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SIZE OF PIECES IN DECOMPOSITIONS INTO THE FIRST
UNCOUNTABLE CARDINAL MANY PIECES

WILLIAM CHAN, STEPHEN JACKSON"*, AND NAM TRANG

Abstract. Within the determinacy setting, 22(wy) is regular (in the sense of cofinality) with respect
to many known cardinalities and thus there is substantial evidence to support the conjecture that (1)
has globally regular cardinality. However, there is no known information about the regularity of 22(w;). It
is not known if 22(w,) is even 2-regular under any determinacy assumptions. The article will provide the
following evidence that ?(w,) may possibly be w;-regular: Assume AD™. If (4, : @ < @) is such that
P(w) = Ua<e, Aa- then there is an & < o so that (4| < |[w2]<2]).

§1. Introduction. A cardinality is an equivalence class under the bijection relation
on the class of a sets. The cardinality of X is denoted |X| and consists of all sets
in bijection with X. Cardinalities are ordered by the injection comparison relation:
|X| < |Y|if and only if there is an injection of X into Y. A cardinal is an ordinal
which does not inject into any smaller ordinals. Assuming the axiom of choice,
every cardinality has a unique cardinal as a member. The axiom of choice will not
be assumed here.

If k is a cardinal, then the classical definition of the cofinality of x is cof () is the
least cardinal § so that there is an increasing function p : § — & so that sup(p) = «.
An equivalent definition is that it is the least ordinal ¢ so that for all y < J and
function @ : k — 7, there is an a € y so that |® ! [{a}]| = &.

In choiceless settings, cardinalities no longer have unique cardinal members since
sets may not well-orderable. The collection of cardinalities are also no longer well-
ordered by the injection comparison relation. In [8], the authors developed a robust
notion of regularity and cofinality in the choiceless setting.

Let X be a set and Y be a class. X is said to have Y-regular cardinality if and
only if for every function ® : X — Y, there is a y € Y so that |®'[{y}]| = | X|.
A set X is said to be locally regular if and only if for all sets ¥ with | Y| < |X].
X has Y-regular cardinality. A set X is said to be globally regular if and only if
for all sets Y which are surjective images of X and —(]X| <|Y|). X has Y-regular
cardinality.
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2 WILLIAM CHAN, STEPHEN JACKSON, AND NAM TRANG

Since cardinalities are not well-ordered under the injection comparison relation,
the natural definition of the cofinality of a set is formally a proper class:

e The local cofinality of a set X is the class

lcof (X) ={Y : (3Z)(]Z| = |Y| A Z C X A X does not have Y-regular
cardinality)}.

e Let Surj(X) be the class of all sets onto which X surjects. The global cofinality
of a set X is the class

geof (X) = {Y € Surj(X) : X does not have Y-regular cardinality}.

Observe that if X has locally regular cardinality, then Icof (X)) = | X| and if X has
globally regular cardinality, then gcof (X) = {Y € Surj(X) : |[X| < |Y]}.

The following summarizes some of the results obtained by the authors
in [8] concerning regularity and cofinality. If « is an ordinal, then lcof(a) =
{X :Jeof(a)| < |X| < |a|} and geof(a) = {X € Surj(a) : |cof (a)| < |X|}. Thus
Icof () = geof (). If & is a regular cardinal, then « has globally regular cardinality
and Icof (k) = gcof (k) = |k|. Thus the choiceless theory of regularity and cofinality
for well-orderable sets has a strong resemblance to the usual theory of cofinality in
the choiceful framework.

Assuming AC§ and all sets of reals have the perfect set property, R has locally
regular cardinality and Icof(R) = |R|. Under AD", Woodin’s perfect dichotomy
[3, 6] implies that R has globally regular cardinality and gcof (R) = {X € Surj(R) :
X is not well-orderable}.

Ey is the equivalence relation on “2 defined by x Ey y if and only if
there exists an m € w so that for all n € w, if m <n < w, then x(n) = y(n).
Under AD*, Hjorth’s dichotomy [12] implies that R/Ey is globally regular and
gcof (R/Ey) = {X € Surj(R) : X is not linearly orderable}.

Under ACE and all subsets of R have the property of Baire and the perfect set
property, |R| and |w;| are incomparable cardinalities. This can be used to show that
R U w; does not have 2-regular cardinalities. Thus gcof (R U w;) = {X € Surj(R) :
|X| > 2}. Under the same assumptions, R x w; does not have R-regular cardinality
and does not have w-regular cardinality. Under AD". the Woodin perfect set
dichotomy will show that gcof (R x w;) = {X € Surj(R) : X is uncountable}.

Martin showed that w; —. (w1)2}, and w; —. (wz)igg under AD. The partition
properties on w; can be used to show that for all ¢ < w;, [w;]* has w-regular
cardinality. If ¢ < w;, then [w;]® does not have w-regular cardinality since
[0 = U5<w1[5]w1 by the regularity of w; and since |[0]°| < |R| < |[w |- The
partition relation on w; can be used to show that for all ¢ < w,, [wy]° has
wi-regular cardinality. If ¢ < w,, [02]° = <, [0]° and hence as before, [w,]° does
not have w,-regular cardinality.

The strong partition property w; —. (w;);" can be used to show that for
each 1 < wy, [w1]=”! has A-regular cardinality. [w;]<®! does not have w;-regular
cardinality since [w(]<?! = UKw1 [01]F and |[o1]°] < |[1]<1| for all ¢ < ;.

At the present time, the regular cardinals, R, and R/ E are the only known locally
or globally regular cardinalities. () is the most natural candidate for another
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globally regular cardinality. The most important conjecture concerning regularity
and cofinality is that £(w;) has globally regular cardinality. [8] has amassed
substantial evidence that £(w;) should be globally regular under determinacy
assumptions. () is regular with respect to essentially every set (which does
not already have an injective copy of Z(w;)) for which one currently has a practical
understanding: [5] showed that w; —, (w;);" implies that 2(w;) has ON-regular
cardinality. One of the main results of [8] is that w; —. (wl)i’lul implies that
P(w1) has <?1ON-regular cardinality. (It is open if the strong partition property
@i — (w;);" implies the very strong partition property w; —, (w1)2}, : however.
the very strong partition property on w; is a consequence of AD.) Assuming AD™,
P(w) is regular with respect to quotient of many familiar Borel equivalence
relations. If E is an equivalence relation with all classes countable, then 92(w,) has
R/E-regular cardinality. If E is Ey, E|, E,, a countable Borel equivalence relation,
an essentially countable equivalence relation, a hyperfinite equivalence relation, a
hypersmooth equivalence relation. or more generally a £} equivalence relation which
is pinned in any model of ZFC (in the sense of Zapletal [21]). then Z?(w;) has
R/E-regular cardinality. The Friedman-Stanley jump of =% is not a pinned
equivalence relation. Its quotient “R/ =" is in bijection with 2, (R). the set
of countable subsets of R. One can still show that &(w;) has £, (R)-regular
cardinality under AD™.

As mentioned above, [w;]<*2 does not have w,-regular cardinality. Intuitively,
one would expect [w,]<“2 to at least have w;-regular cardinality. Above, it was
remarked that the strong partition property w; —. (w1)5' implies [w;]<*! has
w-regular cardinality. However, w; is a weak but non-strong partition cardinal and
thus the argument for [w;]<*! does not apply for [w;]<*2. Similarly, the intuition is
that £(w,) should be highly regular and perhaps globally regular.

However since w, is weak partition cardinal which is not a strong partition
cardinal, [,]<?2 and P(w,) seems just out of reach of the partition arguments
and Martin’s ultrapower analysis of w,. (Surprisingly, [,]<“2 and more generally
[,]<?2 for 2 < n < w can still be analyzed through the ultrapowers by measures
on w; as shown in [8]) Unlike #?(w;). nothing is known about the cofinality of
P(w,). For example, one does not know if Z(w,) even has 2-regular cardinality.
The goal of this article is to produce some evidence that [w;]<“2 and P(w;) could
have 2-regular cardinality or more generally could have w;-regular cardinality. (In
the forthcoming [8]. the authors have shown that [w;]<*2 and even [w,]<*2 are
wi-regular forall2 < n < w.)

If [w2]=*2 does not have w,-regular cardinality, then one can decompose [cw,]<*2
into an w-length sequence of disjoint sets (A4, : @ < w;) so that |4,| < [[w2]<*2|.
Although the structure of the cardinalities below [w,]<*2 is far from understood,
perhaps the largest natural cardinality of combinatorial flavor strictly below
[w2]<?2 is [w,]”'. An instance of w;-regularity for [w,]<“2 would be to show
that [w;]<?2 cannot be a union of w;-many sets (A, :a < w;) so that each
[ o] < [[w2]™1].

Perhaps the largest natural cardinality strictly below P(w,) is [[w2]<*2|. An
instance of w-regularity for %(w,) would be to show that (w,) cannot be a
union of w;-many sets (4, : @ < @) so that each |4,| < [[w2]<*2].
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The main results of this article will verify these two instances of w;-regularity:

e (Theorem 3.18) Assume ADT. If (4, :a < wp) is such that [wy]<?2 =
Ua<w, Aa- then there exists an a < @ so that =(|4a| < [[w2]*1]).

e (Theorem 3.19) Assume AD". If (4, :a <) is such that P(w;) =
Ua<w, Aa- then there exists an a < g so that —(|4a| < [[w2]<*?).

Recently, the authors in [8] have fully verified under AD the conjecture that [w;]<*2
is w;-regular: For any (4, : @ < w;) such that [w,]<*2 = U(Kwl A, there is an
a < wy so that |A4y| = |[[w2]<*2]. (More generally, for all 2 < n < w, [0,]%%2 is
wi-regular.) The verification of w;-regularity for [w;]<?2 (or more generally, [w,,]<“2
when 2 < n < w) uses a very technical analysis of the ultrapower of w; by the club
ultrafilter on w; where the type or length of a function into w; represented by a
function f : w; — w is not fixed by varies with f. It is still not known if 2(w;) is
2-regular.

For each 1 < n < w, the projective ordinal 5,1, is the supremum of the length of
A} prewellorderings on R. It can be shown that for all n € w. 63, o= (65, )T
6% = w; and 6; = wy. Also 6; = Wy and 6}1 = wy,12. The last section will show
that the results for ; and w, can be generalized to each odd projective ordinal 63, 41
and the next even projective ordinal 63, -

o (Theorem 4.39) Assume AD*. Let n € w. If (44 :a < 55n+1> is such that
1 - 1
P(05,.7) = U‘K‘;%nﬂ Aq. then there is an o < d,, ; so that —=(|4q| <

1
[63,, 5] 2=2)).

§2. Cardinality of sets of functions on ordinals. ZF will be assumed throughout
and all additional assumptions will be made explicit.

DEerINITION 2.1. If X and Y are sets, then let ¥ Y be the set of all functions from
XtoY.

If § is an ordinal and X is a set, then let X = (J,_;°X.

If 6 and A are ordinals and X C /. then let [X]° be the collection of all increasing
functions f : 6 — X. Let [X]<° = |J,_;[XT.

If J is a cardinal and X is a set, then let 225(X) = {4 € P(X) : |A| < J}.

If 6 < A are ordinals, then let IB(6,4) = {f €°4: (Va < J)(sup(f [ a) < A)}.

This section collects some basic results concerning the cardinality of sets of the
form [A]°. 94, and [A]<°.

Fact2.2. Letd < 1 beordinals such that o is a cardinal. Then
‘<(5/"L‘ .

[A1°] = |25(2)] =

PROOF. Let @ : [A]<° — Z5(A) be defined by ®(f) = rang(f). ® is a bijection.

Let m:AxA— 4 be a bijection. For f € <4 let Gy={n(a.f):ac
dom(f) A f(a) = B}. Note that since dom(f) € § and J is a cardinal. |G| < J.
Thus G, € P5(4). Define W : <94 — P5(1) by ¥(f) = G,. V¥ is an injection.
The previous paragraph showed that there is a bijection of ZZ;(4) into [A]<° and
[A]<¢ C <°J. Thus there is an injection ¥ : Z25(1) — <°A. By the Cantor—Schroder—
Bernstein theorem, [</| = | 25(4)| = |[A]<°|. 8
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Say an ordinal A is indecomposable if and only if for all o, f < 4, @ + f < 4, and
a-f<i

Fact 2.3. If6 < J are ordinals and ). is indecomposable, then |IB (5. A)| = |[2]°|.

PrOOF. For f € IB(5. /). define ®(f) € [A]° by recursion as follows. Suppose
for all f<dJ., ®(f) B has been defined and for all < fB, O(f)(a)<
sup(f Ta+1)-(a+1) <A Then sup(®(f) [ B) <sup(f [B) -B< i since
sup(f | B) < 4 and 4 is indecomposable. Let ®(f)(B) = sup(®(f) | B) + f(B).
which is less than 4 since / is indecomposable. Then ®( f)(f) = sup(®(f) | B) +
SB)<sup(f I B) - B+ f(B)<sup(f [B+1) (B+1)<4Asince 4 is indecom-
posable.

This defines @ : IB(J, ) — [A]°. Note that for all o <. f(a) is the unique
ordinal y so that ®(f)(a) = sup(®(f) | «) +y. Thus @ is an injection. Thus
|[IB(3.2)| < |[[AP|. Since [ CIB(d.4). |[AP| < |IB(d.5)]. By the Cantor—
Schroder—Bernstein, [[A]°| = |[IB(J. 4)|. .

Fact 2.4. Let § < A be ordinals such that . is indecomposable and § < cof(A).
Then |°| = [[AP].

~ PrOOF. Suppose ¢ < cof(4). For all f € °),and a < d, sup(f | a) < A. Thus
°J.C B(5.4). Thus |°4] = |B(6. A)| = |[A]°| by Fact 2.3. .

FacT 2.5. Let 6 < A be ordinals such that ). is indecomposable, cof (§) = cof (1),
and § < cof (1)F. Then |°4] = |[2]°|.

