) and in the last expression we have used the convention a*(d+1) = 8%,
by definition (130) a*(a(j + 1)) = pa(j), @*(a(j)) = pa(j-1) and therefore

a(l)-1

Spa+ Y mEAE >
J= je(a*—{1--a(1)~1})

lal
Pa(j)
+ E Ha(i + U
< a(j)pu(/'—l) a(lal)
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Ha(j)Pa(j)/Pa(j~1) = Ha(j-1) implies

a(l)-1
= g + Z Hi+A+ Z Ky
J= je(a={1---a(1)=1})

|a|
+Zﬂa(}'71) + Ha(lal)
J=2
a(l)-1
= Ha + Z M+ A+ Z #j+Z/lj=1;
J=1 jela—{1a(h)-1})  jea

ie., (pg,a*) € H.

Ifa; # ar takeany i € a;—ajy (relabel the sets if necessary so thata; —a; # @). Letj be the index of i in
ay,i.e., ay(j) = i. Then by definition, a;u{d}(j+ 1) = p;; buti ¢ a; and (123) imply that no component
of aZlU{d} equals p;, and therefore a/;u{d} * a(’;zu{d}. This shows that aZu{d}’ ac{L2,...d-1}
satisfy the second part of Definition 4.7.

Fix a vertex a U {d} of G44. By definition, for each of its elements /, this vertex is connected to
aU{dtu{l-1}ifl-1¢aortoauU{d} —{l—1}if I -1 € a. Then to show that (ﬂZu{d}’aZU{d})’
a C {1,2,3,....,d — 1} satisfy the third part of Definition 4.7 it suffices to prove that for each a C
{1,2,3,..,d — 1}, and each [ € a U {d} suchthat [ — 1 ¢ a U {d} O‘Zu{d} and a;u{d}u{l—l} are [-
conjugate. For ease of notation let us denote a U {/ — 1} by ay, ozj;u{d} by a*, “Zlu{d} by @} and B, = f,
by B* (because we have assumed d = d, both 8" and 3} are equal to p4). We want to show that (8%, a™)
and (,8*,&’1*) are [-conjugate. Let us assume 2 < [ < d, the cases [ = 2,d are treated almost the same
way and are left to the reader. By assumption [ € o* but/ — 1 ¢ o*. If [ is the j’h element of a, i.e.,
[ =a(j); then a(k) = a;(k) fork<j,a;(j) =1—-1,a(k — 1) = a; (k) for k> j. This and the definition
(130) of a* imply

o (i) = (i) i € {2,3,4,...d},i £ 1, (133)

%

i.e., a" and ] satisfy (100) (for example, ford = 8, a}t%} is given in (131); on the other hand @356y =

(1,1, p3, p3, Ps, P6» P6) and indeed 0?3’6}(1') = a’ES’S’G}(z’),i # 6). Definition (130) also implies

ay(l) = pa,jy = pi-1> aj(I+1) = pa 1) = P15 (134)
On the other hand, again by (130), and by / — 1 ¢ a, we have

a*(l)=a"(I-1) = pyj-1y and " (I + 1) = p;.

Then

1 o(-Da*(l+ 1)y
P =pi
a*(1) Hi-1

and, by (134) this equals a7 (/), i.e., @] and " satisfy (125). This and (133) mean that (8", @}) and
(B*, @) are [-conjugate.
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Now we will prove that the ¢* a C {2,3,4,...,d — 1} defined in (130) satisfy the fourth part of

au{d}’
Definition 4.7. The structure of G4 4 implies that it suffices to check that

< Z_C(zf,pd,a;l (135)
Ca C(l', pa,az)

holds for any I’ € asuch that/ — 1 ¢ a and @y = a U {I’ — 1}. There are three cases to consider: [’ = 2,
I"=dand 2 < I’ < d; we will only treat the last as the rest are similar and simpler. For 2 < I’ < d one
needs to further consider the cases a(1) =1’ and a(1) < I".Forb c {2,3,4,....,d — 1}, "Zu{d} of (130)
is the product of a parity term and a running product of d — b(1) ratios of the form (p; — ) / (11 — pp(j))-
The ratio of the parity terms of a and a; is —1 because a; has one additional term. If a(1) = [’ then
ai(1) =" = 1 and the only difference between the running products in the definitions of ¢* and ¢] is

that the latter has an additional initial term (w; — A)/(uy — ur—1) and therefore

