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Abstract

In this paper we define two types of proper efficient solutions in the Borwein sense for vector
optimisation problems and we compare them with the notions of local Borwein, Ishizuka-
Tuan, Kuhn-Tucker and strict efficiency. A sufficient condition for a proper solution is also
proved.

1. Introduction

In many different fields, such as economics, management science, engineering, indus-
try or operations research, there arise problems in which various functions (objectives)
are to be simultaneously optimised. This is why we need tools for nonlinear program-
ming capable of handling several conflicting objectives. In this case, methods of
traditional single objective optimisation are not enough, and we need the new con-
cepts and methods of nonlinear multiobjective optimisation. This area is undergoing
rapid development and its importance can be seen from the large variety of applications
presented in the literature (see Miettinen [18] and the references therein).

One of the main aims of vector optimisation theory is the determination of all the
efficient points for a problem. However, this is not always enough, and we can select
solutions which are better in some sense. These are the proper efficient solutions.

'In the finite-dimensional case, the idea of proper Pareto optimal solutions is that
unbounded trade-offs between objectives are not allowed. Practically, a proper Pareto
optimal solution with very high or very low trade-offs does not essentially differ from
a weak Pareto optimal solution for a human decision maker.
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The first notion of proper efficiency was introduced by Kuhn and Tucker [15] in
their well-known work about nonlinear programming and many other notions have
been proposed since then. The best-known are those by Hurwicz [9], Geoffrion [6],
Borwein [2, 3], Benson [1] and Henig [8]. The reader is referred to [20] for a good
presentation of these notions in the finite-dimensional case and to [7, 17] for the
infinite-dimensional case and for a comparison between them.

There are two main motivations for introducing proper efficiency. First of all, it
makes possible the exclusion of some efficient solutions with undesirable properties, as
was observed by Klinger [14] in setting up the starting point of Geoffrion’s definition.
Secondly, it allows us to set up equivalent scalar problems whose solutions produce
most of the optimal solutions, that is, the proper ones.

In this paper, two notions of proper efficiency in the Borwein sense for vector
optimisation problems are introduced and they are compared with four others: one
was considered by Borwein [3], another two were introduced by Ishizuka and Tuan
[10] and the fourth one was introduced in [12]. Section 3 is devoted to the first
two definitions, studying implications between them under different assumptions. In
Section 4 we introduce two notions of local efficiency in the Borwein sense and
the relationships between these definitions and the four aforementioned ones are
discussed. A sufficient condition for the existence of proper local efficient solutions
for Hadamard directionally differentiable functions is also presented.

2. Preliminaries

Let E;, E; be real normed linear spaces, S C E,, Y C E;and f : E; — E,.

The cone generated by S is denoted by cone S = {Ax : x € §, A > 0} and the
convex hull of S, by co S.

Throughout this work, D denotes a cone in E; and we will assume its vertex lies
at 0 € D. We do not suppose that D is convex, consequently the order defined by
D in E, is not transitive. Recall that D is said to be pointed if D N (—D) = {0}.
Cones that are not necessarily pointed have often been considered by authors (see for
instance, Borwein [3], Ishizuka and Tuan [10], Khanh [13]), although some authors
only consider pointed cones [7, 17]. In the present work, we suppose that the cone D
is not pointed, although we need a pointed cone D to obtain the main results.

Let us denote by T(Y, yo) the tangent cone to Y at yp € cl Y (cl Y is the closure of
Y), that is, the set of limits of the form

v=lim A, (¥, — yo),

where (A,) is a sequence of positive real numbers and (y,) is a sequence in Y with
limit yo.
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It is said that the subset & of D is called a base for the cone D if 0 ¢ ¢l % and
every d € D\ {0} has an unique representation as d = Ab, with A > Oand b € &.
Following Luc [16, Definition 1.5] we do not assume that 2 is convex.

The existence of a base for a cone has some relevant consequences for the cone
itself.