ProoFr. Note that [?2| = |©f(}] since |0| = [cof (§)|. By Fact 2.4, [*°f)]] =
[[A]°f@|. Thus 4] = |[A]°°")]|. Thus it suffices to produce an injection of [A]<!?)
into [A]°. Let p : cof (1) — &. Since 4 is indecomposable, § - 4 = /. For each o < /.
let () be the least # < cof (1) so that a < p(f). For f € [A]°") let ®(f) : 0 — 4
be defined by ®(f)(a) =0 - £ (i1()) + c. One can check that for all f e [A]f4),
O(f) € [AF and @ : [A]°f?) — [A] is an injection. .

FAcT 2.6. If k is a measurable cardinal (has a k-complete nonprincipal ultrafilter
on k), then for all § < k, there is no injection of k into 2(5).

PROOF. Suppose @ : k — () is a function. Let u be a k-complete nonprincipal
ultrafilter on k. For each a <J and i € {0,1}, let 4] = {f <k : ®P(B)(a) =i}
(where elements of () are identified with elements of °2). For each a < 6. let i,
be the unique i € {0, 1} so that A’ € u. Since u is k-complete. (),_s Al € p. Let
f €92 be defined by f(a) = i,. Since u is nonprincipal. let a; < oy < 6 so that
o, € (s Ale. ®(a1) = f = ®(az). Thus @ is not an injection. 4

Under AD, w; is a strong partition cardinal and w, is a weak partition cardinal.
Thus w; and w, are measurable cardinals. More generally, & ;n 41 isa strong partition
cardinal and d}, > Is a weak partition cardinal. (It is known that & ! = wye1 and
) i = Wy42.) (See[6, 18] or [19] for more information concerning partition properties
under AD and the associated measures.)

If & is a cardinal, then one says boldface GCH holds at « if and only if there is no
injection of kT into Z(k). Boldface GCH holds below « if and only if boldface GCH
holds at all & < . Fact 2.6 implies the following result.
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Fact 2.7. Assume AD. Boldface GCH holds at o and .

Recently, the authors [7] have shown boldface GCH below w, using purely
combinatorial arguments assuming AD (in fact, just assuming w; — (a)l);’l and
the ultrapower of w; by the club measure on w; is w,). Steel [25, 26] showed that
if L(R) = AD, then L(R) = “boldface GCH holds below ®” using an inner model
theoretic analysis of HOD. Thus by the Moschovakis coding lemma, it is a theorem
of AD that boldface GCH holds below ®*®). More generally, Woodin showed that
AD" implies the boldface GCH holds below ©.

Fact 2.8. Suppose /. is cardinal and 4 does not inject into P(k) for any k < A.
Then =([[21°"] < | U< s l61])-

PROOF. Suppose there is an injection @ : [A]"" — (J;_ _;[k]. Let O C

[A]°f?) x A x 1 be defined by (f.a.f) e ® if and only if o € dom(®(f))
and ®(f)(a) = B. L[®]  ZFC. In L[®], define ¥ : [A]° — J;..,[k]° by
¥(f)(a) = B if and only if ®(f. v, f). Note ¥ € L[®] and L[D] = V¥ : [4]©°'@) —
Us<nc [k]? is an injection. If there are 6 <& < A so that L[®] | 4 < |[k]’|,
then there is an injection of A4 into [k]° C P(k) in the real world. This

contradicts the assumption that 4 does not inject into 2(/@) for any k < A.
Thus L[®] = | Us<.;,[6]°| = 2. By a theorem of ZFC. L[®] |= |[A]°f¥)]| > A*.

It is impossible that L[®] = ¥ : [A]<f?W) — Us<real£]’ is an injection. .

Fact 2.9. Suppose k is a regular cardinal and there is no injection of k into 2(5)
for any 6 < k. Then |[k]<"] < |2(k)|.

ProoOF. It is clear that |[x]<"| < |Z(k)|. Since & is regular, [k]<" = U(5§#<H[/1]5.
By Fact 2.8, ~(|2(k)| = |[£]"] < | Us<er 1l = [£]1°%). B

Since Martin showed that w, — (w,)3 (and in fact, w, — (w,)j for all & < ;).
, 1s a regular cardinal.

FacT 2.10.  Assume AD. [[02]%2| < | P(w,)].
Proor. This follows from Facts 2.7 and 2.9. =

Fact 2.11. Let 6 < A be ordinals such that cof (1) < cof (§) and A does not inject
into P(k) for all k < A. Then |[A°] < |°J].

ProoF. It is clear that [1]° C°A. Since cof(6) # cof(4), [A]° =
Uu<neil6]. Define ¥ : [ — 97 by

n</1[K’]o g

f(a) a < cof (4)

Fle) =14 cof()) <a

¥ is an injection. Thus if there was an injection of °/ into |[A]°|. then there would

be an injection of [4]°°"*) into  J <nei[K]¥, which contradicts Fact 2.8. .

ExamPLE 2.12. Assume AD. Recall Steel showed the boldface GCH holds below
OL®) (and one can directly use the analysis of the ultrapower by the finite partition
measures on @; to show the boldface GCH below @, 41).
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(1) [[wo]®'] < |*'@wy|. This follows from Fact 2.11. The cardinality of the
collection of the increasing sequences can be smaller than the cardinality
of the collection of all sequences.

(2) IB(w1, wy)| = [0y + @]?'] < [IB(w1, 0y, + )] = |*H (0w + ®)|. To see
this: Note that [w, + @]“! = [w,]“! C U5<n<ww[h§]5. Thus by Fact 2.8,
[@w,]“1 does not inject into | J;, <(Uw[/{](5 and thus does not inject into
[ + w]?t. However [w,]“! C IB(w;, ®, + ). This shows that |[w, +
w]”t| < |IB(w;, w, + w)|. Notice that w,, + w is not indecomposable. This
shows that the indecomposability assumption of Fact 2.3 is necessary.
Also since [0, + 0]t = [0,]", [[0y + 0] = [[0,]"1] = |IB(wlsww)‘
by Fact 2.3. Note that “'(w,) C IB(w,w, + ) C 1 (w, +w) and
U (e + )| = |1y, |. Thus [ (w, + )| = |IB(w;, @, + ®)|. This shows
that |[w,, + ©]?!| < |1, + o).

Facr 2.13.

o [9] (AD)[w1]<®! does not inject into ®(wy,).

o [9] (AD 4 DCR) [w1]<®! does not inject into ®ON, the class of w-sequences of

ordinals.

o [10] More generally. if &k — (k)5" (k is a weak partition cardinal). then [K]<*

does not inject into *ON. for all ). < k.

Fact 2.14. Assume AD. [[w7]?] < [[w2]<*2|.

Proor. Under AD, Martin showed that w, is a weak partition cardinal (that is,
satisfies wy —. (w2)5“?). The result follows from the third point in Fact 2.13. -

ExAMPLE 2.15. Assume AD. Note that —(|[w,]?| < |[w,]?1]). This is because if
there was an injection of [w,,]* into [w,, ]!, then there would be an injection of [, ]
into [0, ]! = U, <wcwn, 8171 € Us<rca, [£]° (where the first equality follows from
the fact that [w,,]?! consists of increasing wi-sequences and cof (w,,) = w), which
violates Fact 2.8. Note that =(|[w,]”!| < |[we]?|). This is because [w(]<*! injects
into [w,,]°! and [w]<*! does not inject into “ON by Fact 2.13. Since [, ]! injects
into [we, ], this shows that |[0,]?] < |[We]°1T¢].

See [4] for more information concerning distinguishing sets of the form [£]° and
%k for varying 6 < k < © under ADT.

§3. Decomposition into «»; many pieces.

DermNiTION 3.1. Fix a bijection 7 : v X 0 — w. If x € “w and k € w, then let
x*l € @ be defined by x*1(n) = x(z(k. n)).

If x € 2, thendefine R, C w X w by Ry(m,n)if and only if x(z(m.n)) = 1. Let
field(x) = field(Ry) = {m : (3n)(Ry(m.n) VvV Ry(n,m))}.

Let WO = {w € ®2: R,, is a wellordering}. Let ot : WO — w; be defined by
ot(w) is the order type of (field(w). R, ). If @ < w1, then let WO, = {w € WO :
ot(w) = a}.

DEFINITION 3.2. Leta < w;. Fors € <?a,let N* = {f € “a: s C f}. Give“«a
the topology generated by {N® : s € <“a} as a basis (which is the product of the
discrete topology on ). Then ®« is homeomorphic to ®w with its usual topology.
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Under AD, all subsets of “w have the Baire property and thus well ordered unions
of meager subsets of “w are meager in “w. (For the latter fact: Given a well-
ordered sequence of meager sets whose union is nonmeager, consider the horizontal
and vertical section of the prewellordering induced by the sequence to obtain a
contradiction.) Therefore under AD, for all o < w1, all subsets of “«; have the Baire
property and well-ordered unions of meager subsets of “« are meager in “«.

Fora < wy, letsurj, = {f € “w; : flw] = a}. Forall @ < wy. surj, is comeager
in“a.

If a <, p€<“a, and ¢ is a formula, then let (V;* /)¢ (f) be the assertion
that for comeagerly many f € N ¢(f) holds.

DEFINITION 3.3, For each f €%wi. let Ay ={n€cow:(Vm<n)(f(m)+#
f(n))}. Note forall / € “w;, f | Ay : Ay — f[w]is a bijection.)

For f € “wy. let &(f) € “2 be defined by &(f)(n(m.n)) =1 if and only if
me Ay, ne Ay, and f(m) < f(n). & is a simple form of the Kechris—Woodin
generic coding function for w;, which is developed more generally in [17].

FAacT 3.4. & :%w; — WO and for all « < wy, if f € surj,, then 8(f) € WO,,.

Proor. Note that (field(&(f)). Re(s)) = (4s.Re(s)) is order isomorphic to
(f[As]. <). where < is the usual ordering on w;. Thus &( /') does indeed belong to
WO. Also if f € surj,. then f[4,] = @ and thus &(f) € WO,. =

DeriniTION 3.5, Let (p, : r € R) be some standard coding of strategies
P <“w — o on w by reals. Let E, : R — R be the Lipschitz continuous function
corresponding to the strategy p,. (That s, foreach /' € “w,E.(f) € “w isdefined by
recursion by E,(f)(n) = p,((f(0).E,(f)(0)..... f(n = 1).E.(f)(n—1). f(n))).)
Note that (5, : r € R) is a coding of all Lipschitz continuous function by reals.

If 4,B € R, then write 4 <; B if and only if there is an r € R so that
A = E'[B]. The Wadge lemma under AD asserts that forall 4, B € #(R). 4 <; B
or (R\ B) <, 4.

Martin—-Monk showed that under AD and DCg, < is a wellfounded relation. For
each4 ¢ Z(R).letrk;(A4) € ON be the rank of 4 in <; . Let © be the supremum of
the ordinals, which are surjective images of R. It can be shown that @ is the length
of <; and thus for all 4 € Z(R). 1kz(4) < O.

FAcT 3.6. (Moschovakis coding lemma) Assume AD. Let T be a pointclass closed
under 3%, A, and continuous preimages. Let (P, <) be a prewellordering in . Let k be
the length of (P, <) and ¢ : P — K be the associated surjective norm. If R C P x R,
then there is an S € T with the following property:

e SCR.

o For all a < Kk, there exists a p € P and x € R so that ¢(p) = a and R(p. x) if

and only if there exists a p € P and x € R so that p(p) = o and S(p. x).

The following is a useful coarse consequence of the Moschovakis coding lemma.
Fact 3.7. If k is a surjective image of R (i.e.. k < ©), then R surjects onto P (k).

Fix the following notation which will be used in the discussion that follows:
Let X be a surjective image of R. Fix a surjection 7 : R — X. Let 6 <1< O.
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By Fact 3.7, there is a surjectionw : R — Z(1). If BC R, let Tp = {(x, f) : (3z €
B)(x =n(z) A f = w(zl1)}. Let (4, : a < v) besuch thatforalla < v, 4, C X.
(In this section, v will either be @ or w;.) In the below applications, |4, | < \<‘5/1\
or |A,| < 4] for all < v. Elements of </ or °/ can be identified as elements of
P(2 x 1) orof 2(}) (after coding pairs). Asan example,if 4 C X and® : 4 — <04,
then the graph of @ is T, where B = {z € R : ®(z(z[")) = w(z[1)}.

THEOREM 3.8. Assume AD. Suppose X is a surjective image of R. Let 6 < 1 be
cardinals so that 1 <0 <@ andw < 1 < 0. Let (4, : n € w) be a sequence so that
foralln € w, A, C X. Assume one of the following three settings:

(1) |4, < |<°A| foralln € w.

(2) |4, < [°A] for alln € w.

(3) |A4,| < |[AP| for all n € .

Assume that there is a Z € P(R) so that for all n € w, there exists an r € R so that
Ts 11z is a graph of an injection of A, into <02 in (1) (into 22 in (2) or [AP in (3)).
Then, respectively, the following hold:

(1) |Upeq Al <[4,

(2) | Unew A”' S |()/L‘

(3) [Unew 4l < 112P]-

PROOF. Assume the setting of (1) that foralln € w, |4,| < |<J|.Let R Cw x R
be defined by R(n.r) if and only if Tz, is the graph of an injection of 4,
into <°J. (Recall that Z;'[Z] is the subset of R Lipchitz reducible to Z via the

—

Lipschitz continuous function Z, and Ty, was defined before the statement

of Theorem 3.8.) By ACE. there is a sequence (r, : n € w) so that for all n € .
R(n,r,). Thus for all n € w, TE;}“Z] is the graph of an injection A4, into <°/. Let
®, : A, — <°J be the injection whose graph is Tg 11z For each x € U, ¢, 4n-
let 1(x) be the least n so that x € 4,. Since v <A, let c:wx A — A be a
bijection. Define @ : |, ., A» — <°4 by letting ®(x) € 2] be defined by
D(x)(y) = c(1(x). @, (x)(7)). Suppose x # y. If 1(x) # 1(p). then @(x) # D(y)
since ¢ is a bijection. If 1(x) = 1(y) with common value n € . then ®,(x) # ®,(y)
since @, is an injection. Then again ®(x) # ®(y) since ¢ is an injection. This
establishes that @ is an injection.