Cq My~ Hr-a
ca] /Jl’ _/l

Because I/ > 2 and I’ — 1 > 2, definition (130) implies *(I') = 1, &* (I’ + 1) = py, aj(]) = p;-1 and
aj(l+1) = p;. These and (126) imply

Cpa-az)  pp —pp—y
C(l’pd’a:;) ur =2 .

The last two display imply (135) for a(1) = /’.

If I’ > a(1), letj > 1 be the position of [ in a, i.e., [ = a(j). In this case, the definition (130) implies
that the running products in the definitions of ¢; and ¢, are a product of the same ratios except for the
(I')™ terms, which is (ur — A)/(ur = pa(j-1)) for a and (uy — A)/(ur — pr—1) for ay. ar has one more
element than a, therefore, the ratio of the parity terms is again —1; these imply

Ca _ My —pr-

ch Mr = HaGo1)

On the other hand, I’ € a,j> 1, a; = a U {I’ — 1} and the definition (130) imply * (") = p*(a(j — 1)),
a*(I'+1) = pp,aj(l') = pr-1, and aj(I' + 1) = py and therefore

C(l”pd7 azl _ /Jl' _,UZ’—I
C(l',pa, ;)  Mr — Ha(j-1)

The last two displays once again imply (135) for I > a(1).
Consider a vertex aU{d} of G4 4; by definition (129), the loops on this vertex are {2, 3, ...,d} —aU{d}.
Forl € {2,3,...,d} — a U {d} the definition (130) implies

aZu{d}(l) = aZu{d} (I+1);

we have already shown a” | @ € H, then, Lemma 5.1 and the last display imply a; @ € ‘H,; for
l€{2,3,...,d} —aU {d}; i.e., the last part of Definition 4.7 is also satisfied. This finishes the proof of

the proposition. O
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Proposition 5.6.

W= > ol pa @), (136)
ac{123,...d-1}

d=1,2,3,...,d, are dB-determined Y-harmonic functions.

Proof. That h; is Y-harmonic follows from Proposition 5.5 and Theorem 4.8. The components of
aZU{d}, ac{l,2,3,...,d -1} and ﬁ:‘i = pgy are all between 0 and 1. This and Proposition 4.13 imply
that h; are all 0B-determined. m]

With definition (136) we can rewrite (132) as

d
—( VU—Zm@%m (137)
I=d+1 Hi = Hd aevcg
fory € 0B.
Theorem 5.7
i ¢ M —
Py(1 < 00) = ( )h* () (138)
a=1 \1=q+1 K1~ Hd
fory e B.

For d = 2 (138) reduces to

Py(r < 00) =f(y),

where f 1s given in (15). 1o express as a similar formula, we expand %, using an ie.,
here f is given in (18). T (138) as a similar formul d I, using (130) and (21) (i
[(B.).y] = B E O [T, a(yO)):
()-34,y() lal a(j+1)
s y =2 Y lal _ ()
ha) =, >, o] ]_[ pa(,.) : (139)

ac{123,..d-1} i=1 i=a(j)+1 1~ Ha()

where, by convention, we set a(|a| + 1) = d. Substituting this in (138) we get

d [ d
-A D=4 y(
R@<@=Z( M—)ﬁ)&m) (140)

a=1 \1=a+1 H1 ~ Hd

la| a(j+1)

lal ~ y()
|3 o] T )
ac{123,.d-1} j=l = a(/)+1 W

Proof of Theorem 5.7. Let 1 € C{23-4} denote the vector with all components equal to 1. The
decomposition of Gy into the single vertex {d} and G¢, d < d implies that the right side of (138)
equals
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d-1 d-1
[(pa .31+ Y Y el (Bl ey, y] + ( )h;;()
I=d+1 Hi = Hda

d=1 a€Vyq d=1
for y € dB; (137) implies

= [(pa 1), y],

which, for y € 0B, equals 1. Thus, we see that the right side of (138) equals 1 on dB. Proposition 5.6
says that the same function is d B-determined and is Y-harmonic. Then its restriction to B must be indeed
equal toy — P, (7 < 00), y € B, which is the unique function with those properties. O