REMARK 2.1. (1) If D has a closed bounded base, then D is closed [16, Proposi-
tion 1.7].
(2) If D has a convex base, then D is convex and pointed [11, Lemma 1.14].
Therefore if D has a convex compact base, then D is convex, closed and pointed.
(3) In this paper, we frequently use a cone D with a convex compact base. In this
case, we point out that if E; is a normed vector lattice with positive cone D, then E;
is finite dimensional (Dauer and Gallagher, [5, Theorem 3.1]).

For y, € Y and D fixed, various notions of optimality are defined as follows.

The point yo € Y is an efficient element of Y (with respect to D), denoted yo €
Min(Y, D), if there exists no y € Y for which y;—y € D\ (—D). Such a point is also
called minimal or Pareto optimal. The point y, is a weak efficient element of Y, written
yo € WMin(Y, D), if there exists no y € Y satisfying yo —y € int D\ (—int D). The
point y, is called a local efficient element of Y, denoted y, € LMin(Y, D), if it has a
neighbourhood V such that y, is an efficient element of Y N V. A local weak efficient
element is defined similarly. It will be denoted yo € LWMin(Y, D).

With respect to the weak efficient elements, we remark that D is assumed to have
a nonempty interior.

Obviously, it is straightforward to verify that

LMin(Y, D)

WMin(¥. D[ © LWMin(Y, D).

Min(Y, D) C [

The weak notions are the same as the non weak ones if the cone D satisfies
D =int D U {0}).

Let f : E; — E; be a function and S C E,. The vector optimisation problem
considered here is

Min{f (x) : x € S}, (VP)

that is, the problem of determining all xo € § for which f (xo) € Min(f (§), D).
Such an xg is called an efficient (or minimal) solution for (VP); it will be denoted
xo € Min(f, S). Finally, it is said that xq is a local efficient solution for (VP) if
f (xo) € Min(f (S N V), D), for some neighbourhood U of x,. Notice that this is
not equivalent to f (xo) € LMin(f (S), D). A local weak efficient solution is defined
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similarly. The Hadamard directional derivative of f atxy € E, in the direction v € E,
is defined to be

f'(xp,v) = lim f(x°+”‘)_f(xo)'

(t,u)— (0*,v) t

The function f is called Hadamard directionally differentiable at a point xg if f’(x, v)
exists and is finite for all v € E,.

3. Local Borwein proper efficiency

In this section various notions of local efficiency in the Borwein sense are discussed.
The following is a well-known definition due to Borwein [2].

DEFINITION 3.1 (Borwein proper efficiency). The point yo € Y is called a Borwein
proper efficient element, written y, € Bor(Y, D), if

T(Y+ D,y)N(-D)c D. @G.D

Borwein’s original definition [2] requires that the point y, be an efficient element
of Y, but Sawaragi et al. [20, Proposition 3.1.5] show that if E; = R” and D is convex
and closed, then such a condition is unnecessary. In the next proposition this result is
generalised.

PROPOSITION 3.2. If yo € Y is a Borwein proper efficient element, then y, is an
efficient element of Y, that is, Bor(Y, D) C Min(Y, D).

PROOF. If yy ¢ Min(Y, D), then there exists y € Y such thaty — yo € (—D) \ D.
Then the segment [y, yo] C Y + D, since for all a € [0, 1] we have

Ya=ayo+ (1 —a)y=y+a(yp—y)e Y+ D.

Obviously y, = yo + (1 — a)(y — yo). Let (y,) be the sequence defined by taking
o =1~—1/n,thatis,

1
)’n=)’o+;()’—)’o)€ Y+ D,

therefore y, — yo, and lim,, .o n(¥s — Y0) =y — Yo € T(Y + D, yp) N [(-=D) \ D]
in contradiction to (3.1). ’

We consider now two local definitions of proper efficiency.
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DEFINITION 3.3 (Local Borwein proper efficiency, Borwein [3, Definition 2 (a)]).
The point y, € Y is said to be a local Borwein proper efficient element, denoted
yo € LBor(Y, D), if it is a local efficient element of Y and

T(Y,y)N(-=D)CD. (3.2)

Guerraggio et al. use a slightly different notion [7, Definition 6.5].