In the setting of (2), in which foralln € w, |4,| < |4
same.

In the setting of (3). in which for alln € w. |4,| < |[A]°|. observe that the bijection
¢ :® X A — A may be chosen with the property that for all » € w and o < f < 4,
¢(n,a) < ¢(n. B). (For instance, ¢ derived from the Godel pairing function would
have such property.) Then the resulting function ®(x) defined as above would belong
to [A]°. .

THEOREM 3.9. Assume AD. Suppose X is a surjective image of R. Let (A, : o < 1)
be a sequence so that for all a < wy, A, C X. Let 0 and A be cardinals such that
w <0 < A< 0. Assume one of the following three settings:

(1) cof(8) > wy and for all o < w1, |As| < |04l

(2) Foralla < wy, |Aa| < °A).

(3) cof(A) > wy, and for all « < w.

, the proof is essentially the

Aol <1121

https://doi.org/10.1017/js1.2025.10151 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10151

10 WILLIAM CHAN, STEPHEN JACKSON, AND NAM TRANG

Assume that thereisa Z € P(R) so that for all a < w1, there exists anr € R so that
Tz.11z is the graph of an injection of Aq into [A]<° in (1) (into °J in (2) or into [A)
in (3)). Then, respectively, the following hold:

(1) [Uacw, 4al < <041

(2) ‘Ua<w1 Aa‘ S ‘(SM'
(3> ‘Ua<w1 Aa‘ S ‘[;“](SL

PrROOF. Assume the setting of (1) that for all a < w, |44| < |<4|. where
cof(§) > w;. Since |94\ {0}| = |<°4|, injections from A, into <°/\ {#} will be
considered to simplify notation.

Let WO C R be the IT} set of reals coding wellorderings and ot : WO — @) be the
associated surjective norm given by the order type function. Define R C WO x R
by R(w,r) if and only if Tz is the graph of an injection of Ay, into
<92\ {0}. (WO.ot) is a prewellordering which belongs to the pointclass £3 which
is closed under continuous preimage. A. and 3*. By the Moschovakis coding
lemma (Fact 3.6), there is a Eé set S C R so that for all a < w;. there is a
w € WO, and r € R so that S(w,r). Let <mi€ I} and <si€ 2! be the two norm

relations which witness that (WO, ot) is a H%-norm. Let S (w,r) if and only if
w € WO A (Fv) (v SprwAw <grvA S(v.r)). § € ) and dom(S) = WO. Since

Eé has the scale property, let A : WO — R be a uniformization with the property that
for all w € WO, S(w. A(w)). Thus for all w € WO, R(w., A(w)). For all w € WO,
T, =12 is the graph of an injection of A, into <4\ {0}. For each w € WO, let
@, 1 Ay — A\ {0} be the injection whose graph is T:q( 2y

“Alw

For each x € Ua<w «. let 1(x) be the least o < w; so that x € 4,. Note that
|<?w| = |w|. Let 6 : w1 x <®@; X x L — A be a bijection. Define

T(x) ={o((x). p.n.0) : (3 <O)(¥3"™ £)(e = dom (D) (x))
A <eA@gp(x)(n) =)}
Observe that Y (x) € 22(J).

Fix x € Uy<p, 4a- Let Ky ={p € <*1(x) : (. ) (e (1(x). p.n.{) € T(x)}. If
p € K,. then there is a unique ¢ <J so that (V;"’(" S)(dom(®g (/) (x)) = &).
To see this. suppose & &< are such that (V *’x)f)(dom((D@ y(x)) =e)
and (¥ *”(")f)(dom(%m( )) =) Let do={f € N)™ : dom(®(s)(x)) = &}
and 41 ={f € N dom((ng( (x)) =é}. Ap and A; are comeager subsets
of Np™. Thus Agndy #0. Let h € AgN A;. Then &= dom(®ey(x)) = &.
Let ¢; be this unique ¢ associated with x and p. Let U,,={n<e,:
(30 (a(1(x). p.n.0) € T(x)}. Note that |Uy,| <|ey|. If n € Uy,. there is a
unique ¢ such that o(i(x). p.5.{) € T(x). To see this, suppose (i.(» so that
o(1(x). p.n.C1).0(1(x). p.n.C2) € T(x). Then By ={f € N} : Qg s)(x)(n) =
(1} and By ={f eNI’)(x)' (X)) =2} are comeager in N,’,(x>. ByN B
is comeager in N,’,<x). Let heBoﬂB. Then () = @) (x)(7) = . Let
»y be this unique (. Thus Y(x)={a((x).p.n.(},):p € KiAne Uyl

p-n

~
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Thus [Y(x)| < [U ek, Urpl < sup{ley|: p € Ky} <9 since [Ki| < [<1(x)] = o
because 1(x) < w; and cof (6) > w. Thus Y (x) has cardinality less than J and hence

T(x) € P5(4). It has been shown that Y : | J Ao — P5(A).

Next. one will show that for all x € ., 4 w Y(x)#0. Let @ =1(x). Let
E) : surj, — 0 be defined by E|(f) = dom(CI)e( >( x)). Since well-ordered unions
of meager subsets of “a is a meager subset of “a and surj,, is a comeager subset
of “a, there is some ¢ < J so that E;![{e}] is nonmeager. Let E; : E{'[{e}] — 4
be defined by Es>(f) = ®g(s)(x)(0). Again since E;'[{¢}] is nonmeager and well-
ordered unions of meager sets are meager, there is some { < 4 so that E; {3 s
nonmeager. By the Baire property, there is a p € <“a so that E5'[{{}] is comeager
in Ng. Then o (e, p.0.{) € T(x). T(x) # 0.

Next, it will be shown that T is an injection. Suppose x # y. First, suppose
1(x) # 1(y). Above, it was shown that Y(x) # 0. Let ¢(1(x). p.%.{) € T(x). Since
o isan injection and all elements of Y(y) take the form o (1(y). p.7.£). T(x) # Y(»).
Next, suppose that 1(x) = :(y) and denote this common ordinal by o. Let D =
{f € surj, : dom(®g (s (x)) # dom(®Dg(,())}. First suppose D is nonmeager.
Consider w : D — 5 >< 0 by w(f)= (dom(d)tg(f)(x)), dom(®g()(y))). Since
a well-ordered union of meager sets is meager and D is not meager, there is
some ¢.& < so that @ '[{(e;.&)}] is nonmeager. Without loss of generality,
suppose ¢1 < &. Define ¢ :w '[{(e1.&2)}] = 2 by ¢(f) = @) (»)(e1). Since
@ '[{(e1.&)}] is nonmeager and well-ordered union of meager sets is meager,
there is a { € 4 so that ¢~ [{C 1 s nonmeager By the Baire property, let
P € <“a be such that ¢'[{{}] is comeager in Then a a.p.e. () € XY(y).
However, a(a. p.e1.() ¢ T(x) since (V;* dom(”d)@ =¢;). In this case,
Y(x) # Y(y). Finally, suppose “a \ D i 1s comeager. Let Z wa \ D — ¢ be defined
by Z(f) = dom(®@g (/) (x)) = dom(Dg () (y)). Since “a\ D is comeager. there is
some ¢ <6 so that '[{¢}] is nonmeager. Note that since @) is an injection
for all f €surj(a) (because it is the injection whose graph is T . [Z])

Qg (1) (x) # Dg(s)(y). Define IT: Z'[{e}] — ¢ be defined by II(f) is the least
n <e so that Og()(x)(n) # @) (»)(). Since T '[{e}] is nonmeager. there is
an 7 < e so that IT"'[{»}] is nonmeager. Let [ : TI"'[{n}] — 4 x 4 be defined
by T(f) = (Dg () (x)(n). g () (»)(7)). Since IT'[{5}] is nonmeager, there are
(1.8 € A with ¢ # & so that T7'[{(¢1.¢)}] is nonmeager. Since all subsets of
“o have the Baire property, there is a p € <“a so that I''[{({}, () }]is comeager
in Nyr. Then a(a, p.n.(1) € Y(x) and a(e. p.57.(1) ¢ T(p). Thus T(x) # T(y).
It has been shown that T :J Ay — P5(A) is an injection. Fact 2.2 shows
02| = 12,4

Next assume the setting of (2). The following will sketch the necessary
modifications. By the same argument as above, for each w € WO, there is an
injection @y, : Ay(,) — °4. Let

a<m)

a<m]

Ke={(p.n):p € =1(x) A <6 A (B < D)™ 1) (@es( ) (x) () = O}

For each (p.#n) € K., by the argument provided above, there is a unique { so that
(Vf,”(x)f)(d)@(f)(x)(ry) = (). Thus for each (p.7) € K. let {;;, be this unique (.
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Note that K, C <?1(x) x§ C <®w; x J. Let r <®w; x & — & be a bijection. Let
U @ X A — A be a bijection. Define T : X — 94 by

u(1(x).0) v Ha) ¢ Ky
uG(x).x,)  tHa) e Kenta)=(p.n)’

Finally, one will to show T is an injection. Suppose x. y € |, . A, and x # y.
If 1(x) # 1(y). then Y(x) # Y(y) since u is a bijection. Now suppose 7(x) = 1(y)
and let o denote this common ordinal. For all f € surj,. ®g(s)(x) # Qg (7)(¥).
Let X : surj, — J be defined by X(f) is the least # <J so that D) (x )(;7) £
D7) (»)(n). Since surj, is comeager in “a and well-ordered unions of meager sets
are meager, thereisan < 6 so that ¥ ![{5}]is nonmeager. LetI1 : = '[{5}] — 4 x A
be defined by I1(f) = (P () (x) (7). Pes 1) (y)(;y)) Since X '[{#}] is nonmeager,
thereis some {;, {; < Asothat(; ;é and T [{(Cl {»)}]is nonmeager. By the Baire
property, let p € <“a so that IT'[{((.{2)}] is comeager in Ni. Let § = z(p. 7).

Then T(x)() = u(a.01) # ule.C2) = T(y)(B). Thus T(x) # T(y). It has becn
shown that Y is an injection.

Assume the setting of (3). Let K. {;,.and 7 : <“w; x J — ¢ be defined as in (2).
The bijection u : w; x A — A can be chosen with the property that for all v < w;
and y < A, sup{u(v. B) : p< y} < A. Let Y be defined as above in (2). For x € X,
y <0, and p € <?i(x), let Py, ={necd:t(p.n) <yAt(p.n)c K.} For each
p € ~“i(x), let F} = {C o e Py, }. The claim is that F, is bounded below 4.

Py
To see this, suppose F,, is not bounded below A. For each # e P polet Yy ={f¢€

P

.d)QS_ (x)(n ) ,7} Each Y, is comeager in N, p( ) Smce well-ordered
intersection of comeager subsets of Np*) is comeager in Ni™, Myers, Yorn
is comeager in N ;,(x) and is in particular nonempty. Let f € (0, px, Yoo
Then sup(®g 4 (x) [ 7) > sup{(}, :n € Py, } = sup(F),) = A. Then since y <J.
@) (x)(y) > 4 and hence g (,)(x) ¢ [A. This is a contradiction. Thus for all
p € <“1(x).sup(F;,) < A.Sincecof(1) > wand [<“1(x)| = w. sup{sup(F,,) : p €
<®1(x)} < A. Note that sup(Y(x) [y) <sup{u(i(x).0):{ € U c<o,) Fyy} <
sup{u(1(x). ) : { < sup{sup(F,,) : p € <“1(x)}} < A(by the property of chosen
bijection u). This shows that T : U, 4a — 1B (6.4). YT is an injection by the
same argument as in (2). The result now follows from Fact 2.3. .

T(x)(a) = {

THEOREM 3.10. Assume AD, DCg, and cof (®) > w;. Let X be a surjective image
of R. Let (As : a < wy) be a sequence so that for all « < wy, A, C X. Let 6 and /.
be cardinals so that ) < < A < O. Assume one of the following three settings:

(1) cof(6) > wy and for all o < w1, |Ag| < |<° 4.
(2) Foralla < wy, |Aa| < ).
(3) cof(4) > wy and for all o < wy, |Aq| < |[AP].

Then, respectively, the following hold:

(1) ‘ Ua(u)l Aa‘ S ‘<6/’L‘
(2) ‘Ua<w] AC!‘ S P)”|'
(3) ‘ Ua<w1 AO&‘ S ‘[;"]6|
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ProOF. Recall that Martin and Monk showed that AD and DCy prove that strict
Lipschitz reduction is wellfounded. For each a < wy, let B, be the least § so that
there is some B € 2(R) with tkz(B) = f and T is the graph of an injection of
A, into <9/, Since cof(®) > wy, sup{fs :a < w1} < O. Let Z € Z(R) so that
k7 (Z) = sup{f. : @ < w1 }. The result now follows from Theorem 3.9. =

THEOREM 3.11. Assume AD, DCg. and cof(®) > w. Suppose X is a surjective
image of R. Let | < <@ and w < A< 0. Let (4, : n € ) be a sequence so that
foralln € w, A, C X. Assume one of the following three settings:

(1) |4, <[4 foralln € o.
(2) |4, < [°A] foralln € w.
(3) |4, < |[AP] for all n € .

Then, respectively, the following hold:

(1) |Un6(u An| S |<5/1|
(2) [Uneo 4l < P,

ProoOF. The argument is similar to the proof of Theorem 3.10 using
Theorem 3.8. B

Woodin defined an extension of AD called AD"™ which includes (1) DCg. (2) all
sets of reals are co-Borel, and (3) ordinal determinacy. (For every 4 < ©, continuous
function 7 : ®2 — R, and 4 C R, the game on /4 with payoff 77 '[4] is determined.)
It is open whether AD and AD" are equivalent. Basic information about aspects of
AD" can be found in [3. 6, 18, 20].

Fact 3.12. (Woodin) Suppose AD* and V = L(Z(R)). Then either ADg holds or
there is a set of ordinals J so that V = L(J.R).

Fact 3.13. IfAD", =ADg. and V = L(Z(R)). then @ is regular.