6. Large deviation rate of p, for an arbitrary initial point

In the next corollary to Theorems 2.1 and 5.7 we derive the exponential decay rate of p, in n for any
scaled initial conditionx € A = {x € R? : Z}i:l x(j) < 1}. Since the argument depends on Theorem 5.7,
we assume (123) (u; # u; if i # j) as well as the stability assumption (5); we also continue to denote the
dimension by d.

Recall the function g appearing in Theorem 2.1: g : R? - R, g(x) = min‘i’:l(l - Z}:l x(j)) log, p;.

Corollary 6.1. Suppose x, € 7% satisfies x,/n — x € A C R%. Then

1
lim —— log Py, (th < 10) = —log(p)g(x). (141)

n—o0

Remark 6.2. Note that the function g arises in the derivation of the lower bound (76) on p,, (see also
Lemma 3.14). The lower bound (76) implies that g provides us with the large deviations upper bound
for p, (this is (143) below). Surprisingly, as computed in the next proof, Theorems 2.1 and 5.7 imply
that g also determines the large deviations lower bound for p,,.

Proof. To prove (141) it suffices to prove

1
lim sup -~ log Py, (74 < 70) < —log(p)g(x) (142)
n—0o
and
. 1
liminf ——logP, (1, < 19) > —log(p)g(x). (143)
n—oo n

Let us first assume that x € A ¢ R? satisfies x(j) > 0 for all j. From Proposition 3.12 we have the
following lower bound:

d n— ;:1 Xn (.1)
1_

—p" <Py, (14 < 70). (144)
Recall that p = max‘i’=l pi. Let i* be so that p = p;+. The assumptions x(i) > 0 for all i, p € (0, 1),
X, /n — x imply that there exists N such that for n > N we have

05" ) B p:zfz;i; wl) o

i *
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Let j* be the maximizer in (144); that the function z — 0.5z — p", z € R, is increasing in z implies that
the last inequality continues to hold if we replace i* with j*. These imply

d IR
max O.Sp? i1 500
i=

<Py, (ta < 70) (145)

for n > N. Applying lim sup —% log to both sides gives (142).
The assumption x(j) > O for all j means x € A — R,,. For such x, Theorem 2.1 implies

1 1
lim 1nf—— log Py, (7, < 19) = 11m lllf—— log Pr,, (x,) (T < 0).

n—o0

Therefore, to prove (143) it suffices to prove

1
lim mf—— log P, (x,) (T < 00) > —log(p)g(x). (146)
n—oo
By Theorem 5.7 we know
e ‘ M=
P (5 (T < 00) = ) ( )h*(T (xn)- (147)
a=1 \1zav1 M1~ Hd

By (139) and the definition (10) of T,:

lal a(j+1)

n Z Xa ()
BT ) = py 2 ol S ).
ac{123...d-1} i=1 t=a(j)+1 1~ Ha()
write the a = @ term separately in the last display:
lal a(j+1)
n— "!: X, (j) /l xn (1
A S]]
ac{123, .d-1},a2o j=1 i=a(j)+1 H1 = Ha()

The assumptions x(j) > O for all j, x,/n — x and p; < 1 for all j imply that the last sum decays
exponentially in n. This and the last display imply

S () L1 ()

n
0.5p0

* n-
d < hy(Ta(xn)) < 2pd

(148)
for n large. Define
w2
' =ld<d: [| E==>o0f;
1=de1 M1~ Hd

A’ are the indices d for which the coefficients in the sum (147) are positive. This definition of ./Z’,
(147) and (148) imply, for n large,

n— 1-1: -xn(j)
P15 (T < 00) £2Co Y py Y,

dedl’
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Figure 6. Level curves and relative error in four dimensions.

where Cy = maxge g Hf: il ﬁ > 0. We bound the last term above by

Applying lim inf, —% log to both sides of this inequality gives (146). This concludes the proof of (141)
under the assumption x(j) > O for allj € {1,2,3,...,d}.

