9
CCR on Fock space

This chapter is devoted to the study of the Fock representation of the canonical
commutation relations. This representation is used as the basic tool in quan-
tum many-body theory and quantum field theory. Unlike the Schrédinger CCR
representation, it allows us to consider phase spaces of infinite dimension.

Throughout this chapter, Z is a Hilbert space. This space will be called the
one-particle space. The Fock CCR representation will act in the bosonic Fock
space I's(Z).

As in Sect. 1.3, we introduce the space

YV=Re(Z® 2):={(2,2) : z€ Z},

which will serve as the dual phase space of our system. It will be equipped with
the structure of a Kéhler space consisting of the anti-involution j, the Euclidean
scalar product - and the symplectic form w:

i(z,2) == (iz,12), (9.1)
(2,2) - (w,w) := 2Re(z|w),
(z,2)w(w,w) := 2Im(z|w) = —(z,2) - j(w, w).

In principle, we can identify Z with ) by

ZBZHL(ZJrE)Ey, (9.4)

V2

but we choose not to do so.
C) is identified with Z @ Z by the map

Cy > (zl,il) +i(22,§2) — (Zl + 29,21 — 122) € Z@é
The complexifications of (9.1), (9.2) and (9.3) are

jc(21,%Z2) = (iz1, —iz2),
(21,%2) - (w1,Wa) = (21|wr) + (wal22), (9.5)
1
(21,52)'(4)@(1111,@2) = ;((z1|w1) — (w2|22)) (96)
V*, the space dual to ), is canonically identified with Re(Z @ Z) by using the
scalar product (9.2), and CY* is identified with Z @ Z.
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9.1 Fock CCR representation
9.1.1 Field operators on Fock spaces

Consider the bosonic Fock space I's(Z). Recall that, for z € Z, a*(z), resp. a(z)
denote the corresponding creation, resp. annihilation operators.

Definition 9.1 For w = (21,%,) € Z ® Z we define the unbounded operator
d(w) = a*(z1) + a(z) with domain TH"(Z).

Proposition 9.2 (1) Forw € Z® Z, T'I"(Z2) is an invariant subspace of entire
analytic vectors for ¢p(w).

(2) The operators ¢(y) for y € Re(Z @ Z) are essentially self-adjoint. We will
still denote by ¢(y) their closures.

(3) The operators ¢p(w) for w € Z@® Z are closable. We will still denote by ¢(w)
their closures.

(4) The map Z® Z 3> w +— ¢(w) is C-linear on T'i"(Z).

(5) For wy,wy € CY, we have

[B(wr), p(w2)] = iwr -wews T on TE(Z). (9.7)
(6) If w =y + iy with y1,y2 € Y, then Dom ¢(w) = Dom ¢(y1 ) N Dom ¢p(yz).
Proof Let ¥ € Ti"(Z). From Thm. 3.51 we obtain
lo(w) @[] < [[w][|(N +1)> w|.
By induction on n we obtain then that
o) @l < fleof"[(F575)F 0] (9.8)

This proves (1).

Now (2) follows from Nelson’s commutator theorem; see Thm. 2.74 (1).

To prove (3) note that ¢(w) C d(w)*. So ¢(w) is closable.

(4) and (5) follow by direct computation. (6) follows from (5) by repeating the
argument of the proof of Prop. 8.31. O

Corollary 9.3 Let z € Z. Then a(z), a*(z) are closable. Denoting their closures
with the same symbols, for y = (z,%), we have

@*(2) = 5 (6ly) ~ 16G0),  alz) = 3 (6(s) +36(iw)).
Doma*(z) = Doma(z) = Dom ¢(y) N Dom ¢(jy).

Remark 9.4 We have seen in Subsect. 1.3.9 that the map (9.4) is unitary. Using
this identification, one can parametrize field operators by vectors of Z instead of
vectors of Y = Re(Z @ Z). This leads to the definition

https://doi.org/10.1017/9781009290876.010 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.010

214 CCR on Fock space

which is commonly found in the literature. In most of our work we will try to
avoid this definition.

9.1.2 Weyl operators on Fock spaces
Theorem 9.5 (1) If wy,wy € CY and ¥ € T2 (Z), then the relationship
ei(,b(w. )eigb(u;z),lj _ e—%wl ‘wews eid)(uu +w2)\I, (99)

holds, where the exponentials are defined in terms of the power series and
all the series involved in (9.9) are absolutely convergent.

(2) Set
W(y) =€V, yey.
Then the map
Y5y W(y) e UT,(2) (9.10)

is a reqular irreducible CCR representation, if we equip Y with the symplectic
form w defined in (9.3).
(3) If pe U(2), (2,2) € Y, we have

L(p)W(z,%7) = W(pz, p2)I'(p).
(4) The map (9.10) is strongly continuous if we equip Y with the norm topology.

Definition 9.6 (9.10) is called the Fock CCR representation on I's(Z).

Proof To prove (1), we use the Baker—Campbell formula, which says the fol-
lowing: if A, B are operators such that [A, B] commutes with A and B,
then

eteB = erlABlpAtB (9.11)
as an identity between formal power series. We apply this formula to A = ig(w ),
B = ig(wy), using (9.7). We use (9.8) to prove the norm convergence of the series
appearing in (9.11).

Let us now prove (2). For 31,7, € Re(Z @ Z), both sides of (9.9) extend to
unitary operators, so (9.9) is valid on the whole space I's(Z). Therefore, (9.10)
is a CCR representation. Since W (y) = e*(%)| this representation is regular.

Let us prove that it is irreducible. Let P be an orthogonal projection acting
on I'4(Z) such that [P,W(y)] = 0 for all y € Re(Z @ Z). Then [P, ¢(y)] = 0 on
Ifin(Z2) for all y € Re(Z @ Z), and hence [P, a*(2)] = [P,a(z)] =0 for all z € Z.
It follows that a(z)PQ = 0. Hence, by (3.25), P2 =0 or P2 = Q. By (3.26) and
the fact that [P, a*(z)] = 0, we obtain that P =0 or P = 1.

To prove (4), we first see using the CCR that it suffices to prove the continuity
of (9.10) at y = 0. Now, for ¥ € T'i"(Z) we have

W (y) = W] < [|6(x) ¥ < [lyllII(N + 1)z w|. .
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Recall that we defined the parity operator as I := (—1)" in (3.10). If ) is
finite-dimensional, we defined the parity operator as I := Op(n?d,) in (8.46).

Proposition 9.7 In the finite-dimensional case, the definitions of the parity
operator of (3.10) and of (8.46) coincide.

