G. Thorbergsson and M. Umehara
Nagoya Math. J.
Vol. 173 (2004), 85-138

A GLOBAL THEORY OF FLEXES OF PERIODIC
FUNCTIONS

GUDLAUGUR THORBERGSSON AND MASAAKI UMEHARA

Abstract. For a real valued periodic smooth function v on R, n > 0, one
defines the osculating polynomial ps (of order 2n + 1) at a point s € R to
be the unique trigonometric polynomial of degree n, whose value and first 2n
derivatives at s coincide with those of u at s. We will say that a point s is a
clean mazimal flex (vesp. clean minimal flex) of the function u on S* if and
only if ¢s > wu (resp. ps < u) and the preimage (¢ — u)~'(0) is connected.
We prove that any smooth periodic function w has at least n+ 1 clean maximal
flezes of order 2n 4+ 1 and at least n + 1 clean minimal flexes of order 2n + 1.
The assertion is clearly reminiscent of Morse theory and generalizes the classical
four vertex theorem for convex plane curves.

§1. Introduction

For a real valued C?"-function u on S! = R/27Z, n > 0, one defines
the osculating polynomial s (of order 2n + 1) at a point s € S* to be the
unique trigonometric polynomial of degree n,

s(t) = ap + ajcost + by sint + - - - + a, cos nt + by, sinnt,

whose value and first 2n derivatives at s coincide with those of u at s. If u is
C?"*1 and the value and the first 2n + 1 derivatives of u and ¢ coincide in
s, i.e., if g hyperosculates u in s, then we call s a flex of u (of order 2n+1).
Notice that the order 2n + 1 of the osculating polynomials and flexes in the
definition above has been chosen such that it coincides with the dimension
of the space Ay, 41 of trigonometric polynomials of degree n. Notice also
that a flex of order one, i.e. the case n = 0, is nothing but a critical point.
The existence of 2n + 2 flexes of order 2n + 1 for any C?"*!-function u
on S! is an easy consequence of the well-known fact that a function has
at least 2n + 2 zeros if its Fourier coefficients a; and b; vanish for ¢ < n;

Received June 4, 2001.
Revised December 6, 2002.
2000 Mathematics Subject Classification: Primary 51L15; Secondary 53C75, 53A15.

https://doi.org/10.1017/50027763000008734 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008734

86 G. THORBERGSSON AND M. UMEHARA

see Appendix A for a proof. Here we will prove the much more difficult
result that there are 2n + 2 such flexes satisfying the global property that
the osculating polynomials ¢ in the flexes support u, i.e., either ¢; < u
or u < . More precisely, we will say that a point s is a clean mazimal
flex (vesp. clean minimal flex) of a C?"-function u on S' if and only if
@s > u (resp. ps < u) and the preimage (¢ — u)~1(0) is connected. This
terminology is compatible with our definition of a flex, since it is easy to
see that a clean maximal (or minimal) flex is a flex if u is C?"F1,

Our main result is the following theorem.

THEOREM 1.1. Let u be a real valued C*"-function on S' where n > 1.
Then u has at least n + 1 clean maximal flexes of order 2n + 1 and at least
n+ 1 clean minimal flezes of order 2n + 1.

The theorem is not true if n = 0. A continuous function v on S! is
obviously supported by constant functions in points where u takes on its
maximum and minimum values, but it does not have to be true that u takes
on its maximum and minimum value in connected sets.

The above theorem is clearly reminiscent of Morse theory. We would
like to point out a further similarity. Assume that v is a C'2-function on S*
and define the function ¢ for every s € S! as the largest function in A3
such that ¢ < wand ¢ (s) = u(s). Typically, u and ¢ have two common
values. A point s in S! is therefore exceptional if u and ¢ have only a
common value in s or if u and ¢ have more than two common values. In
the first exceptional case we have that s is a minimal flex. We denote the
number of such flexes (or the corresponding functions @) by sy. Let t,
denote the number of functions ¢ counted with multiplicities having more
than two values in common with u. (If 7 and u have k values in common,
then ¢ contributes k — 2 to the number ¢,.) If sy is finite, then ¢ is finite
too and the following formula holds:

8+—t+:2.

A similar formula holds for the functions ¢ defined for every s € S! as the
smallest function in A3 such that ¢ > u and ¢} (s) = u(s). The two for-
mulas taken together generalize Theorem 1.1 for n = 1. One should expect
such formulas to hold for every n, thus giving a far-reaching generalization
of Theorem 1.1, but so far there is no such result. A closed convex curve
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v(t) is called strictly convez if det(y'(t)y”(t)) > 0 for all ¢. The above for-
mula implies a theorem on strictly convex curves that was first proved by
Bose [Bo] in the generic case and then generalized by Haupt [Ha] to generic
simple closed curves. It was proved for general simple closed curves by the
second author [Um] using intrinsic circle systems, a method that will be
generalized in the present paper.

If n = 1, the existence of four flexes of order three on a periodic function
does in fact imply the so-called four vertex theorem for strictly convex curves
in the FEuclidean plane. A smooth regular curve v has at any point s an
osculating circle which can be defined as the unique circle having at least
a three point contact with + in s. The point s is called a vertex of ~y if the
osculating circle at s has at least a four point contact with v in s, or, in
other words, the osculating circle hyperosculates v in s. The four vertex
theorem for strictly convex curves says that such curves have at least four
vertices. Theorem 1.1 now implies that there are at least two vertices at
which the osculating circles are inscribed and at least two vertices at which
they are circumscribed. This result is more generally true for any simple
closed curve in the Euclidean plane, see [Kn], and also follows from the
methods we use here, see [Um]|, but in this generality the curves do not
correspond to functions on S*.

We now describe the connection between strictly convex curves and
periodic functions in more detail. Fix a point o in the interior of a strictly
convex curve 7 in the (z,y)-plane.

Figure 1.

For each t € [0,27), there is a unique tangent line L(t) of the curve which
makes angle ¢ with the z-axis. Let h(t) be the distance between o and the
line L(t). The function h is called the supporting function of the curve ~y
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with respect to o. The radius of the osculating circle of + at ¢ is given by
R"(t) + h(t). Tt can easily be checked that a point ¢ is a vertex of the curve
if and only if A”/(t) + h/(t) vanishes. Let g be the osculating function (of
order three) of h in s. Then, by definition, h(s) = p4(s), h'(s) = ¢.(s) and
h"(s) = ¢(s). Furthermore, s is a flex if and only if A”'(s) = ¢/’ (s). Notice
that ¢g is a trigonometric polynomial of degree one, i.e.,

s(t) = ap + aj cost + by sin t.
The function ¢’
h if and only if A" (s) + h/(s) = 0. Hence we see that there is a one-to-one
correspondence between the vertices of the curve v and the flexes of the

(t) + L (t) clearly vanishes identically. Hence s is a flex of

function h. It is also easy to see that a clean maximal (resp. minimal) flex
of h corresponds to a vertex where the osculating circle is circumscribed
(resp. inscribed) and touches v in a connected set.

The methods of the paper are general and can be applied in other
situations. Let v again denote a strictly convex closed curve that we assume
to be contained in the affine plane (or in the projective plane, but this
is not more general since there is always a line which such a curve does
not meet). One defines the osculating conic Cy at a point t of ~ to be
the unique conic which meets v with multiplicity at least five in ¢t. If C}
and vy meet with multiplicity at least six in ¢, then ¢ is called a sextactic
point. If the osculating conic at ¢ is inscribed (resp. circumscribed) and
meets 7 in a connected set, then we will call t a clean mazimal (resp. clean
minimal) sextactic point. One can show that clean maximal and clean
minimal sextactic points are in fact sextactic. We will prove the following
theorem that improves a result of the authors in [TU2] as well as a result
of Mukhopadhyaya in [Mu2].

THEOREM 1.2. A strictly convex curve has at least three clean mazximal
sextactic points and three clean minimal sextactic points.

The singularities we have been discussing so far are flexes of periodic
functions and vertices and sextactic points of convex curves. In all three
cases the dimension of the space of approximating functions or curves is
odd. (The space of circles is three-dimensional and the space of conics
is five-dimensional.) There are also singularities of even order of which
inflection points of curves in the projective plane are the most important
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example. Here one approximates the curve with lines which form a two-
dimensional space. In the even order case one typically has to deal with
nonorientable situations like noncontractible curves in the projective plane
or antisymmetric functions. In Appendix A we also deal with even order
flexes of antisymmetric functions, but we restrict ourselves to the odd order
case in the main body of the paper since the even order case is considerably
more difficult due to problems with nonorientability.

In Section 2, we introduce our main tool, the intrinsic systems, which
are in our applications analogues of intersection divisors on algebraic curves.
This approach is a generalization of the methods in [Um], [TU1], [TU2],
and the idea behind it is inspired by the paper [Kn] of Kneser. We shall
briefly explain the idea of intrinsic systems by using the case of the four
vertex theorem and the six sextactic point theorem for strictly convex plane
curves: For the sake of simplicity, we assume here that 7 is a real analytic
noncircular simple closed curve. We denote by €2, the domain bounded by
~. For each point p € v, there exists a unique maximal circle C’; inscribed
in Q4 and touching v in p. (See Figure 6a in Section 2.) Since 7 is real
analytic, the intersection C;r N~ is finite. In this case, the intersection
divisor f,, counting the multiplicities of the intersections between v and C’;r
is given in the following form

Ip= pr(Q)q (fp(Q) € No),

q€y

where Ny is the set of non-negative integers. Namely, f,(¢) = 0 when
q ¢ Cf Ny and fy(q) = m (> 0) if Cf meets v at ¢ with multiplicity m.
Each coefficient fj(¢) is a non-negative finite even integer and satisfies the
axioms of intrinsic systems of order 3. The function f, : Sl =+ = 2Z
satisfies the following properties.

(Supporting property) f,(p) > 0 for all p € S*.
(Exchangeability) If f,(q) > 0 then f, = f,.

(Total multiplicity) » _ f,(q) > 4.

q€y
(This is a consequence of the maximality of C;r )

(Uniqueness) If fp,(p) > 0 and f4,(q¢) > 0 where p1 < q1 <p < q (< p)

then f, = fq.
(This is a consequence of the fact that two circles having three points in
common counted with multiplicities must coincide.)
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These properties belong to the axioms of intrinsic systems of order 3. A
point p € ST such that f,(p) > 4 is called an (abstract) flex. By definition,
a point p on a curve is a flex if and only if the osculating circle coincides
with Cf. Kneser’s argument (cf. Lemma 3.6) to find vertices on curves
applies to intrinsic systems of order 3 directly, and can be used to show the
existence of two flexes, which are vertices of v whose osculating circles are
inscribed in 2,. Using the same argument for the exterior domain of the
curve, we can associate to it another intrinsic system of order 3 and use it
to find two vertices where the osculating circles are circumscribed.

We next assume 7 is strictly convex. Instead of the maximal inscribed
circle C;f, we consider the maximal inscribed conic '}, (which consequently
is an ellipse) passing through p,q € v in €,. (See Figure 6b in Section 2.)
In this case the intersection divisor is of the form

frg = Z fpa(r)r (fpq(r) € No).

rey

The coefficients f, 4(r) satisfy the axioms of intrinsic systems of order 5.
As a function f,, : S' — 2Z satisfies the following properties, which will
be included in the definition of intrinsic systems.

(Symmetry and supporting property) f, , = fqp and fpq(p), fp.q(q) >
0

(Exchangeability) If f,,(r) > 0 (that is fp4(r) > 2), then fpq = fpr
Furthermore, if fpq(r) > 4 then f,q = frr.

(Total multiplicity) Z fpq(r) > 6.
rest
(Uniqueness) If fp, p,(p) > 0 and fq, 4,(q) > 0 such that py < q1 < pa <

g2 <p <q<p1, then fp, p, = fq1,4-
(This is a consequence of the fact that two conics having five points in
common counted with multiplicities must coincide.)

An (abstract) flex is a point p € S* such that f,,(p) > 6. Such a point
p is a sectactic point whose osculating conic is inscribed in 2,. Using a
Kneser type argument inductively, we can prove the existence of six clean
sextactic points.

Our intrinsic systems can also be defined when ~ is not real analytic.
They can also be applied to different situations. For example, returning to
the case of a periodic function u(t), one can consider the maximal (resp.
minimal) trigonometric polynomial ¢ of degree 2n + 1 passing through n
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given points on the graph of u(t) and satisfying ¢ < u (resp. u < ). These
trigonometric polynomials will then as in the case of the circles and conics
above give rise to a pair of intrinsic systems of order 2n + 1, which will play
a central role in the proof of our main theorem.