PrOOF. By Fact 3.12, there is a set of ordinals J so that V' = L(J,R). All sets in
L(J.R) are ordinal definable from J and an r € R. For each r € R and o < @, if
there is an ODy,,} surjection @ : R — «, then let @, : R — o be the least such
surjection according to the canonical wellordering of ODy,,. For each oo < O, let
7o : R = « be defined by

x) @ o (x1) if there is an ODy; oy, surjection of R onto a

To(x) =1 " ) '“

0 otherwise.

T, 1s a surjection. Thus a sequence (7, : @ < ©) has been defined so thatz, : R — «
is a surjection for each a < ®. Now suppose cof (@) < @. Let 7 : R — cof(®) be a
surjection. Define o : R — @ by o (x) = 7, (o) (x!")). 7 is a surjection onto ©, which
is impossible. -

Let 1 <n<w and 4 CR" (again R refers to “w). 4 is Suslin if and only if
there is an ordinal A and a tree T C w" x 4 so that 4 = {(x},....x,) e R" : (3f €
@)((x1, ..., xn, f) €[T]}. A C R" is coSuslin if and only if R” \ 4 is Suslin.

Fact 3.14. (Woodin) Assume AD" and ADg. All sets of reals are Suslin.
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A transitive set M is said to be Suslin and coSuslin if and only if there is a
surjection 7 : R — M so that the equivalence relation £; C R x R on R and the
relation F; C R x R defined below are Suslin and coSuslin:

xE,yenx)=nrly) and (x.y)€ F, & n(x) € n(y).

Note that M is in bijection with R/E,. Let F, C R/E, x R/E, be defined by
(IX&,. [V]g,) € Fy if and only if (x.y) € F,. Then (M. €) is c-isomorphic to
(R/E,.F,). In other words, M is Suslin and CoSuslin if it has a natural coding
on R which is Suslin and coSuslin.

Let S be the union of the collection of all transitive sets which are Suslin and
coSuslin. (S, €) is a €-structure. In general, one says a set X is Suslin and coSuslin
ifand only if X € S.

Woodin showed that AD™ implies the following reflection property.

Fact 3.15. (Woodin [27]) (Zi-reflection into Suslin and coSuslin) Assume AD™
and V = L(Z(R)). S <z, (V.€). (That is, S is a y-elementary substructure of the
universe V.)

THEOREM 3.16. Assume AD™. Let X be a surjective image of R. Let (A, : a < 1)
be a sequence so that for all a < w;, A, C X. Let 6 and 1 be cardinals so that
w1 <0 < 1< 0. Assume one of the following three settings:

(1) cof(6) > wy and for all o < w1, |Ag| < |<°4).

(2) Foralla < wy, |Aa| < P

(3) cof (1) > wy and for all o < 1. |Aqa| < |[AP).

Then, respectively, the following hold.:

(D) | Ucw, 4ol < [02].

(2) ‘Ua<u)1 Aa‘ < PM-

(3) [Uacw, 4al <[4

Proor. Consider the setting of (1). Let ¢ : R — X be a surjection. Define an
equivalence relation £ on R by x E y if and only if ¢(x) = ¢c(y). Note that X is
in bijection with R/E. For each a < w;. let K, = ¢ ![4,] and E, = E | K,. Then
K./E, C R/E and 4, is in bijection with K,/ E,. Injections of 4, into <° 4 induce
injections of K,/E, into <°L. Let 7 : R — R/E be defined by n(x) = [x]g. Let
w : R — (1) be a surjection given by Fact 3.7. Then injections between K, /E,
and [A]<° can be coded by sets of reals through the coding B — Tz described above.
This shows that X and (4, : a < @) with the property stated in setting (1) are in
bijection with objects R/E and (K, /E, : a < w;) with the properties in setting (1),
which belong to L(Z(R)). It suffices to prove the theorem in L(Z(R)).

With this discussion in mind, one will now assume AD', ¥V = L(Z(R)). and
that X and (4, : a < w;) belong to L(Z(R)) with the properties stated in (1). If
cof (@) > w;. then the result follows from Theorem 3.10. Suppose cof(®) < w;.
Thus O is singular and hence ADg holds by Fact 3.13. Assume for the sake of
contradiction that there is a set X and a sequence (4, : @ < w;) satisfying (1) and
(| U, 4al <194)). Let ¥ = U, 4o and thus (| Y| < [<°4]). Since all sets
of reals are Suslin and coSuslin by Fact 3.14 since AD" and ADy, hold. the sets Y, .
and 4 are Suslin and coSuslin and hence belong to S.
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Let y be the following sentence with 4, 4, and Y as a parameter: 0 < A < ® and

there exists a sequence <A~a ca < wp) sothat ¥ = Ua<w1 A, and for all a < w;,

|Aq| < |<°A]. (© is an abbreviation for the ordinal defined as the supremum of the
ordinals which are surjective images of R.) Let T be some sufficiently strong finite
fragment of ZF. Let ¢ be the following Z;-sentence with Y,d, 4, and R as parameters:
There exists a transitive set M =% + ADsothat RC M and M = w. Let <be a
prewellordering of length 4 whose associated norm was used to define the surjection
w : R — 22(J), which appears in the coding described before Theorem 3.8. Since
L(ZR)) = “%, AD, and y” and using reflection on the hierarchy (L,(Z2(R)) :
a < ON), there is an ordinal & > © such that L, (Z(R)) & “T, AD, and w”. Thus
L(Z2(R)) = ¢ as witnessed by L, (Z(R)). By X;-reflection into Suslin and coSuslin
(Fact 3.15), S E ¢. Let M € S be a transitive set containing R so that M | w. Let
(Ao 1 < ) with Y =, <oy A, witness the existential quantifier in . Since for

eacha<w;, M E |A~a\ < \<‘>A\, R C M, satisfies AD, and has the prewellordering
< used to code injections of subsets of Y into <°/, there is some B € Z(R) N M
so that Tz codes the graph of an injection of A, into <°/. Since M € S implies M
is a surjective image of R, sup{rk;(B) : B € Z(R)N M} < ®" . In the real world,
let Z € Z(R) be such that rk; (Z) > sup{rk.(B) : B € Z(R) N M }. Note that for
all @ < wy, there is an r € R so that TE;I[Z] codes the graph of an injection of A,

into [A]<°. Applying Theorem 3.9 in the real world to (Ag : & < ). one has that
Y] = |Uacw, 4ol < |<9J|. This contradicts the assumption that —( ).

THEOREM 3.17. Assume AD™. Suppose X is a surjective image of R. Let 1 <6 < ©
andw < 2 < O.Let (A4, : n € w)beasequence so thatforalln € w, A, C X. Assume
one of the following three settings:

(1) <

(2) |Au| < PA| foralln € o.

(3) 4| < |[AP] for all n € .
Then, respectively, the following hold.:

(l) |Un€w An| S |<(5/1|'

(2) [Unew 4nl < °4I.

(3) |Un€w An| S |[/1]5|

Proor. The proof follows the template of the proof of Theorem 3.16 using
Theorem 3.8. B

THEOREM 3.18.  Assume AD™ (or AD, DCg. and cof (®) > w;). If (A : o < 1) is
a sequence such that | J Aq = [02]<2, then there is an o < w] S0 that —(|4s] <

[[@2]°1]).

PROOF. Suppose (A4, :a < w;) is a sequence such that [w,]<*2 = U(Kw1 Aq.
Suppose for the sake of contradiction that for all a < w;, |4.] < |[w2]*!]. By
s |[02]572| < |[w2]®1] which violates Fact 2.14. -

(I<(0

Theorem 3.18 is regarded as partial evidence that [w;]<?2 is w;-regular which
means for any (4, : @ < ;) such that Ua<w o = [@2]7%2, there is an a < w
so that |4, | = |[w2]<*2]|. This conjecture has recently been solved by the authors.
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The authors in [8] showed that under AD, [w,;]<*2 has wi-regular cardinality.
However, it is still not known if %(w,) is w-regular or even 2-regular. The following
is some evidence.

TueOREM 3.19. Assume AD™ (or AD, DCg, and cof (®) > w;). If (4, : a < 1)
is a sequence such that | J Ay = Pwy), then there is an o < wy so that —(|A,| <

[[02]=2]).

PROOF. Suppose (A4, :a < w;) is a sequence such that P(w,) = Ua<w, 4a-

Suppose for the sake of contradiction that for all a < wy, |4s| < |[02]<2]. By
Theorem 3.16, | 2(w,)| < |[w2]<“2|, which violates Fact 2.10. -

a<m)

Since under AD, ;s is singular with cof (w3) = w,, Fact 2.9 cannot be used to show
[w3]%®3 or even [w3]?2 have smaller cardinality than 92(w;). However [4] shows that
[w3]72| < |[@3]°“3| < |Z(w;3)| under AD™ by the following result.

FAcT 3.20. [4] Assume AD™.

(1) (ABCD Conjecture) Let o, B, 7, and S be cardinals such that o < o < f < ©
andw <y <5< @.[*f| < || if and only if & <y and f§ <.

(2) If k < ©@is acardinal and ¢ < k. then |'k| < |[<"k]|.

It is still open if |[w3]<“3| < | ZP(w;)|. The following result implies that if one
decomposes [w3]<¥3 or P(ws) into wi-many pieces (A, : a < wi). Then at least
one piece A, does not inject into [w3]2.

THEOREM 3.21. Assume AD" (or AD. DCg. and cof (®) > wy).
(1) If w1 < k < O is a regular cardinal and (A, : o < wy) is a sequence such that
Ua<w, Ao = P(k). then there is an o < wy so that =(|4a| < [[K]<"]).
(2) Ifo1 <e< k< Oand (A, : o < ) isasequence such that | 1 Ay, = <Fk,
then there is an a < wy so that —(|4,| < |°k]).
B) If o1 <e< k<O and (A, : a < wy) is a sequence such that | J
P(k), then there is an a < wy so that —~(|4,| < [°k]).
Proor. (1) If |4,] < |[k]%F| = |<"k|. then | (k)| = |<"k| by Theorem 3.16.
Since AD" implies boldface GCH below @, this would contradict Fact 2.9.
(2) If |A4,] < |°s|, then |<"k| = |*k| by Theorem 3.16. This would contradict
Fact 3.20.
The proof of (3) is similar. =

a<w

Aq =

a<om)

§4. Decomposition into a Suslin cardinal many pieces. This section will consider a
decomposition of sets into x many pieces, where « is a Suslin cardinal. Kechris
and Woodin [17] developed a more general generic coding function on Suslin
cardinals (or more generally reliable ordinals). In the previous section. the well-
ordered additivity of the meager ideal had a prominent role in many arguments.
For k > w, there is no clear analog of this for “« and its generic coding function.
However, if S C k is a countable set, then S is homeomorphic to R and thus
under AD, the meager ideal on ©®S (with its usual topology) will satisfy the
full well-ordered additivity. The idea will be to do an argument similar to the
previous section for each countable S C k and then take an ultrapower by a
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supercompact measure on %, (). the set of all countable subsets of . One will
need to impose conditions regarding the ultrapower maps of the supercompact
measure to successfully generalize these arguments. However, one will still be
able establish the analog of the main result of the previous section (concerning
decomposition of 2(w,) = 2(d}) into w; = &} many pieces) for decomposition of
Pwp12) = P(6}) into w,,,1 = 63 many pieces.

DEerINITION 4.1. [17] An ordinal /4 is reliable if and only if there is a scale
@ = (g, : n € ) onaset W C R such that the following holds:

(1) Foralln € w, ¢, : W — Aand ¢y : W — A is a surjection.
(2) The relation Sp(x, y) defined by x,y € W Apo(x) < ¢o(y) and S;(x,y)
defined by x.y € W A @o(x) < po(y) are Suslin subsets of R?.

@ with the above property will be called the reliability witness for A.

If ¢ C / (which is usually countable) and & € o, then o is said to be £-honest
(relative to @) if and only if there is a w € W so that @o(w) = ¢ and for all n € w,
©,(&) € 6. Such a w € W will be called a é-honest witness for o (relative to @). A
countable o C 4 is honest (relative to @) if and only if for all ¢ € o, ¢ is £-honest.

Fact4.2. Suppose A is a reliable ordinal with reliability witness @, which is a scale
onaset W C R. Foreach & < A, there is a countable set o so that o is E-honest relative
to @.

PrOOF. Let w € W so that oy(w) = & which is possible since ¢ : W — 4 is
surjective. Let ¢ = {@,(w) : n € w}. g is E-honest with w as its £-honest witness.

It is generally not possible to uniformly associate ¢ to a countable ¢-honest set
(relative to a reliability witness). However if A is a reliable ordinal of uncountable
cofinality, then one can at least uniformly associate ¢ to an ordinal &’ < A which is
£-honest which will be sufficient for applications here.

Fact4.3. Suppose A is a reliable ordinal with reliability witness ¢ and cof (1) > w.
Foreach& < A, thereisa &’ < ) so that for all y with &' < y < A,y is E-honest relative
to ¢.

Proor. By Fact 4.2, there is a countable ¢ C A, which is ¢&-honest.
& = sup(é) < A since cof (A) > w. Suppose 7 is such that £’ < y < x. Since ¢ C y,
y 1s £-honest. -

DEFINITION 4.4. Let X be a set. Let 2, (X) = {0 € 2(X) : o] < w} (which
is the set of countable subsets of X). Let v be an ultrafilter on Z,, (X). v is a
fine ultrafilter on %, (X) if and only if for each x € X, A, = {0 € Z,, (X):
x €c} €v. v is a normal ultrafilter on #, (X) if and only if for every ®:
Py (X) = Py, (X) such that {o € P, (X):0# P(o) Co} € v, thereisan x €
X sothat {o € 2,,(X):x € ®(g)} € v.v is a supercompact measure on X if and
only if v is a countably complete. fine, and normal measure on &, (X).

Facr4.5. (Harrington—Kechris[11]) Assume AD. If k less than or equal to a Suslin
cardinal, then there is a supercompact measure on 2, (k).

(Woodin [28]) Assume AD. If k is less than or equal to a Suslin cardinal, then the
supercompact measure on P, (k) is unique.
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Fact 4.6. Assume AD. Suppose ¢ is a sequence of norms on W C R which is a
reliability witness for A. Let v be a countably complete and fine measure on P, (1).
Let & < A. Then{o € P,,()) : o is E-honest} € v.