9.1.3 Ezxponentials of creation and annihilation operators
Theorem 9.8 Let z € Z.

(1) The operators e?(*3) are essentially self-adjoint on T (Z).
(2) e* *) and e®?) are closable operators on T (2) and their closures have the
domains

Dom e* (*) = Dom €*(*) = Dom e7?(*%).
(3) In the sense of quadratic forms, we can write
W (—iz,iz) = e 777" (Flg0(2), (9.12)
(4)
(QUW (2,2)Q) = e 777 (9.13)

Proof (1) Using the exponential law in Prop. 3.56, it suffices to consider the
case when dimZ = 1. For z € Z, we consider the unique conjugation 7 such that
7z = z and introduce the associated real-wave representation defined in Thm.
9.20. This allows us to identify I's(Z) with L2(R, (2r)~ze~2% dz), Ti*(Z) with
the space of polynomials, and ¢(z,z) with the operator of multiplication by ax
for some o € R. Then (1) is equivalent to the fact that the space of polynomials
is dense in L*(R,dp) for dp = (27)~% (1 + e*)2e~*"/2dz, which is well known.
(2) We have

Hence e* *) and ¢*(*) are closable on I'i*(Z). Next we use the Baker-Campbell
formula (9.11) on T'i"(2) to get

ea(z)ea*(z) _ e%?‘zed)(z,?% ea*(z)ea(z) — e—%?ze(b(z,?).
Thus, for ¥ € T (2),
le”" DU = 57 e AR, [P = 7T e g

Then we apply (1).
(3) follows from (9.11) and implies (4). a
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9.1.4 Gaussian coherent vectors on Fock spaces
Let z € Z.

Definition 9.9 We define

Q, = W(-iz,iz)Q —e 777" () :e_%mz (9.14)

The vectors Q, will be called Glauber’s or Gaussian coherent vectors. Let P, be
the orthogonal projection onto €2, , so that

P. = W(—iz,i2)|Q)(QW (iz, —i%).

Note that (—iz,iz) = —w™!(Z, 2). Hence, in the notation of Sect. 8.5, Q. equals
Uz, for ¥y = Q. Gaussian coherent vectors are eigenvectors of annihilation
operators. Besides, one can say that €2, is localized in phase space around (Z, z).
This is expressed in the following proposition:

Proposition 9.10 Let w,z € Z. Then a(w)Q), = (w|2)S2,. Therefore,

(Q:]a"(w)Q2:) = (2[w),
(Q2:]a(w)$2.) = (w]2),
(Q |p(w, @), ) = 2Re(z|w) = (2,%) - (w,W).

9.2 CCR on anti-holomorphic Gaussian L? spaces

Let Z be a separable Hilbert space. We will use z as the generic variable in Z.

Recall that if dim Z < oo, then (2i)~¢dzdz is the volume form on Zg and
(27i)~%e~**dzdz defines the Gaussian measure for the covariance 1, which is a
probability measure on Zg. We can also define the corresponding Hilbert space
of anti-holomorphic functions, denoted LZ(Z, (27i)~Ye~**dzdz). Thus if F,G €
L%(Z, (2mi)~%e~7*dzdz), then their scalar product is given by

(F|G) = (2mi)~¢ / FE)G(2)e " dzdz=.

Recall from Subsect. 5.5.4 that this Hilbert space has a natural generalization
to the case of an arbitrary dimension, denoted L%(?, e **dzdz) and called the
anti-holomorphic Gaussian L? space over the space Z.

The bosonic Fock space I's(Z) is naturally isomorphic to L(Z,e **dzdz).
This makes it possible to interpret Fock CCR representations in terms of oper-
ators acting on anti-holomorphic Gaussian L? spaces.

This section can be viewed as a continuation of Sect. 5.5 on Gaussian measures
on complex Hilbert spaces.
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9.2.1 Bosonic complex-wave representation
Theorem 9.11 (1) The map TV : FS(Z) — L4(Z, e 7*dzdz) given by

Ty Z L®n |\I/

n= 0
— FTHQLW), W eTL(2),

is unitary. (In the second line we use Gaussian coherent vectors €2,.)
(2) For w € Z we have

TVQ =1,
T%Va" (w) =w-zTV,
TVa(w) =w -VzT,
(TT(p)V)(Z) =TV (p*z), pe B(Z), Vel (2).

(3) We have a regular irreducible CCR representation

Re(Z @ Z) 3 (w, @) — W7V ¢ U(LL(Z,e 7 *dzdz2)). (9.15)
(4) The CCR representation (9.15) is equivalent to the Fock representation:

Tcweio(w,m) _ ei(ur-?JrU-V;)Tcw’ we Z.
(5) (9.15) acts on F € LA(Z,e"7*dzdz) as follows:
ei(w'?+m'v7)F(§) = el 'Eféﬁ'wF(E + iw), wE Z.

Proof (1) follows from Thm. 5.88. (2)—(4) follow immediately from Thm. 5.88

and Subsect. 3.5.2. To prove (5) we use the Baker—-Campbell-Hausdorff formula.
O

Definition 9.12 Following Segal, we will call TV ¥ the complex-wave transform
of U. (It is also sometimes called the Bargmann or Bargmann—Segal transform
of ¥ € I'\(Z). Berezin calls it the generating functional of U.)

(9.15) will be called the complex-wave CCR, representation. (It is also called
the Bargmann or Bargmann—Segal representation. )

9.2.2 Coherent vectors in the complex-wave representation

Let w € Z. The complex-wave transform of the Gaussian coherent vector §2,, is

T°vQ, (Z) _ ef%ﬁw oZw

As an exercise in the complex-wave representation let us calculate the scalar
product of two such vectors:

(Qu, [0, = (270) / et —Hhe s T o g

_ e—%—|w1 > =Llws | +w1 ws
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Definition 9.13 Let dimc Z = d be finite. The Gaussian FBI transform is the
map TV : T(Z) — L*(Re(Z @ Z)) defined by

Re(Z® 2) 5 (%, 2) — TVBIW(Z, 2) = (2m) F (] D). (9.16)

Clearly, the Gaussian FBI transform is a special case of the FBI transform
defined in Subsect. 8.5.1, where we put ¥, = Q.

By (9.16), in the finite-dimensional case we have the following simple relation-
ship between the Gaussian FBI transformation and the complex-wave transfor-
mation:

4
2

TN (2,7) = (2m)7e 77 " TV U (Z). (9.17)

This gives the following alternative proof of the unitarity of T°%:
(B |Wy) =i™? / T¥BIW, (7, 2)TF B, (7, 2)dzd2 (9.18)

= (2771)*‘1/e*%‘zlzTcwl(z)e*%*lzlzTCwQ(z)dzdz (9.19)
= (TCW\IJI|TCW\I/2)L%(§,0*7'ZdEdZ)'

In (9.18) we used that i~?dzdz is the canonical measure on the symplectic space
Re(Z @ Z) and that T"B! is isometric; see (8.53).