The situation we deal with in Section 2 and in the rest of the paper is
somewhat more general than in the introduction since we treat osculating
functions that do not need to be trigonometric functions. In Section 3 we
start drawing consequences from the defining axioms of an intrinsic system.
In Section 4 we generalize a result of Jackson [Ja]. In Section 5 we prove
Theorem 1.1 and Theorem 1.2. Section 6 contains a remark and some
questions on the possible arrangement of the clean maximal and minimal
flexes whose existence was proved in Section 5. In Appendix A some basic
properties of trigonometric polynomials are explained in the more general
setting of Chebyshev spaces. In Appendix B we explain an elementary
analytic result that is used in the paper.

§2. Chebyshev spaces and intrinsic systems of periodic functions

A real valued continuous function v on S' is said to be piecewise C?™ if it
is of class C?" except at finitely many points s1,. .., sy, and if, furthermore,
U|[s;,5:,,] AN be extended to a C?"-function on an open interval containing
[si,Sit1] for all ¢ = 1,...,m, where we understand m + 1 to mean 1. We
will refer to s1,..., s, as singular points or singularities of u.

Our goal is to study the existence of clean flexes of order 2n + 1 of a
C?"-function u on S! that does not have any singularities. In the proofs
below, we will frequently have to modify the function u by restricting it
to an interval and then extending it to the complement of the interval by
piecewise trigonometric polynomials. So we shall frequently have to deal
with piecewise C?"-periodic functions.

We let Ag,11 denote the vector space of trigonometric polynomials of
degree at most n, i.e.,

Aopi1 = {@(t) =ag+ Z(ak cos kt + by, sin k:t)}
k=1

The space Ag,+1 is an example of a Chebyshev space of order 2n + 1; see
Appendix A where this concept is introduced and discussed in detail. We
repeat here the definition of Chebyshev spaces of odd order.

https://doi.org/10.1017/50027763000008734 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008734

92 G. THORBERGSSON AND M. UMEHARA

DEFINITION 2.1. A linear subspace A of C?"(R/27) is called a Cheby-
shev space of order 2n+1 if its dimension is at least 2n+1 and if the number
of zeros in [0, 27), counted with multiplicities, of a nonvanishing function
in A is at most 2n.

It will be proved in Appendix A that the dimension of a Chebyshev
space is always equal to its order. Let u : S' — R be a C?"-function. Then
for each s € S! there exists a unique function ¢, € A whose value and first
2n derivatives at s coincide with those of u in s. We refer to Theorem A.2 in
Appendix A for a proof of the existence of ;. We call ¢, the A-osculating
function of v at s. If both v and ¢, are C?"*!-functions and the value and
the first 2n+ 1 derivatives of u and ¢, coincide in s, then we call s an A-flex
of u.

We will from now on work with an arbitrary Chebyshev space A of
order 2n + 1. The reader may want to think of A as simply being Ag,11.
Notice though that the more general point of view is quite useful even when
one is primarily interested in As,41. For an example of this, see the space
Ay, that is used to prove Theorem 1.1 from the introduction in Section 5.

Throughout the paper we let I either denote the whole S' or a non-

empty proper closed interval [a,b] on S'. In both cases we will refer to I
as an interval.

DEFINITION 2.2. Let u be a piecewise C?"-function. Let I = [a,b] be
a proper closed interval on S! and (i4,¢5) a pair of nonnegative integers
which are less than or equal to co. Then w is said to satisfy the boundary
reqularity condition (iq,tp) on I,

(1) if u is at least C*«~!in @, C?*»~Lin b
(2) and if u is not C%< in a (resp. not C?* in b), then the 2¢4-th (resp.

2up-th) derivative of u from the left at a (resp. right at b) is greater
than that from the right at a (resp. left at b).

Let I be a proper closed interval. We let 1 (” ) denote the subset of the
Cartesian product I™ consisting of those elements (p1y...,ppn) of I"™ with
at most ¢, components equal to the endpoint a and at most ¢, components
equal to the endpoint b. For example,

1(20,0) = (a7b) X (av b)7
I(21,0) = {(‘Tvy) € [CL, b] X [avb} ) (‘T’y) 7& (a’ a)7 T 7& ba Yy 7& b}a
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1(21 1)~ {(z,y) € [a,b] x [a,0] ; (2,y) # (a,a),(],b)},
Ifyyy = {(z,y) € [a,0] x [a,8] ; (z,) # (b,0)},
1(22,2) = [a,b] X [a,b].

We next prove the following lemma.

LEMMA 2.3. Let u be a piecewise C*"-function on S* and let I be a
nonempty closed interval of S' that is either proper or the whole circle. We
suppose that u is C*™ on I and satisfies the boundary reqularity condition
(ta,tp) if I is a proper interval. If I = S' we assume that u is C*™ on the
whole S*. For (pi,...,pn) € I(sz) (or (p1,...,pn) € I™ if I = S1) let A
denote the one-dimensional affine space of functions ¢ € A such that

gp(k)(pi) = u(k)(pi) forall k=0,....2u;—land alli=1,...,n,
where ; is the number of components of (p1,...,pn) equal to p;. Then the
subset of functions ¢ € A such that ¢ > u is a nonempty closed interval
that we denote by Ay (p1,...,pn)-

Proof. By definition, ¢ € A if and only if
o™ (p) =uP(p;) forall k=0,...,2u;—1andalli=1,...,n.

It follows from Theorem A.2 in Appendix A that A is a one-dimensional
affine subspace of A. Let ¢; be an arbitrary function in A. Take another
function 9 € A satisfying

<pgk)(pi):O forall k=0,...,2u; —landalli=1,...,n

which is not identically zero. Then g0§2“i)(pi) #O0foralli=1,...,n (cf
Definition 2.1). Notice that ¢9 cannot change sign in any of the points p;
since its first nonvanishing derivative there is of an even order. Since the
function @y has at most 2n zeros counted with multiplicities, either ¢o > 0

or o < 0 holds. So we may assume o > 0. Then gogmi)(pz‘) > 0 for all
i=1,...,n. For every natural number m € N, we define a function v,, on

S1 by setting
v (t) = —u(t) + p1(t) + mpa(t).

There is an mg € N such that for all m > mg we have that v,, and its
first 2u; — 1 derivatives vanish in p;, but vgpi)(pi) >0, forall:i=1,...,n,
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except when p; is either a or b where u might only be C?a~! or C?»~1
respectively. In case p; is a (resp. b) and u is only C?*~1 e, p; = 14
(resp. p; = tp), we choose mg sufficiently large so that the 2u;-th derivative
from the left and from the right of v,, are both positive in p;. Hence there
is a neighborhood of {pi,...,p,} on which v,, is nonnegative. On the
complement of this neighborhood, we have that (2 is bounded from below
by a positive number. Hence there is a my > mg such that v,, > 0 for
m > my. Therefore the function

p(t) = @1(t) + mpa(t)
is in A and satisfies ¢ > u. The rest of the lemma is now clear. [

Let u be a function as in Lemma 2.3. Now we can begin to associate
what we will call an intrinsic system to the function w. This is easy if
I is equal to the whole circle S' and the definition consists only of the
three cases (i), (ii) and (iv) below. We will therefore restrict ourselves
to the more difficult case of functions that are C?" on a proper closed
interval I satisfying a boundary regularity condition (¢4, ). We have seen
in Lemma 2.3 that the subset A, (p1,...,pn) of A is a nonempty closed
interval for each (p1,...,pn) € 1o o) €

) We define the function ¢,
Ay(p1,-..,pn) to be the boundary point of this interval, or, what is the

same thing, as
PP1,-pn) = Hlf{w € Au(pl, cee 7pn)}-

We call ¢, . p,) the minimal function of u with respect to (p1,...,pn)-

In our figures, we will indicate a periodic function f(t) by a curve

exp(u(t) — f(t))(cost,sint).

In particular, the function f(t) = wu(t) will be drawn as the unit circle,
and f(t) = ou(p1,...,pn) will be a closed curve inscribed in the circle; see
Figure 2.

We denote by Ny the set of nonnegative integers, and denote by
Map(St,2Ng U {oo}) the set of maps from S! to 2N U {oo}. We define a

map
fu:T0, ) — Map(S*, 2Ny U {co}),
by setting
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I
t=3

(ii) fu(pla“'apn)(Q) =2k

if ¢ € I° (where I° denotes the interior of I), u(q) = ¢(p,,..p,)(q) and

precisely 2k — 1 derivatives of u and ¢, agree in ¢ and k < n;

7"'7p’n)

2k if g=a and k < i,
21, ifg=aand k > 14,
2k if g ="band k < ¢,
2y, ifg=0>band k > 1,

(iii) fur,--pn)(q) =

if ¢ = a (resp. b), u(q) = @(p,,...p,)(q) and the first 2k — 1 derivatives of u
..... pn) agree in g, the 2k-th derivative of p(,, ) is different from
the 2k-th derivative of u from the right in a (resp. the left in b);

(iV) fu(p17~~apn)(Q) =00

if ¢ € I°, u(q) = @(p,,...p.)(q) and more than 2n — 1 derivatives of u and

P(py,....pn) ABTEC in q;
(V) fu(plaapn)(Q) = 0

if ¢ = a (resp. ¢ = b) and u(t) is C*" at ¢, u(q) = Pp1,....pn) (@) and more

than 2n — 1 derivatives of u and ¢, . ,.) agree in g;

(Vi) fu(p17~~>pn)(Q) =2
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if g ¢ I and u(q) = ¢(p1,...,0n)(q).
This ends the definition of the map

fu i I, ) — Map(S*, 2N U {o0}).
It will frequently be convenient to use the following notation:

fu(pkupk+17~ .- 7pn) = fu(pu vy Dy P41y - - - ,pn)’
fu(pkaqlakarlJrla' .- 7pn) = fu(p7 RN 2PN Py R N P 7pn)7

and so on. We will denote the support of fi,(p1,...,pn) by Fu(p1s---,0n),
ie.,
Fu(pry o) = {r € SU| fulp1,...,pa)(r) > 0}.

The value of f,(p1,...,pn) at a point 7 will be called the multiplicity of r
with respect to fu(p1,...,pn). The sum over all values of fy(p1,...,pn),
which can of course be infinite, will be called the total multiplicity of
JuP1,- -5 Pn)-

A point s in S* will be called a global A-flex of u if its multiplicity with
respect to f,(s") is co. Notice that a point s € I is a global A-flex if and
only if (sny is defined and equal to the A-osculating function s of u at s.
In particular, a global A-flex is an A-flex when u and g are both C?"+1,
However, the converse is not true. In fact, it is clear that a global A-flex
s € I has the global property that the osculating function ¢g of u at s is
greater than or equal to u over the whole circle S'. A global A-flex s is
called a clean mazimal flex if the preimage (¢s —u)~1(0) is connected. If
u is C?" on S', then we can also define the intrinsic system J(—u)- A clean
maximal A-flex of —u is called a clean minimal flex. Phrased differently,
a point s is a clean maximal (resp. minimal) A-flex of u if and only if the
osculating function s is greater (resp. less) than or equal to u and the
preimage (s — u)~1(0) is connected.

EXAMPLE. We give here an example which shows the difference be-
tween A-flexes, global A-flexes and clean A-flexes when A = Ag, 1. Con-
sider a 2m-periodic smooth function u(t) satisfying 0 < wu(t) < 1 which is
identically 1 on the closed interval I = [27/5,37/5] and identically zero on
the intervals [0,7/5] and [47/5, 27].

Next we set
v(t) =u(t) + Au(t+m) for A > 0.
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M = = = = = = = = = — — R

u(t)

t=s t

Figure 3. A flex which is not clean.

When A < 1, the points on the interval I are clean maximal Ag,41-flexes of
v(t). If A =1, the points on the interval I are global As,i-flexes but not
clean maximal Ao, 1-flexes. Finally, if A > 1, the points on the interval I
are Ag,41-flexes, but not global Asg,41-flexes.

In the next proposition we bring the most basic properties of the map
fu that we have associated to the function u. These properties will lead
us to the notion of an intrinsic system, see Definition 2.5 below. Notice
that there are two cases. The interval [ is either a proper closed interval
of S! on which u is C?" and satisfies the boundary condition (i4,t) or I
is the whole circle S' and u is C?" on S'. We will formulate the following
proposition for the first case, i.e., for f, : I(’iwb) — Map(S*, 2Ny U {o0}),
but notice that everything is equally true for I = S'; one simply has to
delete the index (iq,tp) from I (1) 0d disregard (A.8).