ProoF. Pick any w € W so that pg(w) = ¢ (which is possible since ¢y surjects
onto ). By fineness of v, 4, ={o € Z,, (1) : ps(w) € 6} € v. By countably
compleness of v. (N,c, An € v. Since v is a filter, (), 4x C {0 € P, () :
o is &-honest} € v. .

Fact4.7. Assume AD. Suppose @ is a sequence of norms on W C R is a reliability
witness for A. Let v be a supercompact measure on P, (1). Then A = {6 € P, (1) :
o is honest} € v.

PROOF. Suppose A ¢ v. Let A = P, (A)\ A. Since v is an ultrafilter. Aev.
Let® : &, (1) = Py, (1) bedefined by ®(c) = {¢ € o : o is noté — honest }. Note
that for all c € A, 0 #®(s) Co. So AC {oc € Z, (1):0+#®(c) Co} and
therefore {o € Z,, (1) : 0 # ®(o) C o} € v. By normality, there is a 7 € 4 so that
B={oeP,(A):ned(o)}ev. Pick awe W so that py(w) = 5. For each
new C,={0¢c Py, () :¢,(w)ea}ev by fineness. Then C =(,, Cs €V
by countably completeness. Then D = BN C € v. Pickany ¢ € D. wis an n-honest
witness for ¢ since forall n € w, ,(w) € o. Thus ¢ is y-honest. However, € ®(o)
means that ¢ is not #-honest. This is a contradiction. o

Recall the notation x!"! from Definition 3.1 for x € Rand n € w.

Fact 4.8. (Kechris—Woodin [17. Lemma 1.1][14, Theorem 6.1] Assume AD. Let A
be a reliable ordinal with ¢ be a sequence of norms on a set W C R being a reliability

witness. Then there is a Lipschitz continuous function & : ®A — R so that the following
holds:

(1) Foralln € wand f € ®2. &(f )" € W and po(&(f)M) < £ (n).
(2) Foralln € wand f € 1. if flw]is f(n)-honest, then oo(&(f)M) = £(n).

Thus if f[w] is honest. then for all n € w. po(&(f)) = f(n). For each n € w. let
&, : “L — W be defined by &, (f) = &(f)".

A function & with the above property is called a generic coding function for A relative
to the reliability witness ¢.

Theorem 4.9 will only need the concept of &-honest for a particular ordinal
¢ < A and will never need full honesty. Thus one will only directly use Fact 4.6
concerning fine and countably complete measures on #,, () rather than Fact 4.7
which involves supercompact measures on Z,, (4). However, it is convenient to
use the uniqueness of the supercompact measure (Fact 4.5) to uniformly find long
sequences of supercompact measures on various ordinals. Theorem 4.9 will just
need codes for f(0) rather than all of f so the function &g : “A — W will be used
directly rather than &. The full generic coding function will be used later to analyze
the ultrapower of the supercompact measure.

Again, use the notation defined before Theorem 3.8: Suppose 7 : R — X. Let
6<i<@andw:R— P(1).IfBCRletTp ={(x.f): 3z € B)(x = =n(zl7) A
f=w(z1)}. If 4 C X and ® : 4 — <%, then there is some B € Z(R) so that
the graph of ® is T's.
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THEOREM 4.9. Assume AD. Let X be a surjective image of R. Let  be a reliable
cardinal. Let k < 6 < ). < © be a cardinal with cof (5) > w. For each o < &, let v, be
the unique supercompact measure on P, (o). Suppose one of the two cases occurs:

(1) ju(6) =6 and jy, () = A.
(2) Foralla < k., j,,(0) =0 and j,, (1) = A.

Let (A, : a < k) be a sequence so that there exists a Z € P(R) with the property
that for all o € k, Ay C X, |Aa| < |<°4|. and there is an r € R so that Ts 11z is the

graph of an injection of A, into <°A. Then ||, ., Aa| < [<°4].

PrROOE. Let ¢ = (p, : n € ) be a scale on W C R which serves as a reliability
witness for . If case (1) holds, for each a < &, let (o) = . If case (2) holds,
let &(a) be the least &, which is a-honest relative to . Regardless of the case,
Freay (0) =0 and js(,)(4) = Aforall a < &.

Define R C W x R by R(w. r) if and only if T, =,1[z) 18 the graph of an injection
of 4, () into <07\ {0}. Let T be a scaled pointclass containing the Suslin relations
w and So (from Definition 4.1 for ¢g) and closed under 3* and A. By applying
the Moschovakis coding lemma to R, ¢y, and T, there is a relation RCW xR
so that RC R, ReT, and for all a < x, there is a w e W with ¢o(w) = «
and r € R so that R(w.r). Let R C W x R be defined by R(w. r) if and only if
w e WA (3)(So(v.w) A So(w.v) AR(v.r)). R €T and dom(R) = W. Since T
is a scaled pointclass, let A : W — R be a uniformization with the property that
for all w € W, R(w, A(w)). Thus for all w € W, R(w, A(w)). For all w € W,
Ts;\l( 12) | is the graph of an injection of 4,,(,) into <5 \ {0}. For each w € W, let

Dy 1 Ay — <22\ {0} be the injection whose graph is Tngl(w) [Z].

For each x € |J,_, Aa. let 1(x) be the least & < so that x € 4,. Let
T:<“k x0 x A— A be a bijection. If ¢ is a countable set and p € <“g, then
let NJ = {f €®s:pC f}. “0ois given the product of the discrete topology on o
which equivalently is generated by {N; : p € <“g} as a basis. For any countable
g, o is homeomorphic to “w and has the Baire property for its topology. For

p € <?c and ¢ a formula, (¥4 1)@ (f) abbreviates { f € N7 : o(f)} is comeager
in NJ. Forall x € J,., 4o and o € 2, ({(2(x))) with 1(x) € o. let

a<k

(o) ={z(p.n.0) : p € <o N (Fe <O)V],., /e = dom(®es (1) (x))
Anp<eN ®®O(f)(x)(ﬂ) =0}

Since 7 maps into 4. one has that T*(o) € 2(A). Thus for each x € |J,¢, 4a
T P, (EG(x))) — 2(4). Note that the hypothesis that ]_[Uej,w €6 /1/

V() = Juzo) (A) = A implicitly implies that this ultrapower is wellfounded.

Define Y(x) to be the set of all ordinals y such that there exist (equivalently,
for all) functions 1 : 2, (£(1(x))) — ON with iy =710 € Po (E@(x))) :

f(o) € Y¥(a)} € vg(,(x))- (Although this ultrapower does not satisfy Lo$’ Theorem,
T is intuitively deﬁned by T(x)=[T* [ )
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Claim 1: Forall x € |, 4. T(x) C 4.
To see Claim 1: Suppose y € Y(x) and f : P, (¢(1(x))) - ON with

[/l =7+ Thus {o € P, (EG(x))) : f(o) € T¥(0) € P(A)} € ve((v)). Thus
[f]vf(,(x) <jvk(w (A) = 4. Thus y < A. This shows y € 1. Claim 1 has been
estabhshed

Claim 2: Forall x € |, ., 4a. T(x) # 0.

To see Claim 2: Since ¢&(i(x)) is an 1(x)-honest ordinal, A {o €
P (E(1(x))) : o ist(x)-honest} € v; £u(x)- Pick any o € 4. Let surj™ = {f ¢
?q : fw] :U/\f( ) =1(x)} which is a comeager subset of N<< - For

all ¢ surjg flwl=0 is 1(x)-honest or equivalently f(0)-honest. By
Fact 4.8, @0(60(1’)) 1(x) and therefore, @ (s) 1 Ay(x) = 4. For all ¢ <,

let B, ={f € surj'™ :dom(®g (s)(x)) =¢}. One has that surJ = U,<s B:-

Since well-ordered union of meager sets is meager and sur]a( Y s a comeager

subset of N " , there is some & so that B; is nonmeager. (Note that £ > 0 since
D, (1) : A,(' — <00\ {0}.) Foreach{ < A.let C; = {f € B; : ®¢,(1)(x)(0) = {}.

: = Ures Cg Again since well-ordered union of meager subsets of ‘”a are meager
and B; is nonmeager, there is { so that C; is nonmeager. Since “o has the
Baire property. there is a p € <“¢ so that B; is comeager in NZ(X)W' Then

7(p.0.0) € T*(o). This shows that for all ¢ € 4, T*(5) £ 0. Let h: A — 4 be
defined by 4 (¢) = min(Y*(s)). Then (Ml € Y(x). This establishes Claim 2.

Claim3:Fora11x€Ua<KAa andaeﬂwl( E((x))), |r~(a)| < 6.
To see Claim 3: Let B = {p € <“o: (J )(V*l” .

T
pf)(s = dom(®g,(/)(x)))}.
For each p € B, there is a unique ¢, < J so that ( ’gz’x f)(gp = dom(®gs,(1))).
Thus ¢, surjects onto K = {z(p.7.{) : t(p.n.{) € T¥(o )} sinceif 7(p.7.{) € Kj.
then 7 < ¢, and { is uniquely determined from p and 5. Hence [K;| <
Since B C <“¢ is countable, Y¥(o) = U,e5 K. and cof(d) > w. one has that
T~ (a)| < 0.

Claim 4: For all x € |, 4a. |Y(x)| < and thus YT(x) € Z5(A).

To see Claim 4: Suppose y € Y(x) and [/ Nz = 7-Foreacho € 2, (EG(x))).
let 715 (o) be the ordertype of f (o) in Y*(¢). By Claim 3, hy : 2, (£(1(x))) — 9.
Let X¥(y) = [A]s.,), and note that ¥*(y) is independent of the choice of
representative /. Let g¢* : 2, (£(1(x))) — 6 be defined by g* (o) = ot(Tx( )). Note
that g*(¢) < by Claim 3. Thus X*(p) = [h/ ], ) <8N < Juzui ©) = 0.
Thus X% : Y(x) = [g*],,., Where [g%], ., < 5 Now suppose yo < 71 and
7071 € T(x). Let fo and f1 be such that [fol,, ., =70 and [fily,, =7
Thus {0 € P4, (E6(x)) : fo(0) < f1(0)} € veqiey. Thus () = Thyylo, <
A Doy = *(y1). Thus T¥ : Y(x) — [¢*];.,,, is an order-preserving map. Thus
|T(x)| < & and hence Y(x) € Z;5(A). This shows Claim 4.

Define y : ., Ao — k& X P5(4) by x(x) = (1(x), T(x)).

a<k
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Claim 5: y : U, 4a = & x P5(2) is an injection.

To see Claim 5: Suppose xo.x1 € J,., 4o and xo # x;. First suppose
1(xo) # t(x1). Then x(xo) = ((x0). T(x0)) # (1(x1). T(x1)) = x(x1). Now assume
1(xg) =1(x;) and let o be this common ordinal. Let 4 = {0 € 2, ({(a)):
o is a-honest} and note that 4 € vg(,). Let 4o be the set of 0 € 4 so that
Ex={f¢€ surjg dom(®g(1)(x0)) = dom(®g(s)(x1))} is nonmeager in “g.
Let Ay =surjy \ Ap. Since A = AgU A and 4 € Ve(a): exactly one of 4y € vg(,) or
Ay € V(). Suppose Ag € Vg(,). Fix 0 € Ay so EY is nonmeager. Let FY = {f €
ES: dom((I)QjO )(x0)) = & = dom(®gs (1) (x1))}. Since EF = J,.s F¥ and EZ is
nonmeager in 0’0 let &, < 0 be the least ¢ so that £ is nonmeager. Since for all
fEF. @g(r): Aa — <9} is an injection, (D@O (xo) # @, (1) (x1). For each
1 < &. let H be the set of /" € F7 so that 7 is least n’ so that (D‘,jo(f)(xg)(n’) £
D, () (x1)(n"). Since FY = |, _;, Hy . let 7, be the least 5 so that H,7 is nonmeager.
For each pair (o, ;) of distinct ordinals in A, let Kgo 4 be the set of f € H,;’J SO
that @ (1) (x0)(775) = Lo and P, (1) (x1)(7s) = 1. Since Hy = K7 . :lo.( €
ANC# G let (£5.07) be least pair ({o.(;) so that K¢ . is nonmeager. Since
“g has the Baire property, let p, be the least p € <“o (under a uniformly defined
wellordering of <“¢) so that Kgg o is comeager in Ny Then t(pg. 775. () € T(a)
but t(ps.7,.(§) ¢ Y1 (a). Let h(o) = 1(ps.75.(]). Then h(c) € T*(s) but
h(a) ¢ Y*1(g) for all ¢ € Ayg. Then (A}, € T(xp) but [ (M), ¢ T(x1). So
T(xo) # T(x1). Hence y(xo) = (. T(x0)) # (. T(x1)) = x(x ) NOW suppose
Al € Vg(q)- Let 0 € A;. Then EY is meager in “g. Let Io‘ = surjo \ E2, which is
comeager in “o. For each pair of gy # ¢ less than J, let JZ . be the set of feld

80 €1
so that dom(®g,(/)(x0)) = &0 and dom(Pg (r)(x1)) = &1. Then 12 = (J{J7 o :
g0.61 < Ao # e} Let (£]. 7 ) be the least pair (g9, &) with &y # ¢ so that J, J7 . s

nonmeager. Without loss of generality. suppose & < &]. For each { < 4. let o7 =
{f € Js.g o @) (x1)(E0) = C}. JE%,,EIJ = U, 07 Let {, be least { so that Q7 is
nonmeager. Since “¢ has the Baire property, let p, be the least p € <®¢ so that Qz-’

is comeagerin N7 . Let h(g) = ©(py.85.C,). Foralla € Ay. h(a) € T*1(g) however
h(a) ¢ Y¥(g). Thus [h)y., € Y(x;) and (M), ¢ Y(xp). So T(xp) # Y(x1).
Therefore, y(xg) = (a. T(xp)) # (o, T(x1)) = x(x1). Claim 5 has been established.