Let us now extend (141) to {x € A : x(j) > 0,j # d}, i.e., we allow x(d) = 0. Suppose x € A
satisfies x(j) > 0 forj # d and x(d) = 0. Choose ¢ small enough so that Z;i:l x(j) + 6 < 1. Consider
the sequence x;, = x,, + | nd]e,. The dynamics of X and the Markov property of X imply:

a-1 \Md!
Al w] Py <o) <Py (1 < 1) <Py (z, < Dz, (149)
j=1

The sequence x;, satisfies x,,/n — x’ = x + de,. The limit x” € A satisfies x’(j) > 0 for all j; therefore,
we know (141) holds for the sequence x;,. Then applying lim, —% log to the upper and lower bound
in (149) and letting 6 — 0 we get (141) for the sequence x, and the limit x. The extension to the cases
when all other components are allowed to be O can be proved by the same argument and induction. O

7. Numerical example

Take a four dimensional tandem system with rates, for example,
A=1/18,uy =3/18, up =7/18, u3 =2/18, ug = 5/18.

For n =60, and in four dimensions, the probability P, (1, < 79) can be computed numerically by iterating
the harmonic equation P, (7, < 79) = Ex[Px, (7, < 10))]. Let f(y) denote the right side of (138). Define
Vi = —1og(Py (1, < 19))/n and W,, = —logf (T, (x))/n. The level curves of V, and W,, and the graph
of the relative error (V — W)/V for x = (i,/,0,0,0) and x = (0,7,0,/,0), i,j < n = 60 are shown in
Figure 6; qualitatively these graphs show results similar to those reported in [65]: almost zero relative
error across the domain selected, except for a boundary layer along the x(4)-axis, where the relative error
is bounded by 0.05. The size of the boundary layer is determined by the set R, of (80) and Theorem
3.15.
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Figure 7. The service rates (blue) and the arrival rate (red) for a 14-dimensional tandem Jackson
network.
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Figure 8. The graph of Wy, over {x : x(4) + x(14) = 60,x(j) =0, # 4, 14}.

Next we consider the 14-tandem queues with parameter values shown in Figure 7.

For n=60, A, contains 60'*/14! = 8.99 x 10'3 states which makes impractical an exact calculation
via iterating the harmonic equation satisfied by P,(7, < 7). On the other hand, (138) has 2! = 32,768
summands and can be quickly calculated. Define W, as before. Its graph over {x : x(4) + x(14) <
60,x(j) = 0,j # 4, 14} is depicted in Figure 8.

For a finer approximation of P(ig... 0)(7» < 709) we use importance sampling based on W,.
With 12,000 samples IS gives the estimate 7.53 x 1072° with an estimated 95% confidence interval
[6.57,8.48] x 10720 (rounded to two significant figures). The value given by our approximation (138)
for the same probability is £ ((1,0,--- ,0)) = 1.77 x 1072° which is approximately 1/4" of the estimate
given by IS. The large deviation estimate of the same probability is (1/min’*, (1;))% = 4.15 x 1072,
The discrepancy between IS and (138) quickly disappears as x(1) increases. For example, for x(1) = 4,
IS gives 2.47 x 10719 and (138) gives 2.32 x 10717,