PROPOSITION 2.4. The map f = f, satisfies the following properties:

(A1) (Closedness) The set F(pi1,...,pn) is closed for all (p1,...,pn) €

..
(Lavbb)

(A2) (Symmetry) The functions f(p1,-..,pn) and f(Ds(1)s---sPo(n)) CO-
incide for every permutation o € S, and all (p1,...,pn) € Iga W)’

(A3) (Supporting Property) The support F(pi,...,pn) contains {p1,
-»Pn} for all (p1,...,pn) € I,

(Laybb)'

(A4) (Exchangeability) If f(p1,...,pn)(r) > 25 for a point r € I that
is different from pi,...,pn—; where j < n, then (pl,...,pn,j,rj) €

I(Tza,bb) and f(p1,...,Pn—j,77) = f(p1,...,pn). In particular, if j = n,

then f(r") = F(p1s- . ., pn)-
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(A5) (Uniqueness) Ifp € F(p1,...,pn) and q € F(q1,...,qy) satisfy
© M2 = 2P ¢ <P=<q=Pit1 2 Giy1 X -
s 2P 2 gn (= 1)

where 0 < i <mn, then f(p1,...,pn) = f(q1,...,qn) holds. (Figure 4a
and Figure 4b indicate situations for n = 1 and 2 respectively where

condition (o) holds but f(p1,...,0n) # f(q1,---,qn)-)

)

Figure 4a. n = 1. Figure 4b. n = 2.

(A6) (Total Multiplicity) The total multiplicity 3 c1o 4 f (P15 Pn)(q)
of f(p1,...,pn) is greater or equal to 2n+2 for all (p1,...,pn) € I

(L(lyLb)
satisfying f(p1,...,pn)(a) < 2t and f(p1,...,pn)(b) < 2.

(A7) (Semicontinuity) Let (pij,...,Pnk) be a sequence in I& ) that

converges to the element (p1,...,pn) € I("La ) where p1 € I°. Assume

f(pl,k7 e 7pn,]€)(pl,k) Z 2€

for all k. Then
f(plv cee 7pn)(p1) > 20.

Assume n > 2. If py = pa and p1 i # pa for all k, then

(A8) (Boundary Isolation) If ¢, > 1 (resp. 1y > 1) and 0 < f(p1,...,

pn)(a) < 24 (resp. 0 < f(p1,...,0n)(b) < 2up), then a (resp. b) is
isolated in F(p1,...,pn). (Figure 5 indicates a situation where vq > 1
and a is isolated in F(p1,...,pn).)
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t=3

2

Figure 5.

Proof. Axioms (Al), (A2) and (A3) are trivially true for f.
We now prove that f satisfies the Exchangeability Axiom (A4). So we
assume for r € I that
fo1, - pn)(r) > 25
and r # p1,...,pn—;. It follows from the definition of f, that (p1,...,pn—j,
ri) e I? ) We need to prove that ¢, = Q(p1,....pn)- 1t is clear

(tastp “Pn—j ;)
that o(p1,...,pn) lies in Ay(p1,...,pn—j,77). Hence
Pp1,spn) Z P(p1yspnjrd) = Ue

Since we can squeeze Yy, p, . i) between o, ) and u, we have that
Ppr,pn_yrd) 1168 Ay(p1, ..., pn). Hence

Po1yepn—yird) Z Plprypn) = U-

It follows that ¢, ) and hence

yeePn—j,r?) = P(p1,epn

f(pla' .. 7pn—j77aj) = f(pla' .. 7pn)7

and Axiom (A4) follows.
To prove that the Uniqueness Axiom (Ab) is satisfied, assume that

p€ F(p1,...,pn) and q € F(qu,...,q,) satisfy
P32 22 =P =<q=Dit1 21 =X X 2 (R 1)

where 0 < ¢ < n. Then the function

Pp1,-pn) — P(qrsesgn)
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has more than 2n + 1 zeros counted with multiplicities, implying that it
vanishes identically. Hence we have f(pi,...,pn) = f(q1,.-.,qn), proving
the axiom.

To prove Axiom (A6), first notice that the total multiplicity of f is by
definition greater or equal equal to 2n. Assume that the total multiplicity
of f is equal to 2n. Since f(p1,...,pn)(a) < 2t and f(p1,...,pn)(b) < 24,
a (resp. b) occurs less than ¢, times (resp. ¢, times) as a component of
(p1,---,pn). The function ¢, .,y —u > 0 and has precisely 2n zeros
counted with multiplicities. More precisely, the set of zeros of v, ,.) —
u > 0is {p1,...,pn}, the first 2u; — 1 derivatives vanish in p; for all i =
1,...,n, and the 2u;-th derivative is positive in p;. Let s be as in the
proof of Lemma 2.3. The 2u;-th derivative of 9 is positive in p; for all
1=1,...,n. It follows that there is a sufficiently large m such that

1
Ppr,pn) — U = P2 > 0.

Hence 1
Pp1,.epn) — EQPQ € Au(pla s apn)a

contradicting the definition of ¢, ).
We now prove the Semicontinuity Axiom (A7). Let (p1k,...,pnk) be a
sequence in [ (TZG W) that converges to the element (pi,...,p,) € [ Za ) where

p € I°. Assume that

fPLk - Pogk)(P1r) = 20

for all k. Then clearly

f(p17 cee 7pn)(pl) 2 257

SINCE P(py 4,pnp) CONVETEES 10 P, oy together with all its derivatives.
Now assume that n > 2, p1 = py and p; ; # pa i, for all k. We need to prove
that

We consider the sequence (vy) where vy = Pp1prpni) — Y- Notice that the
first derivative of v; vanishes in p; ; and pyj for all k. Hence there is for
every k a point ggj between pyj and psj such that the second derivative
of vy vanishes in gg 3. If £ > 2, then the second derivative of v}, vanishes in
p1,k and g2 j and there must be a point g3 between p; ; and g ; in which
the third derivative of v; vanishes. We continue this argument inductively

https://doi.org/10.1017/50027763000008734 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008734

A GLOBAL THEORY OF FLEXES OF PERIODIC FUNCTIONS 101

and show that there is for every k a point gg/ 5 between p; ;, and go . such
that the 2¢-th derivative of vy vanishes. The sequence (vy) converges with
all its derivatives to v = ¢(,, . p,) — « and the sequence (g2e,5) converges
to p. It follows that at least the 2¢ first derivatives of ¢(p1,...,p,) and u
coincide in p;. Since u < @y, . p.) also the 20+ 1-st derivatives coincide in
p. Hence f(p1,...,pn)(p1) > 2¢+ 2 which finishes the proof of Axiom (AT7).

Finally we prove (A8). Suppose ¢, > 1 and 0 < f(p1,...,pn)(a) < 2t,4.
Suppose also that a is not isolated in F(ai,...,a,). There is a sequence
(qn) in F(aq,...,a,) such that lim,_,~ ¢, = a. Then we have

(p(ply---,pn)(qﬂ) = u(qn)

for all n. Since u(t) is C*<~1 at a this implies that

P(pr,....pn) (@) = ula)

and ) ‘

o) (@ =u(a)
for j =1,2,...,2t4 — 1. It follows that f(p1,...,pn)(a) = 2t,, a contradic-
tion. Hence a is isolated in F(aq,...,ay). 0

We now give the following definition.

DEFINITION 2.5. Let I either be the whole circle S! or a proper closed
interval on S!. In the second case we assume we have a pair of (14, 1p) of
nonnegative integers which are less than or equal to co. A map

foI, ) — Map(St, 2Ny U {oo})

is called an intrinsic system of order 2n + 1 on I (satisfying the boundary
regularity condition (q,tp)) if it satisfies the axioms (A1) to (A8) in Propo-
sition 2.4. (If I is the whole circle one should of course delete everything
referring to the boundary conditions in the axioms.) A point s € S is
called an f-flexif f(s™)(s) > 2n + 2. Moreover, if F(s™) is connected, it is
called a clean f-flex.

The map f,, as in Proposition 2.4 is of course an example of an intrinsic
system of order 2n + 1, and an f,-flex is nothing but a global .A-flex.

Notice that the values of f(pi,...,p,) can be finite numbers greater
than 2n although this does not happen for f, by definition. This will for
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example happen in the course of the reduction procedure introduced in
Lemma 3.7 that we will frequently apply in the paper.

We next give two more examples of intrinsic systems that come from
curve theory.

EXAMPLE 2.6. (i) Let v : S1 — R? be a simple closed regular C*-
curve which we do not assume to be convex. For an arbitrary circle C, we
associate a function puc(r) on St that maps a point r on « to the multiplicity
with which C' and v meet in r. The function pc(r) takes values in {0, 1,2, 3}
since we are only assuming the curve to be C2-regular. The value of pc(r) is
of course zero in points in which C' and ~ do not meet. We let C;f (p € S b
(resp. C,) denote the uniquely defined maximal inscribed (resp. minimal
circumscribed) circle that is tangent to v in p. (See Figure 6a.) We set

N e () if s (r) < 2,

fr)(r) =497 LT
00 if fief (r) > 3.

We define the map f; similarly. One can easily verify that f;" and f;
are both intrinsic systems of order 3. (Notice that the dimension of the
space of circles in the Euclidean plane is three.) A point p is called a clean
mazimal (resp. minimal) vertex if the osculating circle C), is inscribed (resp.
circumscribed) and meets the curve in a connected set. When ~ is C3, the
critical points of the curvature function of the curve are called vertices. For
a C3-regular curve, clean vertices are vertices of the curve. However the
vertices of a curve have a priori no such global properties. The concept of
an intrinsic system is designed to find vertices with such global properties.
It is well known and can be proved with the methods of this paper that
there are at least four clean vertices on a curve ~y as above. The notion
of an ‘intrinsic circle system’ as a family of closed subset (Fj),cg1 in S*
satisfying certain axioms, see Section 6 below, was introduced in [Um)].
Several applications were given in [Um] and [TU1]. The family of supports
(Fi"(p))pest and (Fy (p))pest of the intrinsic systems f;~ and f; introduced
above satisfy the axioms of an intrinsic circle system. As a consequence,
when the curve has finitely many maximal and minimal vertices, one can
prove that it satisfies a Bose type formula as mentioned in the introduction;
see [Um)].

(ii) Let v be a strictly convex C“-curve in the real projective plane
P2, We identify v with S'. Let I be a nondegenerate conic in P2. Then
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r

Figure 6a. Maximal circle. Figure 6b. Maximal conic.

we associate to I' a function pr(r) on S! that maps a point 7 on v to the
multiplicity with which I and v meet in 7. The function pr(r) takes values
in {0,1,...,5} since we are only assuming the curve to be C*-regular. The
value of up(r) is of course zero in points in which I and v do not meet. Let
(p,q) € S*x St If p # q, we let I}, (resp. T, ) denote the uniquely defined
maximal inscribed (resp. minimal circumscribed) conic that is tangent to
v in p and q. (See Figure 6b.) If p = ¢, we let F;;q (resp. I', ;) denote the
uniquely defined maximal inscribed (resp. minimal circumscribed) conic
that meets v with multiplicity at least four in p = q. We set

IN

ppy (r) if pupy ()

4,
00 if urgq(r) 5.

1 (p,a)(r) = {

v

We define the map f5 similarly. One can easily verify that f2+ and fy
are both intrinsic systems of order 5. (Notice that the dimension of the
space of conics in P? is five.) If an osculating conic at a point p is inscribed
(resp. circumscribed) and meets the curve 7 in a connected set, we call
p a clean mazximal sextactic point (resp. clean minimal sextactic point).
When v is C®, a point where the osculating conic meets with multiplicity
greater than 5 is called a seztactic point. By (A6), the clean maximal (resp.
minimal) sextactic points are sextactic points of v whenever the curve is C°.
Existence of six sextactic points where the osculating conics are inscribed
or circumscribed was proved by Mukhopadhyaya [Mu2]; see also [TU2] for
an alternative proof. These sextactic points might however not be clean.
We will refine the methods of [TU2| and prove in Theorem 5.3 below the
existence of at least six clean sextactic points on the curve ~.

In [TU2] we introduced the concept of an intrinsic conic system to prove
the above mentioned theorem of Mukhopadhyaya and more generally to find
sextactic points on simple closed curves in P2. Intrinsic conic systems are
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very similar to intrinsic systems of order five.

We now generalize the construction of an intrinsic system of order 2n-+1
on [ associated to a function u by taking base points c1,. .., ¢, into account
since that will be needed in Section 5. Let vq,..., v, be positive integers.
We set N = n +m where m = >, _, v and let A denote a Chebyshev
space of order 2N + 1. Let I be a closed interval not containing the base
points cq, . .., c,. We assume we have a function u that is piecewise C?". We
assume furthermore that u is C?" on I satisfying the boundary regularity
condition (¢4, tp); see Definition 2.2. We now generalize Lemma 2.3 to this
new situation.