9.3 CCR on real Gaussian L? spaces

If the complex dimension of Z is finite and equals the real dimension of X,
then the Fock representation on I'y(Z) is unitarily equivalent to the Schrodinger
representation on L?(X). In order to describe this equivalence, one needs to fix
a conjugation on the Kihler space Re(Z @ Z), which allows us to separate field
operators into “momentum” and “position” operators. In addition, one needs
to fix a Euclidean structure on X, which allows us to distinguish the Gaussian
vector that is mapped to the Fock vacuum.

In the case of an infinite dimension we do not have a Schrédinger representa-
tion, since there is no Lebesgue measure on infinite-dimensional vector spaces.
However, in this case we have the so-called real-wave representations, which can
serve as a substitute for Schrédinger representations. Real-wave representations
will be the main topic of this section. They are CCR representations acting on
real Gaussian L? spaces. They are unitarily equivalent to Fock representations.

Throughout this section, X is a real Hilbert space and ¢ € By(X) is invertible
and positive. x will be used as the generic variable in X.

Recall that if dim X < oo, then (27)~ % (det¢)~7e~77¢ *dz is a probability
measure on X. Thus we can define the corresponding Hilbert space

L*(x, (271')_% (det c)_%e_%‘”'cflxdx).

https://doi.org/10.1017/9781009290876.010 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.010

9.8 CCR on real Gaussian L2 spaces 219

As described in Def. 5.72; this can be generalized to the case of an arbitrary
dimension, and then it is called the Gaussian L? space for the covariance ¢ and
denoted

L2 (X, e 77 "dyz). (9.20)

In this section we describe the real-wave representation acting on (9.20).
This section can be viewed as a continuation of Sect. 5.4 on Gaussian measures
on real Hilbert spaces.

9.3.1 Real-wave CCR representation
Let n,q € X. We set

N Trw =102,

1 i -
gDy i=q- (TVT + %07117)7 as operators on LQ(X,e*%I'C l’”da:).

Theorem 9.14 (1) The operator 1 - Tyy + q - Dyy is essentially self-adjoint on
CPols(X).
(2) The map

X®XD(nq)— T tePn) ¢ ULA(X, e 77 “dz)) (9.21)

is an irreducible reqular CCR representation.
(3) For F € L2(X,e %% '*dx) one has
ei(7l"17rw +q‘Drw)F(x) _ e%q~(’//+ %(zflq)eiw"(’rﬁ»%(:71q)F(m + q)
Proof We consider the one-parameter group
U F(z) := e%tzq.(7/+%c*1q)eitq:-(rﬂr%c*lq)F(l, +1tq), tER.
Let D := Span{e”*, w € CX}. From Subsect. 5.2.5, we know that D is dense
in LQ(X,e_%”"“flmdx). Clearly, D is invariant under U, and U, is a strongly
continuous group of isometries of D, hence it extends to a strongly continuous
unitary group. D is included in the domain of its generator, which equals
7 Zrw + ¢ - Dy on D. By Nelson’s invariant domain theorem, Thm. 2.74 (2),
we obtain that 7 - x,w + ¢ - Dy is essentially self-adjoint on D.

To show the essential self-adjointness on CPols(X), we note that D is in the
closure of CPol,(X) for the graph norm: in fact, for w € CX, the series

|
n=0 n

converges to e¥? for the graph norm of 9 -z, + ¢ - Dyy. This proves (1) and
(3). (2) follows immediately from (3). O

Definition 9.15 The CCR representation (9.21) is called the real-wave repre-
sentation of covariance c.
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Note that the operators .., D,, are examples of abstract position and
momentum operators considered in Subsect. 8.2.6.
We equip X @& X with the complex structure

j= [200 (23)1} : (9.22)

which is Kahler. Thus X & X becomes a Kéahler space with a conjugation.
Therefore, as in Subsect. 8.2.7, for w € CX we can introduce the associated
Schrodinger-type creation and annihilation operators:

Uy (W) =W -V, ay(w)=w- -2 —w-cV,.
Proposition 9.16 Let w,w;,ws € CX.

(1) The operators a,y (w) and al, (w) are closable on CPols(X).
(2) We have

[@rw (w1), af, (w2)] = (wi |cwz)T,
[Grw (w1), Qe (w2)] = [af, (wr), af, (w2)] = 0.
(3) F e L3(X,c™27° '*dg) satisfies
ayw (W)F =0, weCXx,
iff F is proportional to 1.

Proof (1) follows from Prop. 8.31 and (2) is a special case of (8.30).
Let F be such that a,y (w)F =0 for w € CX and (F|1) = 0. In particular, for
each G € CPoly(X),

(@, (w)G|F) = 0.

n
Clearly, the span of vectors of the form TII aX, (w;)1 equals the space of polyno-
i=1

mials in CPol(X) of degree greater than 1. So F is orthogonal to CPol(X), and
hence F' = 0, which proves (3). O

The usual choice is ¢ = 1, which leads to the complex structure
.10 —%]1
7=l o |
Remark 9.17 The advantage of the real-wave representation is the fact that we
can make an identification
L2(X,e™ 57 dx) ~ L(Q, )

for an L? space over some true measure space (Q,&,p). There is no unique
choice of the measure space (Q,6, ), especially in the case of an infinite-
dimensional X, but it essentially does not matter which one we take. A class
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of possible choices is described in Subsect. 5.4.2: we can set QQ = B%X, where
B >0 is an operator on X with B~ trace-class, but there are many others;
see the discussion in Simon (1974). Therefore, the real-wave representation is
sometimes called the Q-space representation of the bosonic Fock space.

9.3.2 Real-wave CCR representation in finite dimension

If the dimension of X is finite, then the real-wave representation is a special case
of a weighted Schrodinger representation with

m(z) = (2r) "7 (det¢) " Te 1T T (9.23)
(9.23) is the pointwise positive ground state of

1 1
H=-A+ Zw-c_Qx— iTrc_l.

The Dirichlet form for (9.23) in the Hilbert space
L? (X, (2m)~ % (det c)*%e’%f'c_lxda:) equals
—A+z-c1V,.
The unitary operator
L? (X, (27r)_%(det c)_%e_%”"cfl‘”dx) SF = T"F:=m(z)F € L*(X)

intertwines the Schrodinger and the real-wave representations:

el(?]'w+Q‘D)TSC}l — TSChel(’U‘ﬂfrw +¢-Dyy) )

9.3.3 Wick transformation

The real-wave representation on L?(X ,e_%“"”fl‘”dx) is unitarily equivalent to
the Fock representation on I's(¢=2 CX). This follows by a general argument from
Prop. 9.16 and the fact that polynomials are dense; see Subsect. 5.2.6.