8. Literature review

There is a direct correspondence between the structures used in the LD analysis and the subsolution
approach to IS estimation of p, of [23, 25, 26, 59, 61] and those appearing in [1, 5, 65] and in the
present work. The characteristic polynomials of the present work correspond to the Hamiltonians in
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these works and the subsolutions are constructed from points lying on the zero sets of the Hamiltonians.
Both approaches use the functions they construct in their asymptotic analysis and algorithm construc-
tion. We note several important differences: a key difference is the nature of the results: the results in
the present work give very precise (exponentially decaying relative error) deterministic approximation
formulas for the probability of interest whereas the works cited above on IS algorithms construct sim-
ulation algorithms with bounds on the exponential decay rate of the absolute (not relative) variance of
the estimator. Secondly, the works on IS cover only the initial point x =0, which significantly simpli-
fies the construction of the subsolutions and the asymptotic analysis. Thirdly, the actual construction of
the functions are different. The Y-harmonic functions in Section 4 and 5 are constructed from regular
graphs and from conjugate points lying on the characteristic surfaces. Such structures (functions from
graphs, conjugate points) do not come up in the above cited previous works. Finally, the asymptotic
analysis in the present work and in [1, 5, 65] is based on an affine transformation of the problem and
involves no scaling, whereas IS and classical LD analysis is based on a law of large number of scal-
ing of the problem. An important strength of the IS algorithms developed in these works is that they
can be applied to any stable Jackson network in any dimension (see [23, 26, 63]) with a fairly general
exit boundary (this generality crucially depends on the initial point x =0). Such a generalization for the
results in the present work is not clear at all.

The work [47] studies the buffer overflow of one of the nodes in a stable network. Let W denote the
stable process representing the network; W is assumed r + m dimensional: the first dimension represents
the node whose overflow event is to be studied, the dimensions 2, 3, .., r represent those nodes that
become unstable when the first node overflows. For n > 0, let 7, be the first time the first component
of W hits n let 7o denote the first time W hits the origin 0. Finally, let 7, denote the first time after
time 0, one of the nodes from 1 to r hits 0, i.e., 7, = inf{k : k > O,W € A}, where A = {x : x; =
0, for some ,j € {1,2,3,...,r}}; the main approximation result in [47] is the following: let 7, be the
stationary measure conditioned on A and E,, be the expectation conditioned on W(0) having initial
distribution 7. Let T( be the first return time to 0, i.e., 79 = inf{k > 0 : W, = 0}. [47, Lemma 1.8]
states, under the assumptions made in the paper,

. |7T(0)P0(Tn < TO) - ﬂ(A)PﬂA(Tn < TA)|
lim =

s 7(0)Po(t, < 7o) 0

The analysis that leads to this result is based on the h-transform of W where % is a harmonic function
of W away from the set A that is of the following form: i(x) = ¢**1a(x); [47] gives conditions under
which such an % function exists based on results from [51]. [47] develops the following representation
for T(A)Pr, (T, < Tp):

T(AYPry (Ty < Ta) = € B, [H(W(1)¥(W(1))]
W(x) = Ec[a™ (7 (1,))e @7 1 0], (150)

where 7' is the h-transform of the process W (if W is not a nearest neighbor random walk on Z’*™ the for-
mula for ¥ needs to be slightly modified, for details we refer the reader to [47]). For the computation of
the expectation appearing in (150), [47] suggests simulation. [47, Section 3] treats the two-dimensional
constrained random walk on Zi with increments (-1, 0), (1,0), (0,-1), (0, 1), (1, 1); for this process
[47] constructs explicitly an & function of the form A(x) = af ! a;”, where (aj,ay) € RZis a point on a
curve whose definition is analogous to the definition of the characteristic surface 7 in two dimensions.

The work [49] employs the ideas of removing constraints on one of the boundaries and using points on
curves associated with the resulting process to study the tail asymptotics of the stationary distribution of
a two-dimensional nearest neighbor random walk L constrained to remain in Z2. To study the asymptotic
decay rate of v(n, k) in n for a fixed &, [49] considers the random walk LV, which has the same dynamics
as L except that it is not constrained on the vertical axis. Associated with this process, [49] defines two
curves, whose definitions are similar to the definition of the two-dimensional version of the characteristic
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surface of the present work (see the definition of 9 on [49, page 554]) and uses points on and inside
these curves to define solutions to an eigenvalue/eigenvector problem associated with the problem (see
[49, Theorem 3.1]); for the study of tail asymptotics along the vertical axis, [49] uses the same analysis
but this time removing the constraint on the horizontal axis. For further works along this line of research
we refer the reader to [15, 40, 50].