LEMMA 2.7.  Assume the function u and the base points c1,. .. ,c. to be
as described before this lemma. We let p; (resp. vy) denote the multiplicity
with which p; (resp. cp) occurs as a component of the n-uple (p1,...,pn)
(resp. m-uple (c1,...,¢cm)). Suppose also that u(t) be at least C** on some
neighborhood of ¢y, for all h =1,...,m. For (p1,...,pn) € Igm%) we let A
denote the one-dimensional set of functions ¢ € A such that

(p(k)(pj) :u(k)(pj) for k=0,....2u;—1and j=1,...,n,
o) =u(cp) for £=0,...,20h—1 and h=1,...,m.

Then the subset of functions ¢ € A such that p > u is a nonempty closed
interval that we denote by Ay (p1,...,pn).

Proof. One can proceed exactly as in the proof of Lemma 2.3. H

n

For a point (p1,...,pn) € I(La,bb) we define the function @, €

7pn)

Au(p1, ..., pn) by setting

Sa(pl,---,}Dn)(t) = inf{()@(t) € ]\u(plv e 7pn)}-

As above we define a map
fu: I" — Map(S", 2Ng U {o0}),

satisfying the same first five conditions (i) to (v) and the following three new
conditions (vi'), (vii) and (viii) (with (vi’) replacing the previous condition

(vi)):

(Vi,) fu(pla“'apn)(Q) =2
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ifgg TU {Cla cee 7CT} and U(Q) = (/S(ph...,pn)(Q);

~

(Vii) fu(pla---ypn)(Q) =0

if ¢ = ¢ for some h = 1,...,r and precisely 2v), — 1 derivatives of u and
Ppr....pw) gTEC in g; and finally

(viii) fuP15- -+ pn)(q) = 2

if ¢ = ¢p, for some h =1,...,r and more than 2v, — 1 derivatives of u and

S5(p1,---,pn) agree in q.

PropPOSITION 2.8. The map fu s an intrinsic system of order 2n+ 1.
We shall call it the intrinsic system of order 2n+1 with base points c1,. .., ¢,
associated to u.

Proof. The proposition can be proved by modifying the proof of Propo-
sition 2.4. []

§3. First consequences of the axioms of an intrinsic system

In this section, we shall derive some first consequences of the axioms of
intrinsic systems. It should be remarked that Lemmas 3.3 to 3.6 below are
rather easy to check if the intrinsic system f = f, comes from a periodic
function u. Still we shall prove them only using the axioms since they are
also important for our applications to sextactic points in Section 5.

The following trivial lemma will frequently be used, mostly without
saying so explicitly.

LEMMA 3.1. Let J be a closed subinterval of the interval I. Let f be
an intrinsic system of order 2n + 1 on I satisfying the boundary regularity
condition (tq,tp) if I is not the whole circle. Then the restriction of f to
J”OI(”LM%) is an intrinsic system of order 2n+1 on J satisfying the boundary
regularity condition (n, i) if a is not in J and b is in J, the condition (tq,m)
if b is not in J and a is in J, and (n,n) if neither a nor b lies in J.

We denote by I° the interior of the interval I. The following lemma is
an immediate consequence of Axiom (AG6).

LEMMA 3.2. Ifp € I° and F(p,...,p) consists only of the point p,
then p is an f-flex.
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The Exchangeability Axiom (A4) immediately implies the following
lemma.

LEMMA 3.3. If f(p1,...,0n)(p) > 2n + 2 for a point p € I, then p is
an f-flex.

The next lemma is an application of the semicontinuity Axiom (AT).

LEMMA 3.4. (The Multiplicity Lemma) We have f(p?,pj+1,-...pn)(p)
> 2§ for every p € I°.

Proof. Let (p1y) for I =1,...,j be j sequences in I that converge to
p and assume that p; # p for all [ and all k. Axioms (A3) and (A7) imply
that
FO*P3js - Piks Djsts - Pn)(P) = 4

for every k. (Here we fixed k in the third and later arguments and let &k in
the first two arguments go to infinity when applying (A7).) We can now
use the Symmetry Axiom (A2) to bring ps3j into the second slot and use
(A7) again to prove

f(p37p4,k7 <oy DjksPj+1y - 7pn)(p) > 6

for all k. We continue this argument inductively until we have proved the
lemma. {

LEMMA 3.5. Ifr € F(p1,...,pn)NI° is not isolated in F(p1,...,pn)N
1°, then r is an f-flex.

Proof. We assume that f(p1,...,pn)(r) is a finite number k. Set
Pk = 7. Let (pay) be a sequence in F'(p1,...,pn) of pairwise different
points that are all different from r and converge to r. After possibly per-
muting and relabeling the points p1,...,p,, we have by the Exchangeabil-
ity Axiom (A4) that f(p1,....pn)(r) = f(P1ks P2k P35 D) (P1R) = k-
Now the Semicontinuity Axiom (A7) implies that f(pi1,...,pn)(r) > k, a
contradiction. Hence f(pi,...,pn)(r) = oco. It now follows from the Ex-
changeability Axiom (A4) that f(r™)(r) = oco. [

The next lemma is the starting point of the idea of an intrinsic system
and the main tool in the paper [Um]. Notice that the Semicontinuity Axiom
(A7) is not used in its proof. The idea behind the lemma goes back to
H. Kneser [Kn]. Therefore we would like to call it the Kneser Lemma
although it is strictly speaking not due to him.
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LEMMA 3.6. (The Kneser Lemma) Let f be an intrinsic system of or-
der three on I = |a,b] satisfying the boundary regularity condition (Lq,tp)
with tq,ty > 1. Suppose that a,b € F(a) and F(a) N (a,b) is empty. Then
there exists a point ¢ € (a,b) such that F(c) is connected and contained in
(a,b). In particular, c is an f-flex.

Suppose that the simple closed arc bounded by a, b is tangent to a circle
at both boundary points. Then the original Kneser Lemma says that there
is a point ¢ on the open arc such that the osculating circle at c is inscribed;
see Figure 7. If one considers the intrinsic system of order 3 associated to
the intersection divisors between this arc and the maximal inscribed circles
as explained in Example 2.6, flexes turn out to be vertices whose osculating
circles are inscribed. The following proof is the original argument of Kneser
in the case of vertices of plane curves.

b

Figure 7.

Proof. Let g be any point in the interval (a,b). Then the Uniqueness
Axiom (A5) implies that F'(q) is contained in [a, b] and the Exchangeability
Axiom (A4) implies that F'(g) cannot contain a and b. Hence F'(¢q) C (a,b).
Let ¢1 be the midpoint of the interval [a,b]. If F'(¢1) is connected then the
proof is finished. If F(c;) is not connected, there are two different points
ay,by € F(c1) such that F'(c1) N (aq,b1) is empty. Notice that the length of
[a1,b1] is less than half the length of [a,b] and F(q) C (a1,b;) for every q €
(a1,b1). Let ¢o be the midpoint of [a1,b;]. Then F(cg) C (a1,b1). If F(eg)
is connected we have finished the proof. If not, we continue inductively and
find a nested sequence of intervals [a,,b,] with midpoints ¢,4+1 such that
an, by, € F(cy,) and F(c,) N (ap,by) is empty. Furthermore, the length of
[an, by] is less than (1/2)™ the length of [a, b]. We have F(q) C [ay, by] for all
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q € (ap,by). We stop the induction if we arrive at a connected set F'(cp41).
Otherwise we observe that the sequence (¢, ) converges to a point c. Then
F(c) consists of ¢ only since F(¢) C (an,by,) for all n. It now follows from
Lemma 3.2 that c is an f-flex. 0

The main strategy in finding an f-flex of an intrinsic system of order
2n + 1 is to reduce the order inductively until we can apply the Kneser
Lemma. We now start explaining this procedure.

Assume n > 2 and let f be an intrinsic system of order 2n + 1 on
I = [a,b] satisfying the boundary regularity condition (tq,t5). We choose
r = a (or r = b) and assume that ¢, > 2 (or ¢, > 2). If r = a, let
(p1y---sDn-1) € I(T:il,%) and let ¢ € S1. We set

_ f(r7p17"'7pn—1)(q) lfQ#ra
Frprsecspnola) = {f(r,pl,-..,pnﬁ(?‘) -2 ifg=r,

where we of course use the convention that co — 2 = oco. We define f,
—1 . o
analogously on [ Zmbrl) if r=0.

LEMMA 3.7. Let I = [a,b] be a closed interval on S' and f an intrinsic
system of order 2n+1 on I for somen > 2 satisfying the boundary regularity
condition (Lq,tp). Letr be an endpoint of I and assume that v, > 2. Then f,
s an intrinsic system of order 2n—1 on I satisfying the boundary reqularity
condition (1q — 1,1p) if r = a and (tq,tp — 1) if 7 = b.

Remark. The restriction in the Semicontinuity Axiom (A7) that p; be
in the interior I° of I comes from the fact that otherwise we would not be
able to prove that f, satisfies that axiom.

Proof. We assume throughout the proof that » = a. The case r = b is
completely analogous.

First notice that f(r,p1,...,pn-1)(r) > 2 for all (p1,...,pn-1) €
I(”L;il,%) by Axiom (A3). It follows that the values of f,.(p1,...,pn—1) are
nonnegative.

To see that (Al) is satisfied for f, we remark that the sets
F(r,p1,...,pn—1) and F,.(p1,...,pn—1) are equal and hence both closed if

f(r)plu cee 7pn71)(7') > 2. We have that

Fr(plu e 7pn71) - F(Tvplu e 7pn71) - {T}
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if f(r,p1,...,pn—1)(r) = 2. Then (A8) implies that r is isolated in
F(r,p1,...,pn—1) since ¢, > 2. Hence F,(p1,...,pn—1) is also closed in
this case.

Axioms (A2) and (A3) for f clearly imply Axioms (A2) and (A3) for
fr

To prove (A4) for f,, assume that f.(p1,...,pn—1)(q) > 2j for ¢ € I
and ¢ does not coincide with any of the p1,...,pp—j—1 where j < n — 1.
First assume that ¢ # r. The we have f(r,p1,...,pn—1)(q) > 2j and Axiom
(A4) for f implies that

f(r)plw .- 7pnfjfl7qj) = f(rvpla cee )pnfl)'

Hence .
fr(ph ... 7pnfjfl7qj) = fr(ph o 7pn71)'

If ¢ = r we have f(p1,...,pn-1,7)(q) > 2j + 2. By Axiom (A4) for f this
implies that

f(p17° .- 7pnfj717qjar) = f(p17° .- 7pn7177n)‘

Hence we again have that f.(p1,...,Pn—j-1,¢’) = fr(P1,---,Pn—1)-

Axiom (A5) for f, follows immediately from Axiom (Ab5).

Axiom (A6) for f, follows easily from Axiom (AG6) for f since the total
multiplicity of f.(p1,...,pn—1) is two less than the one of f(r,p1,...,ppn-1)
if the latter number is finite. If the total multiplicity of f(r,p1,...,Pn-1)
is infinite, then the same is true for f,.(p1,...,pn—1).

We now prove (A7) for f.. Let (pik,...,pn—1,k) be a sequence in

I(T:_l“b) that converges to the element (p1,...,p,—1) where p; € I°. Notice

that p; # r. Assume

frPiky - Pn—1.k)(D1k) > 20

Then
f(pl,k‘a -y Pn—1k; T)(pl,k‘) > 20
for k large. Now (A6) for f immediately implies that
f?“(ph o 7pn71)(p1) > 2¢.
Assume n > 3. If p1 = py # r and p; , # pa for all k, then Axiom (A7)

implies

fT‘(pla s 7pn71)(p1) = f(plu s 7pn7177‘)(p1) > 20 4 2.
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This shows that f, satisfies Axiom (A7).
Axiom (A8) for f, follows easily from Axiom (AS8) for f. [

LEMMA 3.8. Let I = [a,b] be an interval on S, f an intrinsic system
of order 2n+1 on I satisfying the boundary reqularity condition (n,ty) with
1 > 1. Assume that f(a™) = f(b,a™ ') and F(a™) N (a,b) is empty. Then
there exists an f-flex in the open interval (a,b).

Similarly, if f satisfies the boundary regularity condition (1q,m) with
ta > 1, f(b") = f(a,b™ 1) and F(b™) N (a,b) is empty, then there exists an
f-flex in the open interval (a,b).

Proof. We proof the lemma by induction on n. The lemma is true for
n = 1 by the Kneser Lemma 3.6. Assume the lemma is true for n — 1 > 1.