In this subsection we will construct an explicit unitary transformation that
intertwines the real-wave representation and the Fock representation.

Definition 9.18 For F € CPoly(X), we define
Fr=ay

rw (F)1 € CPoly(X).
The map F — :F: is called the Wick transformation w.r.t. the covariance c.
The following proposition shows how one can compute : G :.
Proposition 9.19 (1) For G € CPols(X), one has
Gx): =e 7V Ve Glz) = e%‘”'(l""G(—ch,)e_%‘”"rlm. (9.24)
(2) For G(x) € CPols(X), one has

1

G(z) = e? Ve Ve Gla): = e_%m'(lm:G:(cvw)e%m'( .
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Proof Let w € CX. The following operator identities are valid on CPol,(X):

CL:W(IU) = w'x_w'CVJ:
= efé’vw Ve (w - x)e%vx-cvx — e%x-cﬂz(_w . Cvz)eféﬂv»cf T

This yields, for G € CPol,(X), the operator identity
ar (G) = e VeV G(g)er VetV = e17 ¢ TGQ(—V, )e 2T T

By applying it to the polynomial 1, we obtain

Gi=af () =e TV Ve G = e7" ¢ TQ(—cV,)e B0

which proves (1). Clearly, (2) follows from (1). O

Note that the space CPols(X) can be identified with Pols(CX) (by analytic
continuation/restriction; see Subsect. 3.5.6). Let z denote the generic variable in
CX. The following theorem is immediate:

Theorem 9.20 (1) The map
Pol,(CX) > F + :F: € CPoly(X)
extends to a unitary map
LA(CX,e "¢ *dzdz) > F — :F: € L2 (X,e 77 dz). (9.25)
(2) (9.25) intertwines the complez-wave and real-wave CCR representations:
(0T Py = gilal () tan (). p - pe L2(CX,e "¢ *dzdz), w € CX.
(3) For w e CX, we have

w - wr  —Lw-cw
W T, — QW Ty W CW (926)

Remark 9.21 (9.26) is often used as the definition of the Wick transformation.

Using Subsect. 9.2.1, we can unitarily identify the real-wave representation
on L2(X,e"27¢ '*dg) and the Fock representation on I'(¢~*CX). This is
described in the next theorem.

Theorem 9.22 Set
T (¢ 2CX) 3 ® — T™d = TV: € LA(X,e 27 “da). (9.27)
Then

(1) T™ is unitary.
(2) T™ is the unique bounded linear map such that

TV =1, and TV el (WHaln) — ghnerwpry = o cTITX.
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(3) T™ is the unique bounded linear map such that

™V =1, and T™ I a*(w;) = I are, (W)T™, w; € ¢ ICX.
i=1 -

Remark 9.23 In the case of a single variable, that is, X =R, and ¢ =1, the
Wick transformation for monomials is the same as the Gram—-Schmidt orthog-
onalization procedure with the weight e 5", The polynomaals :x™: are rescaled
Hermite polynomials. More precisely, if one adopts the following definition of
Hermite polynomials:

2 ¢
GQItit = ZEHn(m)v
n=0
then

= \@nH,L(L)

2

9.3.4 Integrals of polynomials with a Gaussian weight

In this subsection, for simplicity, we assume that ¢ = 1.

In physics one often computes integrals of a polynomial times the Gaussian
weight. The Wick transformation helps to perform such an integral, as is seen
from (9.29):

Theorem 9.24 Let F' € CPoly(X). Then
/ Fz)e " dz = (e%vi F) (0), (9.28)
X

/ F(z):e " dz = F(0). (9.29)
X

Proof We can assume that X is of finite dimension. Recall the identity (4.14):
etViF(y) = (2m) "¢ / e =) P(z)da. (9.30)

In (9.30) we set y = 0, which proves (9.28).
To prove (9.29) we use (9.28) and Prop. 9.19. O

Note that the r.h.s. of (9.28) can be expanded in a finite sum and leads to the
well-known sum over all possible “pairings”. This is the simplest version of what
is usually called the Wick theorem.

A more complicated version of the Wick theorem is given below. It has a well-

known graphical interpretation in terms of diagrams, which we will discuss in
Chap. 20.
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Theorem 9.25 Let Fy,...,F, € CPoly(X). Then

By (x): - By (x): (9.31)
= exp (Z vw,'v:vj>Fl (331) Tt Fn(xn)|x:z1:___:x" .
(277)7% / Fy(x):- - Fy, (x):ef%r2 dz (9.32)

= exp (Z Ve, V%>F1 (x1)--- F, (33")|0:I1:.__:z” .

i<j

Proof To prove (9.31), we write
Fy(x):e By (x):

=e Vi Fi(z1) e Ven F, (z,)]

T=T]="=Ty
= ;eévi (e_%vil F1 (.1‘1) cee e_%vi" Fn (xn)|z:11:...:x”):
v, A R /P & Vi
:ZGZ<V‘1Jr +V£”) 2v1‘1 2v1’"' Fl(xl)'“Fn(mn)|.’t:w1:"':l‘n”

In the last step we used that
sz(xvax) = (vxl ++vz,,)f(x17 y L
(9.32) follows from (9.31) and (9.29). O

)|:t:a:1 =.=x, "

9.3.5 Operators in the real-wave representation
Definition 9.26 For an operator a on X, we will write
[y (a) =TT (ac)T™r,
where we recall that ac denotes the extension of a to CX.

Suppose that ¢ > 0 is an operator on &'. Clearly,
Poele) s L2(X, 0 da) — T2(e X 035 v

is a unitary operator. Therefore, in what follows we will stick to the covariance
1.

Recall from Remark 9.17 that L2 (X, e 77’ dx) can be interpreted as L*(Q, )
for some measure space (@, ). Let F' be a bounded Borel function on Q. Then
one can define F(zy), which is a bounded operator on L2(X, e~ %% dz). It can
be also interpreted as an element of L?(X, e~ 17’ dx), and then it will simply be
written F. Clearly, F(2,y)1 = F.

Proposition 9.27 Let u be an orthogonal operator on X. Then

D () F (203 )T (1) ™1 = Dy () F) (24 ). (9.33)
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Proof A dense set of vectors in L2 (X, e~ 77" dz) is given by G(#rw)1 =G for G
bounded Borel functions on Bz X. We have the commutation property

Dy () F (2 )i (0) PG (2ry) = G (g ) T () F (20 ) Dy (w) ™1 (9.34)
Hence, applying (9.34) to the vacuum 1 we obtain
F1rw (U)F(xrw)rrw (u)ilG = G(xrw)rrw (U)F = (Frw (U)F) (xrw)G-

d0

Proposition 9.28 Let X; be a closed subspace of X. Let ey be the orthogonal
projection on Xy. Let By be the sub-o-algebra of functions based in Xy, and Eg,
the corresponding conditional expectation. Then

E‘B1 =l (61)-

Proposition 9.29 Let a € B(X). Then

(1) If |la|| <1, Tyw(a) is doubly Markovian, hence it is a contraction on
LP(Q,du) for all 1 < p < oo.
(2) If |la]| < 1, then Ty (a) is positivity improving.