It will be proved in Proposition 3.5 that if the cone D is pointed and has a compact
base, then it is not necessary to require that y, be a local efficient point of Y because
this is implied by condition (3.2). To prove this result, we need the following lemma.

LEMMA 3.4. Let D be a cone with a compact base. If the sequence {d,} C D and
{ld. |l = 1, then there is a subsequence which converges to some d € D with ||d]| = 1.

PROOF. Let & be a compact base of D. We have that d, = A,b, with A, > 0
and b, € 2. By the compactness of 4, there exists a subsequence {b,} convergent
tosome b € &, b # 0. Thus ||dill = Allbell, Ae = ldell/NNbell = 1/1Ibkll and
limg,oo Ae = 1/10].

Consequently limy_, o di = limy_.00 b /|| bell = b/|1b]. Since D is closed, we have
d=b/|b| € D.

PROPOSITION 3.5. Let D be a pointed cone with a compact base and yy € Y. If
T(Y, yo) N (—D) = {0}, then y, is a local efficient element of Y.

PROOF. Suppose that yo ¢ LMin(Y, D). Then yq ¢ Min(Y N B(y,, 1/n), D) for
all n € N. Therefore there exists y, € Y N B(yy, 1/n) such that y, — yo € (—D) \ {0}.
It follows that y, — y,.

Letd, = (yo — ¥s)/llyo — y.ll, then d, € D and ||d,|| = 1. From Lemma 3.4,
taking a subsequence, if necessary, we may assume that

lim Yn — Yo

n~o |y, — yoll
Then, by definition, —d € T(Y, y,). But, by the hypotheses, T(Y, yo) N (— D) = {0}.
Thus d = 0, which is a contradiction.

=—-de—-D with |dj=1l.

Another notion of local proper efficiency was introduced by Ishizuka and Tuan [10,
Definition 3.5].

DEFINITION 3.6 (Local Borwein proper efficiency in the sense of Ishizuka-Tuan).
The point yo € Y is called a local IT-proper efficient element, written y, € IT(Y, D),
if there exists a neighbourhood V of yg such that

T(YNnv4+D,y)N(-D)C D. 3.3)
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Clearly, Bor(Y, D) C IT(Y, D).

It is proved by Ishizuka and Tuan {10, Proposition 3.1] that if f is continuous at
xo and yo = f (xo) verifies (3.3) for Y = f (§), then xq is a local efficient solution
for (VP). We actually prove that from (3.3) it follows that y, is a local efficient element
of f (S), and then Ishizuka and Tuan’s result follows from this.

PROPOSITION 3.7. If yo is a local IT-proper efficient element, then y, is a local
efficient element. That is, IT(Y, D) C LMin(Y, D).

PROOF. By definition, there exists a neighbourhood V of y, such that (3.3) holds,
that is, yo € Bor(Y N V, D). Then, from Proposition 3.2, y, € Min(¥Y N V, D),
therefore yo € LMin(Y, D).

The next corollary follows from this proposition and from Result 4.1 in Corley [4].

COROLLARY 3.8. Let f : E\, — E; be continuous at xo € S C E\. If f (xo) is a
local IT-proper efficient element of f (S), then xq is a local efficient solution for (VP).

Now we turn our attention to the relationships between the two notions.

THEOREM 3.9. (a) IT(Y, D) c LBor(Y, D).
(b) If D is apointed convex cone with a compact base, then LBor(Y, D) = IT(Y, D).

PROOF. (a) Let y, be a local IT-proper efficient element, then there exists a neigh-
bourhood V of yq such that 7(Y N V 4+ D, yo) N (—=D) C D. By Proposition 3.7, yg
is a local efficient element.

Since YNV C YN V4 D, it follows that

T(Y,y))=T(YNV,y) CT(YNV + D, y,),

and therefore that T(Y, yo) N (—D) C D,that s, y, is a local Borwein proper efficient
element.

(b) Let us prove that LBor(Y, D) C IT(Y, D). Suppose that y, is a local Borwein
proper efficient element, but that it is not a local IT-proper efficient element. Then for
each B(yo, 1/n) there exists —d, € T(YN B(yy, 1/n) + D, yo) N (—D) and d, # 0.
We can suppose that ||d,|| = 1 since the sets T(Y N B(yyp, 1/n) + D, yy) and D are
cones.