Assume that f(a") = f(b,a" ') and F(a") N (a,b) is empty where
f is an intrinsic system of order 2n + 1. Then f, is an intrinsic system
of order 2n — 1 by Lemma 3.7. Notice that f,(a" ') = fu(b,a"!) and
F,(a™ 1N (a,b) = (. By the induction hypothesis there is a point ¢ € (a, b)
that is an f,-flex with respect to f,. This implies that f(a,c"')(c) > 2n.
By Axiom (A4) for f this implies f(c") = f(a,c"!). We can assume that
¢ is isolated in F'(¢") since ¢ is otherwise an f-flex by Lemma 3.5 and there
would be nothing left to prove. Let d be the point in [a,c) N F(c™) closest
to c. We have f(c") = f(d,c" ') and F(c")N(d,c) = (). Then we can again
use the induction hypothesis and we find an f.-flex e of f. in the interval
(d,c). Set J = [e,¢].

Let C denote the set of (o, 3) € J x J such that o < 3, f(a™) =
f(B,a™ 1) and F(a™) N (a,B) = 0. By arguments as in the previous para-
graph we see that C is nonempty.

We let 6,3 denote the distance between o and 3. Let ¢ denote the
infimum over ¢, g for (o, ) € C.

We consider a sequence {(ay,B)} in C such that d,, g, converges to 6.
By going to subsequences if necessary, we may assume that

k= Jm e= 0
If « = 3, then it follows immediately from Axiom (A7) since o € J C I°
that

fla®)(@) = 2(n+1)

and we have that a € J C (a,b) is an f-flex.
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We can therefore assume that 6 > 0. By (A7) we have f(3,a" 1)(a) >
2n and hence f(a") = f(3,a" ') by the Exchangeability Axiom (A4). We
can assume that o and [ are isolated in F(a™) since otherwise we have
an f-flex by Lemma 3.5. Let ' be the point in F(a™) N («, 3] closest to
«. We now argue as in the second paragraph of the proof and find points
7,6 € (a, B") such that (v, ) € C. Clearly 0., < 0, which is a contradiction.
This finishes the proof of the claim in the first paragraph of the lemma. The
proof of the claim in the second paragraph is similar. 0

The following two propositions are the main technical result of this
section. Notice that very similar ideas go at least back to Mukhopadhyaya
([Mul, Propositions I and II]) and Haupt and Kiinneth [HK, p. 47]. The
main difference between our approach and theirs is that ours is more global
in nature and therefore allows us to prove the existence of flexes satisfying
global properties like being clean. The name of the propositions is taken
from the book [HK].

Figure 8.

PROPOSITION 3.9. (The Contraction Lemma I) Let I = [a,b] be an in-
terval on S', f an intrinsic system of order 2n 4+ 1 on I satisfying the
boundary reqularity condition (tq,tp) with tq+ty > n. Let p1,...,pp € I be
such that (p1,...,pn) €17} .y and

f(p1,-- - pn)(a) + f(p1,---,pn) (D) > 2(n + 1).

Then there exists an f-flex in the open interval (a,b). (See Figure 8.)

Proof. We shall prove the proposition by induction. If n = 1, it follows
from the Kneser Lemma 3.6. We now assume that n > 2. Then 1, +t, > n
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implies that ¢, > 2 or ¢, > 2. We consider the case ¢, > 2 (the case
tp > 2 being similar). By Lemma 3.7, f, is an intrinsic system of order
2n — 1 on [ satisfying the boundary regularity condition (¢4 — 1,¢5). By the
induction hypothesis, we find an f,-flex s on (a,b). Then by the definition
of fo(s"1), we have f(a,s" !)(s) > 2n and hence f(s") = f(a,s"1). If
s is not isolated in F(a,s" 1), then s is an f-flex by Lemma 3.5. We can
therefore assume that s is isolated in F(a,s" 1) and let ¢ be the point
closest to s in [a,s) N F(a,s"!). We get

f(s™) = f(c,s" 1) and F(s")N(c,s) = 0.
Now by Lemma 3.8, we find an f-flex on (¢, s) C (a,b). U

ProPOSITION 3.10. (The Contraction Lemma II) Let f be an intrinsic
system of order 2n + 1 on I = [a,b]. Let p1,...,pp+1 € I° be such that
p1 = 2 Ppy1 and

> flprpa)(t) Z2(n+ 1),
te{p1,....bn+1}

(Notice that repeated points in the sequence pi,...,pp+1 only enter once
into the sum.) Then there is an f-flex in the open interval between p1 and
Dnt1- (See Figure 9.)

o(p1, p2, .. ,pn)

2

Figure 9.

Remark. We do not assume any boundary condition in the proposition.
This is possible since the points pi,...,pn4+1 are assumed to be interior
points of I.
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Proof. We may assume n > 2 since the case n = 1 follows easily from
the Kneser Lemma. We may also assume that [p1, pp+1]NF (p1,...,pn) con-
sists of isolated points, since otherwise there is either an f-flex in (p1, pp+1)
or we can find a smaller interval with n + 1 points from F(p1,...,pn+1)
whose intersection with F(p1,...,pn11) consists of isolated points.

Assume that p; occurs j times in the sequence p1,...,p,1r1. We can as-
sume that F'(p1,...,pn)N(P1,Pj+1) is empty. If j = n the claim follows from
Lemma 3.8. We therefore assume that j < n. Then we can consider the
intrinsic system g = fp, 1 pn....pj5.p,42 Of Order 241 restricted to [p1,pj11]
that we obtain by iterating the definition before Lemma 3.7. This intrinsic
system satisfies the conditions in Lemma 3.8. There is therefore a g-flex
p} in the open interval (pi,p;y1). This implies that f(p1,...,pn)(P}) >
2(j +1). We can therefore replace p1,...,pj+1 by p} repeated j+1 times in
the sequence p1,...,pp4+1. We can continue this argument inductively until
we are in the situation that p; occurs n times in the sequence p1,...,ppt1
and we can use Lemma 3.8 to find the f-flex whose existence is claimed. []

We now apply the methods of this section to prove a rather weak ex-
istence theorem for f-flexes of an intrinsic system defined on the whole
circle.

COROLLARY 3.11. Let f be an intrinsic system of order 2n+1 > 5 on
S1. Then f has at least three f-flexes.

Remark. This assertion is optimal for n = 2 as can be seen by either
considering sextactic points, see [TU2], or periodic functions, see the exam-
ple after Theorem 5.1 in Section 5. We do not know whether it is optimal
for n > 2, but find it unlikely. In the special case of intrinsic systems of
order 2n 4 1 coming from periodic functions we will prove in Section 5 the
existence of at least n + 1 points that are f-flexes, which is optimal.

Proof. We first prove the existence of two f-flexes. Let p be some point
on S! that is not an f-flex. If such p does not exist there is nothing to prove.
Notice that p is isolated in F'(p™). Let p; and py be the next points to p in
F(p™) on each side of p. (See Figure 10a.) It could happen that p; and ps
coincide. By Lemma 3.8 there is an f-flex in the open interval (p1,p) and
another one in the open interval (p, ps2).

Now we prove the existence of a third f-flex. Denote the f-flexes we

have found by ¢ and go. We first consider the possibility that F'(q1, qg_l)
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only consists of ¢; and g2. (See Figure 10b.) Then it follows from the
Contraction Lemma 3.9 (or 3.10) that there is an f-flex in the open interval
between ¢ and g2 and another one in the open interval between ¢s and ¢;. If
F(q, qgfl) has a point g3 that is different from ¢; and g2 (See Figure 10c.),
then we can after renaming ¢; and ¢ if necessary assume that g3 lies in the
open interval between ¢; and ¢o.

2
\ \

Figure 10a. Figure 10b. Figure 10c.

The Contraction Lemma 3.10 then implies the existence of an f-flex in
the open interval between ¢ and ¢o. This finishes the proof of the corollary.

a

84. The Jackson Lemmas

We next prove two theorems — one for functions, the other for curves
— which we will call Jackson Lemmas, since a similar result for vertices
on simple closed arcs was found and applied by Jackson in [Ja], although
the existence of vertices having inscribed or circumscribed osculating circles
were not discussed in [Ja]. These two result will be used in Section 5 to
prove the two theorems stated in the introduction.

A piecewise C?"-function u will be said to have a downward (resp.
upward) singularity at a singular point s, if the interior angle in s of the
region above (resp. below) u is less than or equal to 7.

THEOREM 4.1. (The Jackson Lemma for Flexes of Functions) Let A
be a Chebyshev space of order 2n + 1. Let u be a piecewise C*"-function
with at most one singularity which we then denote by a. Suppose u ¢ A
and that a is not an upward singular point of w. Then u has at least one
clean mazximal A-flex with the property that the osculating function there
does not have the same value as u in a.
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We first prove the following weaker version of the Jackson Lemma.

LEMMA 4.2. Let A and u be as above. Then u has at least one global
A-flex s such that the osculating function ¢s does not have the same value
as u i a and ps > u.

Remark. The flex whose existence is claimed in Lemma 4.2 is an f,-
flex with respect to the intrinsic system f, that can be associated to u (on
a sufficiently large closed interval I not containing a).

Proof. We may assume that a = 0. We fix n mutually distinct points
p1 < -+ < py arbitrarily, but all different from a. Since u is not in A, we
can assume that none of the points p1,...,p, is a flex. We would like to
show that the points p1, ..., p, can be chosen such that a € Fy,(p1,...,pn).
Assume a € F,(p1,...,pn). We choose points q1,...,q, as follows:

q1 S (Oapl)) q2 S (plup?)) DRI dn S (pnflapn)'

Since p1,...,p, are not flexes, it follows that F,(p1,...,p,) does not con-
tain any of the intervals (0,p1),..., (pPn—1,pn) and hence also that we can
choose qi,...,qy such that they are not contained in F,(pi,...,pn). (See
Figure 11.)

Figure 11.

The graphs of ¢, (p1,...,pn) and @u(q1,...,q,) can at most meet in 2n
points counted with multiplicities since they are different. Hence they can-
not meet in a. Now let I be a closed interval not containing 0, but containing
F.(p1,...,ppn) in its interior. We set

o = inf{q el; fu(pla . >pn)(Q) > O}
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Since the total multiplicity of Fy(p1,...,pn) is at least 2n + 2, the Con-
traction Lemma 3.10 applied to f, restricted to I" implies the existence of
a global A-flex s on I C (0,27) such that s > r¢. Notice that the inter-
val [0, s] does not consist of A-flexes. (In fact, if so, Fy(p1,...,pn) would
contain a because of rg < s, a contradiction.) We next show that there is
such a flex with the property that the osculating function does not have the
same value as v in a.

Suppose that the osculating function ¢, (s™) has the same value as u in
a. In this case, u(t) must be C! at 0. Furthermore p,(s")(to) — u(to) > 0
holds for some ty € (0, s) since the interval [0, s] does not consist of A-flexes.

We define a function v as follows:

o(t) = {u(t)n ift e [0, 5],
ou(s™)(t) ift & ]0,s].

Since f, is an intrinsic system of order 2n+1 on [0, s] satisfying the boundary
regularity condition (1,n), we have by Lemma 3.7 that g := (f,)sn-1 is an
intrinsic system of order 3 on [0, s] satisfying

9(0) > 2, g(s)>2.

Since ¢, (s™)(to) — u(tp) > 0 holds for some ty € (0,s), there is a point
r € (0,s) such that G(r) is connected and G(r) C (0,s) by the Kneser
Lemma 3.6. We define a new piecewise C?"-function on S':

wlt) — u(t) if t € [r, ],
Q {@u(r, s () it & r, s

Then we can define an intrinsic system f,, of order 2n + 1 satisfying the
boundary regularity condition (2,7 — 1) on [r, s]. Moreover we have

fuwl(r, s”_l)(r) >4, fu(r s H(r) > 2(n — 1).

Thus by the Contraction Lemma 3.9, we find a global A-flex s’ of w on
(r,s), which is a global A-flex of u. Since G(r) C (0,s), we have w(a) =
@u(r, 8" 1) (a) > u(a). Thus the osculating function at s’ does not have the
same value as v in a. [

Proof of Theorem 4.1. We let ®(u) denote the set of global A-flexes of
u with the property that the osculating functions at the flexes do not have
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the same value as u in a. By Lemma 4.2, ®(u) is nonempty. For p € ®(u)
we let I(p) denote the minimal closed interval in the complement of a that
contains F,(p™). We define a new piecewise C*"-function up on S I without
upward singularities by setting (See Figure 12.)