Proof We drop rw from I'yy, and xy .
We first prove (1). We write a as j*uj, where

Xozr—j)=280eXX
is isometric and

a (1 — aa*)?

“= (1—a*a)? a*

is orthogonal. Using Subsect. 5.4.3, we see that if we take (Q X @, ® p) as the
Q-space for X @ X, then the map I'(j) is

L(Q.du) 3 f f @1 € I3(Q,dp) ® I*(Q,dp) = I*(Q x Q,du® dp),

which is positivity preserving.

The map I'(u) is clearly positivity preserving. In fact, recall that F'(z) is the
operator of multiplication by a measurable function F on L*(Q, 11). By (9.33) and
the unitarity of u, (I'(u)F)(z) = I'(u)F(2)['(u)~!. Since F > 0 a.e. iff F(z) > 0,
we see that I'(u) is positivity preserving. Finally T'(j*) = T'(j)* is also positivity
preserving by the remark after Def. 5.21. Hence I'(a) is positivity preserving.
Since I'(a) and T'(a)* preserve 1, I'(a) is doubly Markovian.

Let us now prove (2). We write I'(a) = I'(||a||)T'(b), where a =: ||a||b. Then
Ib]] <1, and thus I'(b) is positivity preserving by (1). If f > 0 and f # 0, then
fQ ') fdu = fQ fdu >0, so T'(b) preserves the set of non-zero positive func-
tions. So it suffices to prove that I'(]|a||) is positivity improving.
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Let f,g > 0 with f,g # 0. The function F(t) = (f|'(e™")g) is positive on RT
by (1). It tends to (1]f)(1|g) at +oo, since I'(e™") = e~*", where N is the number
operator. Since F' extends holomorphically to {z : Rez > 0}, it has isolated
zeroes in R*. Let ¢ > 0 and 0 < t( < ¢ such that F(tg) > 0. Set f; = ['(e™"/2)f,
g1 =T(e "/?)g. Then f1,g91 >0 and (fi|g1) = F(to) > 0. Therefore, fig; #0
and h = min(f;,g;) # 0. This yields

(fIT(e™)g) = (AT "))g))
> (h|T(e™"")g1) = (R|T(e™"=""))h)
= |[T(e="=")2)n* > 0,
which completes the proof of (2). O

Below we recall Nelson’s famous hyper-contractivity theorem.

Theorem 9.30 Leta € B(X) and 1 <p < q<oo. If

lall < (p— 1) (¢ —1)7F,

then Ty (a) is a contraction from LP(Q,dp) to LY(Q,du).

9.4 Wick and anti-Wick bosonic quantization

As elsewhere in this chapter, Z is a Hilbert space, J = Re(Z® Z), V¥ =
Re(Z® Z), CY = Z® Z and CY* = Z & Z. We recall from Subsect. 3.5.6 that
CPols(Y*) is identified with Pols(CY*). We can go from one representation to
the other by analytic continuation/restriction. Thus we will freely switch between
a polynomial in CPoly(Y*) and Poly(Z & Z):

Re(Z® 2) 3 (z,2) — b(zZ, 2),
z@ Z> (51,22) — b(El,zz).
We consider the Fock CCR representation
Y3y ) € U(N(2).

Recall that CCRP°!()) is the %-algebra generated by ¢(y), y € V. It can be
faithfully represented by operators on the space I'i%(Z).

We will define and study the bosonic Wick and anti-Wick quantization. The
Wick quantization is the most frequently used quantization in quantum field
theory and many-body quantum physics.

9.4.1 Wick and anti- Wick ordering

Let b € Pols(Z). Recall that in Subsect. 3.4.4 we defined the multiple creation and
annihilation operators a*(b) and a(b). Note that the possibility of unambiguously
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defining a*(b) and a(b) follows from the fact that Z and Z are isotropic subspaces
of CY for wc.

Definition 9.31 For by, by € Poly(Z) we set

Op® "% (byby) := a*(by)a(by),

Op™” (beby) := a(bs)a* (by).
These maps extend by linearity to maps
CPol,(V*) 3 b — Op” *?(b) € CCRP*\()),
) (9.35)
CPol,(Y*) 3 b +— Op™“ (b) € CCRP*'(Y),

called the Wick and anti-Wick bosonic quantizations.

Definition 9.32 The inverse maps to (9.35) will be denoted by

CCRpol(y) 5B S(g“,a = (CPOls(y#))

CCRP'()) 3 B — s%*" € CPol,(V*).

The polynomial s'g’a, resp. s%’a* is called the Wick, resp. anti-Wick symbol of
the operator B.

Remark 9.33 Suppose that we fix an o.n. basis {e; : i € I} in Z. Every poly-
nomial b € Poly(Z @ Z) can be written as

Z b,,ﬁz”zﬂ,

v,

where v, 3 are multi-indices, that is, elements of {0,1,2,...} . Then

Op* (b)) = > by sa™a’, (9.36)
v,

Op™ (b)) = > by ga’a™. (9.37)
v,

The r.h.s. of (9.36), resp. (9.37) is probably the most straightforward, even if
often somewhat heavy, notation for the Wick, resp. anti- Wick quantization.

More generally, one can assume that Z = L?(Z,d&), where (Z,d€) is a measure
space. Then polynomials on Z can be written as

Z/-"/b(€1,~--§n;§7'm-~-’§{)551 B, R, A

n,m
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and one writes

Zb [STRURY Y S ,§{)a21 -af ag ---ag instead of Op” **(b),

n,m

Z b(&s- &ns by n 1) - -agral, - -af, instead of Op™® (b).

n,m
Thus a’g and a¢ are treated as “operator-valued measures”, which acquire their
meaning after being “smeared out” with “test functions”.

The following theorem is the analog of Thm. 4.38 devoted to the z, D- and
D, x-quantizations.

Theorem 9.34 Let b,b_,b, by, by € Poly(Z, Z).
(1) Op"" (b)" = Op™*" (5) and Op" ™ (b)" = Op" *(b)
(2) Forwe Z,
Op® " (wb) = a*(w)Op® **(b), Op® " (wb) = Op” **(b)a(w),
(09" (), ()] = Op *(WV.b),  [a(w), Op* ™ (5)] = Op"™* (WV=h).
(Q/0p"* (52) = b(0). (9.35)

*

(3) If Op™® (b_) = Op® *(bs), then
by (Z,2) =eV7Veb_ (3, 2)
= (27i)7 [ e GE=20p, (71, 21)dZdz, if dim Z = d.