Since | Z5(4)| = |<°A| by Fact 2.2 and | Z5(2)| = |k x P5(1)|.
is an injection of | J,_, 4, into <9 /. 8

THEOREM 4.10. Assume AD and DCg. Suppose X is a surjective image of R. Let
k be a reliable cardinal. Assume cof(®) > k. Let § and J be cardinals such that
k<6 <A< 0 andcof(d) > w. For each o < r, let v, be the unique supercompact
measure on 2, (a). Suppose one of the two cases occurs:

(1) ju,(6) =6 and j,, (2) = I

(2) Forall a < k., j,,(06) =6 and j,, (1) = A
Let (A, : o < k) be asequence so that for alla € k, Ay C X, and |A,| < |<°2|. Then
| Uacr Aal <1041

Proof. The proof follows from Theorem 4.9 in a manner similar to how
Theorem 3.10 follows from Theorem 3.9. -

a<k
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THEOREM 4.11. Assume ADT. Suppose X is a surjective image of R. Let k be a
reliable cardinal, which is below a Suslin cardinal. Let k < 6 < 1 < @ be cardinals with
cof (0) > w. For each oo < k., let v, be the unique supercompact measure on %, ().
Suppose one of the cases occurs:

(1) ]m(é) =0 andjvn()“) = A
(2) Foralla < k. j,,(0) =0 and j,, (1) = A.

Let (A, : a < k) be a sequence so that foralla € k., A, C X.and |Ay| < |<°J|. Then
| Ua<r Aal < [%4].

Proor. This result follows from Theorems 4.9 and 4.10 as in the proof of
Theorem 3.16. 4

It is implicit in the assumption that j,, (1) = 4 that the ultrapower [] P, (@) vy
Vo 18 wellfounded. This is addressed in Fact 4.22. Then next few results will work
toward showing j,, (8;) = d. which is due to Becker [1, Theorem 4.2] One will need
an explicit characterization of the supercompact measure on #,, (k) when & is a
reliable ordinal. Various constructions of a supercompact measure on %, (k) can
be found in Solovay [23], Harrrington—Kechris [11], and Becker [1]. By Woodin’s
result [28] concerning the uniqueness of the supercompact measure on Z,, (k). they
all define the same measure. Here, one will use a construction of the supercompact
measure from generic codings presented in [14]. However, one uses the “ordinal
determinacy” clause of AD" to get the necessary determinacy of certain games
with moves on the ordinal. Many results below have AD™ as a hypothesis but had
previously been proved under AD using the determinacy of certain real games given
by [11] Harrington—Kechris. The generic coding methods seem more suitable for
generalization as Becker—Jackson [2] and Jackson [13] showed certain cardinals (for
instance, the projective ordinals o ,11) have higher degree of supercompactness (i.e.,
are d3-supercompact).

FAcT 4.12. Let k be an ordinal, v be a supercompact measure on P, (k). and
S/ 1<k = & be a function. Then {c € P, (k) : f[*“c] Ca} €.

PrOOE. Let 4 = {0 € P, (k) : f[”c] C o}. For the sake of contradiction,
suppose A ¢ v.Let 4 = 2, (k) \ 4 and note that 4 € v since v is an ultrafilter. Fix
a wellordering < of <. If ¢ € A. then thereisa p € <“k so that f(p) ¢ o. Let p,
be the least such p according to <. By the countably additivity of v, there is an 7 so
that B={o € A:|p,| =n} €v.If i = 0. then p, = for all v € B. By fineness.
C={ceB:f(0)ea}ev.ForaloeC, f(p,) = f(0) € o, which contradicts
the definition of p,. Now suppose 7 > 0. For each k < 71, let ®; : B — 2, (k)
be defined by ®;(c) = {p,(k)}. For all k<n, {cd € B:0+# ®y(c) Ca}ev.
By normality, there is an ay € k so that Dy = {0 € B: oy € Oy (0)} € v. Let
p € "k be defined by p(k) = . Thus E = {6 € B: p, = p} =\ Dk € v by
the countably completeness of v. By fineness, F = {¢ € D : f(p) € ¢} € v. For all
o cF. f(p,) = f(p) € o. which contradicts the definition of p,. This completes
the proof. o

DEeriNITION 4.13. Formally a strategy on « is a function p : <?k — k. If py and
p1 are two strategies, then pg * p; € “k is defined by recursion as follows: If n is even,
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then (po * p1)(n) = po(po * p1 [ n). If nis odd. then (po * p1)(n) = pi(po * p1 | n).
If f € “x. thenlet p) be the strategy defined by p)(2n) = f (n) and p},(2n +1) = 0
for all n € w. If f € “k, then let p7 be the strategy defined by p7(2n) =0
and pf((Zn +1)=f(n). If f €k, let feen €“Kk and fogq € “k be defined
by feen(n) = f(2n) and foqa(n) = f(2n+1). If p is a strategy, then let
E,. B, 1 “k — “k be defined by E,(f) = (p * p7)even and Z)(f) = (p} * p)oda-

Fix a bijection 7% : kK — & X k. Let ng’2, n’f’z : k — k be defined by ng"z(a) =p
and 72(a) = 7, where 7%%(a) = (. 7). If p is a strategy on &, let 1= 5% o p and
T, = n’f’z o p.

DEFINITION 4.14. Let x be a reliable ordinal with reliability witness ¢, which
is a scale on W C R. Let p: <“x — k be a strategy on «. Let K, be the set of
o € Z,, (k) so that o is honest relative to the reliability witness ¢ and p[<“¢] C o.

Fact4.15. Let & be a reliable ordinal with reliability witness @, which is a scale on
W CR. Let p:<“k — k be astrategy on . Then K, € v,,.

Proor. This follows from Facts 4.7 and 4.12. -

Generic coding can be used to define the unique supercompact measure on
P, (k) when & is a reliable ordinal. The game will be provided next and used to
show that sets of the form K|, for strategies p on x form a basis for the supercompact
measure on 2, (k).

FACT 4.16. Assume AD". Let k be a reliable ordinal with reliability witness @,
which is a scale on W C R. Let vy, be the unique supercompact measure on 2, (k).
LetA C 2, (k). A € v ifand only if there is a strategy p : <“k — K so that K, C A.

Proor. Fix 4 C &, (k). Define the game G, on & as follows:

I (o)} (0%} ay

Gy f
11 o (0%} Qs

Players 1 and 2 alternate playing ordinals from «. Player 1 plays the ordinals a;,
and Player 2 plays the ordinals ay, for all n € w. Player 1 wins G4 if and only if
{0o(&,(f)) :n € w} € A. Let v} be theset ofall 4 C Z,,, () so that Player 1 has a
winning strategy in G4. Let B C “w be B = {r € “w : (Yn)(r!" € W) A {po(r1") :
n € w} € A}. The payoff set for G4 is & '[B]. Since & : “k — “w is continuous,
the “ordinal determinacy” clause of AD" implies that G is determined. It can be
shown that v} is a supercompact measure on Z,, (x). (Thus one can define the
unique supercompact measure v, on Z,, () to be v;.)

If there is strategy p on & so that K, C A, then 4 € v, since K, € v, by Fact4.15.
Now suppose 4 € v, = v;;. Let p be a Player 1 winning strategy in G4. Let 0 € K,
which means that ¢ is honest and p[<“?c] C . Let g : @ — ¢ be a surjection. Let
f=px p§ be the run of player 1 playing the terms of g against Player 1 using p.
Since p[<“o] C ¢ and g[w] = o, one has that f[w] = ¢. Since f[w] = o is honest,
by the properties of the generic coding function (Fact4.8), oo (&, (f)) = f(n). Thus
{po(&,(f)) : n € w} = 7. Since p is a Player 1 winning strategy, ¢ = {©o(&,(f)) :
new}c A Since o € K, was arbitrary, K, C A. 4
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Facr 4.17. Suppose k be an ordinal, /. < k, and v is a supercompact measure
onk.LetIl : 2, (k) = P, (1) bedefined by I1(c) = o N A. Then the Rudin—Keisler
pushforward u = T1,v defined by A € u if and only if I1"'[A] € v is a supercompact
measure on 2, (1.).

Proor. Itis straightforward to see that u is an ultrafilter and countably complete.
Suppose a € A. Let 4 = {r € &,,(4) : @ € t}. By the fineness of v. B = {o
P, (k) :a € k} € v. Note that B = IT''[4]. By definition 4 € u. Thus u is fine.
Let ®: Z,, (1) = Py, (4) be such that C = {r € P, (1) : 0 # ®(7) C 1} € p.
Define ¥ : 2, (k) = P, (k) by ¥(o) = ®(6 N 1) and note that ¥ actually maps
into Z,,(4). Let D = {g € Z,,(k) : 0 # V(6 N4) Co}. Note that D = IT"'[C].
Thus D € v since C € u = Il,v. By the normality of v, there is an a € k so that
E={oecZ,(k):ac¥(o)} ev.Notethata € 1. Let F = {t € P, (1) 1o €
®(7)}. Note that E = IT"'[F] and hence F € u. This shows that x is normal.

Using the proof of Fact 4.17, one can provide an explicit characterization of the
supercompact measure on %, (4) when 4 less than or equal to a Suslin cardinal
using the generic coding on a reliable ordinal greater than or equal to A.

FACT 4.18. Assume AD™. Let /. be less than or equal to a Suslin cardinal and let k
be any reliable cardinal greater than or equal to A. Let ¢ be a reliability witness for k.
For any strategy p on k. let K/f ={oNi:oe€K,}. Forany AC P, (1). A €v; if
and only if there is a strategy p on k so that K;} C A.

Proor. LetIl: 2, (k) = 2, () bedefined by I1(s) = o N A. By Fact4.17 and
the uniqueness of the supercompact measure on %, (4). one has that v; = IT,v,.
Suppose 4 € v;. Then IT [4] € v,.. By Fact 4.16, there is a strategy p on  so that
K, CIT'[A]. Thus K} = {oNi:0 € K,} ={Il(g) : 0 € K,} C A. Now suppose
there is a strategy p so that K} C A. Since IT'[K[] 2 K,. IT'[K/] € v.. S0 K} € v;.
Thus 4 € v;. .

The following is straightforward.

Fact4.19. Suppose s isanordinal, |k| < A < &*, andv is a supercompact measure
on Py, (k). Let w2 k — A be a bijection. Let 11 : 2, (k) — P, () be defined by
(o) = n[c]. Then the Rudin—Keisler pushforward u = I1,v defined by A € u if and
only if I1''[A] € v is a supercompact measure on P, (2).

Fact 4.20. Assume AD and DCg. For any k less than or equal to a Suslin cardinal,
let v,. denote the unique supercompact measure on P, (k). If 1 < k™. then v; is
Rudin—Keisler reducible to v,.

ProOF. If 1 < k. then Fact 4.17 defines a supercompact measure on &, (4).
which is Rudin—Keisler reducible to v,,. By Woodin uniqueness of the supercompact
measure on &, (A), this measure must be v;. Similarly, if « < A < T, then Fact4.19
defines a supercompact measure on Z,,, (1), which is Rudin-Keiser below v,.. Again
by uniqueness, this must be v,. -

Fact4.21. Assume AD. The Suslin cardinals are unbounded below their supremum.

ProofF. Let 4 be the supremum of the Suslin cardinals. If 4 = @, then the result
is clear. Suppose 4 < ® but 4 is not a limit of Suslin cardinals. This means 4 is
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the largest Suslin cardinal. Let S, be the set of A-Suslin sets, which is equivalently
the set of all Suslin sets. First, the claim is that S; is closed under VX. Suppose S;
is not closed under V&. There is a set A C R x R so that Y& A ¢ S;. However, the
proof of the second periodicity theorem of Moschovakis [22] shows that a Suslin
representation for A can be used to create a Suslin representation for V4. Thus
¥R A4 is a Suslin set, which does not belong to S;, which is the set of all Suslin sets.
This is a contradiction. [14, Lemma 3.6] states that if S is closed under V¥, then A
is a limit of Suslin cardinals. This completes the proof. -

Using this explicit characterization of the supercompact measure, it will be shown
next that the ultrapower ordinals below @ by the supercompact measure on 7, ()
when « is below a Suslin cardinal is wellfounded under AD™.