{u £) if t € I(p),

©“(p™)(t) otherwise.

Figure 12.

We now define a partial ordering on ®(u) by setting p < ¢ for p,q €
D(u) if
I(p) C I(q) and wug < uy.

It is easy to check that this is in fact a partial ordering.

We next show that an element p € ®(u) that is minimal with respect
to this partial ordering is a clean flex, or, in other words, F,(p") = I(p).
Assume that such a minimal element p is not a clean flex of u. Then F,(p™)
has at least two connected components. Then there is a point g € Fy,(p™)
which belongs to a connected component of Fy,(p™) not containing p. We
can assume that the open interval bounded by g and p does not contain
an f,-flex. We consider the case g < p (the case p < ¢ being similar). We
consider the piecewise C?"-function w on S! defined as

w(t) = {u(t) it € lg.p),
wp(t) it t ¢ [q,pl;
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where ¢, (t) is the osculating function of u(t) at p. The function w is a C'*"-
function on the interval [g,p| satisfying the boundary regularity condition
(1,n), and we see from the Contraction Lemma 3.9 that there exists an
fuw-flex s in the open interval (¢,p). The osculating function ¢,, s of w at s
is equal to the osculating function ¢, s of u at s and

Pu,s = Pw,s Zw > Up > U.

Thus s is also an f,-flex. Notice that s € ®(u), since ¢, s(a) > up(a) > u(a).
Furthermore s < p since ¢, s(t) > @y p(t) for t & I(p). Since s # p, this is
a contradiction and we have proved that a point p which is minimal with
respect to the partial ordering is a clean flex.

We will now prove that there is a minimal point with respect to the
partial ordering with help of Zorn’s Lemma. Let S be an arbitrary totally
ordered subset of ®(u). We fix some point py € S and let Sy denote the set
of elements p € S such that p < pg. For t € S'\ I(pg), we set

p(t) = sup{pup(t) [ p € So}-

Notice that ¢, , depends continuously on p since it is an osculating function
of u and u is C?". Hence the family of osculating functions of v is bounded
and the function o(t) is well defined. We would like to show that ¢(t) is
the restriction to S\ I(pg) of a function in A. We fix 2n+ 1 distinct points
t1,...,top+1 ON S1 and set

aj =sup{pu,p(t;) |p€ So} for j=1,...,2n+1.
Then there exists a unique function 1 (t) € A such that
o(tj) = a.
There is a sequence (py) in Sy such that

a; = lim @yp, (t;) for j=1,...,2n+1.
—00

k
It follows that the sequence (¢, p, ) converges uniformly to ¢ on S L. Suppose
that 1(c) < ¢(c) for some ¢ € S\ I(pg). Since (c) = sup{pup(c) ; p € So},
there exists ¢ € Sy such that 1(c) < ¢y 4(c). In particular ¢, p, (c) < ¢(c).
Since Sy is a totally ordered set, we have @, ,, (1) < @y 4(t) for all ¢t €
S™\I(po). There is some kg such that ¢ < p,. Hence Pupiy (1) = Puq(t) and
it follows that ¢y, p, (t) = @uq(t) for k > kg, contradicting ¢ (c) < @y q4(c).
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It follows that ¢ is a restriction of the function ¢ in A to S\ I(pg) as
we wanted to show. We can assume that (py) converges to a point ps. It
is clear that po is a flex and that ¢(t) = @u(poo). Then it follows that
q € ®(u) and po < p for all p € S since p,(pso) is strictly larger than u
outside of the interval I defined by

I=)1).

peES

We can therefore use Zorn’s Lemma to find a minimal point with respect
to the partial ordering thereby proving the existence of the clean flex with
the desired properties. []

The following theorem is the analogue of the Jackson Lemma for sextac-
tic points. It will be used in section five to prove the theorem on sextactic
points from the introduction.

THEOREM 4.3. (The Jackson Lemma for Sextactic Points) Let v :
S — R? be a simple closed curve which is not a conic and is everywhere
C*-regular except maybe in a given point a where we assume that it is C'*-
reqular from both left and right. We assume furthermore that v bounds a
convex region and that it is strictly conver except maybe in the point a.
Then there is a clean sextactic point s on (a,a + 2m) with the property that
the osculating conic at s is inscribed and does not meet ~y(a). If further-
more, 7 is at least C' in a, then v has a clean sextactic point s with the
property that the osculating conic in s is circumscribed and does not meet

Y(a).

Proof. In the proof we will assume that the curve v lies in P», i.e., we
compactify R? by adding a line at infinity. It was explained in Example 2.6
(ii) how a regular strictly convex curve in the affine plane gives rise to
an intrinsic system. Here the situation is somewhat different since we are
allowing a singular point a.

Without loss of generality, we may set a = 0. Take two distinct points
p1,p2 € (0,27) which are not sextactic points. Consider a maximal in-
scribed conic T (resp. a minimal circumscribed conic L' p,) Passing

p1,p2

through p; and ps. Suppose Fz—;,pz passes through a. Then v must be C!

at a. Choose ¢1 € (0,p1) and g2 € (p1,p2) such that v(q1) and v(g2) do

not lie on F;rth. Then as in the first paragraph of the proof of Lemma 4.2,
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one sees that the conic I‘j{lm does not pass through 7(a). Hence we may

assume that the conic F;)Ll p, itself does not pass through v(a).

Let I be a closed interval in (0,27) such that p;,ps € I. Then the
function f, defined in Example 2.6 (ii) is an intrinsic system of order 5
on [ satisfying the boundary regularity condition (5,5). We can prove the
existence of a sextactic point on (0, 27) with the property that the osculating
conic at s is inscribed and does not meet y(a) with methods as in the proof
of Lemma 4.2; see also [TU2, Lemma 4.10] where this is also proved.

If furthermore v is C! at a, one can also assume that a minimal cir-
cumscribed conic I'; ,does not pass through v(a) and show the existence
of sextactic point on (0,27) with the property that the osculating conic at
s is circumscribed and does not meet y(a). Here we use the fact that the
function f; defined in Example 2.6 (ii) is an intrinsic system of order 5 on
[e,2m — ] satisfying the boundary regularity condition (5,5).

It is now straightforward how the arguments in the proof of the Jackson
Lemma for Flexes of Functions 4.1 carry over to the present situation.
We only sketch the main points. Let us assume that we are dealing with
circumscribed conics assuming that « is C! at a. (The existence of a clean
sextactic point whose osculating conic is inscribed is similar except that we
do not need to assume v to be C'! at a since we have already proved the
existence of sextactic point on (0, 27) with the property that the osculating
conic at s is circumscribed and does not meet y(a).)

Let ®() be the set of sextactic points such that the osculating conics
there are circumscribed and do not meet a. We have already seen that ®(vy)
is nonempty. For p € ®(y) we define I(p) to be the smallest closed interval
containing F, (p?) = F;Q Ny, but not containing a. Analogous to u, one

defines 7, as v on the interval I(p) and equal to I‘;Q on the complement of

I(p). Notice that v, is a closed simple contractible curve in P,. The partial
ordering on ®(v) is now defined by setting p < ¢ for p,q € ®(v) if

I(p) CI(q) and D(yq) C D(vp),

where D(c) denotes the closed contractible region bounded by a simple
closed contractible curve c. The same arguments as in the proof of Theo-
rem 4.1 can now be used to show that a point p € ®(y) that is minimal
with respect to this ordering is a clean sextactic point of the type we are
are trying to find. The final step is again to use Zorn’s Lemma to prove the
existence of a minimal point in ®(7). Let S be a totally ordered subset of
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(). Set

D = U D(vp).
peS

The boundary of D consists of two pieces: One piece is the image of the

interval
I=()1(p)
peES

under v. We would like to show that the other piece, the complement of
v(I) which we denote by I', is an arc of a conic. We choose five different
points ¢i,...,¢5 on I' and five sequences (q1), ..., (g5 %) of points on a
sequence of conics F;i such that (g;x) converges to ¢; for i =1,...,5. We
can assume that the corresponding sequence (py) converges to a point pe.
We can now use arguments as in the proof of Theorem 4.1 to show that arcs
of I'". P2 converge to I' and that I' is an arc of the osculating conic F It

follows that po € ®(7) and po < p for all p € S and we can apply Zorn s
Lemma. O

§5. On the existence of 2n + 2 clean flexes on periodic functions

We proved in Section 3 that a smooth periodic function u has at least
three flexes where the osculating functions are greater or equal to u and
similarly at least three flexes where the osculating functions are less than
or equal to u. In Section 4 we also started to study the existence of clean
flexes in the Jackson Lemma and this will be continued in this section.

Our main result here is the following theorem which is the same as
Theorem 1.1 in the introduction if A = Ag,41.

THEOREM 5.1.  Let A be a Chebyshev space of order 2n+1 where n > 1.
Let u be a C?"-function on S' which does not belong to A. Then u(t) has
at least n + 1 different (intervals of) clean maximal A-flexes and at least
n + 1 different (intervals of ) clean minimal A-flexes.

Remark. Notice that a clean maximal A-flex cannot be a clean minimal
A-flex if u does not belong to .A. The theorem therefore gives us 2n + 2
clean flexes.

ExAMPLE. Theorem 5.1 is optimal. Set A = Ag,4+1. The flexes of a
given function u are the zeros of Lo, 1u where Lo,1 is the operator

Lony1 = D(D? —1)--- (D? — n?),
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where D = d/dt, see Proposition A.7 in Appendix A. If we set u(t) =
sin(n + 1)t, then Loy1u(t) is proportional to u(t). Thus u(t) has exactly
2n + 2-flexes which are all clean.

The main new tool in the proof of Theorem 5.1 is the following proposi-
tion, which is in the same spirit as the induction argument in [Ba, pp. 201-
204]; see also Hilfssatz 2 on page 140 in [N&]. Notice that unlike here, global
properties are not treated in [Ba] and [NG].

PROPOSITION 5.2. Let A be a Chebyshev space of order 2n + 1 where
n > 2. Let u be a C*"-function on S' and f, the corresponding intrinsic
system of order 2n +1 on S*.

(i) Suppose that
fulp,a” ") (a) > 2n,

and that Fy(p,a™ 1)\ {p} is a closed interval where p and a are two
different points. Then both (p,a) and (a,p) contain a clean mazimal

A-flex.

(ii) Let [a,b] be a nontrivial closed interval on St. Suppose that
Fulp. (@) > 20 and fu(p5)(b) > 20

for a point p & la,b]. If furthermore both F,(p,a™ ') \ {p} and
Fyu(p,b" 1)\ {p} are different closed intervals, then there is a clean
mazimal A-flex in the interval (a,b).

Proof. We first proof the claim in (i). Instead of the original function
u we consider the following function (See Figure 13.)

(t) = u(?) if t € [p,al,
v(t) =
¢u,(p,a”—1)(t) = @u,(a")(t) otherwise,

where ¢, (, on-1) 18 @ minimal function with respect to (p, a™ 1.
The function v(t) is at least C'! in p and at least C?"~! in a. Set I = [p, a].
Then v satisfies the boundary condition (1,n) on I; see Definition 2.2. We

consider the intrinsic system f, defined on [ ?1 n)° We have that

fop, @™ () + folp,a™ ) (a) > 2(n +1).

We can therefore apply the Contraction Lemma 3.9 to this situation which
now implies that there is an f,-flex s in the open interval (p,a) which is
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Figure 13.

clearly also an f,-flex. We have nothing to prove if s is a clean flex of w.
Therefore we assume that it is not. The osculating conic ¢, (4n) can clearly
only take on the same values as u in the interval [p,a] U F,(p,a™!) since
v is strictly larger than u on its complement. Let ¢ € F},(s™) be point that
is not in the same component of F;(s") as s. Let us assume that ¢ comes
before s in the interval [p,a] U F,(p,a" '), the other case being similar.
Define a function w by setting

w(t) = {u(t) if t € g, ],

©u,(sn)(t) otherwise.

This function w is C?" in s since s is a flex. Hence w is C?" except possibly
in ¢ where it is at least C'. We can now apply the Jackson Lemma 4.1 to w.
It follows that w has a clean flex s’ whose osculating function does not take
on the same value as u in ¢. Hence s’ must be contained in the interval (g, s).
Notice also that s’ cannot be contained in the interval F,(p,a™ ')\ {p} since
then ¢, (s1) = @u,(pan—1) contradicting that s’ is a clean flex. It follows from
this discussion that s’ € (p,a).

The proof that (a,p) contains a clean flex is very similar.

Next we prove (ii). Instead of the original function w(t), we consider
the following function (See Figure 14.)