(4) If Op" " (b1)Op" **(by) = Op™ “(b), then

b(Z,2) = V1 Vb (7, 21)ba (21, )|

Z1=Zz

= (27i) ¢ / e~ FTPE=20p (7, 20 )by (21, 2)d21dzr,  if dim Z = d.

If Op™ (b1)Op™™ (be) = Op™™  (b), then

b(Z,2) = e V71 Vorby (21, 2)ba(Z, 21 )|

z1=2"

Proof 1If we use the complex-wave representation, we see that the Wick, resp.
anti-Wick quantization can be viewed as the Z,Vz, resp. Vz,Z quantization.
Therefore, we can apply the same combinatorial arguments as in the proof of
Thm. 4.38. O

Remark 9.35 The exponentials of differential operators in the above formu-
las can always be understood as finite sums of differential operators, since we
consider polynomial symbols. Note also that in the expression for the anti- Wick
symbol of a product of two operators there is no integral formula.
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The theorem that we state below is what is usually meant by Wick’s theorem.
We will discuss its diagrammatic interpretation in Chap. 20. It is an analog of
Thm. 4.39.

Theorem 9.36 Let by,...,b,,b € CPoly(V*) and

Opa*,a (b) _ Opa*,a (bl) . Opa*,a (bn)

Then
b(z, 2) (9.39)
= eXp (Z v?, 'sz-)bl (21731) e bn <§n’zn)’z:21:---:zn )
i<j
(Q20p" " (b)) (9.40)
= exp (Z V=, -V, )bl (Z1,21) -+ by (E”’Z”’)|0=z1:~-:z,, .
i<j

Proof (9.39) is shown by the same arguments as Thm. 4.39. (9.40) follows from
(9.39) and (9.38). O

9.4.2 Relation between Wick, anti- Wick and
Weyl-Wigner quantizations

Let us assume that dim Z < co, so that the Weyl-Wigner quantization of a
polynomial in CPols(Y*) is well defined.

The following theorem gives the connection between the Weyl-Wigner and the
Wick and the anti-Wick quantizations. We express these connections using two
alternative notations: either we treat them as functions of the complex variables
(Z1,22) € Z® Z, or we treat the symbols as functions of the real variable v €
Re(Z & Z).

Theorem 9.37 Let b_,b,b; € CPol(V*). Let
Op" " (by) = Op(b) = Op™* (b-).
(1) One can express the Wick symbol in terms of the Weyl-Wigner symbol:
by (2,2) = e VoVeb(z, 2)
= (7)™ / e 2GR =)z 2)dz dz,
by (v) = et Vib(v)

= 7r_d/e_(”_“)Qb(vl)dvl.
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(2) One can express the Weyl-Wigner symbol in terms of the anti- Wick symbol:
b(z,2) = eV Vob_(7,2)
= (i)™ / e 2ETR) (7, 21)dZ1d
b(v) = et Vib_(v)
=qg? /e_(’”_’“l)zb,(vl)dvl.

Proof Let by,by € Poly(Z), by (%, 2) = by (Z)by(2). We have
Op"* (bs) = a* (br)a(b)
= Op(b1)Op(b2) = Op(D).

Using the formula for the product of two Weyl-Wigner quantized operators, we
obtain

b(z, 2) = e (Va1 V)@ (Ve Ve p, (2, (22)]
_ e—%(vz—l Vi =Vz, Vs )bl (71 )Bz (Z2)|

= e TV Ve (2)y (2),

(7,2):(?1 722)

(5,25):(?1 7’22)

where in the second line we use the definition (9.6) of the symplectic form w.
This proves the first formula of (1). The second follows from the first, using the
identities of Subsect. 4.1.9. (2) follows from (1) and Thm. 9.34 (3). O

9.4.3 Wick and anti- Wick quantization as covariant and
contravariant quantization

For z € Z, we consider the Gaussian coherent vectors {2, and the correspond-
ing projections P, in I's(Z), defined in Def. 9.9. We will show that the Wick,
resp. anti-Wick quantizations coincide with the covariant, resp. contravariant
quantization for Gaussian coherent vectors.

Theorem 9.38 (1) Let B € CCRPY(Y). Then for all z € Z, Q. € Dom B and
$49(Z,2) = (L|BQ.), z€Z. (9.41)
(2) Let b € CPols(Y*). Let the dimension of Z be finite. Then

Op™® (b) = (2mi) ¢ / b(z,%)P.dzdz. (9.42)

(The integral should be understood in terms of a sesquilinear form on an
appropriate domain.)

Proof Let by, by € Polg(Z). Set

b(Z, 2) :=b1(Z)b2(Z) € Poly(Z @ Z).
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Then

(Q.]0p" (b)) =

—~

Q[a”(b1)a(b2)$2:)
QW (iz, —iz)a™ (b1 )a(by )W (—iz,iz)R2)
Ql(a®(b1) + b1(2))(a(b2) + by @)Q)

12)2(Z) = b(z,2).

This proves (9.41). Next, we compute

—~

I
N

=

Op"*"(b) = a(bs)a” (by)
= (27ri)_d/a(bg)Pza*(bl)dEdz

_ (2ni)~ / W(iz — i%)(a(by) + 5 (3)) Py (a* (b)
+01(2))W(—iz + iz)dzdz
— (2i)~ / B2 (@)1 () P.dzdz = (27i)~ / b(Z, 2)P.dzdz.

This proves (9.42). O

Remark 9.39 Thm. 9.38 (1) says that the Wick symbol coincides with the
covariant symbol defined with the help of Gaussian coherent states. Thus, using
the notation of Sect. 8.5, (9.41) can be denoted s (Z + z). (Strictly speaking,
however, operators in CCRPOI())) are usually unbounded, so they do not belong
to the class considered in Sect. 8.5.)

Thm. 9.38 (2) says that the anti-Wick quantization coincides with the con-
travariant quantization for Gaussian coherent states. Thus, using the notation
of Sect. 8.5, (9.42) can be denoted Op*(b). (Strictly speaking, however, func-
tions in CPol(YV*) usually do not belong to Meas' (V*) + L>®(V*), so they do
not belong to the class considered in Sect. 8.5.)

9.4.4 Wick symbols on Fock spaces
So far, we have defined the Wick symbol only for operators in CCRP'()). In
this case, it is a polynomial on Re(Z @ Z).
We will now extend the definition of the Wick symbol to a rather large class
of quadratic forms on I'y(Z).