From Lemma 3.4, taking a subsequence if necessary, we deduce that

limd,=d e D with ||d||=1 and —de T(YNB(y,l)+ D, y)

n— oo

since this last set is closed and

—d, € T(Y N B(yo, 1/n) + D, yo) C T(Y N B(yo, 1) + D, o).

https://doi.org/10.1017/5144618110001316X Published online by Cambridge University Press


https://doi.org/10.1017/S144618110001316X

(7i Proper efficiency in the Borwein sense 8l

From the definition of a tangent cone, for each n there exist

Ynr € YN B(yo,1/n) and d,,€e D, k=1,2,..., (3.4)
such that
Yok +dox = yo when k > 00 (3.5)
and
lim Ak (nk + dok — yo) = —d,  with A, > 0. (3.6)

From (3.6), given ¢ = 1/n, there exists k, € N such that

WA nt, Ok, + dok, = y0) + dall < 1/n.
Therefore
"122) A-n,k,.(yn,k,. + dn,k,. - )’0) = —d. (37)
Set Y, = Yuu,» d, = dypy, and A, = A, .. From (3.4) it follows that lim,_.o y» = Y.

From this result and from (3.5) we have lim,_ o d;, = 0.
We rewrite (3.7) in the following form:

The sequence d, = And, which appears in (3.8) may be: (i) bounded or (ii) unbounded.
Case (i). Let {d,} be bounded. From Lemma 3.4, we may suppose that
d,

li d) = 1. (3.9
wmeo |

Since ||d, || is bounded, there exists a subsequence which converges. Then we sup-
pose that lim,_, » Hd I = A. Hence lim,_, d, = \d. From (3. 8) it follows that
lim, 00 An(¥r —y0) = v € T(Y, yo). Then v+Aid = —d, thatis,v = —d—Ad € =D,
since D is convex. From the hypotheses, T(Y, yo) N (—D) = {0}. Hence v = 0 and
d € DN (—D) = {0}, that is, a contradiction.

Case (ii). If {d,)} is unbounded, taking a subsequence, let us assume that

lim ||d,|| = +o0.
n—-oo

From Lemma 3.4, (taking a subsequence, if necessary) we have that (3.9) holds.
From (3.8), it follows that lim,_, [A.(y» — yo) + d,]/lld,)| = 0. Hence

d,
lim ( — Yo) + )
AN A (EA
Therefore limy_c0 An(yn — Yo)/Idsll = —d € T(Y,y0) N (=D) = {0}, from the

hypotheses, and we again have a contradiction and the theorem is proved.
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4. Local proper efficiency

In this section two new notions of a local proper efficient solution are proposed and
we study the relationships between them, those from the previous section and others.
We give a sufficient condition which is very close to a necessary condition for a point
to be an efficient element.

In the rest of the paper, the cone D is pointed.

DEFINITION 4.1. (1) The point xo € § is said to be a local proper Borwein
efficient solution of type 1 for problem (VP), written xo € Bor (f, §), if there exists
a neighbourhood U of x, such that

T (SN U)+ D,f (xo)) N (—=D) = {0}. “.1)

(2) The point xo € S is said to be a local proper Borwein efficient solution of type 2
for problem (VP), written x¢ € Bor,(f, S), if xq is a local efficient solution for (VP)
and there exists a neighbourhood U of x; such that

T(f(SNU), f (xo)) N(—D) = {0}. 4.2)

From Proposition 3.5, if D is a cone with a compact base, then (4.2) yields f (xp) €
LMin(f (SN U), D).

PROPOSITION 4.2. (a) x¢ € Bory(f, S) if and only if there exists U, a neighbour-
hood of xq, such that f (xg) € Min(f (SN U), D) and T(f (SN ), f (xp)) N(=D) =
{0}.

(b) Iff (xo) € IT(f (8), D) and f is continuous at xg, then xo € Bor(f, S).

(¢) Iff (x0) € LBor(f (S), D), then xy € Bory(f, S).