The work [35] develops an explicit formula for the large deviation local rate function L(x,v) of a
general Jackson network, starting from representations of these rates as limits derived in [4, 21]. For
this, [35] employs “free processes;” these are versions of the original process obtained by removing
those constraints from the original process that are not involved in a given direction v at a given point
x € RZ. The proofs in [35] use fluid limits for the free process under a change of measure (i.e., a
twisted/h-transformed version of the free process); the changes of measures used here correspond to
using h-functions of the form e{?*) where 6 is a point on a characteristic surface (analogous to
in this work or H in [23]) associated with the process being transformed (see [35, Section 6]). As an
application of its results, [35] computes the limit lim,,_,q, % log Ey[7,] by noting from [53] that this limit
equals

1
lim ——log Py(1, < 10),

n—oo n

which is the LD decay rate of the probability we have studied in this paper for general stable Jackson
networks; [35] derives the explicit formula

min; <;<4 — log(p;) for the above LD rate using the explicit local rate functions developed in the same
work and the explicit formulas available for the stationary distribution of the underlying process. Note
that the result concerns the initial point x =0.

The Martin boundary of an unstable process is a characterization of the directions through which the
process may diverge to co. The idea of using points on characteristic surfaces, and the idea of removing
constraints from the process to simplify analysis, appear also in works devoted to identifying Martin
boundaries of constrained or stopped processes. An example is [36], which identifies the Martin bound-
ary of two-dimensional random walks in Z2 and which are stopped as soon as they hit the boundary of
7Z2. This work breaks up its analysis into three cases: 1)the directions g € R2, where both components
of ¢ are nonzero, 2) the directions ¢ such that g(1) = 0, and 3) directions such that ¢(2) = 0. For
each of these cases, [36] work with what it calls local processes; the local process for the first case is a
completely unconstrained random walk, the local process for the second case is a process keeping the
horizontal axis (i.e., the vertical boundary is removed) and the third case is the reverse of the last. [36]
uses LD analysis of the local processes, harmonic functions of the form

x109Y) — B, [S1(1)el " 1 (rce0y],  if (@) = (0, 1),
ha(x) = 122008 — B [So(1)e " 1 7<), if ga) = (1,0),

el B [e{01 ()], otherwise.

where S is the underlying process, 7 is the first hitting time to the boundary of Z2, a is a given point on a

surface associated with S (defined analogous to ), g(a) is the mean direction of S under an exponential
change of measure defined by a (see [36, page 1108]). In this connection let us also cite [42], which
uses geometry and complex analysis to identify the Martin boundary of random walks on Z?, Z x Z,
and Z2.

Let X be the constrained random walk in Z2 with increments (1,0), (—1,0), (0, 1), and (0, —1) and
let T, be as in (8). A classical problem in computer science going back to [39, section 2.2.2, exercise
13] is the analysis of the following expectation:

E [maX(Xl (Tn)vXZ(Tn))] ’ (151)
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i.e., the expected size of the longest queue at the time of buffer overflow. This expectation is computed
in [39] for the case P(ly = (1,0)) = P(Ix = (0,1)) = 1/2, P(Iy = (-1,0)) = P(I; = (0,-1)) = 0.
Various versions of this problem were treated in [27, 33, 45, 46, 66]. [46] treats a generalization of
this problem where the dynamics of the random walk depend on its position; the approach of [46]
uses large deviations techniques from [31]. [66] treats the approximation of (151) for the case when
the increments have a symmetric distribution as follows: P(I; = (1,0)) = P(lt(0,1)) = (1 —p)/2
and P(I = (-1,0)) = P(Ix(0,—1)) = p/2; furthermore p < 1/2 is assumed, i.e., the process is
assumed unstable. Under these assumptions, [66] develops an approximation for the expectation in
(151) as n — oco. The main idea in [66] is the following: under the assumptions of the paper one can
ignore both of the constraining boundaries of the process, to prove this the author uses LD bounds on iid
Bernoulli sequences (see [66, Lemma 3]). Then an explicit computation for the unconstrained process
using elementary techniques gives the desired approximation.

