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ABSTRACT. Many one-relator groups with center have been shown to be of
the form {x,X,, -+, X, 4 ;%01 = x2, xF? = x$2, ..., x7* = x% |>. A necessary and
a sufficient condition for the sequence (Py,Qy, P,,Q,, -, P;, Q,) are given in order

for groups of the above form to be one-relator groups.

1. Introduction

One relator groups with center have been discussed in [1],[2] and [4]. Re-
cently Pietrowski [5] has shown that any non-abelian one-relator group G with a
non-trivial center such that G/G’ is not free abelian of rank 2 can be presented by

— ey Pl — @ Pz _ Q@ Pe _ . Q:
¢)) G = (xp,Xg, Xy 13 X1 ' = X35, %37 = X372, 00, %, = X5 ).

The groups G with G/G’ free abelian of rank 2 imbed those of the form (1) in a
natural way. Conversely, groups of the form (1) do have non-trivial centers. Thus
we are now faced with a new problem; i.e., which of the groups (1) are one-relator
groups.

In this note we present two partial results giving respectively a necessary and
a sufficient numerical condition on the ordered set of integers (Py,Q;,P,,Q,,- -,
P,,Q,) for (1) to be a one-relator group. The gap between these results can be illu-
strated by the ordered set (2,2,5,5,3,3,) for which the authors cannot decide
whether (1) is a one-relator group or not.

It will be convenient to assume in the discussion below that all the integers
P; and Q; are strictly greater than 1.
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2. A necessary condition

In [4] it is shown that if the group G in (1) is a one-relator group then G can
be generated by two of its elements. The following theorem translates this neces-
sary condition into a numerical condition.

THEOREM 1. Let G be presented by (1). Then the following statements are
equivalent.

(a) G is a two generator group.
(b) gcd(Q,P) =1foralli,j, 1si<j=t
(C) G=< xl’xt+1’x111’z = xQ‘:Qz Q’a [xlplpz“'Pk ! sx:+ Q‘] = 1

k = 2, -..’t >
PROOF. (¢) = (a) is obvious.
(b) = (c¢). First of all (b) is equivalent to

(2) ng(QlQZ'”Qk—l’Pk'“Pt) = 1>k = 2"",t
Thus for each k there exists integers a, and b, such that
3 1=a,0:Q5Qy—y + bPy - P

The relations in (1) thus imply for k = 2,..-,¢

— 0xQ102° " Que— 1y P Pe__ L. arP1Py Pyoy biQpcct
@ X = X0 TGP P PR P o

The relations in (1) also imply

(5) [xi’lPl-.-Pk-l,x‘Q:-l--Qt] = 1’k - 2’...,t’
and
(6) xp PR = X2yl

By using Tietze transformations (see [3], page 48), we can add relations (4),
(5) and (6) to the relations in (1). We can now delete the original relations in (1),
xPt= x%,,i = 1,2, ¢, if we can show that they are implied by (4), (5), and (6).
Having done this the relations (4) and the generators x,,---,x, may be deleted
leaving us with the presentation (c).

We prove inductively that for each integer n, 1 < n < 1, (4), (5) and (6) imply

(7 xit=x%, for all i <n
and
®) x:nPn+x"'Pt — xtQ:'l"Qr-

The result we wish is the case n = .
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Statements (7) and (8) clearly hold when n = 1.
Suppose that n > 1. Then by induction we have

xflpz...Pn_g= x"ngz...Q"_z and an:l_lp,,...Pr — er:l-le
Using these in connection with (3), (5) and (4) we have
. wQn=1Pn-1 BuPn- P, ..P. wPuot buQuen. - .
x'{’:lx — x‘;,._le Qn-1Py xonFr 1Py P (xlanPlPZ P vx:’+Ql Ql‘)Qn (- x”Q 1

In a similar manner

P..P: nP P2 Pt L bnQn...Q¢Pp...P: n “.Qn Peio.P)Q,..Cr e Q1
Xn = x‘; 2 'x.i-(l2 ¢ = xt{:IQlQ2 0~ 13b P P00 € g xlgl ¢ .
This completes the induction and the proof that (b) = (c).

(a) = (b). Again we proceed inductively and show that for each integer n,

1£nst,

) ged (Q,P) =1foralli,j, 1<i<j<n

Again the result we are after is the case n = t.