(d) Ifxe € Bori(f, S) and f is continuous at x,, then there exists a neighbourhood
U of xo such that f (x¢) € IT(f (SN U), D).

(e) Ifxo € Bory(f, S), then there exists a neighbourhood U of xq such that f (xg) €
LBor(f (SN U), D).

® Ifxo € Bori(f, S) and f is continuous at x,, then xo € Bor,(f, S).

(8) Ifxo € Bora(f, S), f is continuous at xy and D is a convex cone with a compact
base, then x4 € Bor(f, §).

PROOF. Let us suppose that f (xo) = v, we have:
(a) If xo € Bory(f, S), then there exist two neighbourhoods U’ and U” of x, such that

Yo EMin(f (SN U),D) and T (SN U"), yo) N (-D) = {0}.

Taking U = U’ N U", we obtain this result. The converse is evident.
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(b) From the hypotheses, there exists a neighbourhood V of y, such that
T(f(S)YN V4 D, y)N(—D) = (0}. 4.3)

Due to the continuity of f, there exists a neighbourhood U of xq such that f (U) C V.
Hence f(SN U) C f(S)N V and therefore f(SN )+ D C f(S) NV + D.
Then T(f (SN U)+ D,y) C T (S) NV 4+ D, y). From (4.3), it follows that
T (SN U)+ D, yg) N (—D) = {0}, that s, xo € Bor,(f, §).

(c) It is clear.

(d) From the hypotheses, there exists a neighbourhood U’ of x4 such that

T(f (SN U)+ D, y) N (—D) = {0}. 4.4)

Given the neighbourhood of yo, V = {y € E; : |y — »ll < 1}, by continuity we
have that f (U") C V for some neighbourhood U” of x,. If we define U = U' N U,
then f (§ N U) C V and therefore f (SN )NV =f(SNU) Cf(SN U). Hence
from (4.4) it follows that T(f (SN UYy NV + D, yp) N (—D) = {0}

(e) It follows from (a).

(f) From (d), we have yy € IT(f (SN U), D). Besides, from Theorem 3.9 (a) it follows
that yo € LBor(f (S N U), D), and from (c) that x, € Bor,(f, S).

(g) To prove this result, we apply successively (e), Theorem 3.9 (b) and (b).

Hence the two notions introduced in Definition 4.1 are equivalent for f continuous
at xo and D a convex cone with a compact base.

The next example shows that the converses of (b) and (c) in the above proposition
are false.

EXAMPLE 4.3. Let E, = E; = R?, D = R2 the usual cone, the function f (x, y) =
(x —x%y—y?,theset § = {(x,y) : 0 < x <2,0 <y < 2} and the point
xg = (0,0). In this case, T(S,xp) = {(x,y) : x > 0,y > 0} and f (S) contains
the sets [—2, 1/4] x {0}, {0} x [—2,1/4] and {(x,x) : =2 < x < 1/4}, which are
the images of the subsets of S {(x,0) : 0 < x <2}, {(0,y) : 0 <y < 2} and
{(x,x) : 0 < x < 2}, respectively. Then y; = f (x¢) is not an efficient element of
Y = f (8), nor is it a local efficient element of Y, that is, y, ¢ Min(Y N V, D) for all
neighbourhoods V of yq.

However, x, is a local efficient solution for (VP). It is sufficient to take U,
the neighbourhood of xg, to be {(x,y) : —1 < x < 1,-1 < y < 1}. Then
fF(SNU) C [0, 1]1x[0, 1], and here y, is an efficient element: y, € Min(f (SNU), D).

Clearly, yo ¢ LBor(f (S), D) = IT(f(S), D). However, we have that xo €
Bor,(f, ) = Bor(f, §) since (4.1) holds for the neighbourhood U above.

General optimality conditions for a point to be an efficient element have been
collected by Corley [4] considering an arbitrary set Y. In Corley’s Theorem 3.1 the
following is established:
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(a) Let D be a closed cone in the finite-dimensional space E,. If yo € Y and
T(Y, yo) N (—D) = {0} then y, € LMin(Y, D).