9. Conclusion

In Section 5, we computed P, (7 < oo) under the assumption y; # y; for i # j. One can obtain formulas
for Py (7 < o0) when this assumption is violated by computing limits of (138) as u; — p;; this limiting
process introduces polynomial terms to the formula. For example, for d =3 and py; = pup = u3 = pu we
get

2
v l — ) ) C ) —
Py(r < o0) = pV | S5 (3(1)2p" W 4+ ) ((30 +y<3>c%;) P Co) y(1)+ 1) ,

where c¢o = (u — A)/u and y(1) = y(1) — (y(2) + y(3)). Similar limits can be computed explicitly for
the cases u; = po # 3, 1 = p3 # pp and py # pp = p3. A systematic study of these cases in three
and higher dimensions remain for future work.

Recall that the computation of P, (7 < o) (Theorem 5.7) is based on the sequence of regular graphs
G4.4. We came up with the definitions of these graphs and the solutions of the harmonic systems defined
by them through trial and error. Proposition 5.5 (which proves that the definitions (130) provide a solu-
tion to the harmonic systems defined by G, 4) consists of a verification argument, i.e., it consists of the
proof that a candidate/proposed solution is really a solution. This type of argument is common in the
solution of differential equations and in stochastic optimal control where one first guesses the solution
and then verifies (using the particular structure of the guess) that it is correct. The structure of G4 4 and
the solution of the harmonic system associated with it depend on the tandem structure of the underly-
ing process since they are directly based on the characteristic equations, conjugacy relations and the C
function associated with the tandem case (see (124), (102) and (126)). These are significantly simpler
in the tandem case than they are in the general case (see (92), (101) and (96)). Therefore, we do not
expect the constructions in Section 5 to easily generalize to arbitrary Jackson networks. Furthermore,
at this point we do not have a systematic way of generating harmonic systems and their solutions for
arbitrary Jackson networks. This appears to be a challenging problem for future research.

Our convergence analysis (Section 3) and the computations in Section 5 also depend nontrivially on
the exit boundary dA,, (7). Generalization to other exit boundaries is another important direction that
can be explored in the future.

Symbols and notation

(1) tandem walk X, its increments [; and the map 7 constraining X to Zi: 2)

(2) constraining boundaries 9;: (3)

(3) possible increments ) of the tandem walk: (4)

(4) utilization rates p; and p: (6)

(5) domain A,: (7), first hitting time 7, to the boundary of A,;: (8), overflow probability p,: (9)
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(6)
(N

®)

©))
(10)
Y
12)
13)
(14)
5)
(16)
a7
(18)
19)
(20)
2y
(22)
(23)
(24)
(25)
(26)
27)
(28)
(29)
(30)
€29
(32)
(33)

A. Devin Sezer

linear map Z; and affine transformation map 7,,: (10)
domain Qy, limit process Y, its increments J; and the map m; constraining Y to Qy = Z X Zﬁf‘lz
(11)

domain B: (12), limit hitting time 7: (13)

Sets R,,, A and the function g: (14)

|a| where a is a finite set: the cardinality of a (before (17))
Hitting times oj_1: (24)

process X: (25)

Hitting time 7,: (27)

The summation function S: (29)

Symmetric difference A: (40)

Y-superharmonicity: (46)

Function Ay ,: (47), coefficient y;: (51), function ha g »: (52)
Coeflicient yi_jx: (59), coefficient I';: (61)

Process S: (62)

Function g,: (75)

Order relation <: (77), set ./ : (78)

Log-linear functions [(83, @), -] (91)

Characteristic polynomials p,: (92), characteristic equations (93), characteristic surfaces H,: (94)
Operator Dg: (95)

Function C:(96)

a{j}: (98)

Definition of an L-regular graph: Definition 4.6

Definition of a harmonic system: Definition 4.7

Simple extensions: Definition 4.9 and Definition 4.10
0B-determined Y-harmonic functions: (122)

Regular graphs G, 4: (128)

c*, a*, B*: (130)

h: (136)
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