§0u7(p7an—1)(t) = Sou,(a")(t) ifte [p, CL],
v(t) = q ult) if ¢ € [a,b],
u,por-1) (1) = u,my (t)  if € [b,p + 27],

where @, (5 an-1) (T€SP. @y (psn-1)) are minimal function with respect to
(p,a"™) (resp. (p,b" ™).
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u(t)

Figure 14.

The function v(t) is at least C! in p and C?"~1 in a and b. Moreover v
satisfies at least the boundary regularity condition (n,n) on [a, b]; see Defi-
nition 2.2. Let f, denote the intrinsic system of order 2n + 1 on [a, b] satis-
fying the boundary regularity condition (n,n) whose existence was proved
in Proposition 2.4. We choose n different points p; < --- < p, in the inter-
val (a,b), but not in Fy(p,a” ') U F,(p,b"!). Arguing exactly as at the
beginning of the proof of the Jackson Lemma 4.1, we can assume that

Jo(P1,---,pn)(p) = 0.

We choose a point ¢ € (p,p,) as follows: First we consider the case

Zfl)(pla cee 7p'n)(p2) = 2n.
=1

By Axiom (A6), there exists a point g € F,(p1,...,pn) that is different from
pand pi,...,p,. Without loss of generality, we may assume that ¢ € (p,b).
After interchanging ¢ and pq,...,p, if necessary, we may assume

q=<p1=-"=Dn
Next we consider the case that

va(pla s 7pn)(pi) > 2n + 2.
=1

In this case we set ¢ = p1. In both of these two cases, there is a sufficiently
small € > 0, such that p+¢ < ¢ and p,_1 < p, —¢&. Moreover, v is C?"~! on
[p+e, pn—e] satisfying at least the boundary regular condition (n—1,n—1).

https://doi.org/10.1017/50027763000008734 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008734

A GLOBAL THEORY OF FLEXES OF PERIODIC FUNCTIONS 125

By Proposition 2.8, we can associate to v an intrinsic system f; of order
2n — 1 on the interval [p + ¢, p, — €| with base point p,,. We have that

> filpr- o pa-1)(t) = 20,

te[‘]vpnfl]

Hence there exists a point r € (¢,pp,—1) by the Contraction Lemma 3.10
such that
for"™H(r) = 2n.

If r ¢ [a,b), then r € (p,a). In this case ¢, (,, 1) is locally around r
greater or equal to ¢, (4n) and the two functions meet in r with multiplicity
at least 2n. Here ¢, (,, yn-1) is the minimal function of v with respect to
(pn,7™~1). On the other hand, the value of Pu,(pnym-1) 10 the point py, is
smaller than that of ¢, (qn) in p,. This means that ¢, ¢, ,»-1) meets @, ()
with multiplicity at least 2n + 2 which implies that ¢, (, rn-1) = Pu,(an)-
Hence p,, € F,(a™) which is a contradiction. Thus we have r € [a, b).
We have

Folr™ o) () + for" ™ pa) (Pn) = 2(n +1).

Hence we can use the Contraction Lemma 3.9 (or 3.10) to prove the ex-
istence of a f,-flex s in the open interval (a,p,) C (a,b). The point s is
clearly also an f,-flex, but might not be a clean flex. We can now as in the
proof of part (i) of this proposition introduce a function w and apply the
Jackson Lemma to show the existence of a clean flex that must be contained
in the interval (a,b). U

Proof of Theorem 5.1. We shall now prove the existence of n + 1 clean
maximal A-flexes on u by induction over the order 2n 41 of the Chebyshev
space A. The result can then be applied to —u to also prove the existence
of n + 1 clean maximal A-flexes on wu.

If n =1, it follows quite easily from the proof of the Kneser Lemma 3.6
that u has two clean maximal A-flexes. We now assume the claim of the
theorem to be true for n — 1 and show that it then follows for n. We fix
p € S! that is not a flex. By Theorem A.2 in Appendix A there exists a
function g € A such that

u(p) = vo(p), u'(p) = ¥o(p)-
Now we define a linear subspace V of A by setting

V={pecA; o) =0 ¢p) =0}
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We set
P1(t) = a+ Pcost + ysint.

We can adjust the three coefficients «, 3, v so that v, satisfies
P1(p) = ¢i(p) = 0.

Since 1 belongs to As, it has at most two zeros counted with multiplicities.
Thus 1 has no zeros other than p and the second derivative of 11 at p does
not vanish. We then set

Awlz{ﬁ;goEV}.

It can easily be checked that A, is a Chebyshev space of order 2n —1 since
@/ is C?"=2 at p; see Appendix B. We set

u — tho
V(i) = ——.
(t) ™
Then v is a C?"~2-function on S'. So by applying the induction assumption
there exist n clean Ay, -flexes s1,...,s,. Let ¢; in Ay, be the osculating

function of v at s;. Since ¢; is a function in Ay, , there exists a function
©; € V such that ¢; = ¢;/11. If some s; is equal to p, then ¢; meets u
only in one component, and this implies that p is a clean A-flex, which is a
contradiction.

So none of the points s; can be equal to p. Hence ¢; does not vanish
in any of the points s; and it follows that the first 2n — 1 derivatives of
(u — o) — ¢; vanish in s;. Since (u — 1)) — ¢; vanishes with multiplicity
at least two in p, we have that

Yo+ P = P en-1) = Qs

where P(p,sm—1) and {P(sn) are the maximal functions of v with respect to
Sj

the n-uples (p, (s;)" 1) and ((s;)") respectively. This implies that
fu(p, 3?71)(83-) >2n, fu(p, s?jll)(sj,l) >2n for j=0,1,...,n,n+1,

where we have set s) = s,4+1 = p. Since each s; is a clean Ay, -flex,
F,(p, 5?71) \ {p} is a closed interval for j = 1,...,n. By Proposition 5.2,
there is a clean maximal A-flex ¢t; on each of the intervals (sj_i,s;) for
j=0,...,n+1. U
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We now also prove the other theorem stated in the introduction. The
proof is similar to the one of Theorem 5.1.

THEOREM 5.3. Let v : S' — R2 be a strictly convex C*-regular curve
which is not a conic. Then v has at least three (intervals of ) clean maximal
and at least three (intervals of ) clean minimal sextactic points.

Proof. We only prove the existence of three clean maximal sextactic
points, the proof of the existence of three clean minimal flexes being similar.
Let f2+ be the intrinsic system of order 5 on S! introduced in Example 2.6
(ii). The following lemma is analogous to Proposition 5.2 (i) and has a very
similar proof, which we therefore omit only remarking that it is this time
based on the Jackson Lemma for Sextactic Points 4.3.

LEMMA 5.4. Suppose that

£ (p,a)(a) > 4,

and that F*(p,a) \ {p} is a closed interval where p and a are two different
points. Then both (p,a) and (a,p) contain a clean mazimal sextactic point.

We now come back to the proof of Theorem 5.3. By Theorem 4.3
there is a clean maximal sextactic point p on the curve v. We can also
use Theorem 4.3 to find a clean maximal sextactic point ¢ whose osculating
conic does not meet p. We first show that £ (p, ¢)(p) = 2 and £ (p,q)(q) =
2. Since the osculating conics coincide with the maximal inscribed conic
at p and ¢, the inequality f5 (p,q)(p) > 4 (or f5 (p,q)(q) > 4) implies
1 .a) () = f57(0*)(p) = oo (or f5(p,a)(q) = f5 (¢*)(g) = o) and the
osculating conic at p would pass through ¢ (or the one at ¢ through p).
This is a contradiction. Hence f5 (p,q)(p) = fo (p,q)(q) = 2.

By (A6), there is a point r distinct from p, ¢ such that f*(p,q)(r) > 2.
Assume that p < ¢ < 7. The restriction of f5 to [p,r] is an intrinsic
system of order 5 satisfying the boundary regularity condition (2,2). We
can therefore define f2+ » as before Lemma 3.7, i.e., we set for x € [p, ] and
y € St
f3 (0, 2)(y) it y # p,
fa (p2)(y) =2 ify=p.

By Lemma 3.7 we know that f2Jr p restricted to [g,7] is an intrinsic system of
order 3 satisfying at least the boundary regularity condition (1,1). There

Fap(@)(y) = {
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is now a subinterval [a,b] of [g,r] satisfying the conditions in the Kneser
Lemma 3.6 which implies that there is a point ¢ in (a,b) such that FQJr »(©)
is connected. This implies that f.7(p,c)(c) > 4 and that Fy (p,c) \ {p} is a
closed interval. By Lemma 5.4 we then have a clean maximal point in the
interval (p, ¢) and another one in (¢, p). (One of these sextactic points might
coincide with ¢.) Since p is also a clean sextactic point we have proved the
existence of thee (intervals of) clean maximal sextactic points. U

§6. Arrangements of clean flexes

As was pointed out in Example 2.6 (i), there are two clean maximal
vertices and two clean minimal vertices on a given simple closed curve 7 :
S1 — R2. It is a natural question to ask in which order the clean maximal
and the clean minimal vertices are arranged on S*. In [TUZ2], the authors
proved that there are four points t; < to < t3 < t4 on S' such that t1, t5 are
clean maximal vertices and to, t4 are clean minimal vertices. Now that we
have proved the existence of 2n+ 2 clean A-flexes on a 27-periodic function
u, we can ask again how the maximal and minimal ones are arranged relative
to each other. We will say that the clean A-flexes on u change sign at least
m-times if there are 2m-points

P1=q < <Pm <qm

on [0, 2m) such that p; for j = 1,...,m are clean maximal A-flexes and g¢;
for j =1,...,m are clean minimal A-flexes.

THEOREM 6.1. Let u be a 2m-periodic C*"-function which is not in A.
Then the clean A-flexes on u change sign at least four times.

We do not know whether Theorem 6.1 gives an optimal lower bound
on the number of sign changes or not.

To prove the theorem, we will use the abstract theory of pairs of intrinsic
circle systems of which we give a quick review.

DEFINITION 6.2. A family of nonempty closed subsets F' = (F}),eg1
of S! is called an intrinsic circle system on S if it satisfies the following
three conditions for any p € S*.

(I1) If ¢ € F), then F, = Fj,.
(I2) If p' € F, ¢ € Fyand ¢ = p' = ¢' = p (= q), then F), = F}, holds.
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(I3) Let (pn)nen and (gn)nen be two sequences in S such that lim,, .o pr
= p and lim,_, g, = q respectively. Suppose that ¢, € F},, for all
n € N. Then g € F}, holds.

A pair of intrinsic circle systems (FT, F7) is said to be compatible if it
satisfies the following two conditions.

(C1) EfnE; ={p} forall pe S".

(C2) Suppose that F*(p) (resp. F~(p)) is connected. Then there are no
points ¢ in a sufficiently small neighborhood of p such that F*(q)
(resp. F~(q)) is connected.

In [TU2, Theorem 1.4], the authors proved the following

LEMMA 6.3. Let (F*,F~) be a compatible pair of intrinsic circle sys-
tems. Then there are four points pi,po,p3,ps € St satisfying p1 = pa >

p3 > p4 (= p1) such that F;, Fpt and F,,, F, are connected subsets of St

We now prove the theorem as a corollary of Lemma 6.3.

Proof of Theorem 6.1. Then the clean flexes on u change sign exactly
two times. There are clearly disjoint closed intervals I and J containing all
the clean maximal and all the clean minimal flexes respectively. There is a
point p € S' such that p & I U.J. Without loss of generality, we may set

p =0, and
0 < inf(I) < sup(l) < inf(J) < sup(J) < 2.
We set
iy {Fu(q,p”‘l) \{p} ifqgF(p")
! Fu.(p") if g € F(p"),
o {F_u(q,pnl) \{p} ifq¢F(p")
! F_y(p™) if g € F(p").

It is easy to check that (FT,F~) is a compatible pair of intrinsic circle
systems. By Lemma 6.3, there are four points p1,pa, p3,ps € St satisfying
p1 > p2 = p3 = pa (= p1) such that Ff, F.f and F, , F, are all connected.
Now we claim that py,p3 € I. Assume that p; & I holds, then we have

p1 € (0,inf(I)) or py € (sup(I),2n). Since F is connected, we have

Fupr, 0" D (P1) =4, fulpr,p" () =20 —2.
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By Lemma 3.7, we can define a new intrinsic system g of order 2n — 2 on
[Oapl] (resp. on [p1,27’[']) by

r) = f(plaqla'--yqn—l)(r) 1fq¢7«’
9(q1, - qn—1)(7) {f(phql,-..,qnl)(r)_g I,

where (q1,...,qn-1) € [O,pl]?l_ﬁ) (resp. (q1,---,qn—-1) € [p1,27r]?1_’nl)). Since
g satisfies the boundary regularity condition (1,n) on [0,p1] and (n,1) on
[p1,27], there are clean g-flexes s1 € [0,p1] and sy € [p1,27]. (Apply
Proposition 5.2 (i) to the Chebyshev space Ay, defined in the proof of
Theorem 5.3.) Thus we have

flou, 8T D) =2, flpr,s] )(s) =20 (j=1,2).