FacT4.22. Assume AD ™. Let k less than or equal to a Suslin cardinal. Let v, be the
unique supercompact measure on 2, (k). Let (v;)"Z®) be the unique supercompact

measure on Py, (k) in L(Z(R)). Let ) < ©. Then v, = (v,)"Z®), Hﬁ”wl(n) Y

- (]_[ywl " )v/v,@>L(@(R)>

Proor. Since k and A are less than O, there are surjections 7y : R — x and
m R — A Thus 7 : R = P, (k) defined by m(r) = {mo(r) :n e w} is a
surjection. For each 4 C R, let C4 = {n2(r) : r € A}. For any X C &, (k). there
isan 4 € Z(R) so that C4y = X. Let 73 : R — Z,, (k) x A be defined by 73(r) =
(2 (r1), 71 (#11)). 75 is a surjection. For any 4 € Z(R), let D4 = {n3(r) : r € A}.
Thusforany f : Z,, (k) — . thereisan 4 € Z(R) so that D 4 is the graph of /. The
prewellorderings corresponding to my and 7y are subsets of R. Thus L(Z(R)) can
recover C4 and D4 from 4 € Z(R). This shows that 2, (k) = (P, (k))HZ®)

L(Z(R))
and [[ 5, () 4 = (H%I ) /1)

The real world and L(Z(R)) have the same Suslin cardinals since the real
world and L(2(R)) have the same trees on ordinals below ® = @L(Z[®) ysing
the Moschovakis coding lemma. Note that since & is less than or equal to a Suslin
cardinal in the real world, & is still less than or equal to a Suslin cardinal in L(Z(R)).
Since the Suslin cardinals are unbounded below the supremum of the Suslin cardinals
by Fact 4.21, there is a reliable ordinal (even a Suslin cardinal) £ > . Since & is
a reliable ordinal, fix a reliability witness ¢ on W C R. Since ¢ = (@, : n € @) is
a scale, ¢ € L(Z(R)). For any strategy p on &, let K, be the set of ¢ € 2, (k)
such that p[<”g] C o and o is honest relative to ¢. Let K = {c Nk : 0 € K, }. By
Fact 4.18, 4 € v, if and only if there is a strategy 7 on & so that K C A. Strategies
on k are essentially subsets of <. By using the Moschovakis coding lemma applied
in L(#(R)) using a surjection of R onto & in L(Z(R)) (for instance, ¢g). one can
show that the real world and L(£?(R)) have the same set of strategies on &. Note
also that for any strategy p on . K = (K ;j)L(‘@ (B)) since the notion of honesty is
absolute. Using the explicit definition of v, (having sets of the form K ,asa basis)

applied in the real world or L(2(R)). one has that v, = (v, )X(?®)_ This with the

L(Z(R))
previous observation that [ | Py () A= (]_[ P () Z) implies that [ | P () A/
)L(@(R))

, and ]_[@w1 (r) 4/ Vi is wellfounded.

e = (Tony 0 A/
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Since AD* holds in the real world, L(Z(R)) = AD". By the above, [, ) 4/

: . . L(ZR)
v, is wellfounded if and only if <H3%1(n) l/vn) is wellfounded. So

work inside L(Z(R)) and assume for the sake of contradiction that there is
some k less than or equal to a Suslin cardinal and ordinal 4 < ® so that
I1 Py () Afv. is illfounded. For each a <@, let W, be the set of reals of
Wadge rank less than «. Let ¢ be the sentence “there exist ordinals o« and
p so that L,(Wjy) = (3k.2)(k is less than or equal to a Suslin cardinal A 4 <
OAT] P () /vy is illfounded)”. By the reflection theorem and since Z(R) = We,

thereis some a so that L, (We) | (3k. 4)(k is less than or equal to a Suslin cardinal A
A< OA l—[‘@w1 (r) A/ Vs is illfounded). Thus L(Z(R)) |= ¢ with witnesses a as above

and f = ©. By the X;-reflection into Suslin—coSuslin (Fact 3.15), S <5, L(Z(R)).
There exist @ < S and f € S so that

Lo(Wg) = (3k. A)(k is less than or equal to a Suslin cardinal

Ni<ON [ 4/vxisillfounded).
‘@‘”1 (")

Since a.. f < ©. L,(Wp) is a surjective image of R. Working in L(#(R)) |= DCg.
one can find (f, : n € w) so that f, € La(Wg). [ : Po, (k) = 4. and La(Wy) =
[fns1lve < [fnly, foreachn € w. Foreachn € w. L(Wy) = 4, = {6 € Py, (k) :
Sus1(o) < falo)} € ve. Note Lo (Wp) = & isless than or equal to a Suslin cardinal.
Thus L, (W) has a reliable ordinal < > . Pick a reliability witness ¢ for £ in
L,(Ws) and note that it is a reliability witness for £ in L(Z?(R)). For any strategy
p on k, define K} relative to this reliability witness . By applying the explicit
definition of the supercompact measure on  within L, (W), for each n € w, there
is a strategy p on & so that K C 4,. Again since there is surjection of R onto
Lo(Wg) in L(Z(R)), one can use ACL, in L(Z(R)) to find a sequence (p, : n € o)
so that for each n € w, p, € La(Wﬁ) is a strategy on &, and K C A, Note for
all n € , K €v,. Since L(Z(R)) |= v, is countably compete, ), K, # 0.
Let 0 € ,ep, K, € MNyew An- Then in L(P(R)), (f4(0) : n € w) is an infinite
descending sequence of ordinals below 4. This is a contradiction. .

FacT4.23. (Almost everywhere honest-enumeration uniformization) Assume AD™ .
Let & be a reliable ordinal with reliability witness @, which is a scale on a set W C R.
Let R C P, (k) X “ be such that dom(R) = P, (k). There is a strategy p on &
with the following properties:

(1) Forall s € <”k with |s| odd, t5(s) € w.

(2) Forall f € “x such that flw] € K 5. R(f[w],Eiﬁ(f)).

Proor. Consider the game Hy on « defined as follows:
1 Qo an Qyq

HR g f, X
1 A B3 Bs

k.2 ( k.2 ( k.2 (

Oél,xo) T 043,)61) T Ols,xz)
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Player 1 and Player 2 alternate playing ordinals from . Player 1 plays «;,, and Player
2 plays f»,1 as in the picture above for each n € w. Practically, one should regard
Player 2 as playing a pair as,.| € & and x,, € o such that 7%%(a,41. X,) = Ponsi.
Let g = (@, f1. 2. f3....). Let f = (o, :n € w) and x = (x, : n € w). Player 2
wins if and only if the conjunction of the following holds:

e Foralln € w, x, € w.
* R({po(Gn(f)) : n € o}, x).

This game is determined by AD™.

The claim is that Player 2 has a winning strategy in Hg. For the sake of
contradiction, suppose p is a winning strategy for Player 1 in Hg. Let o € 2, (k)
have the following two properties:

(1) o is honest relative to the reliability witness .
(2) p(0) € o. Forallk € w, yq..... 7241 € G. Hg. ... N € @,

P((Vo,71”’2(?1,no),yz,ﬂ“’z(h,m), ---,n”’z(VzkHank») €o.

Let x € “w be such that R(o,x). Let & :w — ¢ be a surjection onto o. Let
h:w — K be defined by h(n) = n52(h(n).x(n)). Consider the run of Hz where
Player 1 uses p and Player 2 uses pg. Let g =p *pg. Let f(2n) = g(2n) and

f@2n+1) = ng‘z(g(2n +1))=h(n). By (2), for all n € w., f(2n) € ¢. Since
for all ncw, f2n+1)=h(n) and h:w — ¢ is a surjection, f[w]=o0.

y (1), flw] is honest. By the properties of the generic coding function
& (Fact 4.8), ¢o(6,(f)) = f(n). Thus o = {p(6,(f)):n € w}. Note that
x(n) = 7n7*(g(2n + 1)) and R(o,x). This shows that Player 2 has won this run
of Hg, which contradicts p being a winning strategy for Player 1.

Thus by the determinacy of Hg, Player 2 has a winning strategy p. By the
first condition for Player 2 winning, condition (1) must hold for 5. Now suppose
he 2, (k) is such that hlw] € Kys. Consider the run of Hr where Player 1
plays by p,i and Player 2 plays by p. Let g = p,ﬁ x p. Let f :w — k be defined by
f(2n) = g(2n) and f(2n+ 1) = n§*(g(2n + 1)). By the hypothesis that h[w] €
Kyx. f@2n+1)=n"%g(2n + 1)) € h[w]. Thus f[w]={f(n):n € o} = hlo].
which is an honest set by the hypothesis that 2[w] € K« Jo . By the properties of the

generic coding function, ¢o(&,(f)) = f(n). Thus hlw] = {@o(G,(f)) :n € w}.
Let x € “o be defined by x(n) = n72(g(2n + 1)). Since / is a Player 2 winning
strategy, R({¢o(®,(f)):n € w},x) holds or equivalently R(h[w].x). Since
x = E2.(h). one has that R(h[w].E2 (h)). This completes the proof. .
P P

In the following. one will focus on the supercompact measure on &, (wge). One
will develop first a coding of strategies on w,,. The following objects will be fixed for
the rest of the discussion concerning @, .

DEFINITION 4.24. Fix a IT} set W and a A] scale @ on W of length «,,. which
witnesses the reliability of ww. (This can be obtained by applying the scale property
for 1'[3 on some complete IT} set. More explicitly, one can let W = {x! : x € R} and
let ¢ be a modification of the sharp scale so that ¢y : W — w,, is a surjection.) Let
<y denote the prewellordering on W induced by ¢, : W — w,,. Note that <, € A;
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for all n € w. Fix a bijection %< : @, — <®(w,,). Fix U C R x R x R, which is
universal for I} subsets of R2.

Let scode be the set of x € R so that the following holds:

(1) For all s € <“w,,, there exist y,v € R such that y € W, 2% <®(po(y)) = s.

and U(x, y,v).
(2) For all y,z€ W, for all v.w € R, if y(y) = wo(z). U(x,y.v), and
U(x,z,w), thenv,w € W and ¢y(v) = @o(w).

For any x € scode, s € <“(w,,). and a € w,, let p,(s) = o if and only if there
isay e W and v € W so that % <%(p(y)) = 5. ¢o(v) = @, and U(x, y,v). By
the two properties of x € scode, p, is a well-defined function from <®(w,,) into w,,
(that is, p, is a strategy on w,,).

Let scode™ be the set of x € R so that the following holds:

(a) x € scode.

(b) For all s € <?(w,,) so that |s| is odd, for all v € R, if U(x,y,v), then

7 (po(v)) € w.
Note that if x € scode*, then Ef; CPp sy O,

Fact 4.25. For all strategies p : <“(wy,) — wy,. there is an x € scode so that
P = Px-

Proor. Define RC W x W by R(y.v) if and only if p(n®<®(pe(y))) =
@o(v). Applying the Moschovakis coding lemma to the pointclass Zé with the
prewellordering ¢y, thereisan S C Rwith S € E% so that forall § € w,,, there exists
ay € W withp(y) = fand v € Rso that S(y, v). Since 7% <? : @, — <“(w,,) is
a bijection, this can be expressed also as: for all s € <“(w,,), there exist y € W and
v € R so that 7%= (py(y)) = 5. S(y.v). Since U C R x R x R is universal for X}
subsets of R?, there is some x € R so that U, = S. By the previous observation and
the fact that U, = S C R, one has properties (1) and (2) of Definition 4.24 and that
Px = P- B

One will need to make several complexity computations in order to use the
Kunen-Martin theorem to bound the ultrapower j,,, . The closure of A}. X} and IT}
under w,,-length unions will be helpful in making several complexity computations.
This result, due to Harrington and Kechris, has analogs for other scaled pointclasses.
For the results here, one can make even better complexity calculations using the
Kechris—Martin theorem [15, Corollary 1.6] to show Z; and H; are closed under
wg-length unions and intersections. Jackson has extended the Kechris—Martin
theorem throughout the projective hierarchy using the description theory [14,
Section 4.4]. However, these arguments are not known to generalize much further.

Facr 4.26. (Harrington—Kechris [11, Corollary 2.2] Assume AD. For all n € w,
for all k < &), l'[i,H, ELH, and A;11+1 are closed under k-length union. In particular,
I0,. ). and A} are closed under w,,-length unions.

PrOOE. The last statement follows from the first using » = 3 and the fact that
5; = Wey+1- =

Facrt 4.27. (Kechris and Moschovakis [16, Theorem 8.4] Assume AD. For all
new A, +1 18 closed under k-length unions and intersections for all Kk < 55, 41-In
particular, A; is closed under w,,-length unions and intersections.
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FacT 4.28. Assume AD. scode and scode™ are A}.

Proor. Foreachs € <“(w,,).let A, be the set x € R so that thereexist y,v € Rso
thaty € W.po(y) = (<) (s).and U(x. y.v). Note that A, is £} since W is T},
polisa A%-norm, and U is Zé. In particular, A; is Ai. Let A ={A4,:5 € <?(wy)}.
which is A} since A} is closed under e,,-length intersection by Fact 4.26. (4 is actually
Z; since Z; is closed under w,,-length intersections by the Kechris—Martin theorem.)
Note that A4 is the set of x € R, which satisfies Definition 4.24 property (1). Let B
be the set of x. which satisfies Definition 4.24 property (2). Since W € IT}, U € I,
and ¢ is a A} norm, one has that B s ITj. Since scode = 4 N B, scode € Aj.

Let X = {a € w, : 1"°*(a) € w}. Foreacha € X and s € <“(w,,) with |s| odd.
let C, , be the set of x so that for all y.v € R.ifv € W, py(y) = (7% <*)"1(s), and
U(x.y.v).thenpy(v) = o. Note that C, s isTTy. Let C = {U{Cus i€ X} 5 €
<®(w,) A |s|is odd}. Since A; is closed under w,,-length intersections and unions,
C € A}. Since scode™ = scode N C, scode™ is Aj. —|

LemMmAa 4.29. Assume AD.

(1) Let String C w x R x R be defined by String(n.r.y) if and only if y € W,
Sor all m < n, r" € W, and n><*(po(y)) = (po(rM), ... o (r"1)) (that
is. 1< (oo (y)) is the length n-string (0o (r™). ... oo (r"11))). String is A}.

(2) Let IntPart C R x w be defined by IntPart(v.n) if and only if v W and
7%2(po(v)) = n. IntPart € Aj.

(3) Let ONPart C R x R be defined by ONPart(v, w) if and only if v € W and
ng"‘“’Z(wo(v)) = @o(w). ONPart € A},

(4) There isaA% relation NormCompare C w x @ x R x Rso that forallm,n € w
and v,w € R, NormCompare(m, n,v, w) if and only if v.w € W and ¢,,(v) =
on(w) (where ¢ = {p, : n € w) come from the fixed reliability witness).

(5) There is a Z; set Honest C R so that Honest(r) if and only if for all n € w,
r" e W oand {o(r™) : n € w} is honest relative to the reliability witness .

(6) There is a £} relation Rungi CR X R and a I} relation Runpy so that if x

scode, then Runzg (x.r) ifand only ifRunn% (x.r)ifandonly if (po(r!) : n € w)
is a run according to p used as a strategy for Player 2.

(7) There is a Eé relation ClosedEé CR xR and Hé relation Closedné CRxR
with the property that whenever x € scode, Closedzé (x.r) if and only if
Closedyys (x.7r) if and only if for all n € w, "™ € W and for all for all
s € <2({po(r™) i n € w}), pi(s) € {po(r™) : n € w}.

(8) There is a Zé relation fCIosedE; CR xR and l'[% relation fCIosuren; C
R x R with the property that whenever x € scode, fCIosedE% (x,r) if and
only if fCIosedH% (x.7) if and only if for all n € w, ¥" € W and for all

s € <({po(r") i n € 0}). x5 (s) € {po(r?) 1 n € w}.

ProOOF.