Statement (9) holds vacuously when n = 1.

Suppose that n > 1. Then by induction and by using (b) = (c) we see tha. G
can be presented by

Vo PPy Py 0
(10) G =<xlaxmxn+l,"',-xt+1>x1l : ' an1 Q-1

3

P, _ ,0Q Pe _ 0O
Xp" = Xg st X = X,

[0 9] = Lk = 2,0 — 1 >

Now we add to (10) the relations x1' =1 and x,,, = X405 = +++ = x, =1
and obtain a homomorphic image G of G which is the free product of three groups
G, = (xp3xf' = 15,6, = {x,5x 282t = ,x0 = 1)

and
G; = (x:+1;x?4f1 = 1.

Since G is a two generator group so is G. But the number ol generators nzeded
for G is the sum of the numbers needed for G,,G, and G, (see [3], page 192).
Since G, and G, are clearly non-trivial, G, must be trivial which implies
ged (0,9, -+ Q- 1, P,) = 1. The result follows and Theorem 1 is proved.

3. A sufficient condition

We will show in Lemma 2 that for ¢t = 2 the necessary condition above is also
sufficient. Using that as a starting point we can, by using Lemma 1, add new gen-
erators one at a time to (1) to obtain new one-relator groups.

LeMMA 1. Suppose x* = y@ in the one-relator group {x,y;R(x,y) = 1),
Py, = +1 mod Q,Q, is any integer, and
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1n G = {x,y,z; R(x,y) = 1,y7° = 22,
Then x"™ = z92° in G and for some integer n,
(12) G = {x,z; R(x,x"7z*%) = 1);

i.e., G is also a one-relator group.

ProoF. Since 1 = 4+ P, + nQ for some integer n, it follows that

(13) y=ylyhe = xP g7
(14) R(x, x"Pz*%%) = 1
and

(15) (x"Pz )P = 70

are relations in G. Hence, we can adjoin (13), (14) and (15) to the relations in (11)
We may now delete the original relations from (11) and then (13) along with the
generator y. If we can show that (14) implies (15) then (15) can also be deleted and
we will have the presentation (12).

Since R(x,y) = 1 implies x* = y?, it follows that (14) implies
(16) xF= (antho)Q.

Now (16) implies that x” is a power of x"%2*2°, Therefore x* commutes with
x"Pz%2° and hence also with z2°, Thus, from (16) we obtain x P! 7"@ =  =QCo.
hence x7P° = 299, However (15) is just a rearrangement of x"PPo—= ;"2Q
= z2U"Po) and the conclusion follows.

Suppose that ged (L, M) = 1. In the free group on free generators a and b,
let p,, m(a, b) be the unique primitive, up to conjugacy, with exponent sum L on a
and M on b. Thus {a, b; p,, y(a,b) = 1) is infinite cyclic. Hence p, ,(a,b) = 1
implies that a and b commute and thus p,, y(a,b) = 1 also implies a* = p™™.
Conversely [a,b] = 1 and a* = b~ imply p, y(a,b) = 1.

Now suppose G is as in with (1) ¢t = 2 and ged (Q,, P,) = 1. Then by
Theorem 1

G = <x1’x3;xflpz = xngz’ [Xflﬁxgz] = 1>
By the above discussion it follows that

G = <x1,X3;PQ1,Q.(X'1"’x3_QZ) = ).
Thus we have proved

LEMMA 2. If G is given by (1) and t = 2 then G is a one-relator group if and
only if ged (Q,P,) = L.

By combining Lemmas 1 and 2 we have
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THEOREM 2. Suppose G is given by (1). Then G is a one-relator group if
there exists a sequence of pairs of integers,

(A’l’#l)’“"(At—l’:ut—l)"l‘uuie{la“':t} fOr all i = 1;”',t - 1,

such that
,11 +1= Uy and ng (Q;,,P,u.) =1

and if t > 2 then for each i = 1,---,t — 2,
either

Avr =4 =1L, ey = p; and Q;,,, = 1 mod (PP, 41 "'P,,,)
or

Ai+1 = )-i,/“‘:-rl =N +1 and P;t.+1 = +1 mod (Q).,QA,-+1"'Qu,~)-
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