Corley points out that it is an open question whether the closedness of D or the
finite dimensionality of E, can be relaxed. We have shown in Proposition 3.5 that (a)
holds for E; being infinite dimensional but requires that D has a compact base. The
next example shows that the closedness and the existence of a compact base cannot
be relaxed.

EXAMPLE 44. (a) Here D is not closed. Let E; = R?, D = (intR2) U {0},
Y = {(x,y) : y = —x2}and yp = (0, 0). Itis easy to verify that T(Y, yo)N(—D) = {0}
and yo ¢ LMin(Y, D).
(b) Here D is closed without a compact base. Let E; = E be a Hilbert space with
an orthonormal base & = {e, : n € N}. Let

D={d=(a,) € E:a,>0Vne N} =clcocone B.

Here D is a pointed, closed, convex cone but it has no compact base. Let ¥ = DUA,
where A = {(—=1/n)e, : n € N} and y, =0.
We have T(A, yo) = {0}. In fact, take v € T(A, yp). Then, since

lim (—=1/n)e, =0 = yo,

there exists a subsequence and A, > O such that lim,_, oo A,(—1/k,)e;, = v.

Therefore, for each i € N, lim,_, o A,(—1/k,){e,, €;) = (v, e;}. But the sequence
within the limit is null (except at the most for a single term). Hence (v, ¢;) = 0 for
all i € N and it follows that v = 0. Then T(Y, yo) = T(D,y,) U T(A,y) = D
and T(Y, yo) N (=D) = {0}, that is, the hypotheses of (a) are verified. However,
yo ¢ LMin(Y, y,) because for all ¢ > O there exists n € N such that

(—=1/n)e, — yo € (Y N B(yo, £) — yo) N (—D).

Corley [4, Result 4.2] also establishes the following necessary condition for a point
to be an efficient solution:

Let f : E\ — E; be Fréchet differentiable at xo € S C E| and D a pointed cone.
If xq is an efficient solution for (VP), then Vf (xo)(T(S, x0)) N (—int D) = @, where
Vf (x0) is the Fréchet differential of f at x,.

This result can easily be generalised for f Hadamard directionally differentiable at
xo and x¢ a local weak efficient solution for (VP).

In fact, by the hypothesis there exists aneighbourhood U of xq such that

f (xo) = yo € Min(f (§N V), (int D) U {O}).
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Hence T(f (SN U), yo) N (— int D} = @ [4, Theorem 3.1(a) and remark of page 75].
Now, since T(S N U, xq) = T(S, xo), then

S xo, Y(T(S, x0)) = f'(x0, NT(SN U, x0)) C T(f (SN V), yo).
Therefore f'(xo, Y(T(S,x0)) N (—int D) = @. Note that, if v € T(S, xo), then

[ (x0, v) € T(f (8), f (x0)). In fact, we have v, = (x, — x¢)/A, — v, with A, — 0%
and x, = xo + A,v, € S. Then
li f (xo + )"nvn) - f (XO)
im

n— o0 An

= f'(x0, v) € T(f (S), f (x0))-

Related to Corley’s result, we have the next sufficient condition for a point to be a
local proper Borwein efficient solution of type 2 (= type 1 in this case if D also has a
convex compact base).

THEOREM 4.5. Let xo € S C E,, E, finite dimensional, D C E, a cone with
compact base, f : E\ — E, Hadamard directionally differentiable at x4 and

C(fl) = {U € E, :f/(XQ, 'U) € —D}
IfT(S,x0) N C(f’) = {0}, then xy € Bory,(f, S).

PROOF. Let f (xo) = yo. It is sufficient to prove (4.2). In fact, from Proposition 3.5,
yo € LMin(f (S N U), D). Hence, by definition, y, € LBor(f (S N U), D). By
Proposition 4.2 (c), xg € Bor,(f, S N U) = Bor,(f, S).

Letus prove (4.2). If T(S, xo) = {0}, thenx, is an isolated point. Hence there exists
a neighbourhood U of xq such that S N U = {xy}. Therefore T(f (S N U), yo) = {0}
and the conclusion is true.