By Proposition 5.2 (i), we have a clean maximal A-flex s| € (0,s1) and
sh € (s9,2m) respectively. If p; € (0,inf(I)) (resp. p1 € (sup({),27)), we
have s} € (0,inf(I)) (resp. sh € (sup(I),2w)). This is a contradiction since
all of the clean maximal flexes are contained in I. So we have p; € I.
Similarly we can see that ps € I and po,py € J. This contradicts the
relation p; > ps > ps > ps. Hence we must have at least four sign changes
of clean flexes. [

Finally we formulate two open problems which are in our opinion the
most important ones on flexes of periodic functions.

PROBLEMS. (1) Give a best lower bounds for the number of sign
changes of clean A-flexes of a periodic function. The number 2n + 2 is
a tempting guess.

(2) Let u be a 2m-periodic C'*°-function and S be the union over the
sets of Agp+1-flexes on u where n ranges over all natural numbers. Is the
set S a dense subset of S17?

Appendix A. Chebyshev spaces

In this appendix, we shall define Chebyshev spaces as certain linear
subspaces of smooth functions, bring their basic theory and explain the
existence of 2n + 2 flexes on a periodic function as an application.

Chebyshev spaces are related to Fourier series and disconjugate opera-
tors. It is well known that many theorems in the spirit of the classical four
vertex theorem can be proved using either Fourier series (see Hayashi [Hy]
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and Blaschke [Bl, p. 68]) or disconjugate operators (see [Ar2], [GMO], [OT]
and [Tal).

A C"-function u defined on R has a zero of order m (or a zero with
multiplicity m) at s where 1 < m < n if the value and the first m — 1
derivatives of u at s vanish, but not the m-th. Notice that we do not define
the order of a zero s of a C"-function u that vanishes in s together with all
its n derivatives since it will not be needed in the following.

DEFINITION A.1. A linear subspace A of C" }(R) is called a Cheby-
shev space of order n if the following conditions are satisfied.

(i) n < dimA.
(ii) Every nonvanishing function ¢ in A has at most n — 1 zeros counted
with multiplicity in S' = R/27Z.
(iii) Every function ¢ in A is 2m-periodic if n is odd.
(iv) Every function ¢ in A is 2m-antiperiodic, i.e., ¢(t +27) = —¢(t), if n
is even.

In the definition of a Chebyshev space we allow the possibility that
dim A = oo. We will see in Theorem A.2 that the dimension of a Chebyshev
space is always finite and equal to its order n.

We now give a few examples of Chebyshev spaces.

The space

k
Agpr = {sp e C*(R) ; o(t) = ag + Z(an cos nt + by, sinnt)}

n=1
is a Chebyshev space of order 2k + 1. In fact, we have

24z . 2 —
cosnt = ——, sinnt= ——,
2 21

t. The functions zF¢ for ¢ in Agy,; are polynomials in z of

degree less than or equal to 2k. Consequently, the number of zeros of the
functions ¢ in Agi;1 can at most be 2k.

where z = €*

Similarly, the space

Aoy = {go cC*R); o) =) [an COS(@)”" Sin(@nfgl)tﬂ }

n=1
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is a Chebyshev space of order 2k.

A linear differential operator L of order n on R is called disconjugate if
its kernel Ker L is a Chebyshev space of order n. Examples of disconjugate
operators are

Lopt1 = D(D* —1)--- (D? — k%),
1\2 2k —1\2
b= (0= () (- (55
a= (07 (5)°)( ).
where D = d/dt, since their kernels are Ao 1 and Agy respectively. We
refer to Proposition A.6 for more information on Chebyshev spaces and
disconjugate operators.

Further simple examples of Chebyshev spaces can be obtained as fol-
lows. Let A be the linear span of either one of the sets

Angrl = {80190717901779071 €A2k+1}7
Ay = {1 Yn s U1, .. b, € Ao}

Then A is a Chebyshev space of order n(2k + 1) in the first case and of
order 2nk in the second case.
The following property of Chebyshev spaces is crucial.

THEOREM A.2. Let A be a Chebyshev space in C" 1 (R) of order n.
Let
0<t1 <to<---<t,<2rm

be n points and v; the multiplicity with which t; occurs as a component of
the (j — 1)-uple (t1,...,tj—1). Then the linear map T : A — R" defined by

T(p) = (¥ (t1), .., 0" (tn))

is an isomorphism. In particular, A is finite dimensional and its dimension
coincides with the order n.

Proof. Let ¢ € A be in the kernel of the map T'. It follows from the
definition of T" that ¢ vanishes at least n times counted with multiplicities.
The definition of a Chebyshev space now implies that ¢ vanishes identically.
We have therefore proved that T is injective and it follows that dim A < n.
By the definition of a Chebyshev space we have dim A > n. Hence dim A =
n and T is an isomorphism. 0
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COROLLARY A.3. Let A be a Chebyshev space of order n. Let

0<ti<to< - <t <2m

be k different points where k < n — 1 and let i1,i0,...,1; be k positive
integers satisfying i1 +io + -+ + i = n —4L£ for £ > 0. Then the set of
functions ¢ in A which have zeros of order i; at t; for j = 1,...,k is an

£-dimensional subspace of A.
We shall now prove the following

THEOREM A.4. Let A be a Chebyshev space in C" " Y(R) of odd (resp.
even) order n. Let u be a nonvanishing 2m-periodic (resp. 2mw-antiperiodic)
C™-function. Suppose

(1) /g ult)elt)dt =0

for all (t) € A. Then the function u(t) changes its sign at least n+1 times
on S' =R/2rZ.

Proof. Suppose that v does not change sign if n is odd and that it
changes sign only ones if n is even. Let ¢; be arbitrary if n is odd and the
zero of u if n is even. By Corollary A.3 there is a nonvanishing function ¢
in A with a zero in t; with multiplicity n — 1. We can choose the sign of
¢ such that u(t)e(t) > 0 for all t. Then the integral in (1) being equal to
zero implies that uy vanishes identically. This is a contradiction since both
u and ¢ vanish in at most one point. Hence u changes sign at least ones if
n is odd and at least twice if n is even.

Now assume that u changes sign only in the m distinct points

t <ty <. <tp

where m < n 4+ 1. Notice that m is even if n is odd and m is odd if n
is even. Hence n — m is an odd integer. By Corollary A.3, there exists a
function % in A such that

(i) ® has zero in t; with multiplicity n — m,

(ii) ¢ has a zero in t; with multiplicity one if j > 2.
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Since the total multiplicity of zeros of i is n — 1, it follows that ¢ has no
zeros other than t1,...,t,,. Since the multiplicities of the zeros at t1,..., ¢,
are all odd integers, we have that v changes its sign exactly at t1,...,%,,.
Thus ut) never changes sign. The vanishing of the integral in (1), now
implies that u must vanish identically, which is a contradiction. Hence w
changes it sign at least n 4+ 1 times. 0

Let A be a Chebyshev space of odd (resp. even) order n in C" }(R).
Let u be a nonvanishing 27-periodic (resp. anti 27-periodic) C™~!-function.
Let s € S'. A function ¢4 € A is called the A-osculating function of u at s
if the first n — 1 derivatives of s and u at s coincide. That g exists and
is unique follows from the bijectivity of the mapping 7" in Theorem A.2 by
setting t; =--- =t, = s.

DEFINITION A.5. Suppose A and u as above are contained in C"(R).
Then a point s € S! is called an A-flex if the n-th derivative of ¢, and u
coincide in s.

From now on we assume that a Chebyshev space A of order n is con-
tained in C™(R). We will show in Theorem A.8 that the number of A-flexes
on an 2m-periodic (resp. 2m-antiperiodic) function w in C"(R) is at least
n + 1. For this we will need the next proposition which is interesting in its
own right. It shows that the condition that a Chebyshev space A of order
n be contained in C"(R) is a necessary and sufficient condition that it is
the kernel of a disconjugate operator of order n.

Notice though that the concept of a Chebyshev space is essentially
wider than that of kernels of disconjugate operators. An example of a
Chebyshev space of order 3 which is in C?(R) but not in C3(R) can be
obtained as follows. Let A, be the linear span of the functions {1,z,y}
where v = (z,y) : S' — R? is a strictly convex C?-curve which is not C3.
Clearly, A, is a Chebyshev space of order three since any line meets the
curve v in at most two points counted with multiplicities.

PROPOSITION A.6. Let A be a Chebyshev space of odd (resp. even)
order n in C"T™(R) for m > 0, then there exists a unique differential
operator of the form

La=D"+a, 1D" '+ +a1D+ag

such that A is the kernel of L 4, where the coefficients a; are 2m-periodic
(resp. 2m-antiperiodic) C™-functions.
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The operator L 4 in the proposition is called the disconjugate operator
associated with the Chebyshev space A. The uniqueness of L 4 is due to the
fact that its highest order coefficient is normalized to be 1.

Proof. We fix a point t € S' arbitrarily and define a linear map T} :
A — R™ by setting

Ty(¢) = (p(t),¢ (1), ..., D(1)).

By Theorem A.2, the map T; is bijective. We define a linear functional
S; : A — R by setting S;(p) = ¢ (t). Since S; o Tt_1 is a linear functional
on R™, there exists an (ag(t),...,an,—1(¢)) in R™ such that

n—1
St o Ttil(.l‘o, e ,-Tn—l) = — Z ai(t)xi,
=0

where the choice of the negative sign in front of the sum will soon become
clear. It is clear that (ag(t),...,an—1(t)) is C™-differentiable in t. Now we
have

¢ (t) = Sy(p)
= Sy o Ty H(Ti(y))

=S, 0T (0(t), & (t), - .., " V(1))

n—1
=Y ate? ).
i=0
This proves the existence of the operator L 4. The uniqueness is clear. []

The next proposition is a further preparation for the existence of flexes
in Theorem A.8.

PROPOSITION A.7. Let A be a Chebyshev space of odd (resp. even) or-
dern in C™(R). Let u be a 2m-periodic (resp. 2m-antiperiodic) C™-function.

A point s is an A-flex of w if and only if the function L qu vanishes at s.

Proof. Since A is contained in C™(R) it has an associated disconjugate
operator A such that L 4o = 0 for all ¢ in A. Let ¢, in A be the osculating
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function of u at a point s. Since L 4(ps) vanishes identically, we have that

n—1
u™ () = oM () = u™ (1) + Y ai(t)el) (t)
=1

= (Lau)(t)
for all t. Hence s is an A-flex if and only if L 4u vanishes in s. H

THEOREM A.8. Let A be a Chebyshev space of odd (resp. even) order
n in C"(R). Let u be a 2mw-periodic (resp. 2m-antiperiodic) C"-function.
Then the number of A-flexes of u on St is at least n + 1.

Proof. The adjoint operator L* of a disconjugate operator L is also
disconjugate; see Theorem 9 on p. 104 in [Co]. Let A* be the Chebyshev
space of order n corresponding to L% which is also contained in C™(R).
Then

/ (L) (t)p(t) dt = / u(t) (L) (1) dt = 0
Sl

Sl
for all ¢ in A*. We now apply Theorem A.4 to the Chebyshev space A* and
conclude that the function L 4u changes sign at least n + 1 times. Hence u
has at least n + 1 flexes by Proposition A.7. U

Theorem A.8 is optimal; see the example after Theorem 5.1.

Appendix B.

Here we shall prove the following result from Calculus which was used
in the proof of Theorem 5.1.

THEOREM B.1. Let u be a C™-function defined on a neighborhood I of
the origin and satisfying

u(0) =/ (0) = --- = u(0) =0
where 7 < n. Then there exists a C™""'-function v on I such that
u(t) = " lo(t)

forallt € 1.
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Applying the following lemma r 4 1 times immediately proves the the-
orem.

LEMMA B.2. Let u be a C*-function defined on a neighborhood I of
the origin and satisfying w(0) = 0 where k > 1. Then there exists a C*~1-
function v on I such that u(t) =tv(t) for allt € I.

Proof. We have that

U dults 1
u(t):/o dd(,i )ds:/o tu(ts)ds = to(t)

where

It is clear that v is continuous. []

Remark. Lemma B.2 can be found on p. 89 in [Arl] with the redundant
assumption that u’(0) = 0.
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