Definition 9.40 Let B be a quadratic form on I's(Z) such that Q. belongs to
its domain for any z € Z. We define the Wick symbol of B as

5% (%, 2) = (2| BLL). (9.43)

By Thm. 9.38 (1), the above definition of the Wick symbol agrees with Def.
9.32 for B € CCRP°!(Y). In (9.43), the Wick symbol is viewed as a function
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on Y* = Re(Z ® Z). An alternative point of view on the Wick symbol uses
holomorphic functions on Z & Z.

Proposition 9.41 The holomorphic extension of (9.43) to Z® Z (see Def.
5.81) is

*

S(IB “ (57 ZQ) = 6721'22+%31'Z1+%72 2 (QZ1 |B922)

Proposition 9.42 Let B be a positive closed quadratic form such that Ti"(Z)
Dom B and for each z € Z the series

> 1

Z ﬁ(zmle@m)ﬁ

is absolutely convergent. Then the Wick symbol of B and its holomorphic exten-

n,m=0

sion are
s;‘;-“(z,z) — T2 i L(2®"|Bz®m)i, (9.44)
wimzo V! vl
G =T Y I GPBST) . (045)
Proof Recalling that
_lz, — 2"
Q, =e 2 ngo ﬁ’

and using that B is closed, we see that 2, € Dom B and (2, |B2,) is given by the
convergent series in (9.44). Applying the Cauchy—Schwarz inequality, we obtain
that the series in the r.h.s. of (9.45) is absolutely convergent. Then we use Prop.
9.41. d

In the following proposition we compute the Wick symbol of various operators
in the sense of Def. 9.40:

Proposition 9.43 (1) For h € B(Z), we have sf;;’(ah)(?, z) =z-hz.

(2) If p is a contraction on Z, we have s;(pa) (z,2) = e7#*T7P2,

Example 9.44 The anti- Wick, Weyl-Wigner and Wick symbols of Py = |Q)(Q]
(the projection onto Q) are given below (compare with Examples 4.42 and 8.74):

Saﬁna (z,2) = (27T>d§07
sp, (Z,2) = 2d672?'2,
a*,a

SP() (E’ Z) = e—?z-
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9.4.5 Wick quantization: the operator formalism

Recall from Subsect. 8.5.3 that in general it is easier to find the covariant symbol
of an operator than to compute the covariant quantization of a symbol. This
remark applies to the Wick quantization. In this subsection we will describe this
more difficult direction.

It is convenient to represent Wick symbols as operators acting on the Fock
space. We need, however, to restrict ourselves to a rather small class of such
operators.

Recall that N is the number operator and 1,3 (IV) is the orthogonal projection
from T's(Z) onto I'? (Z).

Definition 9.45 For b € B(I(Z)), set by = L,y (N)b1y,, 3 (N). Let

B (T4(2))
= {b € B(FS(Z)) . there exists ng such that b, , =0 for n,m > no}.

Definition 9.46 Let b € Bfi» (FS(Z)). Then we define its Wick quantization,
denoted by Op® " (b), as the quadratic form on T (Z) defined for ®, ¥ € T (Z)
as

Inlll m, VL

. n'm'
(q)|0pa 7a(b)\Ij) = Z Z (I)|bn k,m—k ®]l®k )
n,m=0 k=0
= = V(A E)(m+k)!
=y S YRR g, gt
n,m=0k=0 ’

The above definition is essentially an extension of Def. 9.31.

Proposition 9.47 Letb € B (T'y(Z)). Set B = Op™ " (b), with the Wick quan-
tization defined as in Def. 9.46. Then the Wick symbol of B in the sense of Def.
9.40 and its holomorphic extension are

sE0E ) = > (2% bm), (9.46)
n,m=0
sy (71, 2) = Y (A7 |bE™). (9.47)

n,m=0

Consequently, if b € CPoly(Y*) ~ Pol(Z ® Z) is identified with b € B™ (Is(Z))
with the help of (9.46) or (9.47), then Def. 9.31 coincides with Def. 9.40.
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Proof B clearly satisfies the hypotheses of Def. 9.40, since b € Bfi» (I‘S(Z)).
Using (9.44), we obtain

a*,a /= Zz — 1 n m
s (7 2)e T = Y (22" B2

Nt S
= Z y(z'z)k(zég(n_k)|bn—k,m—k3®(m_k))
n,m=0 k=0 ’
oo oo 1 oo
S S L ) = 3 (i
n,m=0k=0 n,m=0

) ) 0

In the following identities it is convenient to use the new, more general defini-
tion of the Wick quantization:

Proposition 9.48 In the following identities b € Bi» (FS(Z)), heB(Z)C
B (I4(2)), p € B(Z1, Z2).

“(h)

[dT(h), Op“ ()]
I'(p)Op" ™" (bF(p)) = Op* "l(F(p

T(p ) “(b)

I'(p)Op" " (b)L'(p")

The following proposition describes the special class of particle preserving
operators:

Proposition 9.49 Ifb e B(I'""(Z)), then

(m+k)! (‘I)|b®]lk )

mlk!

[
MS

% ((I)lopa*,a (b)\I/)

>
Il
—

I
18

Z ((p|b:rll7+k;lm \Il).

1<ii< - <ip <m+k

>
Il
—

The operators bm”‘ € B(T"t*(2)) are defined as follows:

btk =0(0) b 12" O(0)"! € BT (2)),
where o € S, is any permutation that transforms (1,...,m) onto (i1,...,in).
Thus b’””- is the “m-body interaction” acting on the ii-th,.. through i,, -th

1111 Z‘VVI
partzcles
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9.4.6 Estimates on Wick polynomials

Let b € B(I'4(Z),I%(Z)) C B™(T4(2)) for p, ¢ € N. The following estimates are
known as N, estimates.

Proposition 9.50 Let m > 0 be a self-adjoint operator on Z. Then for all ¥y,
Uy € Ts(Z) one has

( (dF(m)_p/Qllll 10p®"® (b)dT (m) =/ 2\1/2) ‘
< [T (m) 700 (m) =2 || Wy ||| . (9.48)

In particular, Op® *°(b) extends to an operator on Ts(Z) with domain
Dom N(IH"])/Q'

Proof Noting that NOp® *?(b) = Op® **(b)(N + p — q), we see that the second
statement follows from the first for m = 1.