Let T(S,x0) # {0}. Then, for all ¢ > 0, T(§ N B(xo, €), xg) # {0}. Suppose
that (4.2) is false. Then for every'n we have

T(f (SN B(xo, 1/n)), o) N (—D) # {0}.
Hence there exists
—d, € T(f (SN B(xp, 1/n)),y0) N(—D) with d, #0. 4.5)

We can assume that ||d,]] = 1,d, > d,||d]| = 1,d € D and —d € T(f N
B(xe, 1)), yo) since —d, € T(f (SN B(xg, 1)), yo) for every n. From (4.5), there exist

Xokx € B(xo, 1/n), k=1,2,... (4.6)
such that
lim LEDZTE i 2= 1 o - feOI 0. @D
— 00 n.k
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From (4.7), given € = 1/n, there exists k, € N such that

‘ S i) — f (x0)

d,
)"n.k,. +

Therefore

po F ) = o) _
m -—— =

n—o00 A-nk

—d. 4.8)

Set x, = x4, € SN B(xg, 1/n) and A, = A,, > 0. Then (4.8) amounts to
lim,_ o0 (f (x4) — f (x0))/An = —d. From (4.6), lim,_, o, x, = x¢ and x, # x, since
f (xax) # f (x0) by (4.7). Since E, is finite dimensional, we may assume that (taking
a subsequence if necessary)

Xn — Xp

lim =v e T(SN B(xp, 1), xy) with u, = |lx, — xoll and [jv}] = 1.
n—oo Uy

Then lim,_, o (f (x») — f (x0))/ttn = f'(x0, v). Hence

lim W &) — f Goll _
1m =

. ,
lim — = {|f"(xo, V)| = 2.

n—o0 MHn n—>00 [
Consequently,
- )‘-n n) —
Faow) = lim 2D =60 _ A fE) =0
n—>00 Un n—=>00 [y A-n

Hence f'(xg, v) € —D, but this is a contradiction because v € T(S, x¢) \ {0} implies
f’(xg, v) ¢ —D, from the hypotheses.

The advantage of Theorem 4.5 is that we have to verify a condition in the initial
space E,. Thisis, in general, easier than verifying the definition in the final space E,.

The following counterexample shows that the finite dimensionality of E; cannot
be relaxed.

EXAMPLE 4.6. With the same data as that of Example 4.4 (b), we now take E, = E,
xo=0and S = DUA. We know that T(S, xo) = D. Let b, = (1/n)e,.

It is verified that ) oo, [|6,1> = Y o, 1/n® < 00. Hence by [19, Theorem 12.6],
forall x € E, the series Y ., (b,, x) converges.

Let f : E — R bedefined by f (x) = Y oo [ (bn, X) = 3 o @p/n with x = (a,).
Then f is a continuous linear functional. Therefore f is Fréchet differentiable with
[ (x0, v) = Vf (xg)v = f (v) and then

CUN)=(veE:f(xov)=f(0)<0)} = [v=(ﬁn) : > B/n<0y.

n=1
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We have T(S, xo) N C(f’) = {0} since if v € T(S, x0). then B, > 0Vnandv € C(f’')
implies ) oo, B./n < 0. Hence B, = O for all n, that is, v = 0.

However, xq is not a local minimum for f over §, because for the points which
belong to A C S, one has f ((—1/n)e,) = —1/n* < f (xo) and there are points
belonging to A in every neighbourhood of x,. Therefore we do not even have the
guarantee that xo be a local minimum for a single-valued function f, and, of course,
the equality T(f (§ N U), xo) N (—R,) = {0} is false too.

In [12, Definition 3.1], the first author introduces the notion of a strict local efficient
minimum for the problem (VP) as foilows.

DEFINITION 4.7. Let m > 1 be an integer. A point xo € S is said to be a strict local
efficient minimum of order m for f : E; — E, over § if there exist a constant ¢ > 0
and a neighbourhood U of xq such that

(f &)+ DYN B(f (xo), allx —xo|™) =8 Vx € SN U\ {xo}.

If E; = R?P and D = R%, such a point is called a strict local Pareto minimum of
order m.