(1) Foreachs € <*(w,). let A, be the set of (|s|, 7, y) such that y € W, ¢o(y) =
(n@=<»)-1(s), and for all m < n, r'] € W and @y (r"1) = s(m). Note that
Ay € A} and String = | J{4, : s € <°(w,,)}. String € A} since A} is closed
under w,,-length unions by Fact 4.27.
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(2) For each a€w, and new, let Vo, ={(v.n):ve W Apy(v) =
(n>2)1((c.n))}. Since gy is a Aj-norm, V,,, € A}. Then IntPart = | J{ Vo, :
o € w, An € o}, which is Aj since Aj is closed under w,,-length unions.

(3) Foreach a, B < . let (v, w) € A, p if and only if ¢o(v) = 7%*(a. f) and
B = @o(w). Agpis A}. ONPart = (J{A,p : . ff < w,}. which is A} since A}
is closed under w,,-length unions.

(4) Let m,n € w and o < w,,. If a is greater than or equal to the rank of either
©m Or @,, then let A, = 0. If « less than the rank of both ¢,, and ¢,.
then let Ay = {(m.n.v.w) : @n(v) = a A u(w) = a}. Apna is A} since
all the norms in ¢ are Alé norms. Then NormCompare = | J{Anq : M. 1 €
o A a < g}, which is A} since A} is closed under w,,-length unions.

(5) Note that r € Honest if and only if for all n € w, there exists w € W
so that @o(w) = @o(r™) and for all k € w. there exists j € o such that
NormCompare(0, k, ¥I/1, w). Since NormCompare is Aé, Honest is Zé.

(6) Let Runzg (x.r) if and only if for all n € w. r") € W and there exist y.v € R

so that String(2n + 1.7, y). U(x, y.v). and @y(v) = o (ri2+1), Runy; is L
and if x € scode, then Ru nz% (x.7) has the intended meaning stated above.

Let Runpy (x.r)ifand only if for alln € w. r"l € W and for all y,v € R, if
String(2n + 1.r.y) and U(x, y.v). then @o(v) = o (r"+1), Runng is IT; and
if x € scode, then Runné (x.r) has the intended meaning.

(7) This is a similar and simpler than the argument shown next for (8).
(8) Define fCIosedH% (x,r) if and only if the conjunction of the following holds:

eForalln e w, rMe w.
e For all n € w, for all ¢, y,v, vy € R, if the conjunction of the following
holds:
— For all k < n, there exists i € w. @o(t¥1) = o (rlid).
— String(n. t, y).
—-U(x,y.v).
— ONPart(v, vy).
then there exists a j € w. @g(vy) = @o(rl/1).
Note that fCIosedn% € I3 Define fCIosedE% (x,r) if and only if the conjunc-

tion of the following holds:
eForalln cw. r" e w.
e For all n € w and function £ : n — w, there exist j € w and ¢, y,v, vy € R
so that the conjunction of the following holds:
— Forall k < n, ¢l = ple)],
— String(n.t, ).
~U(x,y.v).
— ONPart(v, vy).
—wolvg) = wo(r[j])'
Note that fClosedZ% is Z3.If x € scode, then fCIosedE% and fCIosedH% have
the intended meanings. ’ ‘
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FacT 4.30. Assume AD. Suppose x € scode®. Let A be the set of [ € “(w,,) so
that flw] € K, (20 Then Ezwu [4] is 23 (note that since x € scode®, Efww [4] is a set

Px
of reals).

ProOF. Observe that u € E “z“w [4] if and only if there exist 7, ¢ € R so that the
Px
conjunction of the following holds:
. fCIosedZ; (x.7).

o Honest(r).

e Foralln € w, 1121 = ¢,

. Runzg (x.1).

e Forall n € w. IntPart(¢12" 1, 4(n)).
The above expression is Zé and it works because x € scode® (and note that scode® C
scode). 4

Fact 4.31. (Steel [24]. [14, Theorem 2.28]) Assume AD and DCg. If K < ® is a
limit ordinal, then there is a surjective norm y : P — k., which is 6-Suslin bounded for
all 6 < cof (k), which means that for all A C P that are 5-Suslin, sup(p[A]) < k

FacT 4.32. Assume AD™. Let k < © with cof (k) > w,,. Let ® : P, (w,) — K.
Then there is an A € v, so that sup(®[4]) < k.

PrOOF. Fix k < © with cof (k) > w,,. By Fact 4.31, let y : P — & be a surjective
w,-Suslin bounded prewellordering. Fix ® : &, (w,) = k. Let R C 2, (0,) X R
be defined by R(o, p) if and only if ®(c) = w(p). Applying Fact 4.23, there is a
strategy p so that the following holds:

(1) Forall odd length s € <*(w,,). 75 (s) € w.
(2) Forall f € “(w,) so that f[w] € K;{l;w,R(f[(U] Elou (1))
Tp
By Fact 4.25, there is an x € scode so that p, = p. Moreover, x € scode® by
condition (1) above. Let B be the set of f € “(w,) so that f[w] € K, oo. By
condition (2), for any f € B, R(f[w].,_. oo (f)) and thus Efww (f) € P by the
Px
definition of R. Thus E ww [B]C P and E ww [B] is }23 (and hence w,,-Suslin)
Tpx

by Fact 4.30. Since y is a We-Suslin bounded norm, there is a J < x so that
[ Bl Co. K, 20 € Vo, by Fact 4.15. Let 0 € K, (20 Let f : w — o be any

surjectlon and thus f [w] = o. Note that f € B. Therefore by (2). R(6.22,, (f)).
Tpx
This means ®(g) = z//(Efww (f)). Since w(Z2,,(f)) €= ww [B]. one has that
Px Tpx
w (22, (f)) <J.S0 ®(a) < 5. This shows that sup(q)[Ky;)w]) <6< K. .
Tpx “Px

DEFINITION 4.33. Let scode™ consists of those x € R so that the following hold:

(1) x € scode”.
(2) Forall f € “(w,) so that f[w] € K ww,: v (f) € W (where recall W is the
Tpx

underlying set of norms that form the reliability witness @).
(3) Forall fg, f1 € “(wy,) so that fo[w]. f1[w] € KX;?‘?' and fo[w] = f1[w], then

WO(E%{? (fo)) = 900(53% (1))
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If x € scode™, then let @, : KX;)uw — w,, be defined by @, (g) = ¢y(E2,,, (1)) for
rx Tpx

any f :w — o, which is a surjection. The conditions of the definition of scode™
imply that @, is a well-defined function independent of the choice of f which
surjects onto o.

Fact 4.34. Assume AD". For any ® : Z,, () = W, there is an x € scode™ so0
that [®@],,, = [DPx].,, -

ProoF. This was shown in the proof of Fact 4.32. (Replace the w : P — k of
the proof of Fact 4.32 with ¢ : W — w,,.) (Moreover, if one inspects the payoff
set for Player 2 in the game Hyg for the relevant relation R from Fact 4.32, one
can even strengthen Definition 4.33 condition (2) to say that for all f € “(w,,).
Efpww (f)ew.) .

FACT 4.35. Assume AD. scode™ is A}.

ProOF. Note that x € scode’ if and only if the conjunction of the following
hold:

e x € scode*.
e For all r,z,u € R, if the conjunction of the following hold:
— Honest(r).
— fClosedy; (x. 7).
3
—Foralln € e, 12" = ylnl,
— For all n € o, IntPart(¢2"*+11 u(n)).
- Run% (x.1),
thenu € W.
e For all rg, 19, ug, r1. t1, u; € R, if the conjunction of the following hold:
— Honest(r() and Honest(r}).
- fCIosedzg(x, ro). fCIosedZ; (x.r1).
—Foralln € w, (1)1 = (ro)l" and ()2 = ().
—Forall n € w, IntPart((t)?" 11, uy(n)) and IntPart((z9)2" 11, ug(n)).
- Rung (x. 7o) and Rung.i (x. 7).
3 3
— For all m € w. there exists n € w so that ¢g((rg)"™) = o ((r1)™). For all
m € w, there exists n € w so that ¢y ((r)"1) = ¢y ((ro)!"]).
then o (up) = o (u1).
The first point is A} since scode® € A}. The second and third points are IT,. The
entire expression is Aj. -

Fact 4.36. (Kunen—Martin Theorem) Assume ACE. Every k-Suslin wellfounded
relation on R has length less than k™.

FacT 4.37. (Becker [1. Theorem 4.2]) Assume AD". Let o0 < 63 = w11 and v,
be the unique supercompact measure on Py, (). Then j,, (8}) = ju, (0n12) = ol =
W42

Proor. Note that these ultrapowers are wellfounded by Fact 4.22. For all
a<o ; = Wy+1, Vo 18 Rudin—Keisler reducible to v,,, by Fact 4.20 and therefore
Jva(84) < ju, (8}). Thus it suffices to show that j,, (d}) = .
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The representatives of ordinals below j,, (o 1) are functions of the form
O: 2, (0,) =0 1. Since 8}, is regular, Fact 4.32 implies that ® is v, -almost equal
to a function which is strictly bounded below d4. Thus Jvon, (8}) = sup{ Tve, (B) :
S < 8,}. To prove the theorem, it suffices to show that Jre, (B) < 0 s forall f < 6y

Letf < 6}‘ = Wpi2. Sinceéé = W1, letyg 6% — f beasurjection. Foreach @ :
P (0) = 0. letd : P, (0,) — B bedefined by ®(0) = w(®(a)). Forevery Y :
Py (0y,) — B, thereisa @ : 2, (w,) — 0} so that ® = Y. Thus ¥ : Tvoe, (63) —
Jve, (B) defined by ¥([D],, ) = [d)]v(aw forany @ : 2, (w,,) — 8} is a well-defined
surjection. Since 9 is a cardinal, it suffices to show that j,, (d3) < .

Since 4} is regular, Fact 4.32 again implies jy,, (83) = sup{j,,, (7):y < d3}.
Since 8} is regular, it suffices to show that Jray, (7) < o) for all y < 6}. Since 63 =
g1, the same argument from the previous paragraph shows that j,,, (w,,) surjects
onto jy,, (p)forally <o ; Finally, it has been shown that to prove the theorem it
suffices to show Ji,, (w,) < d5.

Define a relation compare C R x R as follows: compare(x, y) if and only there
exists a z € R such that the conjunction of the following hold:

(1) x.y € scode” and z € scode.

(2) Forall r, ty. t1, up. u; € R, if the conjunction of the following hold:
o Honest(r).
o CIosedEé (z.r), fCIosedzg (x,r), and fCIosedZ% (y. 7).

e Foralln € w, ()" = (1) = 11,
e Forall n € w. IntPart((#9)2" 11 uy(n)) and IntPart((z;)2" 1 u; (n)).
. Runzé (x, tg) and Runzé (y. 11).

then oo (o) < po(u1).

Observe that (1) is A} and (2) is IT}. Thus compare is ;.
Claim 1: compare(x. y) if and only if x. y € scode™ and (D], <[Pyl -
To see Claim: (=) Let z witness the existential quantifier in compare(x, y). Note

Kx,‘ff;" N KX;);U NK,. €Vy,. Leto c KX;J;U N Kz}ﬁ’;’) N K,.. By definition, this means

that o is honest and closed under x>, x>, and p.. Let f* : @ — & be any surjection.

Px X
Letg, = pj * pyand g, = p} * p,. Let 1.4y, 11 be such that for all n € @, ¢y (r") =
S (), et = (2o) P, vt = (1)1, o ((10)™) = g (n). and o ((11)!") = g, (n). For
all n € o, let ug(n) =7 (po((19)2"* 1)) and wi(n) = (o ((1)2"+1)). r,
fo, t1. up. uy satisfy the hypothesis of the conditional in statement (2). Thus
@o(uo) < @olur). Since uy = E2,, (f) and uy = E%,, (f). one has that ®(g) =
Px Py
wolug) < @o(u1) = @, (o) by definition. Since o € Koo N Koo NK). € Ve, Was
X y

arbitrary, this shows that [®,],, < [®y],,, -

(<) Suppose [D],,, <[Py, - The set 4= {oe€ Py (w,): Do) <
®,(0)} € v, . By Fact4.16, there is a strategy p so that K, C A. By Fact 4.25, there
isa z € scode so that p. = p. By much of the same argument as before, z witnesses
the existential to show that compare(x, y) holds. This establishes the claim.

Define an equivalence relation ~ on scode™ by x ~ y if and only if (@) ]y, =
[@)],,, - Let H = scode™/ ~ be the set of equivalence classes of ~. For X, Y € H.
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define X < Y if and only if for any x € X and y € Y. [D,],,,, < [D,],,, - Observe
that (H. <) order embeds into j,, (@) by the well-defined map A(X) = [®,],,,
for any x € X. This shows that (H, <) is a wellordering. Hence by using the claim,
compare is a wellfounded relation whose length corresponds to the ordertype of
(H.<). By Fact 4.34, every @ : Z, (w,) — (w,) has an x € scode”™ so that
[®],,, = [@x]\,,- This shows that the ordertype of (H.<) is exactly j,,, (o).

Hence the length of compare is exactly j,, (). Since compare is a wellfounded

¥} and hence 8} = w,,; Suslin relation, the Kunen—Martin theorem states that the
length of compare is less than (63)* = (w,11)" = Wwi2 = 6. Thus Trey, (W) < ).
This completes the proof. -

THEOREM 4.38.  Assume AD™. Let (A, : oo < 83) be such that Ua<5§ Ay = P(8)).

Then there is an o < 0% so that —(|Aa| < |<%481)).

PROOF. Suppose () = Ua«;% A, and |4, < \<"316}1\ for all a < 83. 83 is a
Suslin cardinal and hence reliable. By Fact 4.37, the hypothesis of Theorem 4.11
holds. Thus |2(83)| = | Ua<,;§ Aol < |<5}15}‘|. d} is a weak partition cardinal and

hence a measurable cardinal. Thus (3}1 does not inject into Z(y) for any y < 6 }‘. So
\<"}16}1\ < |22(6})| by Fact 2.9. This is a contradiction. .

This argument can be generalized to the suitable analog at higher projective
ordinals.

THEOREM 4.39. Assume AD". Let n € w. Let {Ay:a < 6%n+1> be such that
Ua<6§,,+1 Ay = P(33,,,). Thenthereisana < 83, so that =(| 44| < |<‘;%n+26%n+2\).
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