To prove the first statement, we will assume for simplicity that Z is separable
(the non-separable case can be treated by the same arguments, replacing
sequences by nets). It clearly suffices to prove (9.48) for Wy, ¥y such that ¥; =
I(m)¥;, where 7 is a finite rank projection. Moreover, if (m,) is an increasing
sequence of orthogonal projections with s — limm,, = 1, and if b, = I'(m,,)bI'(m,,),
it suffices to prove (9.48) for Op® **(b,). Therefore, we may assume that Z is

finite-dimensional. Let (eq,...,e,) be an o.n. basis of eigenvectors for m and
mi = (ex|mey). For k= (k1,...,kq) € N?, we define e} as in Subsect. 3.3.5. We
set

Let us consider the operator

e I(Z2) - T(2)® Z,
U ale)P ey,

and define by induction
T Ay = (AT 2) A
It is easy to verify that

Z |” eV @ ep = Z a(fp)¥ ® fr. (9.49)

ll=q ' ltl=q

Since {ff}lf\:q is an o.n. basis of ®!Z, we have

b= > b b= (il

[kl=p,lll=q
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and hence
Op ™ (b) = bra” (1fi))a((f)- (9:50)
k|=p.lll=q
From (9.49) and (9.50), we get that
Op" " (b) = A (Ir,(z) ® D) A,. (9.51)
Inserting factors of I'(m)?, we see that (9.48) follows if we prove that
1y, (z) ® T(m)* A,dT(m) /2| < 1. (9.52)
To prove (9.52), we note that, first for « = 1 and then for any o € R, one has
AdT'(m)* = (dT(m) ® 1z + Iy (z) @ m)" A. (9.53)
Applying (9.53) for a = —%, we obtain by induction on ¢ that

A,dT(m)~9/2

-

= (4811 5) (AD(M) @ Tgy1 5 + T () @ AT (m)) * Ay1dT(m) =012,

and hence

(ﬂmz) ® ¢ (m)%) A,dD(m) =/

o=

= (((r,zmy@mh)A)@ly ) (arm) @ Iy 5 + I (z) @ AT (m))
x (nrs<z) ® rq—l(m)%) Ag_dD(m)~(a=1/2, (9.54)
As a special case of (9.51), we have
dT'(b) = A* (I, (z) @ m) 4,
which implies that
(B, (z) @ m*) AdT(m)~*[| < 1.

Clearly, this implies that the first factor in the r.h.s. of (9.54) has norm less than
1, which implies (9.52). O

9.4.7 Bargmann kernel of an operator

Recall that in Def. 9.12 for any ¥ € T';(Z) we defined its complex-wave transform
TV € L%(Z,e **dzdz). In the context of the complex-wave transformation
one sometimes introduces the so-called Bargmann kernel of an operator, which
can be used as an alternative to its distributional kernel, and also to its Wick
symbol.

For simplicity, in (2) and (3) of Prop. 9.52 below we assume that the dimension
of Z is finite.
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Definition 9.51 Let B € Bi*(T(Z)). We define the Bargmann or complex-
wave kernel of B as
— ad 1
ZHZ> (27 2’2) N BBar(Z’ 22) . n; ®n |Bﬁ ®m)
= (e” GV Q|Be" (2)Q).

Proposition 9.52 (1) The relationship between the Bargmann kernel and the
Wick symbol of an operator B on I's(Z) is given by the following identity:

BBM(Z, 22) _ ez.zz s“B*’a(ﬁ» ZZ) _ ezzl z1+ Zo- ZQ( . ‘BQZQ)

(2) Let B € B (T4(2)), ¥ € Ti"(Z). Then one has
(T°V BW)(z,) = (2mi) ¢ / BB (21, )T W(2y)e 2 * dZpdzy.  (9.55)
(3) Let By, By € B (I'\(Z)). Then

(Bl BQ) (2’1 R ZQ) (27Ti)_d / BPM (El s Z())Bgar (Eo, 22)6_50 0 dzodzg.

(9.56)
Proof (1) is obvious. To prove (2) and (3) we use
1= (2ni)~¢ / P.dzdz. (9.57)
We obtain
(0, 1BY) = (2m) [ (2, 1B (0, [)dzadz, (9.58)

(., |B1 By, ) = (2mi) ¢ / (Q, |B1, ) (R | B, dzodZ.  (9.59)

Now (9.58) implies (2) and (9.59) implies (3). O

9.4.8 Link between the two Wick operations

In this subsection we use the conventions of Subsect. 9.3.1. In particular, we con-
sider a real Hilbert space X equipped with a positive operator c. We consider the
Kihler space with involution (2¢)~2 X & (2¢)2 X equipped with the Kéhler anti-
0 —(2¢)7!
2c 0

w.r.t. the covariance c is given by

involution j = { } (see (9.22)). Recall that the Wick transformation

G(x):=e ~3 Ve Ve Q).

The following proposition explains the link between the Wick transformation on
functions on X and the Wick ordering of operators.
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238 CCR on Fock space

Proposition 9.53 Let F' € CPoly(X). Then
Op" " (F) = :F (e )5,
where on the r.h.s. we use the functional calculus, as explained in Remark 8.27.

Proof From Thm. 9.37, we have Op” *(F) :Op(e_flivi F). Setting V, =
(Vz,Ve), we have

V2 =V, 2V, + V¢ - (2¢) ' Ve.

v

Thus, on a function that depends only on x, we have
e Vi F(z) = e 3V Ve F(x) = :F(x)-.

Furthermore, for such functions the Weyl-Wigner quantization coincides with
the functional calculus. O

It is often convenient to use multiplication operators expressed as :F' (2, ):, as
explained in Prop. 9.53. In particular, let w € CX. Recall that

W+ Tpy = a*(w) + a(W).

For later use let us note the identity

(W - Ty P = zp: (p) a* (w) a(@)P . (9.60)

r
r=0

9.5 Notes

The essential self-adjointness of bosonic field operators was established by Cook
(1953).

A modern exposition of the mathematical formalism of second quantization
can also be found e.g. in Glimm-Jaffe (1987) and Baez—Segal-Zhou (1991).

The complex-wave representation goes back to the work of Bargmann (1961)
and Segal (1963). Therefore, it is often called the Bargmann or Bargmann—Segal
representation. The name “complex-wave representation” was coined by Segal
(1978); see also Baez—Segal-Zhou (1991).

The name “real-wave representation” also comes from Baez—Segal-Zhou
(1991). The properties of second quantized operators in the real-wave repre-
sentation were first established by Nelson (1973). The proof of Prop. 9.29 (1)
follows Nelson (1973), and that of Prop. 9.29 (2) follows Simon (1974). Nelson’s
hyper-contractivity theorem, Thm. 9.30, is proven in Nelson (1973).

The Wick theorem goes back to a paper of Wick (1950) about the evaluation
of the S-matrix.

The “N, estimates” were used in constructive quantum field theory and are
due to Glimm-Jaffe (1985).

Wick quantization in the context of particle preserving Hamiltonians is used,
for example, in Derezinski (1998).
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