Every strict local efficient minimum of order m is a local efficient solution for (VP)
[12, Proposition 3.3].

The following result establishes the relationship between this notion and that of a
Borwein solution. It follows immediately from [12, Theorem 4.4].

COROLLARY 4.8. Let f : R" — RP be a Hadamard directionally differentiable
Sfunctionat xy € S C R™. If xy is a strict local Pareto minimum of order 1 for f over §,
then xo € Bor(f, ).

It is not hard to show that the converse of this corollary is false. Take, for
example, f(x,y) = (x*+ y, x> —y), S = R? and xo = (0,0). Notice that
f (xo) € LBor(f (S), IRZL), and, by Proposition 4.2(c), xo € Bor,(f, §).

This concludes our study of proper efficiency in the sense of Kuhn-Tucker.

Ishizuka and Tuan [10, Definition 3.6] consider the following notion of proper
efficiency.

DEFINITION 4.9. Let f : E; — E, be a Hadamard directionally differentiable
function at xo € § C E,. It is said that xq is a local proper Kuhn-Tucker efficient
solution for (VP), written x, € KT(f, S), ifxo € LMin(f, S)and T(S, xo)NC,(f ")=9,
where C\/(fY={ve E;: f'(x0,v) € —D\ {0O}}.

PROPOSITION 4.10. If x4 € Bor;(f, S) then xg € KT(f, §).
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PROOF. By the definition of Bor,(f, ), we have xo € LMin(f, S) and there exists
a neighbourhood U of x, satisfying (4.2). Suppose that there exists v € T(S, xp) N
C\(f "), and, consequently, v € T(SN U, x¢). Then there existx, € SNV and 1, — 0*
such that lim,_, o (x, — x¢)/t, = v. As f is Hadamard directionally differentiable at
Xxp, we deduce that ]
S (xa) = f (x)
because v € C;(f’). But (4.9) implies w € T(f (SN V), f (xo)) N (— D) with w # 0,
which contradicts (4.2).

w = lim = f'(x0,v) € =D\ {0}, (4.9)

n—00

The converse of Proposition 4.10 is false in general as the next example shows.

EXAMPLE 4.11. Consider the set § = {(x,y,2) € R® : 2xz > x*> + y%,z > 0},
f(xa Y, Z) = (xv )’),D = Ri,xo = (O’ Oa 0) and)’o =f(x0) = (Ov 0)' We have:

(1) T(S,x0)NCi(f) =B since T(S,x) = S is the convex cone generated by the
circlez=1,(x — 1) +y? < 1.

(2 f(S) ={(x,y) e R*: x > 0}U{(0,0)}.

B3) fFSENU) = {x,y) € R : (x —g)? +y> < &%), where U, = {(x,y,2) :
Max{ix], iy}, lz]} < 28}, with ¢ > 0, is a base of neighbourhoods of xy. Therefore
T(f SNy, yo) N (—Ri) # {(0, 0)}, and consequently, xo ¢ Bory(f, S). However,
Xo € KT(f, S)

5. Conclusions

We would like to emphasise that Theorem 4.5 provides a sufficient condition for
proper efficient solutions of Bor; type. This notion, by Corollary 4.8, is related to strict
efficiency, which is in turn a new concept, whose possibilities are still being developed.
Using Proposition 4.10, it follows that every solution of Bor, type is proper in the
Kuhn-Tucker sense, which, in our opinion, is one of the most important notions of
proper efficiency. The main advantage of Theorem 4.5 is that it can easily be applied,
since if the set S is given by constraints h(x) = 0, g{x) < 0 with A : R* —> R" and
g : R” — R~ differentiable, and the Abadie constraint qualification

T(S, xp) = {v € R": Vh(xo)v =0, Vg (xo)v < 0Vj such that g; (x¢) = 0}

holds at xo, then all the hypotheses of the theorem can be easily checked. Furthermore,
this theorem is very close to the necessary condition for a local efficient solution [4,
Result 4.2].

Finally, we find in Theorem 3.9 and Proposition 4.2 that our notions of proper
efficiency solutions are equivalent (in very general conditions) and very similar to two
previous notions.
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